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The generalization of the pinch technique beyond one loop is presented. It is shown that the crucial physical
principles of gauge invariance, unitarity, and gauge-fixing-parameter independence are instrumental for ac-
complishing this task, and it is explained how the aforementioned requirements single out at two loops exactly
the same algorithm which has been used to define the pinch technique at one loop, without any additional
assumptions. The two-loop construction of the pinch technique gluon self-energy, and quark-gluon vertex are
carried out in detail for the case of massless Yang-Mills theories, such as perturbative QCD. We present two
different but complementary derivations. First we carry out the construction by directly rearranging two-loop
diagrams. The analysis reveals that, quite interestingly, the well-known one-loop correspondence between the
pinch technique and the background field method in the Feynman geugistsalso at two loops. Since we
use dimensional regularization, the entire construction does not depend on the value of the space-time dimen-
siond. The renormalizatioiwhend=4) is discussed in detail, and is shown to respect the aforementioned
correspondence. Second, we present an absorptive derivation, exploiting the unitaritySohatex and the
underlying Becchi-Rouet-Store(BRS) symmetry; at this stage we deal only with tree-level and one-loop
physical amplitudes. The gauge-invariant subamplitudes defined by means of this absorptive construction
correspond precisely to the imaginary parts ofih@oint functions defined in the full two-loop derivation, thus
furnishing a highly nontrivial self-consistency check for the entire method. Various future applications are
briefly discussed.

PACS numbes): 11.15.Bt, 11.55.Fv, 12.38.Bx, 14.70.Dj

[. INTRODUCTION cussed frequently in the literature, most recentlyds] and
[26].
The pinch techniquéPT) was introduced by Cornwa|l] So far the PT program has been carried exjtlicitly only

as the first step in the development of a self-consistent trunat one-loop order, and its generalization to higher orders has
cation scheme for the Schwinger-Dyson equations of QCIbeen a long-standing question. The possibility that the PT
[2]. It was further developed if8], and was generalized to procedure can be extended to higher orders has already been
theories with spontaneous symmetry breakialy and sub- anticipated in the early work of Cornwall2], where a
sequently to the full standard mod&l,6]. Various phenom-  Schwinger-Dyson equation for the PT gluon self-energy was
enological applications were presenf&d, and the one-loop studied. The existence of the two-lodand higher PT
correspondence between the PT and the background fieBRuge-boson self-energy has also been assumed more re-
method (BFM) [8—10] was establishefi11]. The important ~cently in[12], where it was shown that its presence was
role of unitarity and analyticity was appreciated and ex-crucial for accomphshmg the Dyson resumm_abnn_y of the
ploited in a series of papef42—15, which allowed the gen- one-loop PT self-energies. Even though various important
eralization of the Breit-Wigner formalism for unstable par- f€atures of such a two-loop self-energy have been established
ticles to the non-Abelian sector of the standard model@/ready in[12] (for example, the fact that the position of the
Parallel developments took place in the field of finite tem-POl€ Of a two-loop self-energy constructed following a PT-

. like procedure does not get shiffecho explicit two-loop
erature QCD16], the concept of the QCD effective charge : X . A )
FZ] was eSam[fnegj in detaﬁll?]p and sustequentIy applied ?0 construction Whlch manifestly satisfiedl the PT require-

the field of renormalon calculy48], and the generalized PT ments has been given to date.

191 In additi f i ; dvi There are various reasons why such an explicit construc-
was presented19]. In addition, a formalism for studying on js of interest. First of all, it will settle the obvious ques-

resonantCP violation [20] has been developel®1], and jon of whether the special properties of the ®Point func-
various issues related to the high-energy behavior of thgons can be systematically replicated to higher orders, or
W-fusion proces$22] have been resolvei@3]. they simply constitute an accident of the one loop. Second, it
The PT reorganizes systematically a given physical amyjj| enable one to verify through direct comparison whether
plitude into subamplitudes, which have the same kinematig¢he one-loop correspondence between the PT and the BFM
properties as conventionai-point functions (propagators, (in the Feynman gaugepersists beyond one loop. Third, a
vertices, boxes[24], and are in addition endowed with im- wide spectrum of applications will become possible, ranging
portant physical properties. The essential ingredient one uségom renormalon calculus to two-loop electroweak precision
in this rearrangement is the full exploitation of the elemen-computations.
tary Ward identitieSWI's) of the theory, in order to enforce The general methodology of how the extension of the PT
crucial cancellations. The various types of physical problemgroceeds at two loops has been presented in a recent brief
for which the PT can serve as a useful tool have been dissommunication[26]. There it was explained how the one-
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loop formalism, when properly interpreted and suitablya special gauge-fixing procedure, implemented at the level of
adopted to the two-loop context, leads naturally to the PTthe generating functional. In particular, it preserves the sym-
extension. In this paper we will address the technical aspectwetry of the action under ordinary gauge transformations
of this procedure in detail, and will discuss extensively thewith respect to the backgrouridlassical gauge field, while

plethora of physical issues involved. the (quantum gauge fields appearing in the loops transform
The main new results reported in the present paper are tHeomogeneously under the gauge group, i.e., as ordinary mat-
following: ter fields which happened to be assigned to the adjoint rep-

(i) The generalization of the PT to higher orders should beesentatiorj29]. One additional essential difference between
implemented by carrying out the characteristic PT vertex dethe two methods is that whereas in the BFM the Green’s
composition on the “external” three-gluon verticemly.  functions depend explicitly on th@uantum GFP, the cor-
This resolves the possible ambiguities which appear wheresponding quantities defined with the PT are completely
attempting to generalize the PT beyond one loop. In particuindependent of it. The fact that the two methods coincide for
lar, whereas in the one-loop case there is only one threesne particular choice of the GFP suggests perhaps that this
gluon vertex appearing in the relevant Feynman diagr@ms  yajue may be singled out by some other unknown physical

the identification of the pinching momenta is obvipuse-  principle (see also the discussion on this point in the last
yond one loop one has additional three-gluon vertices, Wh'd%ectior).

may or may not furnish pinching momenta. Evidently, the " \ye wjl present two independent constructions, which are

Vehowever inextricably connected. The first one deals directly

s Mwith the two-loopS-matrix element for the scattering process
of the pinching momenta; the lack of such a criterion has — — P gp

been the main obstacle in the PT generalization beyond orféd— a0, exactly as was the case in the early one-loop PT
loop [27]. It turns out that such a criterion may be estab-applications. The first crucial ingredient is that of GFP inde-
lished by resorting to the unitarity and analyticity propertiesPendenceS-matrix elements are guaranteed to be GFP inde-
of the effective two-loop Green’s functions under construc-Pendent; in fact, as happens in the one-loop case, the cancel-
tion. Whereas the aforementioned properties have been elation of all GFP dependent terms proceeds by exploiting
plored at the one-loop levél2—15, their instrumental role tree-level WI's only, without having to carry out subintegra-
in determining the pinching momenta participating in thetions. This property is important, because it preserves the
two-loop construction has been first appreciated and condiagrammatic representation of tl¥ematrix, as well as the
cretely implemented here. kinematic identity of the subamplitudes appearing in it
(ii) It is shown that the PT two-loop Green'’s functions (propagators,vertices,boxesOne can, therefore, without
constructed following the aforementioned criterion have exdoss of generality, choose a convenient gauge, such as the
actly the same special properties as their one-loop counterenormalizable Feynman gaud®FG), provided that one
parts. In particular, they do not depend on the gauge-fixingonsiders the entire set of two-loop Feynman graphs contrib-
parametefGFP), they satisfy ghost-free, Abelian-like WI's, uting to the givenSmatrix element.
and the two-loop gluon self-energy captures the two-loop In the one-loop case the next step would be to split the
running coupling of quarkless QCD. bare three-gluon vertex appearing inside the one-loop quark-
(i) We demonstrate explicitly that the PT two-loop gluon vertex into a pinching and nonpinching contribution.
Green’s functions coincide with those computed using theThis splitting is very special because it guarantees that the
background field method Feynman gauBEMFG); thus the  resulting effective Green'’s functions satigBt one-loop na-
known one-loop correspondeniEl] persists. This is a non- ive, QED-like WI's[2], instead of the usual Slavnov-Taylor
trivial result for at least two reasons: First, there is no obvi-identities [28]. As a consequence the effective one-loop
ousa priori reason why this correspondence should be thergluon self-energy captures the running of the QCD coupling,
in the first place, let alone why it should continue to hold exactly as happens with the photon vacuum polarization in
beyond one loop. Second, the correspondence provides QED. In the two-loop case the construction is lengthier but
simple book-keeping algorithm by furnishing a set of rulesthe crucial operation is precisely the same. One carries out
that are straightforward to implement. We emphasize, howthe aforementioned splitting to all vertices whose incoming
ever, in order to avoid potential misconceptions caused bynomentum is the physical momentum trangfar center-of-
the aforementioned correspondence, that the nature of thmass energyof the process. As we will see in detail this
two methods is vastly different. The PT isdéagrammatic  splitting is sufficient to give rise to two-loop PT effective
algorithm, which exploits the underlying symmetries en-Green'’s functions which have the exact same properties as
coded in aphysicalamplitude such as agmatrix element, their one-loop counterparts.
in order to construct effective Green’s functions with special The reason why all other three-gluon vertices inside the
properties. The aforementioned symmetries, even thouglwops should remain unchangéub splitting can be under-
they are always present, they are usually concealed by th&tood by resorting to the special unitarity properties that the
gauge-fixing procedure. The PT makes them manifest by?T subamplitude must satisfy, a point which brings us to the
means of a fixed algorithm, which doest depend on the second derivation. For this derivation we employ the unitar-
gauge fixing scheme one uses in order to quantize the theority and analyticity properties of th& matrix, very much in
i.e., regardless of the set of Feynman rules used when writinthe spirit presented in the more recent one-loop PT literature
down theS-matrix element. The BFM, on the other hand, is[13,14. There, the precise diagrammatic correspondence be-
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tween the PT rearranged One_|0(ﬁfmrwar0) processqa function of this process in realiZing the aforementioned uni-

_.qq and theaporopriatelvrearranaed cross section for the tarity properties. Finally, in Sec. VIl we present our conclu-
ad pprop y 9 sions, and discuss possible connections with other work as

tree-level process|q—gg provided very useful, stringent well as future applications.

constraints on the entire construction, rendering the method

all the more powerful. These constraints are automatically ll. OVERVIEW OF THE ONE-LOOP CASE

encoded in the two-loop PT construction presented here; in this section we briefly review the one-loop PT con-
fact they are even more constraining than in the previougiyction and establish some useful notation.

order, for reasons that we will describe qualitatively now, The fundamental tree-level three-gluon  vertex

and in great detail in the main body of the paper. The imagiT(©) (g . pb.) is given by the following manifestly Bose-

nary parts of the two-loop PT Green's functions are relateq;;ﬁfmetric expressioriall momenta are incoming, i.eq
by the optical theorem to precisely identifiable and very spe-/ p1+p,=0)

cial parts of two different cross sections, namely the one- ©
loop cross section for the procegsg— gg and the tree-level L un(4,P1,P2) = (A= P1) ,9ap (P1=P2) alpv

cross section for the procesgl—ggg. In particular, the +(P2— ) 4Gy - (2.2
two-particle Cutkosky cuts of the two-loop PT self-energy 0 o a
are related to the-channel part of the PT-rearranged one-TI'{0),(d,p1,p,) may be split into two part30]

loop cross section foqa—>gg, while, at the same timethe o () ()
three-particle Cutkosky cuts of the same quantity are related aur(@:P1:P2) =T'E0,,(A:P1,P2) P‘”‘V(q’pl’pZ)(’zlz)

to the s-channel part of the PT-rearranged tree-level cross

section forqa—>ggg. As we will explain in detail in Secs. V with
and VI, the aforementioned PT-rearranged cross sections are o
to be constructed in a way exactly analogous to the PT- = Faxy

rearranged tree-levelq— gg cross section, presented in the r},oiw(q,pl,pz):pbga#— P1,0ar - (2.3
literature cited above.

