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Pinch technique at two loops: The case of massless Yang-Mills theories

Joannis Papavassiliou
Departamento de Fı´sica Teo´rica, Universidad de Valencia, E-46100 Burjassot (Valencia), Spain

~Received 28 December 1999; published 17 July 2000!

The generalization of the pinch technique beyond one loop is presented. It is shown that the crucial physical
principles of gauge invariance, unitarity, and gauge-fixing-parameter independence are instrumental for ac-
complishing this task, and it is explained how the aforementioned requirements single out at two loops exactly
the same algorithm which has been used to define the pinch technique at one loop, without any additional
assumptions. The two-loop construction of the pinch technique gluon self-energy, and quark-gluon vertex are
carried out in detail for the case of massless Yang-Mills theories, such as perturbative QCD. We present two
different but complementary derivations. First we carry out the construction by directly rearranging two-loop
diagrams. The analysis reveals that, quite interestingly, the well-known one-loop correspondence between the
pinch technique and the background field method in the Feynman gaugepersistsalso at two loops. Since we
use dimensional regularization, the entire construction does not depend on the value of the space-time dimen-
sion d. The renormalization~whend54) is discussed in detail, and is shown to respect the aforementioned
correspondence. Second, we present an absorptive derivation, exploiting the unitarity of theS matrix and the
underlying Becchi-Rouet-Stora~BRS! symmetry; at this stage we deal only with tree-level and one-loop
physical amplitudes. The gauge-invariant subamplitudes defined by means of this absorptive construction
correspond precisely to the imaginary parts of then-point functions defined in the full two-loop derivation, thus
furnishing a highly nontrivial self-consistency check for the entire method. Various future applications are
briefly discussed.

PACS number~s!: 11.15.Bt, 11.55.Fv, 12.38.Bx, 14.70.Dj
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I. INTRODUCTION

The pinch technique~PT! was introduced by Cornwall@1#
as the first step in the development of a self-consistent t
cation scheme for the Schwinger-Dyson equations of Q
@2#. It was further developed in@3#, and was generalized t
theories with spontaneous symmetry breaking@4#, and sub-
sequently to the full standard model@5,6#. Various phenom-
enological applications were presented@7#, and the one-loop
correspondence between the PT and the background
method~BFM! @8–10# was established@11#. The important
role of unitarity and analyticity was appreciated and e
ploited in a series of papers@12–15#, which allowed the gen-
eralization of the Breit-Wigner formalism for unstable pa
ticles to the non-Abelian sector of the standard mod
Parallel developments took place in the field of finite te
perature QCD@16#, the concept of the QCD effective charg
@2# was examined in detail@17#, and subsequently applied t
the field of renormalon calculus@18#, and the generalized PT
was presented@19#. In addition, a formalism for studying
resonantCP violation @20# has been developed@21#, and
various issues related to the high-energy behavior of
W-fusion process@22# have been resolved@23#.

The PT reorganizes systematically a given physical a
plitude into subamplitudes, which have the same kinem
properties as conventionaln-point functions ~propagators,
vertices, boxes! @24#, and are in addition endowed with im
portant physical properties. The essential ingredient one
in this rearrangement is the full exploitation of the eleme
tary Ward identities~WI’s! of the theory, in order to enforce
crucial cancellations. The various types of physical proble
for which the PT can serve as a useful tool have been
0556-2821/2000/62~4!/045006~25!/$15.00 62 0450
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cussed frequently in the literature, most recently in@25# and
@26#.

So far the PT program has been carried outexplicitly only
at one-loop order, and its generalization to higher orders
been a long-standing question. The possibility that the
procedure can be extended to higher orders has already
anticipated in the early work of Cornwall@2#, where a
Schwinger-Dyson equation for the PT gluon self-energy w
studied. The existence of the two-loop~and higher! PT
gauge-boson self-energy has also been assumed mor
cently in @12#, where it was shown that its presence w
crucial for accomplishing the Dyson resummability of th
one-loop PT self-energies. Even though various import
features of such a two-loop self-energy have been establis
already in@12# ~for example, the fact that the position of th
pole of a two-loop self-energy constructed following a P
like procedure does not get shifted!, no explicit two-loop
construction which manifestly satisfiesall the PT require-
ments has been given to date.

There are various reasons why such an explicit const
tion is of interest. First of all, it will settle the obvious que
tion of whether the special properties of the PTn-point func-
tions can be systematically replicated to higher orders,
they simply constitute an accident of the one loop. Secon
will enable one to verify through direct comparison wheth
the one-loop correspondence between the PT and the B
~in the Feynman gauge! persists beyond one loop. Third,
wide spectrum of applications will become possible, rang
from renormalon calculus to two-loop electroweak precis
computations.

The general methodology of how the extension of the
proceeds at two loops has been presented in a recent
communication@26#. There it was explained how the one
©2000 The American Physical Society06-1
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JOANNIS PAPAVASSILIOU PHYSICAL REVIEW D62 045006
loop formalism, when properly interpreted and suitab
adopted to the two-loop context, leads naturally to the
extension. In this paper we will address the technical asp
of this procedure in detail, and will discuss extensively t
plethora of physical issues involved.

The main new results reported in the present paper are
following:

~i! The generalization of the PT to higher orders should
implemented by carrying out the characteristic PT vertex
composition on the ‘‘external’’ three-gluon verticesonly.
This resolves the possible ambiguities which appear w
attempting to generalize the PT beyond one loop. In part
lar, whereas in the one-loop case there is only one th
gluon vertex appearing in the relevant Feynman diagrams~so
the identification of the pinching momenta is obvious!, be-
yond one loop one has additional three-gluon vertices, wh
may or may not furnish pinching momenta. Evidently, t
nontrivial point in this context has been the need to disco
a definite criterion which would lead to the correct select
of the pinching momenta; the lack of such a criterion h
been the main obstacle in the PT generalization beyond
loop @27#. It turns out that such a criterion may be esta
lished by resorting to the unitarity and analyticity propert
of the effective two-loop Green’s functions under constru
tion. Whereas the aforementioned properties have been
plored at the one-loop level@12–15#, their instrumental role
in determining the pinching momenta participating in t
two-loop construction has been first appreciated and c
cretely implemented here.

~ii ! It is shown that the PT two-loop Green’s function
constructed following the aforementioned criterion have
actly the same special properties as their one-loop coun
parts. In particular, they do not depend on the gauge-fix
parameter~GFP!, they satisfy ghost-free, Abelian-like WI’s
and the two-loop gluon self-energy captures the two-lo
running coupling of quarkless QCD.

~iii ! We demonstrate explicitly that the PT two-loo
Green’s functions coincide with those computed using
background field method Feynman gauge~BFMFG!; thus the
known one-loop correspondence@11# persists. This is a non
trivial result for at least two reasons: First, there is no ob
ousa priori reason why this correspondence should be th
in the first place, let alone why it should continue to ho
beyond one loop. Second, the correspondence provid
simple book-keeping algorithm by furnishing a set of ru
that are straightforward to implement. We emphasize, h
ever, in order to avoid potential misconceptions caused
the aforementioned correspondence, that the nature of
two methods is vastly different. The PT is adiagrammatic
algorithm, which exploits the underlying symmetries e
coded in aphysicalamplitude such as anS-matrix element,
in order to construct effective Green’s functions with spec
properties. The aforementioned symmetries, even tho
they are always present, they are usually concealed by
gauge-fixing procedure. The PT makes them manifest
means of a fixed algorithm, which doesnot depend on the
gauge fixing scheme one uses in order to quantize the the
i.e., regardless of the set of Feynman rules used when wr
down theS-matrix element. The BFM, on the other hand,
04500
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a special gauge-fixing procedure, implemented at the leve
the generating functional. In particular, it preserves the sy
metry of the action under ordinary gauge transformatio
with respect to the background~classical! gauge field, while
the ~quantum! gauge fields appearing in the loops transfo
homogeneously under the gauge group, i.e., as ordinary
ter fields which happened to be assigned to the adjoint
resentation@29#. One additional essential difference betwe
the two methods is that whereas in the BFM the Gree
functions depend explicitly on the~quantum! GFP, the cor-
responding quantities defined with the PT are complet
independent of it. The fact that the two methods coincide
one particular choice of the GFP suggests perhaps that
value may be singled out by some other unknown phys
principle ~see also the discussion on this point in the l
section!.

We will present two independent constructions, which a
however inextricably connected. The first one deals direc
with the two-loopS-matrix element for the scattering proce

qq̄→qq̄, exactly as was the case in the early one-loop
applications. The first crucial ingredient is that of GFP ind
pendence.S-matrix elements are guaranteed to be GFP in
pendent; in fact, as happens in the one-loop case, the ca
lation of all GFP dependent terms proceeds by exploit
tree-level WI’s only, without having to carry out subintegr
tions. This property is important, because it preserves
diagrammatic representation of theS matrix, as well as the
kinematic identity of the subamplitudes appearing in
~propagators,vertices,boxes!. One can, therefore, withou
loss of generality, choose a convenient gauge, such as
renormalizable Feynman gauge~RFG!, provided that one
considers the entire set of two-loop Feynman graphs con
uting to the givenS-matrix element.

In the one-loop case the next step would be to split
bare three-gluon vertex appearing inside the one-loop qu
gluon vertex into a pinching and nonpinching contributio
This splitting is very special because it guarantees that
resulting effective Green’s functions satisfy~at one-loop! na-
ive, QED-like WI’s @2#, instead of the usual Slavnov-Taylo
identities @28#. As a consequence the effective one-lo
gluon self-energy captures the running of the QCD coupli
exactly as happens with the photon vacuum polarization
QED. In the two-loop case the construction is lengthier b
the crucial operation is precisely the same. One carries
the aforementioned splitting to all vertices whose incom
momentum is the physical momentum transfer~or center-of-
mass energy! of the process. As we will see in detail th
splitting is sufficient to give rise to two-loop PT effectiv
Green’s functions which have the exact same propertie
their one-loop counterparts.

The reason why all other three-gluon vertices inside
loops should remain unchanged~no splitting! can be under-
stood by resorting to the special unitarity properties that
PT subamplitude must satisfy, a point which brings us to
second derivation. For this derivation we employ the unit
ity and analyticity properties of theS matrix, very much in
the spirit presented in the more recent one-loop PT litera
@13,14#. There, the precise diagrammatic correspondence
6-2
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PINCH TECHNIQUE AT TWO LOOPS: THE CASE OF . . . PHYSICAL REVIEW D 62 045006
tween the PT rearranged one-loop~forward! processqq̄

→qq̄ and theappropriatelyrearranged cross section for th

tree-level processqq̄→gg provided very useful, stringen
constraints on the entire construction, rendering the met
all the more powerful. These constraints are automatic
encoded in the two-loop PT construction presented here
fact they are even more constraining than in the previ
order, for reasons that we will describe qualitatively no
and in great detail in the main body of the paper. The ima
nary parts of the two-loop PT Green’s functions are rela
by the optical theorem to precisely identifiable and very s
cial parts of two different cross sections, namely the o
loop cross section for the processqq̄→gg and the tree-leve
cross section for the processqq̄→ggg. In particular, the
two-particle Cutkosky cuts of the two-loop PT self-ener
are related to thes-channel part of the PT-rearranged on
loop cross section forqq̄→gg, while, at the same time, the
three-particle Cutkosky cuts of the same quantity are rela
to the s-channel part of the PT-rearranged tree-level cr
section forqq̄→ggg. As we will explain in detail in Secs. V
and VI, the aforementioned PT-rearranged cross sections
to be constructed in a way exactly analogous to the
rearranged tree-levelqq̄→gg cross section, presented in th
literature cited above.

The paper is organized as follows: In Sec. II we presen
brief overview of the one-loop PT algorithm, and discuss
most characteristic properties of the one-loop PT effec
Green’s functions. Here we follow the original PT formul
tion @2,3#, and postpone the overview of the one-loop abso
tive PT construction@13,14# until Sec. V. In Sec. III we
present the full two-loop construction. This section conta
three subsections, where we deal separately with the
particle reducible graphs, the two-loop quark-gluon vert
and the two-loop gluon self-energy. In the second subsec
we use at intermediate steps various results for the one-
three-gluon vertex which are derived in Sec. VI, and
more naturally integrated in the analysis presented th
Section III contains the main results of this paper; a ma
highlight is the proof that the correspondence between
PT and BFMFG persists at two loops. In Sec. IV we ca
out the renormalization program in detail. We show that
two-loop PT Green’s function can be renormalized by ju
ciously rearranging the existing counterterms, and that
procedure respects the correspondence between PT
BFMFG established in the previous section. In Sec. V
present the general formalism and methodology of the
sorptive PT construction; this second derivation is co
pletely independent of the first, but at the same time
deeply connected to it. In this section we first derive vario
formulas which will be used in the next section, and pres
a thorough overview of the one-loop case. In Sec. VI
present the two-loop absorptive derivation. There are
subsections: the first one contains a detailed discussion o
one-loop processqq̄→gg, and its role in enforcing the uni
tarity of the individual two-loop PT Green’s functions; th
second subsection contains the study of the PT rearran
tree-level processqq̄→ggg, which demonstrates the crucia
04500
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function of this process in realizing the aforementioned u
tarity properties. Finally, in Sec. VII we present our concl
sions, and discuss possible connections with other work
well as future applications.

II. OVERVIEW OF THE ONE-LOOP CASE

In this section we briefly review the one-loop PT co
struction and establish some useful notation.

The fundamental tree-level three-gluon vert
Gamn

(0) (q,p1 ,p2) is given by the following manifestly Bose
symmetric expression~all momenta are incoming, i.e.,q
1p11p250)

Gamn
~0! ~q,p1 ,p2!5~q2p1!ngam1~p12p2!agmn

1~p22q!mgan . ~2.1!

Gamn
(0) (q,p1 ,p2) may be split into two parts@30#

Gamn
~0! ~q,p1 ,p2!5GFamn

~0! ~q,p1 ,p2!1GPamn
~0! ~q,p1 ,p2!,

~2.2!

with

GFamn
~0! ~q,p1 ,p2!5~p12p2!agmn12qngam22qmgan ,

GPamn
~0! ~q,p1 ,p2!5p2ngam2p1mgan . ~2.3!

The vertexGFamn
(0) (q,p1 ,p2) is Bose symmetric only with

respect to them and n legs. The first term inGFamn
(0) is a

convective vertex describing the coupling of a gluon to
scalar field, whereas the other two terms originate fr
gluon spin or magnetic moment.GFamn

(0) (q,p1 ,p2) coincides
with the BFMFG bare vertex involving one background~q!
and two quantum (p1 ,p2) gluons@11#. Evidently the above
decomposition assigns a special role to theq leg, and allows
GFamn

(0) to satisfy the Ward identity

qaGFamn
~0! ~q,p1 ,p2!5~p2

22p1
2!gmn , ~2.4!

where the right-hand side~rhs! is the difference of two-
inverse propagators in the FG, and vanishes ‘‘on shell,’’ i
whenp1

25p2
250. As has been explained in detail in@13,14#,

and as we will discuss extensively later on, the splitting
Gamn

(0) (q,p1 ,p2) into GFamn
(0) (q,p1 ,p2) and GPamn

(0) (q,p1 ,p2)
given in Eq.~2.2! has a natural interpretation in the conte
of the tree-levelprocessq(P)q̄(P8)→g(p1)1g(p2) ~anni-
hilation channel!, leading to an interesting connection wit
the optical theorem.

Consider next theS-matrix element for the quark
(q)-antiquark (q̄) elastic-scattering processq(P)q̄(P8)
→q(Q)q̄(Q8) in QCD; we setq5P82P5Q82Q, and s
5q2 is the square of the momentum transfer. One co
equally well study the annihilation channel, in which cases
would be the center-of-mass energy. We will work in t
RFG; this constitutes no loss of generality, as long as
studies the entire gauge-independent process. It is a stra
forward but tedious exercise to convince one-self t
through pinching, i.e., by simply exploiting the fundamen
WI of Eq. ~2.10!, one can arrive at the set of diagrams of t
RFG starting from the set of diagrams at any other value
6-3
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j ~see, for example,@31#!, or even from the diagrams corre
sponding to noncovariant gauge-fixing schemes@32#.

Let us define

tmn~q!5q2gmn2qmqn , ~2.5!

d~q!5
2 i

q2
, ~2.6!

S0~p!5
i

p”2m
, ~2.7!

rmn~p!5gmS0~p!gn . ~2.8!

tmn(q) is thedimensionfultransverse tensor, andS0(p) is the
tree-level quark propagator. In what follows we will use t
short-hand notation@dk#5m2e@ddk/(2p)d# with d5422e
being the dimension of space time andm is the ’t Hooft
mass. Furthermore, we define the scalar quantities

J1~q,k!5g2CA@k2~k1q!2#21,

J2~q,k!5g2CA@k4~k1q!2#21,

J3~q,l ,k!5
i

2
g2CA@k2~k1 l !2~k1 l 2q!2#21,

~2.9!

whereCA is the Casimir eigenvalue of the adjoint represe
tation @CA5N for SU(N)]. The quantitiesJ2(q,k) and
J3(q,l ,k) will be used in later sections.

We then implement the vertex decomposition of Eq.~2.2!
inside the non-Abelian one-loop quark-gluon vertex graph
Fig. 1~a!, to be denoted byGa

(1),nab(Q,Q8), where nowp1m

5km , p2n52(k1q)n . TheGPamn
(0) (q,p1 ,p2) term triggers the

elementary Ward identities

k”5~k”1Q” 82m!2~Q” 82m!,

k”1q”5~k”1Q” 82m!2~Q” 2m!, ~2.10!

thus, two self-energy like pieces are generated@Fig. 1~c!#,
which are to be alloted to the conventional self-energy.
particular,

FIG. 1. Carrying out the fundamental vertex decomposition
side the non-Abelian Feynman graph contributing toGa

(2) ~a!, gives
rise to a genuine vertex~b! and a self-energy-like contribution~c!.
04500
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Ga
~1!,nab~Q,Q8!5Ĝa

~1!,nab~Q,Q8!1
1

2
VPas

~1! ~q!gs2X1a
~1!

3~Q,Q8!~Q” 82m!

2~Q” 2m!X2a
~1!~Q,Q8!, ~2.11!

where

Ĝa
~1!,nab~Q,Q8!5E @dk#J1~q,k!GFamn

~0!

3~q,k,2k2q!rmn~Q81k!,

VPas
~1! ~q!52E @dk#J1~q,k!gas ,

X1a
~1!~Q,Q8!5E @dk#J1~q,k!gaS0~Q81k!,

X2a
~1!~Q,Q8!5E @dk#J1~q,k!S0~Q81k!ga .

~2.12!

The terms in the second line on the rhs of Eq.~2.11! vanish
for on-shell external fermions. The~dimension-less! self-
energy-like contribution1

2 VPas
(1) (q), together with another

such contribution arising from the mirror vertex~not shown!,
after trivial manipulations gives rise to the dimensionf
quantity

PPab
~1! ~q!5VPas

~1! ~q!tb
s~q!. ~2.13!

PPab
(1) (q) will be added to the conventional one-loop tw

point functionPab
(1)(q), to give rise to the the PT one-loo

gluon self-energyP̂ab
(1)(q):

P̂ab
~1!~q!5Pab

~1!~q!1PPab
~1! ~q!. ~2.14!

In particular, suppressing color indices throughout, we h
that Pab

(1)(q) is given by the graphs of Figs. 2~a! and 2~b!,
namely

Pab
~1!~q!5

1

2E @dk#J1~q,k!Lab~q,k!, ~2.15!

where

-

FIG. 2. The diagrammatic representation of PT one-loop s

energy P̂ab
(1) , as the sum of the conventional self-energyPab

(1) ,
graphs~a! and ~b!, and the pinch contributions coming from th
vertices~c!.
6-4
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Lab~q,k![Ga
~0!sr~q,k,2k2q!Gbsr

~0! ~q,k,2k2q!

2ka~k1q!b2kb~k1q!a , ~2.16!

and thus the PT one-loop gluon self-energyP̂ab
(1)(q) ~Fig. 2!

assumes the closed form@3#

P̂ab
~1!~q!5

1

2E @dk#J1~q,k!L̂ab~q,k!, ~2.17!

with

L̂ab~q,k![GFa
~0!sr~q,k,2k2q!GFbsr

~0! ~q,k,2k2q!

22~2k1q!a~2k1q!b . ~2.18!

Notice that in general bothPab
(1)(q) andPPab

(1) (q) on the rhs
of Eq. ~2.14! depend explicitly on the GFP in such a way
to give an GFP-independent sum.

In addition, gauge-invariance is encoded in the WI

qaPab
~1!~q!5qaP̂ab

~1!~q!50. ~2.19!

The following important points have been discussed in de
in the literature:~i! P̂ab(q) is independent of the gauge
fixing parameter in any gauge-fixing scheme.~ii ! As happens
in QED for the photon self-energy@33#, the gluon self-
energyP̂ab

(1)(q) captures the leading logarithms of the theo
at that order@1,2#; therefore the coefficient in front of th
single logarithm coming fromP̂ab

(1)(q), coincides with the

first coefficient of the QCDb function@34#. ~iii ! P̂ab
(1)(q) can

be Dyson resummed, following the diagrammatic algorith
presented in @12#. ~iv! The combination ae f f(q,m)
;g2(m)D̂(q/m), where D̂(q/m)5@12P̂ (1)(q/m)#21 is a
renormalization-group-invariant quantity, and constitutes
non-Abelian analog of the QED concept of an effecti
charge @1,2,17#. Additional properties for the gluon two
point function have been presented in the literature for
case of non-Abelian gauge theories with Higgs mechan
@4,6,12–15#, and the~nonrenormalizable! Kunimasa-Goto-
Slavnov-Cornwall@35# massive Yang-Mills model@36#.

The PT quark-gluon vertexĜa
(1)(Q,Q8) is the sum of the

non-Abelian and Abelian one-loop graphs, shown in Fi
3~a! and 3~b!, which we will denote byĜa

(1),nab(Q,Q8) and

Ĝa
(1),ab(Q,Q8), respectively. In addition to being GFP ind

pendent, by virtue of Eq.~2.4! Ĝa
(1)(Q,Q8) satisfies the fol-

lowing QED-like WI:

FIG. 3. The PT one-loop vertexĜa
(1) .
04500
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qaĜa
~1!~Q,Q8!5Ŝ~1!~Q!2Ŝ~1!~Q8!, ~2.20!

whereŜ (1) is the PT one-loop quark self-energy, which c
incides with the conventional one computed in the RF
@31#.

Finally, the PT one-loopn-point functions coincide with
those computed in the BFMFG~‘‘tilded’’ quantities! @11#,
i.e.,

P̂ab
~1!~q!5P̃ab

~1!~q,jQ51!, ~2.21!

Ĝa
~1!~Q,Q8!5G̃a

~1!~Q,Q8,jQ51!,
~2.22!

Ŝ~1!~Q!5S̃~1!~Q,jQ51!5S~1!~Q,j51!.
~2.23!

In addition, exactly analogous properties have been es
lished for the one-loop gluon three-point function@3# and
four-point function~@37# and second paper in@11#!.

III. THE FULL TWO-LOOP CONSTRUCTION

Here we present the full two-loop construction. The ba
observation is the following: if one carries out the decomp
sition for the bare three-gluon vertex described in Eq.~2.2!
to all externalvertices~to be defined in Sec. III B! appearing
in the Feynman diagrams contributing to the two-lo
S-matrix element for the processqq̄→qq̄, then two-loop
sub-amplitudes will emerge, with precisely the same prop
ties as the one-loop PT effective Green’s functions.

Throughout this section we have used the following fo
mulas, valid in dimensional regularization:

E @dk#

k2
50,

E @dk#
kakb

k4
5S 1

422e D E @dk#

k2
50,

E @dk#~2k1q!aJ1~q,k!50,

E @dk#
lnN~k2!

k2
50, N50,1,2, . . . . ~3.1!

The last relation guarantees the absence of tadpole
seagull contributions order by order in perturbation theo
In the two-loop calculation presented in this paper only
case whereN51 is relevant. Notice however that nowhe
have we used the slightly subtler dimensional regularizat
result

E @dk#

k4
50, ~3.2!

which is often employed in the literature. We also use
group-theoretical identities
6-5
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@ta,tb#5 i f abctc,

f aexf bex5CAdab,

f axmf bmnf cnx5
1

2
CAf abc, ~3.3!

whereta are the gauge group generators in the fundame
representation; in the case of QCDta5la/2, wherela are
the Gell-Mann matrices.

The identity

Gamn
~0! G~0!bmn5GFamn

~0! GF
~0!bmn1GPamn

~0! GF
~0!bmn

1GFamn
~0! GP

~0!bmn1GPamn
~0! GP

~0!bmn

5GFamn
~0! GF

~0!bmn1GPamn
~0! G~0!bmn1Gamn

~0! GP
~0!bmn

2GPamn
~0! GP

~0!bmn ~3.4!

may also be found useful at intermediate steps.
The two-loop integration symbol

~m2e!2E E ddk

~2p!d

ddl

~2p!d
~3.5!

will be suppressed throughout. We define the followi
quantities:

i I 15g4CA
2@ l 2~ l 2q!2k2~k1 l !2~k1 l 2q!2#21,

i I 25g4CA
2@ l 2~ l 2q!2k2~k1q!2#21,

i I 35g4CA
2@ l 2~ l 2q!2k2~k1 l !2#21,

i I 45g4CA
2@ l 2l 2~ l 2q!2k2~k1 l !2#21,

i I 55g4CA
2@ l 2k2~k1q!2#21, ~3.6!

which will be used extensively in what follows.