The paper is organized as follows: In Sec. Il we present dhe vertexI'), (q,p1,p,) is Bose symmetric only with
brief overview of the one-loop PT algorithm, and discuss therespect to thew and v legs. The first term irT(FODEM is a
most characteristic properties of the one-loop PT effectiveconvective vertex describing the coupling of a gluon to a
Green’s functions. Here we follow the original PT formula- scalar field, whereas the other two terms originate from
tion[2,3], and postpone the overview of the one-loop absorpgluon spin or magnetic momerﬁ.(poozw(q,pl,pz) coincides
tive PT construction13,14 until Sec. V. In Sec. lll we with the BFMFG bare vertex involving one backgroufu
present the full two-loop construction. This section containsand two quantump{;,p,) gluons[11]. Evidently the above
threfa subsect_ions, where we deal separately with the onetecomposition assigns a special role to ¢tleg, and allows
particle reducible graphs, the two-loop quark-gluon vertexy©) o satisfy the Ward identity
and the two-loop gluon self-energy. In the second subsection
we use at intermediate steps various results for the one-loop 9T, ,(0,P1.P2) = (P5—P3) G, . (2.4

three-gluon vertex which are derived in Sec. VI, and are . . . .
more naturally integrated in the analysis presented therélf’here the right-hand sidérhs) is the difference of two-

Section IIl contains the main results of this paper; a major"Verse propagators in the FG, and vanishes “on shell,” i.e.,
highlight is the proof that the correspondence between th¥/Nenpi=p;=0. As has been explained in detail[it3,14),

PT and BFMFG persists at two loops. In Sec. IV we Carryand as we will discuss extensively later on, the splitting of
out the renormalization program in detail. We show that theF_&,ZV(q.pl,pz) into Fl(zooz,uv(q!plv_pZ) and F_g)ozlu_/(qlpl!pZ)
two-loop PT Green’s function can be renormalized by judi-given in Eq.(2.2) has a natural interpretation in the context
ciously rearranging the existing counterterms, and that thisf the tree-levelprocessq(P)q(P’)—g(p1) +9(p,) (anni-
procedure respects the correspondence between PT ahifation channel leading to an interesting connection with
BFMFG established in the previous section. In Sec. V wethe optical theorem.

present the general formalism and methodology of the ab- Consider next theSmatrix element for the quark

sorptive PT construction; this second derivation is com-(q)-antiquark §) elastic-scattering process|(P)q(P’)
pletely independent of the first, but at the same time i5—>q(Q)E(Q') in QCD; we setq=P’—P=0Q’'—Q, ands
deeply connected to it. In this section we first derive various_ > is the square of, the momentum transfer ,One could
formulas which wi_II be used in the next section, and presen&qually well study the annihilation channel, in Which case
a thorough overview of the qne-loop case. In sec. Vi WEvould be the center-of-mass energy. We will work in the
present the two-loop absorptive derivation. There are tw

. . . . . . FG; this constitutes no loss of generality, as long as one
subsections: the first one contains a detailed discussion of ﬂg‘;fudies the entire gauge-independgent proc)éss Itis g straight-

one-loop procesgq—gg, and its role in enforcing the uni- forward but tedious exercise to convince one-self that
tarity of the |nd|y|dual twc_>—|oop PT Green’s functions; the through pinching, i.e., by simply exploiting the fundamental
second subsection contains the study of the PT rearranggg| of Eq. (2.10, one can arrive at the set of diagrams of the

tree-level procesgq— ggg, which demonstrates the crucial RFG starting from the set of diagrams at any other value of

(ql P1, p2) =(pl_ pZ)aglLv+ ZQVng,LL_ ZQ,ugaVl
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k+q AT
ig)=§ e B+ avwi g 2 tusle)
Q e

k+g () (b) (e)
A k+Q  — @ + . X .
FIG. 2. The diagrammatic representation of PT one-loop self-

energy 1), as the sum of the conventional self-ener@y;),
graphs(a) and (b), and the pinch contributions coming from the

) __ vertices(c).
FIG. 1. Carrying out the fundamental vertex decomposition in-

side the non-Abelian Feynman graph contributin@“ﬁf) (a), gives

rise to a genuine vertefb) and a self-energy-like contributiofc). Ff})'”ab(Q,Q’)= f*(al),nab(Q’Q/)+EV(P10)w(q) yo_x(lt)
¢ (see, for examplg,31]), or even from the diagrams corre- , _
sponding to noncovariant gauge-fixing scherfz3. X(Q.QN(@~m)
Let us define —(Q-mX5M(Q,Q"), (2.1
t,u.V(q):ng,uV_q/.qui (25) where
—i
d(@)="7- (2.6 (LnabQ,Q")= f [dK]3:(a. T,
) X(q,k,—k—q)p*"(Q’'+k),
i
So(p)= p—_m 2.7
Vi (@=2 [ [dKI9(0.00...
Pur(P)=7,So(P) Yy - (2.9
t,.,(q) is thedimensionfutransverse tensor, ai®d(p) is the X(lla)(Q*Q,):f [dk]J1(a,K) 7aSe(Q" +K),

tree-level quark propagator. In what follows we will use the

short-hand notatiofidk]= w2[d%/(2)9] with d=4—2¢

being the dimension of space time apdis the 't Hooft X(zla)(Q,Q’)=f [dk]J1(9,K)Sp(Q" +K) ve -
mass. Furthermore, we define the scalar quantities (2.12

The terms in the second line on the rhs of E11) vanish
for on-shell external fermions. Thé&limension-less self-

J1(9,k) =g*Calk?(k+q)?] "4,

J2(0.k) =g*Cal ki (k+a)?] Y, energy-like contribution}V$) (q), together with another
_ such contribution arising from the mirror vertéxot shown,
I _ after trivial manipulations gives rise to the dimensionful
Q1K =5PCAKA R+ DAk =2 C ot g J
(2.9
Mpas(@) = Vo (@)tE(a). (213

whereC, is the Casimir eigenvalue of the adjoint represen-
tation [CAo=N for SU(N)]. The quantitiesJ,(q,k) and
Js(q,1,k) will be used in later sections.

We then implement the vertex decomposition of Ej2)
inside the non-Abelian one (Io)opbquark gluon vertex graph o
Fig. 1(a), to be denoted by {"""**(Q,Q"), where nowp,, . 1 1

=k, p2,=—(k+0),. Ther'® (9,p1,p,) term triggers the M@ =TT+ TTh 4(a). (2.19

! Pauv
elementary Ward identities

I15) () will be added to the conventional one-loop two-
point functlonH(l)(q) to give rise to the the PT one-loop
gluon self-energﬂ(al)(q)

In particular, suppressing color indices throughout, we have

K=(k+ @' —m)—(Q'—m), that I1})(q) is given by the graphs of Figs(& and 2b),
namely
kK+d=(k+Q —m)—(Q—m), (2.10
mn =—f dk]J1(9,K)L 45(a,k), 2.1
thus, two self-energy like pieces are generdteid). 1(c)], ap(4) 2 [akIJ1(a kL apla.k) (.19
which are to be alloted to the conventional self-energy. In
particular, where
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9.0 M(Q,Q)=3®Q)-21(Q"),  (2.20

where3 (™) is the PT one-loop quark self-energy, which co-

req)= & oo incides with the conventional one computed in the RFG.
[31].
(a) ) Finally, the PT one-loom-point functions coincide with

those computed in the BEFMFG'tilded” quantities) [11],

N ie.,

FIG. 3. The PT one-loop vertek(? . I
Mgp(a)=Tij(a.60=1), (2.20
Lep(@R0=TO7%(q.k, ~k— Q)T (q.k, —k—0) ’ ’
IREY =T P =1
_ka(k+q)ﬁ_kﬂ(k+q)a! (216) a (QvQ ) o (QaQ ng )!
(2.22
and thus the PT one-loop gluon self-eneig{)(a) (Fig. 2 S (DA = (D) — )=S0 é=1

assumes the closed forf8] 2(Q)=x"(Q,é=1)=2 (Q,§(2.2)é)

. 1 N In addition, exactly analogous properties have been estab-
ngl/;(q): §f [dk]J1(9,k)Lap(a,k), (2.17 lished for the one-loop gluon three-point functipd] and
four-point function([37] and second paper iri1)).
with
Ill. THE FULL TWO-LOOP CONSTRUCTION

i —170)0 0
Lap(a,k)=TE7(dk, —k= Q)T (0K, —k—0) Here we present the full two-loop construction. The basic
—2(2k+0) ,(2k+Q)g. (2.19  Observation is the following: if one carries out the decompo-
sition for the bare three-gluon vertex described in Ex2)
Notice that in general botﬁ[%(q) andﬂfalig(q) onthe rhs toall externalvertice_s(to be defined in Sec. [l Bappearing
of Eq. (2.14 depend explicitly on the GFP in such a way as/n the Feynman diagrams contributing to the two-loop

to give an GFP-independent sum. Smatrix element for the processq—qq, then two-loop
In addition, gauge-invariance is encoded in the WI sub-amplitudes will emerge, with precisely the same proper-
ties as the one-loop PT effective Green’s functions.
qaﬂzlg(q)zqaﬂ%(q)zo, (2.19 Throughout this section we have used the following for-

mulas, valid in dimensional regularization:
The following importi':mt points have been discussed in detail [dK]
in the literature:(i) 1I,4(q) is independent of the gauge- f —=0
fixing parameter in any gauge-fixing schertie. As happens k?
in QED for the photon self-energ§33], the gluon self-

energyl1{)(q) captures the leading logarithms of the theory j [dwkakﬁ :( 1 [dk] o

at that order{1,2]; therefore the coefficient in front of the K4 4—2¢ k2 '

single logarithm coming froni1{)(q), coincides with the

first coefficient of the QCIB function[34]. (iii) T1{)(q) can j [dk](2k+) .4 (q.K) =0

be Dyson resummed, following the diagrammatic algorithm “ ’ ’

presented in[12]. (iv) The combination a:¢(q,u) oo

~gX(w)A(a/p), where A(q/u)=[1-1D(a/p)] " is a a0 N=012.... @31
A . ; ; . [dK] , 1,2 3.9

renormalization-group-invariant quantity, and constitutes the k2

non-Abelian analog of the QED concept of an effective

charge[1,2,17. Additional properties for the gluon two- The last relation guarantees the absence of tadpole and
point function have been presented in the literature for theeagull contributions order by order in perturbation theory.
case of non-Abelian gauge theories with Higgs mechanisnin the two-loop calculation presented in this paper only the
[4,6,12—15, and the (nonrenormalizable Kunimasa-Goto- case wheréN=1 is relevant. Notice however that nowhere

Slavnov-Cornwal[35] massive Yang-Mills mod€I36]. have we used the slightly subtler dimensional regularization
The PT quark-gluon verteR()(Q,Q’) is the sum of the ~ "esult
non-Abelian and Abelian one-loop graphs, shown in Figs. [dK]

3(a) and 3b), which we will denote byi""""#(Q,Q’) and
rabQ,Q’), respectively. In addition to being GFP inde-

pendent, by virtue of Eq2.4) I'((Q,Q’) satisfies the fol- which is often employed in the literature. We also use the
lowing QED-like WI: group-theoretical identities

?—0, (3.2
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[ 7_a’ Tb] =if abCTC,

—— D
(b) (d)

()

@)
©
) (® (=)

where 7 are the gauge group generators in the fundamenta ©

representation; in tr_le case of QCP=\?/2, where\? are FIG. 4. The one-particle reducible graphs beff@, (b), (c),
the Gell-Mann matrices. (d)] and aftef(e), (), (g), (h)] the PT rearrangemer@® andG®
The identity denote, respectively, the conventional and PT one-loop vertices
0 (0 o 0 0 o with one-loop self-energy corrections to the external fermions in-
F(alwr( )Bﬂv:]“%;#vr% )B#V"‘Fg:;#,,rgz )Buv cluded.
47O 1OBur (0 OBy
Fawr” P pan P (42) = (4e)— R 4(0), (3.7
IR g O R
—TO) P8y (3.4 (4b)+(4c) +(4d) = (41) +(49) +(4h) ~F2(Q,Q")
m (3.9
may also be found useful at intermediate steps.
The two-loop integration symbol with
2 Zf f d’k _df 3 (2) (1) (1) 3 (1) (1)
€ ; — P _ p
(3.9

will be suppressed throughout. We define the following

quantties: F2(Q,Q") =TTRE(a)d() M2(Q,Q1)+ Y2(Q.Q),
il1=g*Ca[12(1 —q)%k*(k+1)2(k+1—-q)?] 2, (3.10
il,=g*CAl1%(1 - o) *K*(k+ )] 7, with
il3=g*Ca[1%(1 — )%k (k+1)?] 2, YEAQ.Q)=X{1(Q,Q)EZ™M(Q)+X5(Q,Q) ™M (Q").

(3.11
il ,=g*Ca[121%(1— q)2k3(k+1)2] 4,
The above terms originate from carrying out the vertex de-

ils=g*Ca[1%k?(k+q)?] "%, (3.6)  composition of Eq.(2.2) at all conventional 1Pl diagrams.
For example, the teriv{)(Q,Q’) [Fig. 5b)] originates af-
which will be used extensively in what follows. ter imposing Eq(2.2) on the diagram of Fig. ®); in addi-
tion, one obtains the PT counterpart of Figa)s namely Fig.
A. The one-particle reducible graphs 5(a"), and 'E?)e graph of Fig.(6), which is part of Fig. 4f).
As has been explained in detail [ih2] the resummability The termsRy,,5(q) has been derived in detail [12]. Notice

of the one-loop PT self-energy requires the conversion o%hat

one-particle reducibl§1PR strings of conventional self- 2

energieslI) into strings containing PT self-energi€E™®. Rpap(d)=12[Lap(q,k) +3tap(a)]. (3.12
The process of converting conventional strings into PT

strings gives rise to leftovers, which are effectively one-

particle irreducible(1P]) strings, and must be alloted to the

genuine 1PI two-loop structures. Various self-consistency ar-

guments supporting the validity of this method have been

presented in the literatuf@8]; as we will see at the end of —
the third subsection, the extension of the PT to two loops
provides the ultimate test for the self-consistency of this pro-
cedure. It is straightforward to establish that the set of 1PI
graphdg Fig. 4a—4(d)] may be converted into the equivalent  FIG. 5. The PT rearrangement of typical one-particle reducible
set of 1Pl PT graphfFigs. 4e)—4(h)], up to some missing graph(a), giving rise to its PT counterpar&f), and to contribu-
pieces: tions to the first term of ?) (c) and toY? (b).

(a) (b) (e)
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qzw @‘ + ﬁu@‘ W@_, } N @

(a1) (@f) (a2) (a3)

(a0) (as) (as) {or) )

vw{:z—» {f {F_qﬁ
- " . M{g | rs) =) @ © ®

(b3)

-
S B B

(bs) (bs) (r3) [G3)]

FIG. 6. The result of enforcing the PT decomposition on the ~FIG. 7. The result of enforcing the PT decomposition on the
external vertices of some of the two-loop Feynman diagrams conexternal vertices of some of the remaining two-loop vertex graphs.
tributing the conventional two-loop quark-gluon verlﬁg) .

graphs with three-gluon vertices whose all three legs are ir-
rigated by virtual momenta, i.eq never enters alone into
any of the legs; such would be, for example, the Abelian
In this subsection we will demonstrate the construction ofgraph of Fig. 3b), if one was to insert a one-loop self-energy
the two-loop PT quark-gluon verteff)(Q,Q’), which  correction to thg internal gluop ling39]). Of course, all
turns out to have the exact same properties as its one-lo tlgwree-gluon vertices appearing in the computation of the one-

- (1) ) . _ : op S matrix are external, and so are those appearing in the
counterparf’;”(Q,Q"). At the same time we will determine 1pgr part of the two-loofS matrix (see previous section

the two-loop propagatorlike contributiondt),y,, which  Then one carries out the decomposition of E2j2) to the
will be subsequently converted infd{), , i.e., the two-loop  external three-gluon vertex of all graphs belonging to(ggt
version of [1§)  of Eq. (2.13. In addition, out of this pro- leavingall their other vertices unchanged, and identifies the
cedure the term¥{2)(Q,Q’) of Eq. (3.11) will emerge. propagatorlike pieces generated at the end of this procedure.
The construction proceeds as follows: The Feynman The calculation is straightforward, but lengthy; it is more
graphs contributing thEf)(Q,Q’) can be classified into two €conomical to identify the substructure of the one-loop three-
sets.(a) those containing an “external” three-gluon vertex, gluon vertexI"()) (q,p,py) (Fig. 17 nested inside the two-
i.e., a three-gluon vertex where the momentgris incom-  loop graph, Fig. 64;), and use the results presented in Sec.
ing, as shown in Figs. 6 and ) those which do not have VI, Eq. (6.9). To that end we must sgt;— —1 and p,—I
an “external” three-gluon vertex. This latter set contains —q, and Js(q,—p.,K)—Js(q,l,k), and rewrite thel“(Plgw
either graphs with no three gluon verticgbelian-like), or  of Eq. (6.9) as follows:

B. The two-loop vertex

[
[hau( @ =11=a)=| I T (1 = a.k, —k=1+0) +k, G, 1= 5VEL,(A) |10

[ i
| el iap(~HKH L =0 TGy )1 = )7 = 5 Veau(@ | (1 - a),

pnap Pau

T (1= gk k14 @)+ kg, ]+ od Ve (q) |12
3[ Vﬂa( a.xK, Q) Vgay] 2 (q)qa Pﬂy(q)

3T Ik+1,—k)+k ! X | —q)2
~ | Jal L (=L k+1 =K + K90, ] = 5d(@)AaVe,, (@) | (T-@)% (3.13
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Thus we havdwe omit the external spinors, and uQé Q’ (not shown; D5 [shown in Fig. Th)] andDg (not shown
=Q+q) are the analogs dbs andDg for the (6b,)’ topology. Fur-
thermore, the second and third term on the rhs of (Bd.4)
are depicted in Figs. @,) and 6@;), respectively, the sec-
ond term on the rhs of E¢3.15 is shown in Fig. 60,), the
second term on the rhs of E.17) is shown in Fig. 6¢€,),

+ E[leg —1[TO (—k,—1,k+1)+K,9,,] and the second term on the rhs of E8.18 in Fig. 7(c,).

2 “ poat 7Eap (iii) The graph in Fig. 7(,) is accompanied by the graph
with the Abelian vertex correction on the other sitieot
shown. The graph containing the bare four-gluon vertex is
1 not shown either.

(6by)= (6b1)+ 130,07 —D;+Ds+Dg, (iv) Notice that the propagatorlike part in Figayis con-
nected to the rest of the graph by a factpy; since this
(319 term will become part of the one particle irreduciflePR
1 graph of Fig. 4c) it must be supplemented a longitudinal
(6b;)" =(6b%)’ +2 13000y’ — Do+ D+ D, componentq,qs. This contribution is proportional to the
terms shown in Figs. @) and 6@;) (remember that the
(3.16 latter are proportional tq,), but notice that the color factors
are different; the terms shown in Figs.agj and 6@;) are
(Gcl)Z(GCE)JFE aLao(1,K) 97, (3.17 proportional toCi, whereas the term missing in Fig(ay
will have bothCi and C,Cs, whereC; is the Casimir for
the 7, representation of théexternal quarks. It is easy to
(7r_):(7rF)+ EH(l),B( )d( )F(l),ab(Q Q)+ EY(Z) show that these terms vanish when the external fermions are
! ' 2 Pa DAL ’ 2 Pa on shell, which is our case. In order to prove that, one does
not have to assume that, hits a conserved current on the
other side of the graph; instead one notices that the terms in
(3.18  question are proportional tgS™M(@,m)—3>O(@’,m)],
which vanishes whe@=Q'=m

1
(6ay) = (6a) + 5115, (q)d(a) 'y ""**(Q.Q")

X(l_q)p]'}’o+Dl+D2+D3+D4, (314)

X(Q,Q")—(D3+Dy4+Ds+Dg+ D7+ Dy),

where (v) Notice the appearance of propagatorlike tefifigs.
6(as), 6(b2), and 6€,)].
- (0) - v 3 2
Dy=—la[ [yl k= 1=K+ K, G, Hy"S(Q+ 1K) v}, Adding Eqgs.(3.14—(3.18), by parts, and using E¢3.11),
0) , we find
D2=|3[Fm,”(|,—|—k,k)+k’ugav]{’yVS(Q _I_k)’y’u}!
1
1 r@ —ZFQ i V<2> L (0 0
DSZ_EISQa{'YMS(Q+I)'yM}u o (Q,Q") 2 2(Q,Q") Pac” o (Q,Q")
(3.20
1 , .
D4=§|5qa{7#S(Q +) v}, with
(2) —
Ds=—15{7.S(Q—k)y,S(Q—k—1)y*}, Vi ao(@) =14L oo (1K) + (2124 13) g o0

—14[KeGup+ T2 (—k,—1,k+1)](1 —q)*.

De=15{v.S(Q—K)y,S(Q+ 1)y}, poe
(3.21
—1s{y,S(Q—k=1)y*S(Q—=K) ya},

The interpretation of the three terms appearing on the rhs of

Dg=15{7,S(Q+1)¥*S(Q—K) 7.}, (319  Eq.(3.20 is as follows:
(i) The term%F(chz(Q,Q’) is half of the vertexlike part

necessary to cancel the corresponding term appearing in Eq.
belings of the integration momenta have been carried out, i 3-8), during the conversion of conventional 1PR graphs into

order for the answer to be expressed in terms of the five ba5|r%ﬁ'rrorp\-/rer?g;g:g?ﬁﬁm-rhe other half will come from the
denominatorg; defined in Eq(3.6). (il) V@ h | lik L
(i) The topologies oD;, D,, D, Dy, Ds, andDy are Va7’ is the tota propagatorl. e term orlglnatlng
shown in Figs. 64,), 6(as), 6(ag), 6(a;), 6(b,), and 6bs), from the two- I(_)op quark—gluon vertex; together with the
respectively. (6;)" corresponds to the figure obtained from equal contribution fr'om. the. mirror set of two-loop ve.rtex
Fig. 6(b;) by drawing the internal three-gluon vertex on the graphs(not show will give rise to the self-energy term:
other leg of the external three-gluon vertex, i.e., the leg @ @ "
which hooks onto the external spinor carrying momentum g ap(a)=Veas(Dtp(q), (3.22

Before we proceed the following comments are warranted:
(i) In the above formulas appropriate shiftings and rela-
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(a) (b) (c) () (=) - (b) (c) (d)
'."4'*.. n"‘n‘

* ’ R ‘f\/\ f\/\:':’ : -

,f\/\ f\/N‘ » ‘

(e) ) (2) (h) (e) ® () (h)

@ @ (k) 10) ® @) (k) ()