A. The one-particle reducible graphs

As has been explained in detail in@12# the resummability
of the one-loop PT self-energy requires the conversion
one-particle reducible~1PR! strings of conventional self
energiesP (1) into strings containing PT self-energiesP̂ (1).
The process of converting conventional strings into
strings gives rise to leftovers, which are effectively on
particle irreducible~1PI! strings, and must be alloted to th
genuine 1PI two-loop structures. Various self-consistency
guments supporting the validity of this method have be
presented in the literature@38#; as we will see at the end o
the third subsection, the extension of the PT to two loo
provides the ultimate test for the self-consistency of this p
cedure. It is straightforward to establish that the set of
graphs@Fig. 4~a!–4~d!# may be converted into the equivale
set of 1PI PT graphs@Figs. 4~e!–4~h!#, up to some missing
pieces:
04500
al

f

-

r-
n

s
-
I

~4a!5~4e!2RPab
~2! ~q!, ~3.7!

~4b!1~4c!1~4d!5~4 f !1~4g!1~4h!2FPa
~2!~Q,Q8!

~3.8!

with

iRPab
~2! ~q!5Par

~1!~q!VPb
~1!r~q!1

3

4
PPar

~1! ~q!VPb
~1!r~q!,

~3.9!

FPa
~2!~Q,Q8!5PPa

~1!b~q!d~q!Ĝb
~1!~Q,Q8!1YPa

~2!~Q,Q8!,
~3.10!

with

YPa
~2!~Q,Q8![X1a

~1!~Q,Q8!S~1!~Q!1X2a
~1!~Q,Q8!S~1!~Q8!.

~3.11!

The above terms originate from carrying out the vertex
composition of Eq.~2.2! at all conventional 1PI diagrams
For example, the termYPa

(2)(Q,Q8) @Fig. 5~b!# originates af-
ter imposing Eq.~2.2! on the diagram of Fig. 5~a!; in addi-
tion, one obtains the PT counterpart of Fig. 5~a!, namely Fig.
5(aF), and the graph of Fig. 5~c!, which is part of Fig. 4~f!.
The termsRPab

(2) (q) has been derived in detail in@12#. Notice
that

RPab
~2! ~q!5I 2@Lab~q,k!13tab~q!#. ~3.12!

FIG. 4. The one-particle reducible graphs before@~a!, ~b!, ~c!,

~d!# and after@~e!, ~f!, ~g!, ~h!# the PT rearrangement.G(1) andĜ(1)

denote, respectively, the conventional and PT one-loop vert
with one-loop self-energy corrections to the external fermions
cluded.

FIG. 5. The PT rearrangement of typical one-particle reduci
graph ~a!, giving rise to its PT counterpart (aP), and to contribu-
tions to the first term ofFP

(2) ~c! and toYP
(2) ~b!.
6-6
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B. The two-loop vertex

In this subsection we will demonstrate the construction
the two-loop PT quark-gluon vertexĜa

(2)(Q,Q8), which
turns out to have the exact same properties as its one-
counterpartĜa

(1)(Q,Q8). At the same time we will determine
the two-loop propagatorlike contributionsVPas

(2) gs , which
will be subsequently converted intoPPas

(2) , i.e., the two-loop
version ofPPas

(1) of Eq. ~2.13!. In addition, out of this pro-
cedure the termsYPa

(2)(Q,Q8) of Eq. ~3.11! will emerge.
The construction proceeds as follows: The Feynm

graphs contributing toGa
(2)(Q,Q8) can be classified into two

sets.~a! those containing an ‘‘external’’ three-gluon verte
i.e., a three-gluon vertex where the momentumq is incom-
ing, as shown in Figs. 6 and 7,~b! those which do not have
an ‘‘external’’ three-gluon vertex. This latter set contai
either graphs with no three gluon vertices~Abelian-like!, or

FIG. 6. The result of enforcing the PT decomposition on
external vertices of some of the two-loop Feynman diagrams c
tributing the conventional two-loop quark-gluon vertexGa

(2) .
04500
f

op

n

graphs with three-gluon vertices whose all three legs are
rigated by virtual momenta, i.e.,q never enters alone into
any of the legs; such would be, for example, the Abel
graph of Fig. 3~b!, if one was to insert a one-loop self-energ
correction to the internal gluon line@39#!. Of course, all
three-gluon vertices appearing in the computation of the o
loop S matrix are external, and so are those appearing in
1PR part of the two-loopS matrix ~see previous section!.
Then one carries out the decomposition of Eq.~2.2! to the
external three-gluon vertex of all graphs belonging to set~a!,
leavingall their other vertices unchanged, and identifies
propagatorlike pieces generated at the end of this proced

The calculation is straightforward, but lengthy; it is mo
economical to identify the substructure of the one-loop thr
gluon vertexGamn

(1) (q,p1 ,p2) ~Fig. 17! nested inside the two
loop graph, Fig. 6(a1), and use the results presented in S
VI, Eq. ~6.9!. To that end we must setp1→2 l and p2→ l
2q, and J3(q,2p1 ,k)→J3(q,l ,k), and rewrite theGPamn

(1)

of Eq. ~6.9! as follows:

n-

FIG. 7. The result of enforcing the PT decomposition on t
external vertices of some of the remaining two-loop vertex grap
GPamn
~1! ~q,2 l ,l 2q!5FJ3@Gnra

~0! ~ l 2q,k,2k2 l 1q!1kngar# l r2
i

2
VPan

~1! ~q!G l m

1FJ3@Gmar
~0! ~2 l ,k1 l ,2k!1kmgar#~ l 2q!r2

i

2
VPam

~1! ~q!G~ l 2q!n

2FJ3@Gnma
~0! ~ l 2q,k,2k2 l 1q!1kngam#1

1

2
d~q!qaVPmn

~1! ~q!G l 2

2FJ3@Gman
~0! ~2 l ,k1 l ,2k!1kmgan#2

1

2
d~q!qaVPmn

~1! ~q!G~ l 2q!2. ~3.13!
6-7
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Thus we have~we omit the external spinors, and useQ8
5Q1q)

~6a1!5~6a1
F!1

1

2
PPa

~1!b~q!d~q!Gb
~1!,nab~Q,Q8!

1
1

2
@2I 2gas2I 1@Grsa

~0! ~2k,2 l ,k1 l !1ksgar#

3~ l 2q!r#gs1D11D21D31D4 , ~3.14!

~6b1!5~6b1
F!1

1

4
I 3gasgs2D11D51D6 ,

~3.15!

~6b1!85~6b1
F!81

1

4
I 3gasgs2D21D71D8 ,

~3.16!

~6c1!5~6c1
F!1

1

2
I 4Las~ l ,k!gs, ~3.17!

~7r i !5~7r i
F!1

1

2
PPa

~1!b~q!d~q!Gb
~1!,ab~Q,Q8!1

1

2
YPa

~2!

3~Q,Q8!2~D31D41D51D61D71D8!,

~3.18!

where

D152I 3@Gamn
~0! ~ l ,k,2 l 2k!1kngam#$gnS~Q1 l 1k!gm%,

D25I 3@Ganm
~0! ~ l ,2 l 2k,k!1kmgan#$gnS~Q82 l 2k!gm%,

D352
1

2
I 5qa$gmS~Q1 l !gm%,

D45
1

2
I 5qa$gmS~Q81 l !gm%,

D552I 5$gaS~Q2k!gmS~Q2k2 l !gm%,

D65I 5$gaS~Q2k!gmS~Q1 l !gm%,

D752I 5$gmS~Q2k2 l !gmS~Q2k!ga%,

D85I 5$gmS~Q1 l !gmS~Q2k!ga%, ~3.19!

Before we proceed the following comments are warrante
~i! In the above formulas appropriate shiftings and re

belings of the integration momenta have been carried ou
order for the answer to be expressed in terms of the five b
denominatorsI i defined in Eq.~3.6!.

~ii ! The topologies ofD1 , D2 , D3 , D4 , D5, andD6 are
shown in Figs. 6(a4), 6(a5), 6(a6), 6(a7), 6(b4), and 6(b5),
respectively. (6b1)8 corresponds to the figure obtained fro
Fig. 6(b1) by drawing the internal three-gluon vertex on t
other leg of the external three-gluon vertex, i.e., the
which hooks onto the external spinor carrying moment
04500
:
-
in
ic

g

Q8 ~not shown!; D7 @shown in Fig. 7~h!# andD8 ~not shown!
are the analogs ofD5 andD6 for the (6b1)8 topology. Fur-
thermore, the second and third term on the rhs of Eq.~3.14!
are depicted in Figs. 6(a2) and 6(a3), respectively, the sec
ond term on the rhs of Eq.~3.15! is shown in Fig. 6(b2), the
second term on the rhs of Eq.~3.17! is shown in Fig. 6(c2),
and the second term on the rhs of Eq.~3.18! in Fig. 7(ca).

~iii ! The graph in Fig. 7(r 2) is accompanied by the grap
with the Abelian vertex correction on the other side~not
shown!. The graph containing the bare four-gluon vertex
not shown either.

~iv! Notice that the propagatorlike part in Fig. 7~a! is con-
nected to the rest of the graph by a factorgab ; since this
term will become part of the one particle irreducible~1PR!
graph of Fig. 4~c! it must be supplemented a longitudin
componentqaqb . This contribution is proportional to the
terms shown in Figs. 6(a6) and 6(a7) ~remember that the
latter are proportional toqa), but notice that the color factor
are different; the terms shown in Figs. 6(a6) and 6(a7) are
proportional toCA

2 , whereas the term missing in Fig. 7~a!
will have bothCA

2 and CACf , whereCf is the Casimir for
the ta representation of the~external! quarks. It is easy to
show that these terms vanish when the external fermions
on shell, which is our case. In order to prove that, one d
not have to assume thatqa hits a conserved current on th
other side of the graph; instead one notices that the term
question are proportional to@S (1)(Q” ,m)2S (1)(Q” 8,m)#,
which vanishes whenQ” 5Q” 85m.

~v! Notice the appearance of propagatorlike terms@Figs.
6(a3), 6(b2), and 6(c2)#.

Adding Eqs.~3.14!–~3.18!, by parts, and using Eq.~3.11!,
we find

Ga
~2!~Q,Q8!5

1

2
FPa

~2!~Q,Q8!1
1

2
VPas

~2! gs1Ĝa
~2!~Q,Q8!

~3.20!

with

VPas
~2! ~q!5I 4Las~ l ,k!1~2I 21I 3!gas

2I 1@ksgar1Grsa
~0! ~2k,2 l ,k1 l !#~ l 2q!r.

~3.21!

The interpretation of the three terms appearing on the rh
Eq. ~3.20! is as follows:

~i! The term 1
2 FPa

(2)(Q,Q8) is half of the vertexlike part
necessary to cancel the corresponding term appearing in
~3.8!, during the conversion of conventional 1PR graphs in
their PT counterparts. The other half will come from th
mirror vertex~not shown!.

~ii ! 1
2 VPas

(2) gs is the total propagatorlike term originatin
from the two-loop quark-gluon vertex; together with th
equal contribution from the mirror set of two-loop verte
graphs~not shown! will give rise to the self-energy term:

PPab
~2! ~q!5VPas

~2! ~q!tb
s~q!, ~3.22!
6-8
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which will be part of the effective two-loop PT gluon sel
energy, to be constructed in the next subsection

~iii ! Ĝa
(2)(Q,Q8) is the PT two-loop quark-gluon vertex;

coincideswith the corresponding two-loop quark-gluon ve
tex computed in the BFMFG, i.e.,

Ĝa
~2!~Q,Q8!5G̃a

~2!~Q,Q8,jQ51! ~3.23!

as happens in the one-loop case, Eq.~2.22!. Either by virtue
of the above equality and the formal properties of the BF
or by means of an explicit diagrammatic calculation whe
one acts withqa on individual diagrams, one can establi
that Ĝa

(2)(Q,Q8) satisfies the following QED-like WI

qaĜa
~2!~Q,Q8!5Ŝ~2!~Q!2Ŝ~2!~Q8!, ~3.24!

which is the exact two-loop analog of Eq.~2.20!. Ŝ (2)(Q) is
the two-loop PT fermion self-energy which satisfies

Ŝ~2!~Q!5S̃~2!~Q,jQ51!5S~2!~Q,j51!. ~3.25!

Again, this is the precise generalization of the one-loop
sult of Eq.~2.23!. At this point this result comes as no su
prise, since all three gluon vertices appearing in the Feynm
graphs contributing toS (2)(Q,j) are internal; therefore, a
j51 there will be no pinching@40#.

We emphasize that the above result is nontrivial; inde
even if one accepts that the appearance of the first and
term in Eq.~3.20!, for example, could be forced, there is n
a priori reason why the remainder should turn out to
purely self-energy-like. Notice also that in deriving th
above results no integrations~or subintegrations! over virtual
momenta have been carried out.