FIG. 8. The Feynman diagrams contributing to the conventional

two-loop gluon self-energyl{?) , in the R; gauges. «/r‘fr Sn M ,\,{( M
which will be part of the effective two-loop PT gluon self- (m) () ) ®

energy, to be constructed in the next subsection

(i) I'®(Q,Q’) is the PT two-loop quark-gluon vertex; it
coincideswith the corresponding two-loop quark-gluon ver-
tex computed in the BFMFG, i.e.,

(@ ® ®)

I2QQ)=T¥(Q.Q" é=1) (3.23

) ) _ FIG. 9. The Feynman diagrams contributing to the BFM two-
as happens in the one-loop case, E422). Either by virtue  |50p gluon self-energyi @) .
of the above equality and the formal properties of the BFM,
or by means of an explicit diagrammatic calculation where _ @) ) _ )
one acts withq® on individual diagrams, one can establish Propagatorlike part-Rp,4(q) given in Eq.(3.9), stemming
thatf(z)(Q,Q’) satisfies the following QED-like Wi from the conversion of the conventional string into a PT

“ string; this term must be removed from the 1PR reducible set

g ?(Q,0")=32(Q)-2?(Q"), (3.24 and be alloted tol1Z)(q), as described if12]. Thus,
R Hﬁfﬁ)(q) reads
which is the exact two-loop analog of E@.20. 3()(Q) is
the two-loop PT fermion self-energy which satisfies A
P ¥ 2@ =T1%()+ T2 -RE Q).  (3.26
$@(Q)=8?(Q,£,=1)=3?(Q,£=1). (3.29

Again, this is the precise generalization of the one-loop relUp to minor notational modifications, this last equation is in

sult of Eq.(2.23. At this point this result comes as no sur- fact identical to Eq(3.5) in the second paper ¢12], except

prise, since all three gluon vertices appearing in the Feynmaifiat now we know the exact closed expression for the term

graphs contributing t&?)(Q,£) are internal; therefore, at 118 ,(q).

£=1 there will be no pinching40]. It is a lengthy but relatively straightforward exercise to
We emphasize that the above result is nontrivial; indeedestablish that in fact

even if one accepts that the appearance of the first and third

term in Eq.(3.20, for example, could be forced, there is no

a priori reason why the remainder should turn out to be AH(2) ) — TT(2) _

purely self-energy-like. Notice also that in deriving the Hap(@)=115(a.60=1)- (.29

above results no integratiofar subintegrationsover virtual

momenta have been carried out. . . . . .
To see that in detail, we simply start out with the diagrams

contributing toI1)(q) and convert them into the corre-

_ - sponding diagrams contributing ﬂg%g(q,gQ=1); in doing
The construction of17)(q) proceeds as follows: To the s we only need to carry out algebraic manipulations in the

conventional two-loop gluon self-energliifg(q), we add  numerators of individual Feynman diagrarsee Figs. 8 and

two additional terms{i) the propagatorlike terrﬂfl(chfﬁ(q) 9), and the judicious use of the identity of E(R.4). The

derived in the previous subsection, E§.22, and (ii) the individual diagrams yield

C. The two-loop self-energy
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(8a)=(9a)+(9m)+(9n)+(90)+(9p)+(99)+ (9r)+(9s)+ 1, ﬂlpk”F

3
+(|.q—I2)(k+I—q)a(§l—q) }
B

+I1[k,,gap+F (=k,—1LLk+1)](I—q

poa

+1,

PHYSICAL REVIEW D62 045006

(q,k+1—q,—k—1)

aop

PL5() — (21 p+ 1 3)t ()

3 9 9
g lap(@)+ 1—6%%} — 5 lallall = @)+ (1-a=1%)Gap] + 1ol Lag(.K) + 2Ko(k+0) 6]

21
_|3[Laﬁ(|,k)+2ka(k+|)B]—I3{3IHIB—§qa|B+qaqﬁ ,

9
(8b)+(8¢)=(9b)+(9¢)+ S 15[l 4(1 =) g+ (I- “q=1%)gp]

21
(8d)=(9d)+ 5latap(q),

(8e)+(8f)=(9e)+(9f) — 1,1 1Pk T% (q,k+1—g,—k—1)—I [2ka(k+q)ﬁ + 50405

+13

2K, (K+1) g+ 4qa sl

(89)+(8h)=(99) + (9h) +1 3L 451, K) = 14L 40 (1, K)tE(Q),

(81)=(9)— 11 (I-g=1?)(k+1—-0),

(8])+(8k)=(9]) +(9K) + 15[ 3l | s~ 3l , a4+ quQpl,

(81)=(9l).

Adding the above equations by parts we find

2@ =T13(0,£0=1) +12[Lop(q,k) + 3t ,5(a)]
- |4Lao'(|1k)tﬁ(q)
111K Gy T T 0 (—k, = 1k+D)(1 = q)"t5(q)

— (214 13)t,45(0). (3.29

Using Egs.(3.21) and(3.12), Eqg. (3.29 becomes

3@ =TT(a,60=1) ~TTE)4(a) + RE4(a).
(3.30

From Egs.(3.30 and Eq.(3.26) we arrive immediately at

3I )
519
2 B

1 1
16 anqﬁ+ 3qa B

(3.28

field-theoretical interedd1]. Clearly, whend—4 the renor-
malization program needs be carried out; this will be the
subject of the next section.

IV. RENORMALIZATION

In this section we will carry out the renormalization for
the two-loop PT Green’s functions constructed in the previ-
ous section. There is, of course, no doubt that if one supplies
the correct counterterms within the conventional formula-
tion, the total S matrix will continue being renormalized,
even after the PT rearrangement of thewrenormalizeg
two-loop Feynman graphs. The point of this section is to
show a stronger version of renormalizability, i.e., that the
new Green’s function constructed through the PT rearrange-

Eq.(3.27. Again, no integrations over virtual momenta needment areindividually renormalizable. The general methodol-
be carried out, except for identifying vanishing contributionsogy is as follows: We start out with the counterterms which

by means of the formulas listed in E@.1).

are necessary to renormalize individually the conventional

Since we have used dimensional regularization throughGreen’s functions contributing to the two-lodp matrix.
out and no integrations have been performed the results dthen we will show that by simply rearranging them, follow-

this section do not depend on the vallief the space time;
in particular, they are valid fod= 3, which is of additional

ing the PT rules, we will arrive at renormalized two-loop PT
Green’s functions.
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We will use the following notationZ; is the vertex renor-

malization constant for the conventional quark-gluon vertex @ @ @
I',, Z, is the wave-function renormalization for ttiexter-
nal) quarks,Z, is the gluon wave-function renormalization ) ©

(=) c

corresponding to the conventional gluon self-enekbyZ,
is the gluon wave-function renormalization corresponding to .
- - e y: Y

the PT gluon self-energl, Z; is the vertex renormalization Nk A e A
constant for the conventional one-loop three-gluon vertex N “»~’ R
'Y andZae is the vertex renormalization constant for the @ © s ©

auv?
F(Fla)w, Z, is the ghost wave-function renormalization, and o
21 is the ghost-gluon vertex renormalization constant.. FIG. 10. The one-loop counter(tze)rms contributing to the conven-
Equivalently, one can carry out the renormalization progran{Ional two-loop gluon self-energht ;-
using appropriately defined counterterms. The corresponding
counterterms, which, when added to the abosMeop quan-
tities render them UV finite, are, respectivel{”, K&V,

KM, RO, KM, KPP KW, and K™ . In addition, mass

3 N
iREDZ)R+ F%:,Z)RzH(l)RVg)R'f'ZV?;l)RVE:l)R+V(pl)RF(1)R

countertermsSm must be supplied if the quarks are consid- JFY(Pl)R

ered to be massive. In a moment we will also introduce the 3

countertermK " | which rendersv{" ultraviolet finite. No- = Z(K(F,l>+V(F,1))2+(H(1)—Kgl))(v(Pl)JrK(Pl))
tice that because of the QED-like WI it satisfi@% becomes

ultraviolet finite when the counterteri, is added to it. The + (V§31>+ K<F,1>)(f<1>+ K(21>)

Z’'s and theK's are related as follows:
+(XP 4+ X5H) sm®

: =iRP+FZ+UP+UP (4.2
z=1+>, KD i=123, oo T
=1
with
Zp=1+>, KV, (2) WD _ k(D7 L K WP 4 1) 4y
=1 U™ =Vp [Ky =K ]+ Kp [+ T+ V]
+ (X +X5) smV)
Zp=1+>, KW,
= @ | 3 @
U5 =Kp| 7Kp +KE =KD 4.3
Zi=1+>, K i=1.2, 2 2 _ _
=1 Thus, the termdJ3;~ and U3” need to be supplied. Notice
that the terms contained 1d$? are momentum independent
(quadratic in the countertermswvhereas those contained in
7 :1+z K0 U(lz) are momentum dependefiinear in the counterterms
9 i=1 ’ The latter will cancel against parts of the one-loop counter-

terms appearing inside the two-loop expressions for the con-
ventional self-energyFig. 10 and vertex(Fig. 12, cancel-
5 _2 sm) 41 ling their subdivergences. As for the former, they will
m—j:1 m (4.3) become part of the final renormalization counterterm of the
two-loop PT self-energy, i.e., the counterterm necessary for
canceling the remaining divergence, after the subdivergences
We first begin with the 1PR part of th® matrix. It is have been taken care of. Another way of saying this is that,
more convenient to work with dimensionless quantities; tosince the extra termRp and Fp will be alloted to the PT
that end we define the dimensionless gluon self-engéfgy ~ gluon-self-energy and vertex, so should the counterterms
simply throughI1{)=11Mt, ;. In order to renormalize the Necessary to renormalize them.
extra pieces which must be alloted to the conventional 1PR We next show how the terms 1d%?) are to be accounted
graphs in order to convert them into their PT form, i.e., thefor, and, at the same time, derive some useful relations
iRp+Fp terms in Eqs(3.9—(3.11), we must havéwe use among the various counterterms. The QED-like WI of Egs.
the superscript R” to denote renormalized quantities (2.20 and (3.24 relating©"¥ andS ™), and"® and$(?),
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FIG. 11. The one-loop counterterms necessary for the two-loop
gluon self-energyi1$?}; they are identical to those needed for the  FIG. 12. The one-loop counterterms necessary to cancel the sub-
BEM two-loop gluon self-energf[(zg divergences inside the conventional two-loop quark-gluon vertex
b

I'? . In the case of massive fermions the wave-function counter-
respectively, imposes the following QED-like relation be- term KSY should be accompanied by the appropriate mass counter-
L ~ ~ term (not shown.
tween the renormalization constats and Z,, up to order

g KW =—2K 4.1
A - g - ( . 2
Z1=2. 4.4 Notice that if Z,=2,, or equivalently,K(Fi)zo, then Z,
In addition, from the WI of Eq(6.10, we have to ordeg?  =Za, Which is simply the QED case.
(at least It is now clear what the role of the){?) terms is; they
must be added to the conventional two-loop self-energy
Zr=Zp. (4.5  countertermK?) and the part of the vertex counterterm cor-

. . ) respondin toV(Z); these two counterterms are alread
Notice also that Eq.(6.10 dictates that the ultraviolet- P g y

. . . resent, whereas the tetdd?) must be borrowed from some
divergent part o) s proportional tol'®) rather than " t}

(0) . Fauv apy other part of theSmatrix, in order for the initial equation Eq.
r ; had it been the other way around there would be NQ4.6) to be enforced.