C. The two-loop self-energy

The construction ofP̂ab
(2)(q) proceeds as follows: To th

conventional two-loop gluon self-energyPab
(2)(q), we add

two additional terms;~i! the propagatorlike termPPab
(2) (q)

derived in the previous subsection, Eq.~3.22!, and ~ii ! the

FIG. 8. The Feynman diagrams contributing to the conventio
two-loop gluon self-energyPab

(2) , in theRj gauges.
04500
,
e

-

an

d,
ird

propagatorlike part2RPab
(2) (q) given in Eq.~3.9!, stemming

from the conversion of the conventional string into a P
string; this term must be removed from the 1PR reducible

and be alloted toP̂ab
(2)(q), as described in@12#. Thus,

P̂ab
(2)(q) reads

P̂ab
~2!~q!5Pab

~2!~q!1PPab
~2! ~q!2RPab

~2! ~q!. ~3.26!

Up to minor notational modifications, this last equation is
fact identical to Eq.~3.5! in the second paper of@12#, except
that now we know the exact closed expression for the te
PPab

(2) (q).
It is a lengthy but relatively straightforward exercise

establish that in fact

P̂ab
~2!~q!5P̃ab

~2!~q,jQ51!. ~3.27!

To see that in detail, we simply start out with the diagra
contributing to Pab

(2)(q) and convert them into the corre

sponding diagrams contributing toP̃ab
(2)(q,jQ51); in doing

so we only need to carry out algebraic manipulations in
numerators of individual Feynman diagrams~see Figs. 8 and
9!, and the judicious use of the identity of Eq.~3.4!. The
individual diagrams yield

l

FIG. 9. The Feynman diagrams contributing to the BFM tw

loop gluon self-energyP̃ab
(2) .
6-9
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~8a!5~9a!1~9m!1~9n!1~9o!1~9p!1~9q!1~9r !1~9s!1I 1F l bl rksGasr
~0! ~q,k1 l 2q,2k2 l !

1~ l •q2 l 2!~k1 l 2q!aS 3

2
l 2qD

b
G

1I 1@ksgar1Grsa
~0! ~2k,2 l ,k1 l !#~ l 2q!rtb

s~q!2~2I 21I 3!tab~q!

1I 2F3

8
tab~q!1

9

16
qaqbG2

9

2
I 3@ l a~ l 2q!b1~ l •q2 l 2!gab#1I 2@Lab~q,k!12ka~k1q!b#

2I 3@Lab~ l ,k!12ka~k1 l !b#2I 3F3l al b2
21

8
qal b1qaqbG ,

~8b!1~8c!5~9b!1~9c!1
9

2
I 3@ l a~ l 2q!b1~ l •q2 l 2!gab#

~8d!5~9d!1
21

8
I 2tab~q!,

~8e!1~8 f !5~9e!1~9 f !2I 1l bl rksGasr
~0! ~q,k1 l 2q,2k2 l !2I 2F2ka~k1q!b1

1

2
qaqbG1I 3F2ka~k1 l !b1

1

4
qal bG ,

~8g!1~8h!5~9g!1~9h!1I 3Lab~ l ,k!2I 4Las~ l ,k!ts
b~q!,

~8i !5~9i !2I 1 ~ l •q2 l 2!~k1 l 2q!aS 3

2
l 2qD

b

2
1

16
I 2qaqb1

1

8
I 3qal b ,

~8 j !1~8k!5~9 j !1~9k!1I 3@3l al b23l aqb1qaqb#,

~8l !5~9l !. ~3.28!
ed
ns

gh
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r
vi-
lies
la-
,

to
he
ge-
l-
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Adding the above equations by parts we find

Pab
~2!~q!5P̃ab

~2!~q,jQ51!1I 2@Lab~q,k!13tab~q!#

2I 4Las~ l ,k!ts
b~q!

1I 1@ksgar1Grsa
~0! ~2k,2 l ,k1 l !#~ l 2q!rts

b~q!

2~2I 21I 3!tab~q!. ~3.29!

Using Eqs.~3.21! and ~3.12!, Eq. ~3.29! becomes

Pab
~2!~q!5P̃ab

~2!~q,jQ51!2PPab
~2! ~q!1RPab

~2! ~q!.
~3.30!

From Eqs.~3.30! and Eq.~3.26! we arrive immediately at
Eq. ~3.27!. Again, no integrations over virtual momenta ne
be carried out, except for identifying vanishing contributio
by means of the formulas listed in Eq.~3.1!.

Since we have used dimensional regularization throu
out and no integrations have been performed the result
this section do not depend on the valued of the space time;
in particular, they are valid ford53, which is of additional
04500
-
of

field-theoretical interest@41#. Clearly, whend→4 the renor-
malization program needs be carried out; this will be t
subject of the next section.

IV. RENORMALIZATION

In this section we will carry out the renormalization fo
the two-loop PT Green’s functions constructed in the pre
ous section. There is, of course, no doubt that if one supp
the correct counterterms within the conventional formu
tion, the totalS matrix will continue being renormalized
even after the PT rearrangement of the~unrenormalized!
two-loop Feynman graphs. The point of this section is
show a stronger version of renormalizability, i.e., that t
new Green’s function constructed through the PT rearran
ment areindividually renormalizable. The general methodo
ogy is as follows: We start out with the counterterms whi
are necessary to renormalize individually the conventio
Green’s functions contributing to the two-loopS matrix.
Then we will show that by simply rearranging them, follow
ing the PT rules, we will arrive at renormalized two-loop P
Green’s functions.
6-10
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We will use the following notation:Z1 is the vertex renor-
malization constant for the conventional quark-gluon ver
Ga , Z2 is the wave-function renormalization for the~exter-
nal! quarks,ZA is the gluon wave-function renormalizatio
corresponding to the conventional gluon self-energyP, ẐA
is the gluon wave-function renormalization corresponding
the PT gluon self-energyP̂, Z3 is the vertex renormalization
constant for the conventional one-loop three-gluon ver
Gamn

(1) , andZ3F is the vertex renormalization constant for th

GFamn
(1) , Z̄2 is the ghost wave-function renormalization, a

Z̄1 is the ghost-gluon vertex renormalization consta
Equivalently, one can carry out the renormalization progr
using appropriately defined counterterms. The correspon
counterterms, which, when added to the aboven-loop quan-
tities render them UV finite, are, respectively,K1

(n) , K2
(n) ,

KA
(n) , K̂A

(n) , K3
(n) , K3F

(n) K̄2
(n) , and K̄1

(n) . In addition, mass
countertermsdm must be supplied if the quarks are cons
ered to be massive. In a moment we will also introduce
countertermKP

(n) , which rendersVP
(n) ultraviolet finite. No-

tice that because of the QED-like WI it satisfies,Ĝm becomes
ultraviolet finite when the countertermK2 is added to it. The
Z’s and theK ’s are related as follows:

Zi511(
j 51

Ki
~ j ! i 51,2,3,

ZA511(
j 51

KA
~ j ! ,

ẐA511(
j 51

K̂A
~ j ! ,

Z̄i511(
j 51

K̄ i
~ j ! i 51,2,

Zg511(
j 51

Kg
~ j ! ,

dm5(
j 51

dm~ j ! ~4.1!

We first begin with the 1PR part of theS matrix. It is
more convenient to work with dimensionless quantities;
that end we define the dimensionless gluon self-energyP (1)

simply throughPab
(1)5P (1)tab . In order to renormalize the

extra pieces which must be alloted to the conventional 1
graphs in order to convert them into their PT form, i.e., t
iRP1FP terms in Eqs.~3.9!–~3.11!, we must have~we use
the superscript ‘‘R’’ to denote renormalized quantities!
04500
x
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x
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R

iRP
~2!R1FP

~2!R5P~1!RVP
~1!R1

3

4
VP

~1!RVP
~1!R1VP

~1!RĜ~1!R

1YP
~1!R

5
3

4
~KP

~1!1VP
~1!!21~P~1!2KA

~1!!~VP
~1!1KP

~1!!

1~VP
~1!1KP

~1!!~ Ĝ~1!1K2
~1!!

1~X1
~1!1X2

~1!!dm~1!

5 iRP
~2!1FP

~2!1U1
~2!1U2

~2! ~4.2!

with

U1
~2!5VP

~1!@K2
~1!2KA

~1!#1KP
~1!@P~1!1G~1!1VP

~1!#

1~X1
~1!1X2

~1!!dm~1!

U2
~2!5KP

~1!F3

4
KP

~1!1K2
~1!2KA

~1!G . ~4.3!

Thus, the termsU1
(2) and U2

(2) need to be supplied. Notice
that the terms contained inU2

(2) are momentum independen
~quadratic in the counterterms!, whereas those contained i
U1

(2) are momentum dependent~linear in the counterterms!.
The latter will cancel against parts of the one-loop count
terms appearing inside the two-loop expressions for the c
ventional self-energy~Fig. 10! and vertex~Fig. 12!, cancel-
ling their subdivergences. As for the former, they w
become part of the final renormalization counterterm of
two-loop PT self-energy, i.e., the counterterm necessary
canceling the remaining divergence, after the subdivergen
have been taken care of. Another way of saying this is th
since the extra termsRP and FP will be alloted to the PT
gluon-self-energy and vertex, so should the counterte
necessary to renormalize them.

We next show how the terms inU2
(2) are to be accounted

for, and, at the same time, derive some useful relati
among the various counterterms. The QED-like WI of E
~2.20! and ~3.24! relating Ĝa

(1) and Ŝ (1), and Ĝa
(2) and Ŝ (2),

FIG. 10. The one-loop counterterms contributing to the conv
tional two-loop gluon self-energyPab

(2) .
6-11
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respectively, imposes the following QED-like relation b
tween the renormalization constantsẐ1 and Ẑ2, up to order
g4:

Ẑ15Ẑ2 . ~4.4!

In addition, from the WI of Eq.~6.10!, we have to orderg2

~at least!

Z3F5ZA . ~4.5!

Notice also that Eq.~6.10! dictates that the ultraviolet
divergent part ofGFamn

(1) is proportional toGamn
(0) rather than

GFamn
(0) ; had it been the other way around there would be

longitudinal ultraviolet-divergent pieces on the rhs of E
~6.10!. As we will see, this ‘‘mismatch’’ will generate the
pieces which in the BFM language give rise to the gau
fixing renormalization of the vertices@Figs. 10~a! and 10~b!#.

Furthermore, the renormalization constants before and
ter the PT rearrangements are related to the gauge cou
renormalization as follows:

Zg
25Z1

2Z2
22ZA

21

5Ẑ1
2Ẑ2

22ẐA
21

5ẐA
21 , ~4.6!

where Eq.~4.4! has been used. After substituting the expr
sions given in Eq.~4.1! into Eq.~4.6! and equating powers o
the coupling constantg, we arrive at the following relations
for the corresponding counterterms:

K̂A
~1!5KA

~1!22~K1
~1!2K2

~1!!, ~4.7!

K̂A
~2!5KA

~2!22~K1
~2!2K2

~2!!1K1
~1!@3K1

~1!24K2
~1!22KA

~1!#

1K2
~1!@2KA

~1!1K2
~1!#. ~4.8!

Substituting the relations

K1
~ j !5

1

2
KP

~ j !1K2
~ j ! , j 51,2 ~4.9!

into the above equations we obtain

K̂A
~1!5KA

~1!2KP
~1! , ~4.10!

K̂A
~2!5KA

~2!2KP
~2!1U2

~2! , ~4.11!

FIG. 11. The one-loop counterterms necessary for the two-l

gluon self-energyP̂ab
(2) ; they are identical to those needed for t

BFM two-loop gluon self-energyP̃ab
(2) .
04500
o
.

-

f-
ing

-

K̂A
~1!522Kg

~1! . ~4.12!

Notice that if Z15Z2, or equivalently,KP
( j )50, then ZA

5ẐA , which is simply the QED case.
It is now clear what the role of theU2

(2) terms is; they
must be added to the conventional two-loop self-ene
countertermKA

(2) and the part of the vertex counterterm co
responding toVP

(2) ; these two counterterms are alrea
present, whereas the termU2

(2) must be borrowed from som
other part of theSmatrix, in order for the initial equation Eq
~4.6! to be enforced.

We next turn to theU1
(2) terms. We will show that they

will cancel precisely against terms originating from the re
rangement of the graphs shown in Figs. 10 and 12, in or
to convert them into the graphs shown in Figs. 11 and
The former set contains the counterterms necessary for
celling the one-loop subdivergences inside the conventio
two-loop gluon self-energy and quark-gluon vertex, the lat
the counterterms needed for the two-loop PT gluon s
energy and quark-gluon vertex.

We begin with two-loop gluon self-energy shown in Fi
10. From the Slavnov-Taylor identity@28# we have that
@43,44#

Z3

ZA
5

Z̄1

Z̄2

, ~4.13!

from which we obtain@45#

K3
~1!2KA

~1!5K̄1
~1!2K̄2

~1!5
1

2
KP

~1! . ~4.14!