Fauv:?
Ionglftudinal ultraviolet-divergent pieces on the rhs of Eq.
(6.10. As we will see, this “mismatch” will generate the
pieces which in the BFM language give rise to the gauge
fixing renormalization of the verticd€igs. 1Ga) and 1Qb)].
Furthermore, the renormalization constants before and a
ter the PT rearrangements are related to the gauge coupli

renormalization as follows:

We next turn to theU{?) terms. We will show that they
will cancel precisely against terms originating from the rear-
rangement of the graphs shown in Figs. 10 and 12, in order
o convert them into the graphs shown in Figs. 11 and 13.

he former set contains the counterterms necessary for can-
'?:%Iling the one-loop subdivergences inside the conventional
two-loop gluon self-energy and quark-gluon vertex, the latter
the counterterms needed for the two-loop PT gluon self-

2_525-25-1
2y=212,"2, energy and quark-gluon vertex.

— 525251 We begin with two-loop gluon self-energy shown in Fig.
172 A 10. From the Slavnov-Taylor identit}28] we have that
=7t 4.6 [4344
where Eq.(4.4) has been used. After substituting the expres- é: é 4.13
sions given in Eq(4.1) into Eq.(4.6) and equating powers of Za Zz’ ’
the coupling constarg, we arrive at the following relations _ _
for the corresponding counterterms: from which we obtair{45]
K=K -2(KP-KL, (4.7) Kgl)_Kgl):ﬂl)_i(zl):%K(Pl)_ (4.14)
2 (2) (2 2 2 _ L
K=K —2(KP =K + K{V[3K Y - 4KEY — 2K ] This relation is important for what follows.
Then we have for the graphs of Fig. 10:
+KI[2K P+ KD, 4.9 grap g

Substituting the relations

B ;
KSJ)ZEKEDJ)_l_K(zl), j=1,2 4.9

FIG. 13. The one-loop counterterms necessary to cancel the sub-

2 (1) _ e (1) _ e (D) N

KA =Ka'=Ks", (4.10 divergences inside the PT two-loop quark-gluon veifiéX ; they
) ” ” . are identical to those needed for the BFM two-loop quark-gluon
K@=K@-K&+U¥, (41D vertexT®.
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pve Buv

(10a) +(10b) = K<31>f [dk]J,(q,k)T
(10c)=(10c;) +(10c,),

(10d>+(10e>=i<f>f [dK]I1(a,K)Ka(K+a) g,

(10f>+<109>:—@1>f [dk]J;(a,K)ku(k+0) g
(4.15

with

(10c,) = — Ky f [dk]J;(q, k)T

apv: Buv?

(10c,) =K f [dK]32(q,k)k,k, IO, T
(4.19

J, has been defined in EQ.9). Thus, using Eq(4.14 and
Eqg. (2.195 we obtain

[(10a)+ (10b)+(10c.)]+[(10d)+(10f)]

+[(10e)+(10g)]
=KE (). (4.17)

Next, we write (1@,) as follows:

(10c,) =(11a)+ (11b) +(11c)
—Ztaa(q)f [dk]Jx(q,k)kgk”  (4.18

where

(112)+ (110)= K [ (01340 TS, I

Pauv

(11c)=KV J [dk]Jx(a.k)kek, I T
(4.19

PFBICAL REVIEW D 62 045006

1 1
(128)= = S KLV +5 (Xi!+ X5) om(

+(13e),

(120)=—KY f [dK]Ia(q, k)T, t9 (k) ph”

aovtp
X (Q+Kk)

=K [ 1K) (P, 4 T, )
XK pA(Q+K)

—(13) K [ [0t )
1 (1)y /(1)
:(13b)_§KA Vi

+ Kt 40(a) f [dk]J2(a,k)kgk?y". (4.20

Notice that the last term on the rhs of E¢.20), together
with an equal term from the mirror vertex graplisot
shown) will cancel against the last term in E@.18). Using
that K{V— KM= (KD +KY), we finally arrive at

K(Frig. 10T 2K (Fig. 12 = K(rig. 19T 2K(Fig. 13T U,
(4.21)

where the factors of 2 multiplyindK gig. 12) and K(gig. 13
account for the mirror vertex contributions. Evidently, the
PT rearrangement gives rise to a tetHf, as announced.

The counterterms resulting from the above rearrangement
are exactly those required to cancel all subdivergences inside
'?(Q,Q’); the latter coincide of course with the subdiver-

gences insidd (?(Q,Q’,éo=1). To demonstrate that the
counterterms shown in Fig. 13 are in fact identical to those
obtained when carrying out the BFM renormalization pro-
gram as explained if9], i.e., renormalizing only the back-
ground gluons, the external quarks, the coupling congiant
and the GFP &) [42], one may proceed as follow§) start
with graph 13b), and separate the, (k) into the part pro-
portional tog,,,, and the part proportional tk,k,, ; the sec-
ond part is simply the gauge-fixing renormalization to the

We next convert the renormalization constants for theself-energy, as explained [8]. (i) Half of the piece propor-

conventional two-loop quark-gluon vert&%? (Fig. 12 into

those necessary for the PT two-loop quark-gluon veftgx
finite (Fig. 13. We have

1
(12a)=K{ TV = ( KSH + EKQ) re
1 (L1 (1)
=(132)+ 5 KT,

(12c)+ (12d) =K MV +(13c) + (13d),

tional tog,,, must be added to Fig. 18; the latter is pro-
portional toI'(®). Using thatk §P=K Y [from Eq.(4.5)], the
total contribution is proportional toK{(I'(®—1()

= K(Al)F(PO), which is the contribution from the gauge-fixing
renormalization of the elementary BFM three-gluon vertex.
(i) The remaining half proportional tg,, from step (i)
must be split equally between (d3+3(13e) and (13l)
+1(13e). Each of these two combinations will then give a
contribution proportional tok{)— 1K1K =—IKD
+3KP =K+ 3K, where Eq(4.9), Eq. (4.10, and Eq.
(4.12 have been used in the last steps. The wave-function
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renormalization for the external fermions will then cancel _ _ 1/1 _
3K, andK (P will be reabsorbed into the gauge-coupling 3m(qq|T[6]|qq>=§(§)J (dP954(39| T qa)*
renormalization. '

Notice that the correspondence between the PT and the ><<39|T[2]|qa>
BFMFG Green’s functions established in the previous sec-

tion persists after renormalization; the resulting expressions n _(_)J (dPS),.2 % e

are the BFMFG renormalized quantities, as derived9h 2\2! 29

An immediate consequence of th8] is that the coefficient _ _
multiplying the logarithm of the PT two-loop self-energy is X ((2g| T qay* (29| T |qq)),
equal to the the two-loop coefficient of the Q@PDfunction (5.4)

[43,44, i.e., (34/3C3. It is also interesting to see how the
PT rearrangement leads into the interpretation of counterespectively{46]. (dPS),4 and P934 stand for the two-
terms generated from the QCD Lagrangian in the renormaland three-body phase space for mass-less gluons, respec-
ized Feynman gaugp44], as GFP renormalization of the tively. Next we introduce the short-hand notation
BFM Lagrangian9] . . .

AM=3m(qqT"|qq),

V. THE ABSORPTIVE CONSTRUCTION: _
GENERAL FORMALISM TK=(mgTM|qq) mk=2,3,... oo
5.

In the next two sections we will show in detail how one
may construct the two-loop PT effective Green'’s functionsThen, Eqs(5.3) and (5.4) become, respectively,
using unitarity and analyticity arguments. This derivation
generalizes the method first presentefilid] and[14] for the [4]__ 2% 2]
one-loop case, and constitutes a nontrivial self-consistency A 2\ 21 (dPS)zgﬁ 7{2 ' 5.6
check for the entire approach. In this section we will set up

the formalism, and discuss in detail the one-loop case, which (6] 1/1 7_[3]*7_[3]

will serve as the general paradigm for the two-loop generali- AP=3l 37 f (dP9)3q

zation, to be presented in the following section. Apart from

some minor modifications, in the next two sections we will 1 7_[4]*7_[2]
adopt the notation used [13]. 5 f (dP 9242 R e(

The optical theorem for the case of forward scattering
assumes the form =A%6]+A[26]. (5.7)

1 The quantities defined above have the explicit form
Ima|Tla)=5 X (2m)*6“(pa=pi)(i[ TIa)*(i[ T]a),

(5.0 A[“]— ) TR+ TP ()P (py)
where the sunZ; should be understood to be over the entire 2] absx
phase space of all allowed on-shell intermediate siaté XU{Z +7{ ]#’V’ ' (5.8
ter expanding theT matrix in powers ofg, ie., T 1/1
= [n] / , ,
=S,-2T0", we have that A= | 3 TR TP (P (5P ()
~ 1 3] ~{3]qab
Im(al T )= 7 X (2m)*8“(pa—py) XTI+ T, (5.9
1
S (TR Ty, (52 AR- g)iﬁe([ﬁ‘”ﬂ{ "PHE ()P (py)
. !
X[ TS+ 75 ), (5.10

In particular, if in the initial states we haveqaa pair, i.e.,

|a)= |qa> we have for the first nontrivial orders,=4 and  where we have suppressed the phase-space integraipns.
= is the polarization tensor for the massless gluons,

_ — 1/1 — n,p,+n,p PuPy
_ (5.1
x(2g|T?l|qq), (5.3
with n, being an arbitrary four vector, angl a gauge pa-
and rameter.
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We will now study the process q(kl)a(kz)

—g(p1)g(p,) at tree level, using the equations derived p
above. This study will further elucidate the role of the Eg. q '
(2.2 in enforcing perturbative unitarity at the level of indi- @ ot = X
vidual Green’s functions, and will set up the stage for the rd v Y
two-loop generalization.

The BRS symmetry47] of the original Lagrangian leads (@) (b) ()

to the following identitied 48]:
PETSn,= (S22,
P75, = (S5 Py,
P3PiT3,,=0. (512

+ RH- xph = -

d c
If we split the amplitude into ars-channel and-channel @ ©

contribution [s=0q%=(k;+k,)?=(p;+p,)? and t=(k;
—p1)?=(k,—p,)?], the first of the identities in Eq(5.12
becomes

FIG. 14. The fundamental BRS-enforced cancellation of
s-channel(a) andt-channel[(d;) and d,)] contributions, instru-
mental for the absorptive PT construction. Graph gives rise to

the correct ghost structure.
P (Tost )20 = (S52 +S5%)2Pp,,. (513 g

The remaining two identities are exactly analogous and wiltion [13,14] involving the s- and t-channel graphgFigs.

be suppressed throughout. 14(a) and 14d)], which is a consequence of the underlying
Let us now assume that ti&matrix element appearing on BRS symmetry. In particular, the action @ or p; on

the left-hand sidelhs) of Eq. (5.1) has been rearranged fol- I'®) , gives

lowing the PT rules. For a 22 process this amounts to

treating the momentum transfgras the special momentum, P5TE0,,(4,P1.P2)= (P2~ P1) aP2,+ (PT=P3)Uas T tan(Q),

in the sense described earlier. Then, let us compute the cor-

responding imaginary parts, usingor convenience the — P5I{y,,(0.P1,P2) = (P2~ P1)oP1,t (PI—P3)Gay

usual Cutkosky cutting rules. The question which arises

naturally is the following: how should one reorganize the ~tau(Q). (5.1

gyr/(::n?aet(i:g;l?y ?sgreoag::::% ?r?eta?ji\r/?juglc (ljel?t:lt)olsnk;:iet; E)c; theThe first term on the rhs of either equation cancels against an

Ihs? The basic observation put forth[i8] and[14] was that analogous contribution from thechannel graph, whereas

there exists an appropriate, PT-inspired rearrangement of tﬁge second terms vanish for on-shell gluons. Finally, the
cross section appearing on the rhs of Ex1), which allows rms proportional g, andp,,, [Fig. 14b)] are such that