This relation is important for what follows.
Then we have for the graphs of Fig. 10:

p
FIG. 12. The one-loop counterterms necessary to cancel the

divergences inside the conventional two-loop quark-gluon ver
Ga

(2) . In the case of massive fermions the wave-function coun
term K2

(1) should be accompanied by the appropriate mass coun
term ~not shown!.

FIG. 13. The one-loop counterterms necessary to cancel the

divergences inside the PT two-loop quark-gluon vertexĜa
(2) ; they

are identical to those needed for the BFM two-loop quark-glu

vertex G̃a
(2) .
6-12
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~10a!1~10b!5K3
~1!E @dk#J1~q,k!Gamn

~0! Gbmn
~0!

~10c!5~10c1!1~10c2!,

~10d!1~10e!5K̄1
~1!E @dk#J1~q,k!ka~k1q!b ,

~10f !1~10g!52K̄2
~1!E @dk#J1~q,k!ka~k1q!b

~4.15!

with

~10c1!52KA
~1!E @dk#J1~q,k!Gamn

~0! Gbmn
~0! ,

~10c2!5KA
~1!E @dk#J2~q,k!kmksGamn

~0! Gbsn
~0! ;

~4.16!

J2 has been defined in Eq.~2.9!. Thus, using Eq.~4.14! and
Eq. ~2.15! we obtain

@~10a!1~10b!1~10c1!#1@~10d!1~10f !#

1@~10e!1~10g!#

5KP
~1!Pab

~1!~q!. ~4.17!

Next, we write (10c2) as follows:

~10c2!5~11a!1~11b!1~11c!

22tas~q!E @dk#J2~q,k!kbks ~4.18!

where

~11a!1~11b!5KA
~1!E @dk#J1~q,k!GPamn

~0! GFb
~0!mn ,

~11c!5KA
~1!E @dk#J2~q,k!kmksGFamn

~0! GFb
~0!sn .

~4.19!

We next convert the renormalization constants for
conventional two-loop quark-gluon vertexGa

(2) ~Fig. 12! into

those necessary for the PT two-loop quark-gluon vertexĜa
(2)

finite ~Fig. 13!. We have

~12a!5K3
~1!G~1!5S K3F

~1!1
1

2
KP

~1!DG~1!

5~13a!1
1

2
KP

~1!G~1!,

~12c!1~12d!5K1
~1!VP

~1!1~13c!1~13d!,
04500
e

~12e!52
1

2
K2

~1!VP
~1!1

1

2
~X1

~1!1X2
~1!!dm~1!

1~13e!,

~12b!52KA
~1!E @dk#J2~q,k!Gasn

~0! tm
s~k!rmn

3~Q1k!

52KA
~1!E @dk#J2~q,k!~GFasn

~0! 1GPasn
~0! !

3tm
s~k!rmn~Q1k!

5~13b!2KA
~1!E @dk#J2~q,k!tam~k!gm

5~13b!2
1

2
KA

~1!VP
~1!

1KA
~1!tas~q!E @dk#J2~q,k!kbksgb. ~4.20!

Notice that the last term on the rhs of Eq.~4.20!, together
with an equal term from the mirror vertex graphs~not
shown! will cancel against the last term in Eq.~4.18!. Using
that K1

(1)2 1
2 K2

(1)5 1
2 (KP

(1)1K2
(1)), we finally arrive at

K ~Fig. 10!12K ~Fig. 12!5K ~Fig. 11!12K ~Fig. 13!1U1
~1! ,
~4.21!

where the factors of 2 multiplyingK (Fig. 12) and K (Fig. 13)
account for the mirror vertex contributions. Evidently, th
PT rearrangement gives rise to a termU1

(1) , as announced.
The counterterms resulting from the above rearrangem

are exactly those required to cancel all subdivergences in
Ĝa

(2)(Q,Q8); the latter coincide of course with the subdive

gences insideG̃a
(2)(Q,Q8,jQ51). To demonstrate that th

counterterms shown in Fig. 13 are in fact identical to tho
obtained when carrying out the BFM renormalization pr
gram as explained in@9#, i.e., renormalizing only the back
ground gluons, the external quarks, the coupling constang,
and the GFP (jQ) @42#, one may proceed as follows:~i! start
with graph 13~b!, and separate thetsm(k) into the part pro-
portional togsm and the part proportional tokskm ; the sec-
ond part is simply the gauge-fixing renormalization to t
self-energy, as explained in@9#. ~ii ! Half of the piece propor-
tional to gsm must be added to Fig. 13~a!; the latter is pro-
portional toG (0). Using thatK3F

(1)5KA
(1) @from Eq. ~4.5!#, the

total contribution is proportional toKA
(1)(G (0)2GF

(0))
5KA

(1)GP
(0) , which is the contribution from the gauge-fixin

renormalization of the elementary BFM three-gluon verte
~iii ! The remaining half proportional togsm from step ~i!
must be split equally between (13c)1 1

2 (13e) and (13d)
1 1

2 (13e). Each of these two combinations will then give
contribution proportional toK1

(1)2 1
2 K2

(1)2 1
2 KA

(1)52 1
2 K̂A

(1)

1 1
2 K2

(1)5Kg
(1)1 1

2 K2
(1) , where Eq.~4.9!, Eq. ~4.10!, and Eq.

~4.12! have been used in the last steps. The wave-func
6-13
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renormalization for the external fermions will then canc
1
2 K2

(1) , andKg
(1) will be reabsorbed into the gauge-couplin

renormalization.
Notice that the correspondence between the PT and

BFMFG Green’s functions established in the previous s
tion persists after renormalization; the resulting expressi
are the BFMFG renormalized quantities, as derived in@9#.
An immediate consequence of this@9# is that the coefficient
multiplying the logarithm of the PT two-loop self-energy
equal to the the two-loop coefficient of the QCDb function
@43,44#, i.e., (34/3)CA

2 . It is also interesting to see how th
PT rearrangement leads into the interpretation of coun
terms generated from the QCD Lagrangian in the renorm
ized Feynman gauge@44#, as GFP renormalization of th
BFM Lagrangian@9# .

V. THE ABSORPTIVE CONSTRUCTION:
GENERAL FORMALISM

In the next two sections we will show in detail how on
may construct the two-loop PT effective Green’s functio
using unitarity and analyticity arguments. This derivati
generalizes the method first presented in@13# and@14# for the
one-loop case, and constitutes a nontrivial self-consiste
check for the entire approach. In this section we will set
the formalism, and discuss in detail the one-loop case, wh
will serve as the general paradigm for the two-loop gener
zation, to be presented in the following section. Apart fro
some minor modifications, in the next two sections we w
adopt the notation used in@13#.

The optical theorem for the case of forward scatter
assumes the form

I m^auTua&5
1

2 (
i

~2p!4d~4!~pa2pi !^ i uTua&* ^ i uTua&,

~5.1!

where the sum( i should be understood to be over the ent
phase space of all allowed on-shell intermediate statesi. Af-
ter expanding theT matrix in powers of g, i.e., T
5(n52T@n#, we have that

I m^auT@n#ua&5
1

2 (
i

~2p!4d~4!~pa2pi !

3(
k

^ i uT@k#ua&* ^ i uT@n2k#ua&. ~5.2!

In particular, if in the initial states we have aq-q̄ pair, i.e.,
ua&5uqq̄& we have for the first nontrivial orders,n54 and
n56

I m^qq̄uT@4#uqq̄&5
1

2 S 1

2! D E ~dPS!2g^2guT@2#uqq̄&*

3^2guT@2#uqq̄&, ~5.3!

and
04500
l

he
-
s
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h
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l

g

I m^qq̄uT@6#uqq̄&5
1

2 S 1

3! D E ~dPS!3g^3guT@2#uqq̄&*

3^3guT@2#uqq̄&

1
1

2 S 1

2! D E ~dPS!2g2 R e

3~^2guT@4#uqq̄&* ^2guT@2#uqq̄&!,

~5.4!

respectively@46#. (dPS)2g and (dPS)3g stand for the two-
and three-body phase space for mass-less gluons, res
tively. Next we introduce the short-hand notation

A @n#[I m^qq̄uT@n#uqq̄&,

T m
@k#[^mguT@k#uqq̄& m,k52,3, . . . .

~5.5!

Then, Eqs.~5.3! and ~5.4! become, respectively,

A @4#5
1

2 S 1

2! D E ~dPS!2gT 2
@2#* T 2

@2# , ~5.6!

A @6#5
1

2 S 1

3! D E ~dPS!3gT 3
@3#* T 3

@3#

1
1

2 S 1

2! D E ~dPS!2g2 R e~T 2
@4#* T 2

@2#!

5A 3
@6#1A 2

@6# . ~5.7!

The quantities defined above have the explicit form

A @4#5
1

2 S 1

2! D @T 2s
@2#1T 2t

@2##mn
ab Pmm8~p1!Pnn8~p2!

3@T 2s
@2#1T 2t

@2##m8n8
ab* , ~5.8!

A 3
@6#5

1

2 S 1

3! D @T 3s
@3#1T 3t

@3##mnr
abc Pmm8~p1!Pnn8~p2!Prr8~p3!

3@T 3s
@3#1T 3t

@3##m8n8r8
abc* , ~5.9!

A 2
@6#5S 1

2! DR e~@T 2s
@4#1T 2t

@4##mn
ab Pmm8~p1!Pnn8~p2!

3@T 2s
@4#1T 2t

@4##m8n8
ab* !, ~5.10!

where we have suppressed the phase-space integrationsPmn

is the polarization tensor for the massless gluons,

Pmn~p,n,h!52gmn1
nmpn1nnpm

np
2h

pmpn

~np!2
,

~5.11!

with nm being an arbitrary four vector, andh a gauge pa-
rameter.
6-14
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We will now study the process q(k1)q̄(k2)
→g(p1)g(p2) at tree level, using the equations deriv
above. This study will further elucidate the role of the E
~2.2! in enforcing perturbative unitarity at the level of ind
vidual Green’s functions, and will set up the stage for t
two-loop generalization.

The BRS symmetry@47# of the original Lagrangian lead
to the following identities@48#:

p1
mT 2mn

ab 5~S2
$12%!abp2n ,

p2
nT 2mn

ab 5~S2
$21%!abp1m ,

p2
np1

mT 2mn
ab 50. ~5.12!

If we split the amplitude into ans-channel andt-channel
contribution @s5q25(k11k2)25(p11p2)2, and t5(k1
2p1)25(k22p2)2], the first of the identities in Eq.~5.12!
becomes

p1
m~T2s1T2t!mn

ab5~S2s
$12%1S2t

$12%!abp2n . ~5.13!

The remaining two identities are exactly analogous and
be suppressed throughout.

Let us now assume that theSmatrix element appearing o
the left-hand side~lhs! of Eq. ~5.1! has been rearranged fo
lowing the PT rules. For a 2→2 process this amounts t
treating the momentum transferq as the special momentum
in the sense described earlier. Then, let us compute the
responding imaginary parts, using~for convenience! the
usual Cutkosky cutting rules. The question which aris
naturally is the following: how should one reorganize t
cross section appearing on the rhs of Eq.~5.1! in order to
systematically reproduce the individual Cutkosky cuts of
lhs? The basic observation put forth in@13# and@14# was that
there exists an appropriate, PT-inspired rearrangement o
cross section appearing on the rhs of Eq.~5.1!, which allows
indeed for a natural connection with the imaginary parts
the individual PT subamplitudes appearing on the lhs of
~5.1!. The PT rearrangement of the rhs amounts to a spe
choice forT2s and T2t , which will be denoted byT 2s

F and
T 2t

F , respectively. After defining these ‘‘Feynman’’ ampl
tudes@49#, Eq. ~5.13! reads

p1
m~T 2s

F 1T 2t
F !mn

ab5~S2s
F$12%1S2t

F$12%!abp2n , ~5.14!

and to orderk,

p1
m~T 2s

@k#F1T 2t
@k#F!mn

ab5~S2s
@k#F$12%1S2t

@k#F$12%!abp2n .
~5.15!

We will next study the casek52 ~tree level, Fig. 14!.
For ‘‘on-shell’’ gluons, i.e.,p250, Pmn(p,n,h) of Eq.

~5.11! satisfies the transversality conditionpmPmn50. Thus
one may immediately eliminate theGPamn

(0) (q,p1 ,p2) part of
Gamn

(0) (q,p1 ,p2), which vanishes when contracted with th
term Pmm8(p1)Pnn8(p2), and effectively replace
Gamn

(0) (q,p1 ,p2) by GFamn
(0) (q,p1 ,p2), as in Fig. 14~a!. One

then proceeds by recognizing that the longitudinal parts
the Pmm8(p1) and Pnn8(p2) trigger a fundamental cancella
04500
.

e

ll

or-

s

e

he

f
.

ial

f

tion @13,14# involving the s- and t-channel graphs@Figs.
14~a! and 14~d!#, which is a consequence of the underlyin
BRS symmetry. In particular, the action ofp1

m or p2
n on

GFamn
(0) gives

p1
mGFamn

~0! ~q,p1 ,p2!5~p22p1!ap2n1~p1
22p2

2!gan1tan~q!,

p2
nGFamn

~0! ~q,p1 ,p2!5~p22p1!ap1m1~p1
22p2

2!gam

2tam~q!. ~5.16!