. : . j ) I dependence on the unphysical four-veatgrand the pa-
indeed for a natural connection with the imaginary parts Of?ameter 7 vanishes, as it should. In addition, a residual

the individual PT subamplitudes appearing on the Ihs of Eq -dependentcontribution emerges from these latter terms
(5.1). The PT rearrangement of the rhs amounts to a specia('lS dep 9 . '
which must be added to the parts stemming from the

choice for 7,5 and 7, which will be denoted byr5; and J,..'9,, part of the calculation. In particuldd 3], we have
T%,, respectively. After defining these “Feynman” ampli- that ’
tudes[49], Eq. (5.13 reads

pi‘(T§5+7§t)ab=(S§in}+85512})abp2 (5.14 (742:3)2?}:g{Vg}fmabd(Q)F(Fo,lﬁ(q,pl,pz),
mv v .

and to order, WF=T,
2 2} _ [2]{12} _
pi( TR + T0IF) a0 = (IF12 | GHIF(12)aby | 615 SAF13_g2i13 g,
51

p(gl2IFyab _ (2]F{12yaby o A[2]Fyab

We will next study the cask=2 (tree level, Fig. 1% PE(Te) 5= (S %, + (AT,
o _ 2] H 2:
For “on-shell” gluons, i.e.,p“=0, P,,(p,n,n) of Eq. pf(ﬁ%JF)zgz—(A[zz]F)ib, (5.17

(5.1 satisfies the transversality conditipitP,,=0. Thus
one may immediately eliminate tHé‘polzw(q,pl,pz) part of  with

ro (9,p1,p»), which vanishes when contracted with the

apv

term  P,,.(p1)P,.,(p2), and effectively replace (ALZIF)ab=gfeLfeaby(q)t%(q),
L{0,(,p1,p2) by I'2),.(a,p1,p2), @s in Fig. 14a). One

then proceeds by recognizing that the longitudinal parts of (SZIFIZ)ab= g yeLfeabq(q) (p,—py)?,

the P,,(p1) andP,,/(p,) trigger a fundamental cancella- (5.18

045006-15



JOANNIS PAPAVASSILIOU

and{y2}=iguv (ko) Py,u(ky).
From the above results follows:

(T + T2h 2 = (S2F 1 habp,,, (5.9
and thus
A[‘”%(%)[(7@@”+7{2%1>(7{2?F+ﬁﬁ]>*
— 2(SRIF2 (SRR ]
= AGT+ AG+ AR, (5.20
with
-A[S4] :% ( %) [7—[223]F7—[225]F* _ 2(§223]F{12})($23]F{12})* ],

[4]
v

1/1
A= S age s rgime

1/1
A= 521

In the last step we have defined self-ene(gy; vertex(V),

PHYSICAL REVIEW D62 045006

Smﬁglg (g)

FIG. 15. The Cutkosky cuts of the R@nd BFMFQ one-loop
gluon self-energy.

when the one-loogor n-loop) construction fod1 exists, Eq.
(5.22 reduces into a nontrivial self-consistency check. In
particular, one must verify that

AL (@) =CATTI (o) = Cof TN (g, £0= 1)1, 55

where C,{ ...} is the operator which carries out the
n-particle Cutkosky cutgfor n=2 we have two-gluon and
two-ghost cuts to the quantity appearing inside the curly
bracket(Fig. 15. This is indeed the casgl3], as can be
directly verified from Eq(2.17). In fact, the residual contri-
butions originating from the terms proportionalf$ andp;
mentioned above correspond precisely to the Cutkosky cuts
of the one-loop ghost diagranmBig. 15b)].

To fully appreciate the subtlety of the above construction

and box(B)-like amplitudes, according to their dependenceth€ following comments are now in order:

on the Mandelstam variablssandt as in the case of a scalar
filed theory, or QED;A 5 depends only os, ALY onsand
t, and ALY only ont.

The next step is to identify these subamplitudes as th

Vertexebarts[SO]. Clearly, if that were the case then the bare three-

imaginary parts of the effective one-loop self-energy,
and box, under construction. For example, for the effectiv

self—energyﬁ"ﬁ(q) we will proceed as follows: first write
A in the form

AW={yd(g)A

then identify

S ad(a){y?); (5.22

Imil(a) =A%) (5.23

From the last equation follows
~ A 1 2 (0) O)uv
IMILap(q) =5 9°Call'Fayn(:P1,P2) 5" (0, P11, P2)
—2(Pp2=P1)a(P2—P1)gl- (5.29

This last equation leads to a well-defined definitior B,

(i) It is crucial to recognize that the quant'rfis doesnot
coincide with the PT rearranged tree-level amplitude for the
processqq—gg, if by “PT rearranged amplitude” one

eans theSmatrix element of a given process whem#
reen’s functions have been replaced by their PT counter-

gluon vertex appearing in Eq(5.17 should not be
I'®).(d.p1.py) but the ordinany™(?) (q,p;.p,), since the
latter quantity corresponds to the tree-ledghre PT three-
gluon vertex, i.e. ") =T) . To see this one must resort
to the general procedure for the PT construction of the off-
shell three-gluon vertex at one-lop®]: One must consider a
process involving the scattering of three pairs of test particles
(quarks for examplewhose momentum transfers we denote
by q:, ., andqgs (with gq;+g,+g3=0). Then one must
carry out the splitting of Eq(2.2) at all three-gluon vertices
appearing in the corresponding Feynman graphs, wgingr

0, Or gz as the “special” momentum. After cancelling the
terms arising from the variOLE(PO)s inside the loops against
analogous contributions from boxes and propagators, one ar-

rives atfﬁtl) ; the latter is Bose symmetric with respect to all

va

three legs, and satisfies naive QED-like WI's. Of course, if

without having to resort to an intermediate 0ne-|oop dia-One were to carry out this construction to the case of the bare

grammatic interpretation: after the two-body phase-space irthree-gluon

tegrations has been carried out using standard regl8is

vertex, one would arrive simply at

r© (d1,92,93), since all incoming momenta are “special”

unra

the real parts may be reconstructed by means of a oncésee also pointiii) below]. Whereas these arguments seemed
subtracted dispersion relation. Thus, in the absence of a fufiext to trivial when the corresponding construction was first
one-loop construction, thl (V) so generated does not neces-Presented, they need be explicitly spelled out now, in order
sarily have to correspond to the imaginary parts of a prel© avoid confusion when generalizing the absorptive PT con-
cisely identifiable set of one-loop Feynman diagrams. ofstruction to higher orders. There we will see that one must
course, given that the full one-loop construction has beetfentify —the —one-loop  equivalent of 75, and

carried out, we know that this is actually the case. ThusI'(%), (q,p1,p,); the latter will differ fromI*(}) (q,p1,py).
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(i) Given the above discussion, the following question VI. THE TWO-LOOP ABSORPTIVE CONSTRUCTION

arises: In what sense is the quantif§s of PT origin? The In this section we will show how to extend the methodol-

answer is the followingT5; is to be obtained by carrying out 4 established in the previous section to the two-loop case.
the PT rearrangement at the level of the cross section, whefgis construction involves two parts: the first part is the

the (only) special momentum is the momentum transfer . —
This is a well-defined identification, because all other mo-StUdy of the one-loop amplitude for the procertk,)q(k)

menta entering into the vertices are being integrated over,” 9(P)9(P2); the second is the study of the tree-level pro-
due to the presence of thiavo-body phase-space integral. C€ssA(k1)a(kz)—a(p1)d(P2)g(ps). As we will see in de-
In that sense the vertex witihincoming is the only “exter- tail the appropriate PT rearrangeméat the level of theS
nal” one. Of course, at tree level this construction leads im-Matrix), will give rise (at the level of the cross sectipto the
mediately to the expressions listed in E§.17). Notice also ~ correct Cutkosky cuts.

that the special momentugis the one with respect to which

the corresponding dispersion relation has been written in A. The one-loop version off'® and I'Y)

[13] and[14]. In this subsection we will first study the conventional one-
(i) Of course, the BRS-driven cancellation for the pro-|,q three-gluon vertex, and will see how one can arrive at

cessqq—gg takes place regardiess of the PT rearrangemene one-loop generalization of the tree-level vertitgs,,

of the cross section in general, and the PT decomposition of 41  yefined in Eq(2.3), to be denoted by and

(0) Pauwv Fauv
Fa y i partlculgr Irr:dgetlj( if we hzd r?Ot felllrmmated (), respectively. Then we will see in detail why casting
P“M”(q P1,pz) but had kept instead the full vertex .. one-loop S matrix for the processq(ky)q(ky)

aw(q p1,P2) (as is usually donethe WI analogous to Eq.

(516 would be simply —g(p1)g(p2) into its PT form is crucial for enforcing the

optical theorem at the level oindividual two-loop PT
Green’s functions.

AT ) (0,P1.P2) =t (@) — o (P2), We start with the one-loopSmatrix element for
a(ki)a(ka)—g(p1)g(p2).
PAT0(QP1 P2 =t (P —t(@). (526 Then EG(5.19 yields (=4)
pf(,z-[zi]F_FT[zétl]F ab:(ézéé]F{lZ}_FS[zztl]F{lZ})abp2
y72% v
The parts which participate in the BRS cancellation, namely, (6.1

the parts proportional to,,(q) andt,,(q) are thus unaf-

fected. What changes after the PT rearrangement is the rhere 74" and 75" are the “Feynman” versions ofb¢
sulting absorptive part of the individual effectivepoint  and7y; their exact form will be specified shortly. The last
functions under construction. So, if one was to define théwo equations in Eq(5.17) become

absorptive part of an effective self-energy keeping the full

') (a,p1.p2). but still exploiting the BRS cancellation in Py (T5EF) a0 = (SSaIF ) abp,  + (ALHF)2P,
order to eliminate the longitudinal terms, one would arrive at
the imaginary part of the conventional self-energy in the pi(THIR) 30 = (S abp, — (ALIF)2P (6.2
RFG, 3 mll,z(q); the latter, for one thing, does not capture
the running of the QCD coupling. Using Eq.(5.19, we have that

(iv) One could define the absorptive part of an effective .
self-energy before carrying out the BRS cancellation. In that 6]_| * 4F 41F (712F 2]\ %
case one would be led to the absorptive parts of the gluon A 2! i)%e[(ﬁ 7{ 7{ 7{2t )
self-energy in the light-cone gauges; in particular, the final
answer would depend explicitly on the unphysical quantities —2(SF 1124 SR (IR ]
n and ». A dispersion relation would give rise to a patho- _ A16]. A[6]. 4I6]
logical quantity, since the gluon self-energy computed within =Azs AT A%, 6.3
the axial gauges is not multiplicatively renormalizable, due
to its dependence am, [51]. Furthermore, spurious infrared
divergences appear in the Feynman parameter integrations, (

with

which are artifacts and cancel out only when full physical «4[263]_
guantities are computd2].

Thus, one has to first carry out the appropriate PT rear-
rangement at the level of the amplitudgsthen enforce the A ( )me[ﬁzr]FT[z]* +7—[2]F7—[4]F*
BRS cancellation at the level of the cross section, and, only 2s
after these two steps, one should define self-energy/ver- 21F(12) , JATF {21} 5
tex/box absorptive parts, as one would for a scalar field —2 S[Zs )(S[2t )
theory. Having set up the formalism and discussed the gen-
eral methodology, we next proceed with the two-loop ab- A[e] (
sorptive construction.

) R e[/]-[4]F/]-[2]F* 2(8[24]F{12})(S[22]F{21}) 1

r\>|H

m|,_\

)me[ﬁ‘”Fﬁz]*] (6.4)

I\)l,_\
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A»(l’l)
@ - ~
“ Aa(q)d 4\@ \/\é »\/{::}i:
(a) Av(p2) (b) (c) (d)
(a) (5) () -
YA ~~
AN

FIG. 18. The diagrammatic representation of the one-loop three-

gluon vertex't) .