The first term on the rhs of either equation cancels agains
analogous contribution from thet-channel graph, wherea
the second terms vanish for on-shell gluons. Finally,
terms proportional top2n andp1m @Fig. 14~b!# are such that
all dependence on the unphysical four-vectornm and the pa-
rameter h vanishes, as it should. In addition, a residu
(s-dependent! contribution emerges from these latter term
which must be added to the parts stemming from
gmm8gnn8 part of the calculation. In particular@13#, we have
that

~T 2s
F !mn

ab5g$ga
m% f mabd~q!GFmn

~0!a~q,p1 ,p2!,

T 2t
@2#F5T 2t

@2# ,

S2t
@2#F$12%5S2t

@2#$12%50,

p1
m~T 2s

@2#F!mn
ab5~S2s

@2#F$12%!abp2n1~L2
@2#F!n

ab,

p1
m~T 2t

@2#F!mn
ab52~L2

@2#F!n
ab , ~5.17!

with

~L2
@2#F!n

ab5g$ga
e% f eabd~q!tn

a~q!,

~S2s
@2#F$12%!ab5g$ga

e% f eabd~q!~p22p1!a,
~5.18!

FIG. 14. The fundamental BRS-enforced cancellation
s-channel~a! and t-channel@(d1) and (d2)] contributions, instru-
mental for the absorptive PT construction. Graph~b! gives rise to
the correct ghost structure.
6-15
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and$ga
a%5 ig v̄(k2)tagau(k1).

From the above results follows:

p1
m~T 2s

@2#F1T 2s
@2#!mn

ab5~S2s
@2#F$12%!abp2n , ~5.19!

and thus

A @4#5
1

2 S 1

2! D @~T 2s
@2#F1T 2t

@2#!~T 2s
@2#F1T 2t

@2#!*

22~S2s
@2#F$12%!~S2s

@2#F$12%!* #

5A S
@4#1A V

@4#1A B
@4# , ~5.20!

with

A S
@4#5

1

2 S 1

2! D @T 2s
@2#FT 2s

@2#F* 22~S2s
@2#F$12%!~S2s

@2#F$12%!* #,

A V
@4#5

1

2 S 1

2! D @T 2s
@2#FT 2t

@2#* 1T 2t
@2#T 2s

@2#F* #,

A B
@4#5

1

2 S 1

2! DT 2t
@2#T 2t

@2#* . ~5.21!

In the last step we have defined self-energy~S!, vertex~V!,
and box~B!-like amplitudes, according to their dependen
on the Mandelstam variabless andt as in the case of a scala
filed theory, or QED;A S

@4# depends only ons, A V
@4# on s and

t, andA B
@4# only on t.

The next step is to identify these subamplitudes as
imaginary parts of the effective one-loop self-energy, vert
and box, under construction. For example, for the effect
self-energyP̂ab(q) we will proceed as follows: first write
A S

@4# in the form

A S
@4#5$ga%d~q!A Sab

@4# ~q!d~q!$gb%; ~5.22!

then identify

I mP̂ab
~1!~q!5A Sab

@4# ~q!. ~5.23!

From the last equation follows

I mP̂ab~q!5
1

2
g2CA@GFamn

~0! ~q,p1 ,p2!GFb
~0!mn~q,p1 ,p2!

22~p22p1!a~p22p1!b#. ~5.24!

This last equation leads to a well-defined definition ofP̂ (1),
without having to resort to an intermediate one-loop d
grammatic interpretation: after the two-body phase-space
tegrations has been carried out using standard results@13#,
the real parts may be reconstructed by means of a o
subtracted dispersion relation. Thus, in the absence of a
one-loop construction, theP̂ (1) so generated does not nece
sarily have to correspond to the imaginary parts of a p
cisely identifiable set of one-loop Feynman diagrams.
course, given that the full one-loop construction has b
carried out, we know that this is actually the case. Th
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when the one-loop~or n-loop! construction forP̂ exists, Eq.
~5.22! reduces into a nontrivial self-consistency check.
particular, one must verify that

A Sab
@4# ~q!5C2$P̂ab

~1!~q!%5C2$P̃ab
~1!~q,jQ51!%,

~5.25!

where Cn$ . . . % is the operator which carries out th
n-particle Cutkosky cuts~for n52 we have two-gluon and
two-ghost cuts! to the quantity appearing inside the cur
bracket ~Fig. 15!. This is indeed the case@13#, as can be
directly verified from Eq.~2.17!. In fact, the residual contri-
butions originating from the terms proportional top1

m andp2
n

mentioned above correspond precisely to the Cutkosky
of the one-loop ghost diagrams@Fig. 15~b!#.

To fully appreciate the subtlety of the above construct
the following comments are now in order:

~i! It is crucial to recognize that the quantityT 2s
F doesnot

coincide with the PT rearranged tree-level amplitude for
processqq→gg, if by ‘‘PT rearranged amplitude’’ one
means theS-matrix element of a given process whereall
Green’s functions have been replaced by their PT coun
parts@50#. Clearly, if that were the case then the bare thr
gluon vertex appearing in Eq.~5.17! should not be
GFmna

(0) (q,p1 ,p2) but the ordinaryGmna
(0) (q,p1 ,p2), since the

latter quantity corresponds to the tree-level~bare! PT three-
gluon vertex, i.e.,Ĝmna

(0) 5Gmna
(0) . To see this one must reso

to the general procedure for the PT construction of the o
shell three-gluon vertex at one-loop@3#: One must consider a
process involving the scattering of three pairs of test partic
~quarks for example! whose momentum transfers we deno
by q1 , q2, and q3 ~with q11q21q350). Then one must
carry out the splitting of Eq.~2.2! at all three-gluon vertices
appearing in the corresponding Feynman graphs, usingq1, or
q2, or q3 as the ‘‘special’’ momentum. After cancelling th
terms arising from the variousGP

(0)s inside the loops agains
analogous contributions from boxes and propagators, one
rives atĜmna

(1) ; the latter is Bose symmetric with respect to a
three legs, and satisfies naive QED-like WI’s. Of course
one were to carry out this construction to the case of the b
three-gluon vertex, one would arrive simply
Gmna

(0) (q1 ,q2 ,q3), since all incoming momenta are ‘‘special
@see also point~iii ! below#. Whereas these arguments seem
next to trivial when the corresponding construction was fi
presented, they need be explicitly spelled out now, in or
to avoid confusion when generalizing the absorptive PT c
struction to higher orders. There we will see that one m
identify the one-loop equivalent of T 2s

F and

GFmna
(0) (q,p1 ,p2); the latter will differ from Ĝmna

(1) (q,p1 ,p2).

FIG. 15. The Cutkosky cuts of the PT~and BFMFG! one-loop
gluon self-energy.
6-16
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~ii ! Given the above discussion, the following questi
arises: In what sense is the quantityT 2s

F of PT origin? The
answer is the following:T 2s

F is to be obtained by carrying ou
the PT rearrangement at the level of the cross section, w
the ~only! special momentum is the momentum transferq.
This is a well-defined identification, because all other m
menta entering into the vertices are being integrated o
due to the presence of the~two-body! phase-space integra
In that sense the vertex withq incoming is the only ‘‘exter-
nal’’ one. Of course, at tree level this construction leads
mediately to the expressions listed in Eq.~5.17!. Notice also
that the special momentumq is the one with respect to whic
the corresponding dispersion relation has been written
@13# and @14#.

~iii ! Of course, the BRS-driven cancellation for the pr
cessqq̄→gg takes place regardless of the PT rearrangem
of the cross section in general, and the PT decompositio
Gamn

(0) in particular. Indeed, if we had not eliminate
GPamn

(0) (q,p1 ,p2) but had kept instead the full verte
Gamn

(0) (q,p1 ,p2) ~as is usually done!, the WI analogous to Eq
~5.16! would be simply

p1
mGamn

~0! ~q,p1 ,p2!5tan~q!2tan~p2!,

p2
nGamn

~0! ~q,p1 ,p2!5tam~p1!2tam~q!. ~5.26!

The parts which participate in the BRS cancellation, nam
the parts proportional totan(q) and tam(q) are thus unaf-
fected. What changes after the PT rearrangement is the
sulting absorptive part of the individual effectiven-point
functions under construction. So, if one was to define
absorptive part of an effective self-energy keeping the
Gamn

(0) (q,p1 ,p2), but still exploiting the BRS cancellation in
order to eliminate the longitudinal terms, one would arrive
the imaginary part of the conventional self-energy in t
RFG,I mPab(q); the latter, for one thing, does not captu
the running of the QCD coupling.

~iv! One could define the absorptive part of an effect
self-energy before carrying out the BRS cancellation. In t
case one would be led to the absorptive parts of the gl
self-energy in the light-cone gauges; in particular, the fi
answer would depend explicitly on the unphysical quantit
n and h. A dispersion relation would give rise to a path
logical quantity, since the gluon self-energy computed wit
the axial gauges is not multiplicatively renormalizable, d
to its dependence onna @51#. Furthermore, spurious infrare
divergences appear in the Feynman parameter integrat
which are artifacts and cancel out only when full physic
quantities are computed@52#.

Thus, one has to first carry out the appropriate PT re
rangement at the level of the amplitudesT, then enforce the
BRS cancellation at the level of the cross section, and, o
after these two steps, one should define self-energy/
tex/box absorptive parts, as one would for a scalar fi
theory. Having set up the formalism and discussed the g
eral methodology, we next proceed with the two-loop a
sorptive construction.
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VI. THE TWO-LOOP ABSORPTIVE CONSTRUCTION

In this section we will show how to extend the methodo
ogy established in the previous section to the two-loop ca
This construction involves two parts: the first part is t
study of the one-loop amplitude for the processq(k1)q̄(k2)
→g(p1)g(p2); the second is the study of the tree-level pr
cessq(k1)q̄(k2)→g(p1)g(p2)g(p3). As we will see in de-
tail the appropriate PT rearrangement~at the level of theS
matrix!, will give rise ~at the level of the cross section! to the
correct Cutkosky cuts.

A. The one-loop version ofGF
„0… and GP

„0…

In this subsection we will first study the conventional on
loop three-gluon vertex, and will see how one can arrive
the one-loop generalization of the tree-level verticesGFamn

(0)

andGPamn
(0) , defined in Eq.~2.3!, to be denoted byGFamn

(1) and
GPamn

(1) , respectively. Then we will see in detail why castin

the one-loop S matrix for the process q(k1)q̄(k2)
→g(p1)g(p2) into its PT form is crucial for enforcing the
optical theorem at the level ofindividual two-loop PT
Green’s functions.

We start with the one-loopS-matrix element for
q(k1)q̄(k2)→g(p1)g(p2).

Then Eq.~5.15! yields (k54)

p1
m~T 2s

@4#F1T 2t
@4#F!mn

ab5~S2s
@4#F$12%1S2t

@4#F$12%!abp2n ,
~6.1!

whereT 2s
@4#F andT 2t

@4#F are the ‘‘Feynman’’ versions ofT 2s
@4#

andT2t ; their exact form will be specified shortly. The la
two equations in Eq.~5.17! become

p1
m~T 2s

@4#F!mn
ab5~S2s

@4#F$12%!abp2n1~L2
@4#F!n

ab,

p1
m~T 2t

@4#F!mn
ab5~S2t

@4#F$12%!abp2n2~L2
@4#F!n

ab. ~6.2!

Using Eq.~5.19!, we have that

A 2
@6#5S 1

2! DR e@~T 2s
@4#F1T 2t

@4#F!~T 2s
@2#F1T 2t

@2#!*

22~S2s
@4#F$12%1S2t

@4#F$12%!~S2s
@2#F$21%!* #

5A 2S
@6#1A 2V

@6#1A 2B
@6# , ~6.3!

with

A 2S
@6#5S 1

2! DR e@T 2s
@4#FT 2s

@2#F* 22~S2s
@4#F$12%!~S2s

@2#F$21%!* #,

A 2V
@6#5S 1

2! DR e@T 2s
@4#FT 2t

@2#* 1T 2s
@2#FT 2t

@4#F*

22~S2s
@2#F$12%!~S2t

@4#F$21%!* #,

A 2B
@6#5S 1

2! DR e@T 2t
@4#FT 2t

@2#* #. ~6.4!
6-17
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From these last quantities one could define, for example,
quantityA 2Sab

@6# (q) exactly as in Eq.~5.22!, i.e.,

A 2S
@6#5$ga%d~q!A 2Sab

@6# ~q!d~q!$gb%. ~6.5!

The A 2Sab
@6# (q) must then be such that

A 2Sab
@6# ~q!5C2$P̂ab

~2!~q!%5C2$P̃ab
~2!~q,jQ51!%. ~6.6!

The question is what is the correct form ofT 2s
@4# andT 2t

F ,
and the correspondingS2s

@2#F$12% andS2s
@2#F$12% ; the latter quan-

tities are automatically determined once the former h
been specified. In particular, if such a rearrangement ex
does it correspond to the one-loop generalization of the
sorptive procedure carried out at tree level? The natural c
didate for this is clearly the PT rearranged one-loop ma
element for q(k1)q̄(k2)→g(p1)g(p2) shown in Fig. 16,
where the center-of-mass momentumq has been singled ou
as the ‘‘special’’ momentum~individual Feynman graphs ar
shown in Figs. 17, 18, and 19!; if that were the case, on
would begin to discern an iterative pattern. As we will see
detail, this is indeed what happens.

Throughout this section we will suppress the one-lo
integration symbol*@dk#, and will use@see Eq.~2.9!#

FIG. 16. The one-loop amplitude for the processq(k1)q̄(k2)
→g(p1)g(p2), after the PT rearrangement.

FIG. 17. The Feynman diagrans contributing to the conventio
one-loop three-gluon vertexGamn

(1) .
04500
e

e
ts,
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p

J3[J3~q,2p1 ,k!5
i

2
g2CA@k2~k2p1!2~k1p2!2#21.

~6.7!

We focus on the part of the process involving the conv
tional one-loop three-gluon vertexGamn

(1) (q,p1 ,p2), which is
diagrammatically shown in Fig. 17. Let us now carry out t
decomposition of Eq.~2.2! to the elementary three-gluo
vertexGasr

(0) (q,k1p2 ,2k1p1) appearing in the diagrams o
Figs. 17~a! and 17~d!; sinceq is the only special momentum
in the problem all other three-gluon vertices remain u
changed. After carrying out the aforementioned decomp
tions, the parts stemming from theGPasr

(0) will propagate to-
wards the remaining elementary~bare! three-and four-gluon
vertices, and will trigger further WI of the type shown in E
~5.26!. Reorganizing the terms thusly generated, one
show that theGamn

(1) (q,p1 ,p2) of Fig. 17 can be written in the
form

al

FIG. 18. The diagrammatic representation of the one-loop th
gluon vertexGFamn

(1) .

FIG. 19. Some of the one-loopt-channel graphs contributing to

q(k1)q̄(k2)→g(p1)g(p2).
6-18
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Gamn
~1! ~q,p1 ,p2!5F1

2
PPab

~1! ~q!Gd~q!GFmn
~0!b~q,p1 ,p2!1GFamn

~1!

3~q,p1 ,p2!1GPamn
~1! ~q,p1 ,p2!, ~6.8!

with

GPamn
~1! ~q,p1 ,p2!

52tm
r ~p1!J3@Gnra

~0! ~p2 ,k,2k2p2!1kngar#

2tn
r~p2!J3@Gmar

~0! ~p1 ,k2p1 ,2k!1kmgar#

2
i

2
VPab

~1! GPmn
~0!b~q,p1 ,p2!

1
1

2
d~q!~p2

22p1
2!qaVPmn

~1! ~q!. ~6.9!

The first term is precisely half of the pinch contributio
needed for convertingPan

(1)(q) into P̂an
(1)(q), as shown in

Fig. 16~a!; the other half will come from the one-loop quar
gluon vertex shown in Fig. 19~d!, following the usual one-
loop PT procedure presented in Sec. II. This part of the c
struction has been first carried out in@53#, where the process
independence of theP̂an

(1)(q) was explicitly demonstrated.
The third term,GPamn

(1) (q,p1 ,p2), is Bose symmetric with
respect top1↔p2. As one can easily verify from Eq.~6.9!,
GPamn

(1) (q,p1 ,p2) is zero on shell, i.e., when contracting wi
the polarization tensors and usingp1

25p1
250. Thus

GPamn
(1) (q,p1 ,p2) can be dropped when studying the one-lo

processqq̄→gg, exactly asGPamn
(0) (q,p1 ,p2) was dropped in

the tree-level case. As we we have seen in Sec. III B, in
off-shell case, i.e., whenGamn

(1) (q,p1 ,p2) is inserted into a
two-loop quark-gluon vertex, the parts proportional top1

m

and p2
n pinch the internal quark propagator and give prop

gatorlike contributions, whereas the parts proportional top1
2

and p2
2 cancel exactly against analogous contributions fr

the rest of the graphs contributing to the two-loop qua
gluon vertex. Finally, the second term,GFamn

(1) (q,p1 ,p2), is
exactly the one-loop version ofGFamn

(0) (q,p1 ,p2); it coincides
with the one-loop three-point function involving one bac
ground ~q! and two quantum (p1 ,p2) gluons as incoming
fields, computed using the BFMFG Feynman rules~Fig. 18!.
Notice that the special ghost structure characteristic of
BFM @Figs. 18~e!–18~h!# has not been assumed; instead
has emergedautomatically, after following the procedure
outlined above@54#.

It is straightforward to show thatGFamn
(1) (q,p1 ,p2) satis-

fies the following WI:

qaGFamn
~1! ~q,p1 ,p2!5Pmn

~1!~p1!2Pmn
~1!~p2!, ~6.10!

which is the exact one-loop analog of the tree-level W
identity of Eq.~2.4!; indeed the rhs is the difference of tw
conventional one-loop self-energies computed in the RF

In addition, we have for the action ofp1m on
GFamn

(1) (q,p1 ,p2) whenp1
25p2

250, is given by
04500
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p1
mGFamn

~1! 5 i P̂an
~1!~q!2 iPan

~1!~p2!1lns
~1!ta

s~q!1sa
~1!p2n ,

~6.11!

whereP̂an
(1)(q) is given in Eq.~2.14!, and

lns
~1!5J3@~k2p1!rGnrs

~0! ~p2 ,k,2k2p2!2~k1p2!nks#

2 i @2B~q!1B~p1!#gns , ~6.12!

sa
~1!5J3@p2

skrGFasr
~0! ~q,k1p2 ,2k1p1!2p2•~k2p1!

3~2k1p22p1!a#1S 1

8D @B~p1!1B~p2!#qa ~6.13!

with

B~p![E @dk#J1~p,k!. ~6.14!

Equation~6.11! is the one-loop analog of Eq.~5.16!. It is
important to emphasize thatGFamn

(1) (q,p1 ,p2) is not equal to

the one-loop PT three-gluon vertexĜamn
(1) (q,p1 ,p2) con-

structed in@3#, just as at tree levelGFamn
(0) (q,p1 ,p2) is not

Ĝamn
(0) (q,p1 ,p2) ~see the discussion of the previous secti

and the footnote@50#!. Notice also that, unlike the tree-leve
case, now there will be at channel ghost~we will not report
its closed expression here! and that thet channel has been
modified also in order to achieve the PT one-loop rearran
ment.

Thus we have

T 2s
@4#F5~16a!1~16b!1~16d!1~16e! ~6.15!

with @we suppress a common factorg$ga
e% f eabd(q)#

~16b!5GFamn
~1! ~q,p1 ,p2!,

~16a!5P̂as
~1!~q!d~q!GFmn

~0!s~q,p1 ,p2!,

~16d!5GFams
~0! ~q,p1 ,p2!d~p2!Pn

~1!s~p2!,

~16e!5GFasn
~0! ~q,p1 ,p2!d~p1!Pm

~1!s~p1!
~6.16!

and so, together with the first equation in Eq.~5.17!,

T 2s
@4#FT 2s

@2#F* 5„~16b!1~16d!1~16e!…T 2s
@2#F* 1~16a!T 2s

@2#F*

5„~20a!1~20b!1~20d!1~20f !1~20j !

1~20g!1~20h!…1C2gluons$~4e!%, ~6.17!

i.e., we recover the two-gluon Cutkosky cuts ofP̃ab
(2)(q,jQ

51) ~Fig. 20!, together with the corresponding two-gluo
cuts of the 1PR graph in Fig. 4~e!, as we should. To accoun
for the remaining two-ghost Cutkosky cuts in Figs. 20 a
4~e! we need, in addition to Eq.~6.11!, the following results:

p1•~16a!52 i P̂an
~1!~q!1P̂as

~1!~q!d~q!~p22p1!sp2n ,
~6.18!
6-19
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p1•~16d!5tas~q!Pn
~1!s~p2!1 iPan

~1!~p2!,

p1•~16e!50.

Then we have

p1•„~16a!1~16b!1~16d!1~16e!…

5ta
s~q!„lns

~1!1Psn
~1!~p2!…

1„sa
~1!1P̂as

~1!~q!d~q!~p22p1!s
…p2n . ~6.19!

From the above results one may immediately deduce
closed form of (L2

@4#F)n
ab and (S2s

@4#F$12%)ab appearing in Eq.
~6.2!:

~S2s
@4#F$12%!ab5g$ga

e% f eabd~q!„sa
~1!

1P̂as
~1!~q!d~q!~p22p1!s

…~L2
@4#F!n

ab

52 ig$ga
e% f eab

„ln
~1!a1Pn

~1!a~p2!…. ~6.20!

Then we have

2S2s
@4#F$12%S2s

@4#F$21%52sa
~1!~p22p1!b12P̂as

~1!~q!

3~p22p1!s~p22p1!b

5„~20i !1~20e!1~20m!1~20n!

1~20q!1~20r !…1C2ghosts$~4e!%,

~6.21!

which concludes the proof of Eq.~6.6!.

FIG. 20. The two-particle Cutkosky cuts of the PT~and
BFMFG! two-loop gluon self-energy. We have used the same
belling of individual diagrams as in Fig. 9. The two upper~lower!
rows show graphs where two gluon~ghost! lines have been cut.
04500
e

B. Tree-levelq„k1…q̄„k2…\g„p1…g„p2…g„p3…,
and the GF aµnr

„0…
„q,p1 ,p2 ,p3…

Next we consider the tree-level amplitude for the proc
q(k1)q̄(k2)→g(p1)g(p2)g(p3), shown in Fig. 21. This am-
plitude must be appropriately rearranged, and it will even
ally furnish the imaginary parts corresponding to the thr
particle Cutcosky cuts ofP̂ (2)(q).

We start by presenting some general properties of
amplitude. It is straightforward to verify thatT mnr

abc satisfies
the following identities:

p1
mT 3mnr

abc 5~S3
$12%!r

abcp2n1~S3
$13%!n

abcp3r ,

p2
nT 3mnr

abc 5~S3
$21%!r

abcp1m1~S3
$23%!m

abcp3r ,

p3
rT 3mnr

abc 5~S3
$31%!n

abcp1m1~S3
$32%!m

abcp2n . ~6.22!

Bose symmetry, together with the fact that due to the pr
ence of the symmetric three-body phase-space integration
momentap1 , p2, andp3 may be judiciously relabelled, im
pose the following relations among theS3

$ i j % amplitudes@36#:

~S3
$ i j %!s

aiajal~pi ,pj ,pl !5~S3
$ j i %!s

ajaial~pj ,pi ,pl !,

~S3
$ i j %!s

aiajal~pi ,pj ,pl !5~S3
$ i l %!s

aialaj~pi ,pl ,pj !,
~6.23!

and

-

FIG. 21. The tree-level graphs contributing to the proce

q(k1)q̄(k2)→g(p1)g(p2)g(p3), after the PT rearrangement.
6-20
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pi
s~S $ j l %!s

abc5pj
s~S$ i l %!s

abc , l 5” i 5” j . ~6.24!

These sets of identities guarantee that all dependenc
the unphysical four-vectorna and the gauge parameterh
appearing in the polarization tensors will disappear from
final expression forA 3

@6# .
The amplitude rearrangement is as follows~Fig. 21!:
ar

04500
on

e

~T 3s
@3#F!mnr

abc5g2$ge,a%d~q!GFamnr
~0!eabc~q,p1 ,p2 ,p3!,

~T 3t
@3#F!mnr

abc5~T 3t
@3#!mnr

abc , ~6.25!

where
GFamnr
~0!eabc~q,p1 ,p2 ,p3!5 f ecxf abxd~p11p2!

3GFars
~0! ~q,p3 ,p11p2!Gmn

~0!s~p1 ,p2 ,2p12p2!

1 f ebxf acxd~k11k3!GFan
~0! ~q,p2 ,p11p3!Gmrs

~0!s~p1 ,p3 ,2p12p3!

1 f eaxf bcxd~k21k3!GFams
~0! ~q,p1 ,p21p3!Gnr

~0!s~p2 ,p3 ,2p22p3!1Gamnr
~0!eabc. ~6.26!

Again, the only special momentum isq. It is easy to verify now thatGFamnr
(0)eabc(q,p1 ,p2 ,p3) is the analog ofGFamn

(0)abc(q,p1 ,p2)
appearing in the first equation of Eq.~5.17! for the case of three on-shell gluons. In particular, we have that

qaGFamnr
~0!eabc~q,p1 ,p2 ,p3!52 f ecxf abxp3

2d~p11p2!Gmnr
~0! ~p1 ,p2 ,2p12p2!2 f ebxf acxp2

2d~k11k3!Gmrn
~0! ~p1 ,p3 ,2p12p3!