@ i
J3=J3(0,—p1.K) = EQZCA[kZ(k_ p1)2(k+py)?] L

(6.7)

h | . Id define. | hWe focus on the part of the process involving the conven-
From these last quantities one could define, for example, thg ., one-loop three-gluon Vert@éaﬂy(q,pl,pz), which is

quantity A3s.4(0) exactly as in Eq(5.22, i.e., diagrammatically shown in Fig. 17. Let us now carry out the

decomposition of Eq(2.2) to the elementary three-gluon

[6] .« [6] B

Al ={r"1d(@) Azsap(@)d(@){r"}- (6.5 vertexI"\?) (q,k+p,,—k+p;) appearing in the diagrams of

(6] Figs. 17a) and 17d); sinceq is the only special momentum
The A5g,5(0) must then be such that in the problem all other three-gluon vertices remain un-
changed. After carrying out the aforementioned decomposi-

tions, the parts stemming from t Olzap will propagate to-

L . ] wards the remaining elementaflyare three-and four-gluon
The question is what is the correct form B¢/ and 75, vertices, and will trigger further WI of the type shown in Eq.

H 2]F{12} 2]F{12} . _ L
and the correspondir@’™ % andS;2"*#; the latter quan (5.26). Reorganizing the terms thusly generated, one can

tities are automatically determined once the former havey it tha (D) (q.p1.p,) Of Fig. 17 can be written in the
been specified. In particular, if such a rearrangement eXiSt?orm aprihBLrE2 '

does it correspond to the one-loop generalization of the ab-
sorptive procedure carried out at tree level? The natural car

didate for this is clearly the PT rearranged one-loop matrix

element forq(k;)a(k;)—g(p1)g(p2) shown in Fig. 16,

where the center-of-mass momentgrhas been singled out

as the “special” momentuniindividual Feynman graphs are

shown in Figs. 17, 18, and L9if that were the case, one “ )

would begin to discern an iterative pattern. As we will see in
detail, this is indeed what happens.

Throughout this section we will suppress the one-loop
integration symbolf{dk], and will use[see Eq(2.9)] %%

o8 D B D

Au(p1)
k—p
400) ‘ . «»{:}{ @ © ®) ®
k+ p2
) (®) © (@

(2) Ay

FIG. 16. The one-loop amplitude for the procesik,)q(k,)
—g(p1)a(p,), after the PT rearrangement.

AR s(a) = AT ()} = CofT1 (9, 60=1)}. (6.6)

(e)

oA
e e N Y
AN
A F~—
A~y {: <
RV

(e) ) (h) (e) ® (k)

FIG. 17. The Feynman diagrans contributing to the conventional FIG. 19. Some of the one-lodpchannel graphs contributing to
one-loop three-gluon verteR() a(k)a(ka)—a(p1)g(p,).

apv
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PAT o, =TI (@) — L (po) + N Jta(a) +5,7 P,y

I .(q.p1,p2)= d(a)T28(d,p1.p2) +TE,., Fauy vota 610

1
EHE}OZB(Q)

X(9,p1.P2) +T50,.,(4.P1.P2), (6.8 wherell{})(q) is given in Eq.(2.14, and

with N =3[ (k—p1)PT %, (2. Kk, —k—p2) = (k+P2) K, ]
r'g),.(d.p1.p2) —i[2B(q)+B(P1)19,0, (6.12
= —t0(p) I3[ [0, (P2, K, —K—P2) +K, 0] =33 pgke T, (Q,k+ Py, —k-+py) = pa- (k= py)
—th(p2) I3[ T\, (P1. k= P1,—K) +K,G4,] 1
, X(2k+p2=Pa)alt| g |[B(PL) +B(P2)]0, (6.13
|
__V(l) F(O)B ,P1,P>2)
2 VPap Puv(0:P1.P2 with
1d 2_p?q, VL 6.9
+5d(Q) (P2~ PV, (Q)- (6.9 B(p)zf[dk]Jl(p,k)_ (6.14

The first term is precisely half of the pinch contribution Equation(6.11) is the one-loop analog of Eq5.16. It is

needed for convertingI{})(q) into T1{})(q), as shown in important to emphasize th&{),,(q.p;.p,) is notequal to

Fig. 16@); the other half will come from the one-loop quark- the one-loop PT three-gluon vertd?&ilv(q,pl,pz) con-

gluon vertex shown in Fig. 18), following the usual one- ¢t cted in[3], just as at tree level'® ' (q,p;,p,) is not

loop PT procedure presented in Sec. Il. This part of the cong, (o) . _ Fawy : .

. . : I (q,p1,p,) (see the discussion of the previous section
EB auv
struction has been first carried out[&8], where the process and the footnot¢50]). Notice also that, unlike the tree-level

independence of thH})(q) was explicitly demonstrated. case, now there will be ichannel ghostwe will not report

The third term'5?),,(d.,p1,P2), is Bose symmetric with  jts closed expression herand that thet channel has been
respect top;— p,. As one can easily verify from E46.9),  modified also in order to achieve the PT one-loop rearrange-
') ,.(a,p1.p,) is zero on shell, i.e., when contracting with ment.
the polarization tensors and using?=p?=0. Thus Thus we have

re (d,p1.p2) can be dropped when studying the one-loop

Pauv
procesgg—gg, exactly asf‘fjoa)w(q,pl,pz) was dropped in

the tree-level case. As we we have seen in Sec. IlI B, in th
off-shell case, i.e., whei}) (q,p1,p2) is inserted into a

TP =(16a)+(16b)+(16d)+(16e)  (6.15

Svith [we suppress a common factpfy®}fe2%d(q)]

two-loop quark-gluon vertgx, the parts proportional g9 (16b):r<F102MV(q,p1,p2),

and p; pinch the internal quark propagator and give propa-

gatorlike contributions, wh_ereas the parts prop_orti(_)narbito (16a)zﬁ(alg(q)d(q)l“éo;‘;(q,pl,pz),

and p5 cancel exactly against analogous contributions from

the rest of the graphs contributing to the two-loop quark- (lﬁd)ZF(FOLfW(q,Dl,pz)d(pz)H(vl)U(Pz),

gluon vertex. Finally, the second terdit}), (q,p1,p,), is

exactly the one-loop version &1°),,,(d.p1.p,); it coincides (16e)=T"{),,(d,p1.p2)d(p) T (py)

with the one-loop three-point function involving one back- (6.16

ground (q) and two quantum f{;,p») gluons as incoming ) ] o
fields, computed using the BFMFG Feynman rulgig. 18.  @nd so, together with the first equation in £§.17),

Notice that the special ghost structure characteristic of the ;.- ¢ 21F 21F
BFM [Figs. 18e)—18h)] has not been assumed; instead, it TP TH™ = ((160) + (16d) +(168))Th ™ + (16a) The T

has emergechutomatically after following the procedure — ((208) - (200) - (20d) + ( 20 ) + (20i
outlined above54]. ((202) +(200) +(20d) +(20f) +(20)
It is straightforward to show thaf ), (q,p;,p,) satis- +(20g) +(20n))+ Cagiond (4€)},  (6.17)

fies the following WI: _
i.e., we recover the two-gluon Cutkosky cutsidf)(q,&q
q°TH),.(a.p1.p2) =11 (p) 11 (p,),  (6.10  =1) (Fig. 20, together with the corresponding two-gluon
cuts of the 1PR graph in Fig(&), as we should. To account
which is the exact one-loop analog of the tree-level Wardfor the remaining two-ghost Cutkosky cuts in Figs. 20 and
identity of Eq.(2.4); indeed the rhs is the difference of two 4(e) we need, in addition to Ed6.11), the following results:
conventional one-loop self-energies computed in the RFG.
In addition, we have for the action of,;, on p;-(16a)=—il1Y(q)+TT1Y(q)d(q) (P~ P1) P2y,
T'ED,.,(0,p1,p2) whenpf=p3=0, is given by (6.18
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BFMFG) two-loop gluon self-energy. We have used the same la-

belling of individual diagrams as in Fig. 9. The two upgkwer)
rows show graphs where two gluéghos} lines have been cut.

P2 (16d)=t, o ()IILD7(pp) +iT1 ) (p2),
p;-(16e)=0.
Then we have
p;-((16a)+(16b)+(16d)+(16e))
=te( @G+ (P2))

+ 6P +11Y(9)d()(p2—p1))p2,.  (6.19

From the above results one may immediately deduce th
closed form of \L*F)2 and (&,2F{1%)ab appearing in Eq.

(6.2):

(ShHFti2)ab—gyeLfeary(q) (s
+T12(q)d(q) (p,— py) 7)(ALHF)P
= —ig{ySHe\ P+ 1M (py)). (6.20

Then we have

2P = 251 (p,— py) g+ 211 (q)
X(P2—P1)o(P2—P1)g
=((20)+ (20e) + (20m) + (20n)
+(209) +(20r))+ Cagnostd (4€)},
(6.21)

which concludes the proof of Eg6.6).

(h)

FIG. 21. The tree-level graphs contributing to the process
a(ky)aq(ks)—a(p)a(p2)a(ps), after the PT rearrangement.

B. Tree-level q(k1)q(k2)—g(p1)9(p2)g(ps),
and the T'{°),,,,,(d,p1,P2,P3)

Next we consider the tree-level amplitude for the process

a(ks)a(kz)—9(pP1)g(p2)g(ps), shown in Fig. 21. This am-
plitude must be appropriately rearranged, and it will eventu-

ally furnish the imaginary parts corresponding to the three-
particle Cutcosky cuts ofl?(q).

We start by presenting some general properties of this
8mplitude. It is straightforward to verify th&f‘zgz satisfies
the following identities:

PATERS, = (S52)2%%,, + (S,
py7ERe = (SH)aP%p, , + (S 3,

P57555,= (SE)37%P 1, + (S5%)2"p,, .

Bose symmetry, together with the fact that due to the pres-
ence of the symmetric three-body phase-space integration the
momentap,, p,, andp; may be judiciously relabelled, im-
pose the following relations among t&§’} amplitudeq 36];

(6.22

(S5 (py ,py o) = (S ¥ (py i 1),

(S 2% (py,py b1 =SS 3™ (pypr, b)),
(6.23

and
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pr(SUMaPe=pr(s)ave, 1#i+].

(6.29

PFBICAL REVIEW D 62 045006

(TEIF)abe — g2 y=ahd(q) T 239, Py, P2, P3),

These sets of identities guarantee that all dependence on

the unphysical four-vecton, and the gauge parameter
appearing in the polarization tensors will disappear from the

final expression ford ¢!
The amplitude rearrangement is as follo(isg. 221):

T(Foiiiﬁiq.pl \P2.P3) = FEFPXd(p; + py)

(,Z-%%]F)abcz (7-[3?])3?/2, (6.295

wp

where

XTI (A,P3.P1+P2) L0 (P1, P2, — P1—P2)

+ febeacxd(k1+ k3)r(0)

Fav

(0,P2,P1 P NT(P1,P3,— P1—P3)

+ 19O (K + Ka) [0, 0(0,P1, P2+ PRS0 (P2, P3, — P2~ Pa) H TS (626

Again, the only special momentum s It is easy to verify now thak 22’9 q,p,,p,,ps) is the analog ol (22°%(q,p;,p,)

Fauvp Fauv

appearing in the first equation of E¢.17 for the case of three on-shell gluons. In particular, we have that

QT 2259 q,p1,p2.p3) = — FeXF2p3d(py + p) T2 (P1, P2, — P1—P2) — FEPF2p3d (ks + k)T (P, Pa, — P1—P3)

— 122 (K, + k)T (P2, Pa, — Pa—P3),

(6.27

where we have used the well-known WI relating the bare (%%]{12})abc: —gsv_(kz)[Tc'y S(ky+ P3) ¥+ 727, S(k;
P p T [

three-and four-gluon verticeg37]. Equation (6.27) is the

analog of Eq(2.4). Clearly, whenp?=p3=p3=0,

q°TE)e2%9d,p1,P2.P3) =0, (6.29
exactly as happens in EQ.4).
In addition,
pi(THIF)a0e = (SLIFI2)abey, + (SRS avey,
+(ABF)e,
LT 200 = (112 abep, + (120,
_(Ag3]F)isc, (6.29
where
(SEIFA)abe— Lymald(q)[(Z,) M0 (Z,) 1P (Z5) 720
(6.30
with

(Z,)mabe= g2fMeXfabX(p, + p,) ST (G, P, P1+ P2)
(Z,)020= g2t MPX3 d(p; + P3) (2P + ) o(P1+P3),
_gap]l

(Z3)32°%= g2 M@ (P, + P3) (21 + Q) o P2y
(6.31)

and

+p3) 7,7 lu(k) f*2d(p;+ po)p3 . (6.32

Armed with the above relations, it is then straightforward to

show that
(6] /1 TI3IF 4 731 (7{3IF 4 7{31)% 3]F{12
API=5| 37 |[(Tas™ + T5)(Tas™ + Tsp) —6(S5
+ 5%?1{12})($?;]F{21}+ %%‘]{21})*]
= AE+ AP+ AP, (6.33
with
(6] 1/1 T13IF 7{3]Fx 3IF{12}\ I 3IF{2L}\ %
-AS :E g [ 3s “43s _6(Sgs )(8[35 )*1,

Aglﬁ] :% ( %) [{7—%\?':7%?]* — 6(8[31]':{12})(%?]{21})*}

TR~ 6 (M) (S,
A= 3| - s ey

(6.39

We are now in a position to prove that, indeed,

ABL(a)=Co{117)(a)} = Cao{ T (a,60= 1)}, 635
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where AL)(q) is defined fromAE) exactly as in Egs.

(5.22 and(6.5).
To begin with,

(112) TRIFTEIR* = (22a), +(22a),,+(220) +(22c)

+(229)+(22). (6.36

PHYSICAL REVIEW D62 045006

For the cuts involving ghosts we need the closed form of A © ®

S3IF2L | which can be obtained froig3F112 of Eq. (6.31)
by virtue of the relations given in E@6.23. In particular,

(Z)JaPo= g2t tP2d (g + po) PATE),0 (0, P3. P2+ P2),
(Z5)jaP= g2 C T d(p,y+ pa) (2P +0) g
X (p2+ p3)p_g,8p]1

(23)nabc g?f"P"faC"d(py + p3) (2p2+ ) Py, -
(6.37

Then it is straightforward to show that

1
52121:(221),

1
5 Z1Z=(228),+ (22%),

1
5 ZiZ5=(220);,,

1
22221 (22f)¢,+(22)),

%ZZZ§=(22i)cl+(225)+(22n)+(220),

1
52224=(220)+ (22m),

1
52:Zi=(220).,

1
523Z,=(221)+(22p),

1 .
525Z3=(22).,. (6.39

(@ ) s)

FIG. 22. The three-particle Cutkosky cuts of the Rdnd
BFMFG) two-loop gluon self-energy. We have used the same la-
beling of individual diagrams as in Fig. 9. The first five graphs have
three-gluon cuts, the next two have two-gluon-one-ghost cuts, while
the remaining ones have one-gluon-two-ghost cuts.

sented. In the first derivation we have followed the diagram-
matic approach employed in the one-loop c@e3], and
have shown how the PT properties are replicated in the next
order. In the second we have pursued the absorptive PT con-
struction established ifi13,14 and have shown that the re-
sulting structures are consistent with those derived with the
first method. We emphasize that throughout this entire analy-
sis we have maintained a diagrammatic interpretation of the
various contributions. In particular, no subintegrations had to
be carried out. This additional feature renders the method all
the more powerful, because unitarity is manifest, and can be
easily verified by means of the Cutkosky cuts. The combina-
tion of the two methods constrains significantly the PT con-
struction presented here, and restricts severely any possible
deviations from it. The reader should be able to recognize,
for example, that any rearrangement of t{treerna) vertices

of the two-loop box diagram&or example, of the so-called

“H diagram” discussed in the second paper[@R]) cannot

Thus, we have accounted for all three-particle Cutkosky cut§e reconciled with the arguments of the simultaneous two-

appearing in Fig. 22.

VIl. DISCUSSION AND CONCLUSIONS

and three-particle Cutkosky cuts presented in Sec. VI.
Whereas no strict proof has been given here that the PT
construction developed in this paper is mathematically
unigue, we consider that as a very plausible possibility. No-

In this paper we have presented the generalization of théce also that the appearance of characteristic one-loop struc-
PT to two loops for the case of massless Yang-Mills theoriestures inside the two-loop PT Green’s functions suggests the
Two different but complementary derivations have been preenset of an iterative pattern, which may provide clues lead-

045006-22



PINCH TECHNIQUE AT TWO LOOPS: THE CASE OF . .. PFBICAL REVIEW D 62 045006

ing to the generalization of the PT algorithm to all orders inBFM keepingéy, arbitrary, the resulting,-dependent term
perturbation theory. would be a constant, i.e., it would not affect the coefficient of
The generalization of the two-loop PT construction to thethe logarithm. While in such a case the residual gauge de-
case of Yang-Mills theories with spontaneous symmetrypendence could be thought of as a renormalization-scheme
breaking(Higgs mechanisinin general, and the electroweak ambiguity, i.e., it could be reabsorbed in the wave-function
sector of the standard model in particular, should procee&enormalization of thgbackgroundl gluon, this is not pos-
precisely according to the methodology presented in this pasible when the gauge fields are massive. In that case unitarity
per_ Except for the additiona' book-keeping Comp”cationsis even more Constl’aining; as iS knOWn fl’0m the Studies on
stemming from the presence of gauge-boson massesi-  the one-loop electroweak effective chargeis3—13, the
fications of WI, the appearance of seagull and tadpole term§auge dependenc_e aff_ects nontnwa_lly the analytic structure
diagrams with would-be Goldstone bospneo additional ©f the answer, giving rise to unphysical thresholds. ,
conceptual obstacles are expected. The 'calculat'|on's presented in Sec. VI constltu.te the first
The results of this paper clearly prove that the correspongbsorpt've derivation of the two-loop QCP function. In

dence between PT and BFMFG1] persists at two loops. this analysis we have ma_de use _of the one-to-one correspon-
. . . - . dence between the physic&matrix elements and the Cut-
Notice that this proof is based on armposterioricomparison

with a result established through the systematic diagram!SOSky cuts of the two-loop PT self-energy. This construction

. . . > “Involves a very particular combination of one-log8ec.
matic rearrangement of the physic&lmatrix computed in y b @B

h lizabl her th ori f | VIA) and tree-level graph&Sec. VIB); in addition to fur-
the renormalizable gauges, rather than oragmiori formal = iching the correcB-function coefficient, a subtle cancella-

derivation at the level of the BFM generating functional. It io of infrared divergences also takes place: while both sets
would be.clearly important to reach a deepef gpderstandlngf graphs are infrared divergent, they combine to give an
of what singles out the valugy=1. One possibility would  jnfrared finite answer. This can be directly inferred from the
be to look for special properties of the BFM action&f  simple observation that the Cutkosky cutting procedure we
=1[55]. In such a case one could choose to avoid the compaye employed amounts finally to the determination of the
pllcat|0_ns arising from renormalization, since the COITesSPONimaginary part of a single logarithm, namely that of the two-
dence is valid also for_ the super-renormalizable 3D QCD. loop self-energy; the latter is infrared finif62,63. While
Just as happened in the one-loop case, the two-loop Pthe Cutkosky formalism furnishes an intuitive diagrammatic
self-energy defined here lends itself as an essential ingrediehgerstanding and a valuable calculational short cut, it would
for the extension of the notion of the QCD effective chargepe interesting to reproduce the results of Sec. IV without
[2,56,17 to two loops(for a thorough discussion of the one- yesorting to it. In particular one could study the precise can-
loop case sefl7]), since it has precisely the same propertiesce|ation mechanism of the infrared divergences using a
as the corresponding QED quantity, i.e., the vacuum polarproper infrared regularization scheme, and explicit expres-
ization of the photon. First of a!l, the two-loop PT.seIf— sions for the two- and three-gluon phase space, which we
energy captures the leading logarithms of the theory, i.e., thgayve not needed here. In addition, it would be interesting to
prefactor of the logarithm is the second coefficient of theattempt a similar two-loop derivation using the formalism
QCD B fgnctlon. Second, by virtue of.the.the QED like WI developed if[{64], and study possible connections.
given in Eq. (46 the combination ac(d,p) It has often been advocated that the nonperturbative QCD
~g%(w)A(g/p), where A(g/p)=[1-TIO(q/ ) effects can be reliably captured at an inclusive level by
_ﬁ(z)(q/ﬂ)]*l is a renormalization group_invarian[ guan- means of an infrared finite quantity, which would constitute
tity. Third, it has by construction the correct unitarity struc- the extension of the perturbative QCD running coupling to
ture [14]. While the ao¢; defined above appears as the obvi-low-energy scale$65]. Early results by Cornwall based on
ous candidate, a detailed study needs to be carried out fif€ study ofgauge-invariantSchwinger-Dyson equatiorg]
order to determine whether or not there are any fieldinvolving this quantity suggest that such a description can in
theoretical obstructiong57] which would prevent the real- fact be derived from first principles. According to this analy-
ization of the two-loop construction corresponding to thesis, the self-interaction of gluons give rise to a dynamical
QCD effective charge. gluon mass, while preserving at the same time the local
In this context notice also that the construction presente@auge symmetry of the theory. The presence of the gluon
here determines uniquely the constant term of the two-loopnass saturates the running of the QCD coupling; so, instead
effective charge(within a given renormalization scheme Of increasing indefinitely in the infrared as perturbation
[58]. To determine its actual value one should go beyond théheory predicts, it “freezes” at a finite valy@,66]. It would
two-loop calculation presented 8], and compute the Feyn- be interesting to reexamine this issue in light of the results
man diagrams of Fig. 9 keeping also constant tefBg. derived in the present paper. For example, one could study
Knowledge of this constant term is important when the QCDthe structure of the gauge-invariant Schwinger-Dyson equa-
effective charge is used in the field of renormalon calculustion for the PT gluon self-energy, and in particular the way
in particular, it would be free of the ambiguities infesting thethe PT three-gluon vertek(*) enters in the PT gluon self-
estimates of the renormalon contributions to physical observenergy, using the two-loop results as a guidance. In doing so
ables[17,60. one could hope to systematically improve on the analysis of
In addition, it is well known61] that if one was to com- [2], where the gauge-technique ansatz for the vertex was
pute the two-loop gluon self-energy in the context of theused. In this context one may find it advantageous to rewrite
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the vertex'") appearing inside the two-loop PT gluon self- or in order to combine various attempts into a coherent

energy in terms of (1); one should then interpret the emerg- framework.
ing residual terms as part of the two-loop self-energy, even
though they appear to be pinchliké7], i.e., once the PT

self-energy has been fixed it may be recast into a different ACKNOWLEDGMENTS
form, but no pieces should be reassigned to vertices or
boxes. | thank L. Alvarez-Gaume, S. Catani, J. M. Cornwall, Yu.

Finally, it would be interesting to pursue a connectionL. Dokshitzer, G. Grunberg, C. Kounnas, L. Magnea, A. H.
with other field- or string-theoretical methof83-72, either  Mueller, K. Philippides, A. Pilaftsis, G. Sterman, R. Stora,
in order to acquire a more formal understanding of the PTand N. J. Watson for various useful discussions.
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