2 f eaxf bcxp1
2d~k21k3!Gnrm

~0! ~p2 ,p3 ,2p22p3!, ~6.27!
to
where we have used the well-known WI relating the b
three-and four-gluon vertices@37#. Equation ~6.27! is the
analog of Eq.~2.4!. Clearly, whenp1

25p2
25p3

250,

qaGFamnr
~0!eabc~q,p1 ,p2 ,p3!50, ~6.28!

exactly as happens in Eq.~2.4!.
In addition,

p1
m~T 3s

@3#F!mnr
abc5~S3s

@3#F$12%!r
abcp2n1~S3s

@3#F$13%!n
abcp3r

1~L3
@3#F!nr

abc ,

p1
m~T 3t

@3#!mnr
abc5~S3t

@3#$12%!r
abcp2n1~S3t

@3#$13%!n
abcp3r

2~L3
@3#F!nr

abc , ~6.29!

where

~S3s
@3#F$12%!r

abc5$gm,a%d~q!@~Z1!ar
mabc1~Z2!ar

mabc1~Z3!ar
mabc#
~6.30!

with

~Z1!ar
mabc5g2f mcxf abxd~p11p2!p2

sGFars
~0! ~q,p3 ,p11p2!

~Z2!ar
mabc5g2f mbxf acx@d~p11p3!~2p21q!a~p11p3!r

2gar#,

~Z3!ar
mabc5g2f maxf bcxd~p21p3!~2p11q!ap2r,

~6.31!

and
e ~S3t
@3#$12%!r

abc52g3v̄~k2!@tcgrS~k21p3!tegs1tegsS~k1

1p3!grtc#u~k1! f eabd~p11p2!p2
s . ~6.32!

Armed with the above relations, it is then straightforward
show that

A @6#5
1

2 S 1

3! D @~T 3s
@3#F1T 3t

@3#!~T 3s
@3#F1T 3t

@3#!* 26~S3s
@3#F$12%

1S3t
@3#$12%!~S3s

@3#F$21%1S3t
@3#$21%!* #

5A S
@6#1A V

@6#1A B
@6# , ~6.33!

with

A S
@6#5

1

2 S 1

3! D @T 3s
@3#FT 3s

@3#F* 26~S3s
@3#F$12%!~S3s

@3#F$21%!* #,

A V
@6#5

1

2 S 1

3! D @$T 3s
@3#FT 3t

@3#* 26~S3s
@3#F$12%!~S3t

@3#$21%!* %

1$T 3t
@3#T 3s

@3#F* 26~S3t
@3#$12%!~S3s

@3#F$21%!* %#,

A B
@6#5

1

2 S 1

3! D @T 3t
@3#T 3t

@3#* 26~S3t
@3#F$12%!~S3t

@3#$21%!* #.

~6.34!

We are now in a position to prove that, indeed,

A Sab
@6# ~q!5C3$P̂ab

~2!~q!%5C3$P̃ab
~2!~q,jQ51!%,

~6.35!
6-21



o

u

th
ie
re

m-

ext
con-
-
the
aly-
the
to
all
be

na-
n-

sible
ize,

o-
VI.
PT
lly
o-

truc-
the

ad-

la-
ve
hile

JOANNIS PAPAVASSILIOU PHYSICAL REVIEW D62 045006
where A Sab
@6# (q) is defined fromA S

@6# exactly as in Eqs.
~5.22! and ~6.5!.

To begin with,

S 1

12DT 3s
@3#FT 3s

@3#F* 5~22a!c1
1~22a!c2

1~22b!1~22c!

1~22g!1~22l !. ~6.36!

For the cuts involving ghosts we need the closed form
S3s

@3#F$21% , which can be obtained fromS3s
@3#F$12% of Eq. ~6.31!

by virtue of the relations given in Eq.~6.23!. In particular,

~Z18!br
nabc5g2f ncrf bard~p11p2!p1

lGFbrl
~0! ~q,p3 ,p11p2!,

~Z28!br
nabc5g2f narf bcr@d~p21p3!~2p11q!b

3~p21p3!r2gbr#,

~Z38!br
nabc5g2f nbrf acrd~p11p3!~2p21q!bp1r .

~6.37!

Then it is straightforward to show that

1

2
Z1Z185~22h!,

1

2
Z1Z285~22e!c2

1~22k!,

1

2
Z1Z385~22e!c1

,

1

2
Z2Z185~22f !c1

1~22j !,

1

2
Z2Z285~22i !c1

1~22s!1~22n!1~22o!,

1

2
Z2Z385~22q!1~22m!,

1

2
Z3Z185~22f !c2

,

1

2
Z3Z285~22r !1~22p!,

1

2
Z3Z385~22i !c2

. ~6.38!

Thus, we have accounted for all three-particle Cutkosky c
appearing in Fig. 22.

VII. DISCUSSION AND CONCLUSIONS

In this paper we have presented the generalization of
PT to two loops for the case of massless Yang-Mills theor
Two different but complementary derivations have been p
04500
f

ts

e
s.
-

sented. In the first derivation we have followed the diagra
matic approach employed in the one-loop case@1–3#, and
have shown how the PT properties are replicated in the n
order. In the second we have pursued the absorptive PT
struction established in@13,14# and have shown that the re
sulting structures are consistent with those derived with
first method. We emphasize that throughout this entire an
sis we have maintained a diagrammatic interpretation of
various contributions. In particular, no subintegrations had
be carried out. This additional feature renders the method
the more powerful, because unitarity is manifest, and can
easily verified by means of the Cutkosky cuts. The combi
tion of the two methods constrains significantly the PT co
struction presented here, and restricts severely any pos
deviations from it. The reader should be able to recogn
for example, that any rearrangement of the~internal! vertices
of the two-loop box diagrams~for example, of the so-called
‘‘H diagram’’ discussed in the second paper of@12#! cannot
be reconciled with the arguments of the simultaneous tw
and three-particle Cutkosky cuts presented in Sec.
Whereas no strict proof has been given here that the
construction developed in this paper is mathematica
unique, we consider that as a very plausible possibility. N
tice also that the appearance of characteristic one-loop s
tures inside the two-loop PT Green’s functions suggests
onset of an iterative pattern, which may provide clues le

FIG. 22. The three-particle Cutkosky cuts of the PT~and
BFMFG! two-loop gluon self-energy. We have used the same
beling of individual diagrams as in Fig. 9. The first five graphs ha
three-gluon cuts, the next two have two-gluon-one-ghost cuts, w
the remaining ones have one-gluon-two-ghost cuts.
6-22
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ing to the generalization of the PT algorithm to all orders
perturbation theory.

The generalization of the two-loop PT construction to t
case of Yang-Mills theories with spontaneous symme
breaking~Higgs mechanism! in general, and the electrowea
sector of the standard model in particular, should proc
precisely according to the methodology presented in this
per. Except for the additional book-keeping complicatio
stemming from the presence of gauge-boson masses~modi-
fications of WI, the appearance of seagull and tadpole ter
diagrams with would-be Goldstone bosons!, no additional
conceptual obstacles are expected.

The results of this paper clearly prove that the corresp
dence between PT and BFMFG@11# persists at two loops
Notice that this proof is based on ana posterioricomparison
with a result established through the systematic diagr
matic rearrangement of the physicalS matrix computed in
the renormalizable gauges, rather than on ana priori formal
derivation at the level of the BFM generating functional.
would be clearly important to reach a deeper understand
of what singles out the valuejQ51. One possibility would
be to look for special properties of the BFM action atjQ
51 @55#. In such a case one could choose to avoid the co
plications arising from renormalization, since the corresp
dence is valid also for the super-renormalizable 3D QCD

Just as happened in the one-loop case, the two-loop
self-energy defined here lends itself as an essential ingred
for the extension of the notion of the QCD effective char
@2,56,17# to two loops~for a thorough discussion of the one
loop case see@17#!, since it has precisely the same propert
as the corresponding QED quantity, i.e., the vacuum po
ization of the photon. First of all, the two-loop PT se
energy captures the leading logarithms of the theory, i.e.,
prefactor of the logarithm is the second coefficient of t
QCD b function. Second, by virtue of the the QED like W
given in Eq. ~4.6! the combination ae f f(q,m)
;g2(m)D̂(q/m), where D̂(q/m)5@12P̂ (1)(q/m)
2P̂ (2)(q/m)#21 is a renormalization group-invariant qua
tity. Third, it has by construction the correct unitarity stru
ture @14#. While theae f f defined above appears as the ob
ous candidate, a detailed study needs to be carried ou
order to determine whether or not there are any fie
theoretical obstructions@57# which would prevent the real
ization of the two-loop construction corresponding to t
QCD effective charge.

In this context notice also that the construction presen
here determines uniquely the constant term of the two-l
effective charge~within a given renormalization scheme!
@58#. To determine its actual value one should go beyond
two-loop calculation presented in@9#, and compute the Feyn
man diagrams of Fig. 9 keeping also constant terms@59#.
Knowledge of this constant term is important when the QC
effective charge is used in the field of renormalon calcul
in particular, it would be free of the ambiguities infesting t
estimates of the renormalon contributions to physical obs
ables@17,60#.

In addition, it is well known@61# that if one was to com-
pute the two-loop gluon self-energy in the context of t
04500
y

d
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e
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v-

BFM keepingjQ arbitrary, the resultingjQ-dependent term
would be a constant, i.e., it would not affect the coefficient
the logarithm. While in such a case the residual gauge
pendence could be thought of as a renormalization-sch
ambiguity, i.e., it could be reabsorbed in the wave-funct
renormalization of the~background! gluon, this is not pos-
sible when the gauge fields are massive. In that case unit
is even more constraining; as is known from the studies
the one-loop electroweak effective charges@13–15#, the
gauge dependence affects nontrivially the analytic struc
of the answer, giving rise to unphysical thresholds.

The calculations presented in Sec. VI constitute the fi
absorptive derivation of the two-loop QCDb function. In
this analysis we have made use of the one-to-one corres
dence between the physicalS-matrix elements and the Cut
kosky cuts of the two-loop PT self-energy. This constructi
involves a very particular combination of one-loop~Sec.
VI A ! and tree-level graphs~Sec. VI B!; in addition to fur-
nishing the correctb-function coefficient, a subtle cancella
tion of infrared divergences also takes place: while both s
of graphs are infrared divergent, they combine to give
infrared finite answer. This can be directly inferred from t
simple observation that the Cutkosky cutting procedure
have employed amounts finally to the determination of
imaginary part of a single logarithm, namely that of the tw
loop self-energy; the latter is infrared finite@62,63#. While
the Cutkosky formalism furnishes an intuitive diagramma
understanding and a valuable calculational short cut, it wo
be interesting to reproduce the results of Sec. IV witho
resorting to it. In particular one could study the precise c
cellation mechanism of the infrared divergences using
proper infrared regularization scheme, and explicit expr
sions for the two- and three-gluon phase space, which
have not needed here. In addition, it would be interesting
attempt a similar two-loop derivation using the formalis
developed in@64#, and study possible connections.

It has often been advocated that the nonperturbative Q
effects can be reliably captured at an inclusive level
means of an infrared finite quantity, which would constitu
the extension of the perturbative QCD running coupling
low-energy scales@65#. Early results by Cornwall based o
the study ofgauge-invariantSchwinger-Dyson equations@2#
involving this quantity suggest that such a description can
fact be derived from first principles. According to this anal
sis, the self-interaction of gluons give rise to a dynami
gluon mass, while preserving at the same time the lo
gauge symmetry of the theory. The presence of the gl
mass saturates the running of the QCD coupling; so, inst
of increasing indefinitely in the infrared as perturbati
theory predicts, it ‘‘freezes’’ at a finite value@3,66#. It would
be interesting to reexamine this issue in light of the resu
derived in the present paper. For example, one could st
the structure of the gauge-invariant Schwinger-Dyson eq
tion for the PT gluon self-energy, and in particular the w
the PT three-gluon vertexĜ (1) enters in the PT gluon self
energy, using the two-loop results as a guidance. In doing
one could hope to systematically improve on the analysis
@2#, where the gauge-technique ansatz for the vertex
used. In this context one may find it advantageous to rew
6-23
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the vertexGF
(1) appearing inside the two-loop PT gluon se

energy in terms ofĜ (1); one should then interpret the emer
ing residual terms as part of the two-loop self-energy, e
though they appear to be pinchlike@67#, i.e., once the PT
self-energy has been fixed it may be recast into a differ
form, but no pieces should be reassigned to vertices
boxes.

Finally, it would be interesting to pursue a connecti
with other field- or string-theoretical methods@68–72#, either
in order to acquire a more formal understanding of the P
i-
ics

,
,

ti

s.

ki
n

hy

04500
n

nt
or

,

or in order to combine various attempts into a coher
framework.
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