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Quark and lepton mass matrices in the SO„10… grand unified theory with generation flipping

Yasunori Nomura and Takashi Sugimoto
Department of Physics, University of Tokyo, Tokyo 113-0033, Japan

~Received 15 March 1999; published 3 April 2000!

We investigate the SO~10! grand unified model with generation flipping. The model contains one extra
matter multipletc(10) and it mixes with the usual matter multipletsc i(16) when SO~10! is broken down to
SU~5!. We find the parameter region of the model in which the observed quark masses and mixings are well
reproduced. The resulting parameter region is consistent with the observation that onlyc i(16) have a source of
hierarchies and indicates that the mixing between second and third generations tends to be large in the lepton
sector, which is consistent with the observed maximal mixing of the atmospheric neutrino oscillation. We also
show that the model can accommodate MSW and vacuum oscillation solutions to the solar neutrino deficit
depending on the form of the Majorana mass matrix for the right-handed neutrinos.

PACS number~s!: 12.15.Ff, 12.10.Dm, 12.60.Jv, 14.60.Pq
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I. INTRODUCTION

The grand unified theory~GUT! @1# is a very attractive
idea which unifies all gauge interactions of the stand
model ~SM! and explains otherwise peculiar U~1! hyper-
charge assignments. In particular, its supersymme
~SUSY! version@2# has achieved the great success of ga
coupling @3# andb2t Yukawa coupling@4# unifications, so
that various SUSY GUT models have been proposed so

Recently, the Super-Kamiokande Collaboration has
ported convincing evidence for atmospheric neutrino osci
tions with a mass squared differencedmatm

2 .531023 eV2

and nearly maximal mixing angle sin22uatm*0.8 @5#. In the
SUSY SM, neutrino masses come from the effective sup
potential

Weff5 (
i , j 51

3
k i j

MR
l i l jHuHu , ~1!

wherel i ,Hu are SU~2!L-doublet lepton chiral multiplets an
the Higgs doublet chiral multiplet which gives masses for
up-type quarks, respectively. Here,i , j 51, . . . ,3 aregenera-
tion indices,k i j denote dimensionless coupling constan
andMR is the scale at which this operator is generated. T
observed mass squared differencedmatm

2 implies that the
scaleMR is substantially lower than the gravitational sca
MG.2.431018 GeV. Thus, it is natural to think that thes
effective operators arise from the virtual exchange of so
heavy fields of massesMR through the seesaw mechanis
@6#. This motivates SO~10! GUT’s @7#, which attain complete
unification of all quarks and leptons in a single generat
together with the right-handed neutrinos.

The minimal version of SUSY SO~10! GUT contains
three generations of quarks and leptonsc i(16) belonging to
16 of the SO~10!GUT and one Higgs fieldH(10). This mini-
mal model is known to yield a mass degeneracy of up-t
and down-type quarks and vanishing quark flavor mix
@Cabibbo-Kobayashi-Maskawa~CKM! @8# mixing# @9#, so
that it should obviously be extended in order to be reconc
with the observed pattern of quark masses and mixin
0556-2821/2000/61~9!/093003~13!/$15.00 61 0930
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However, these predictions are not altogether ridiculous a
zeroth order approximation~though not fully realistic! in the
quark sector, since both up-type and down-type quarks h
hierarchical mass patterns and the CKM mixings are
small in nature. What requires large deviation from the
predictions seems to be only the large mixing observed in
atmospheric neutrino oscillation. Thus, we would like to e
tend the minimal SO~10! model to be able to accommoda
the large mixing in the lepton sector, keeping their succes
approximate relations in the quark sector. One way
achieve this extension is to slightly modify SU(5)-5* com-
ponents ofc i(16) ~nonparallel family structure@10#!.1 Since
5* of the standard SU~5!GUT contains right-handed~down-
type! quarks and left-handed leptons, this modification is
rectly transmitted only to the lepton flavor mixing matr
@Maki-Nakagawa-Sakata~MNS! @12# matrix#. As for the
quark sector, the effect of the modification is transmitted
the CKM matrix through a diagonalization of the down-typ
quark mass matrix, inducing small CKM mixings.

In a previous paper, Yanagida and one of the auth
~Y.N.! have proposed a SO~10! GUT model which can ac-
commodate realistic quark and lepton mass matrices a
the above line of reasoning@13#. The model contains one
extra matter multiplet c(10) belonging to 10 of the
SO~10!GUT and it mixes with threec i(16) when the
SO~10!GUT is broken down to SU~5! @14#. As a result, the
low-energy quarks and leptons are three linear combinat
of c i(16) and c(10), and realistic masses and mixings a
obtained with the right-handed neutrino Majorana mass m
trix MN proportional to the unit one.

In this paper, we extend the previous model@13# and in-
vestigate whether it can really accommodate the obser
values of quark masses and mixings quantitatively. We fi
that the model reproduces well the observed quark ma
and the CKM matrix elements. The resulting parameter
gion is consistent with the observation that onlyc i(16) have

1For other attempts to realize realistic quark and lepton mass
trices in SO~10! GUT, see Ref.@11#.
©2000 The American Physical Society03-1
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YASUNORI NOMURA AND TAKASHI SUGIMOTO PHYSICAL REVIEW D 61 093003
a source of hierarchies such as U~1! flavor symmetry charges
@15#. Furthermore, we discuss flavor mixings in the lept
sector under certain simplifying assumptions. We find t
the model can naturally explain the observed atmosph
neutrino deficit@16,5# and solar neutrino deficit@17,18# by
the neutrino oscillation@19,12#. The resulting mass square
differences and mixing angles depend on the form of
Majorana mass matrixMN . We consider two cases thatMN
is proportional to the unit matrix and that it has a hierarc
consistent with the above observation that onlyc i(16) have
a source of hierarchies.

This paper is organized as follows. In Sec. II, we brie
review the model in Ref.@13# and slightly extend it removing
unwanted mass degeneracy between down-type quarks
charged leptons. In Sec. III, we investigate the model a
find a parameter region where it is consistent with all
observed quark masses and mixings including
CP-violating phase. We discuss masses and mixings in
lepton sector, particularly solutions to the solar neutrino d
cit, in Sec. IV. Section V is devoted to our conclusions. W
also add an Appendix, in which we give a detailed derivat
of quark and lepton mass matrices in the model.

II. THE MODEL

In this section, we explain the model proposed in R
@13# and set up the framework for the phenomenologi
analyses given in the next section.

The model has three generations ofc i(16) and onec(10)
as matter multiplets. We take a basis where the orig
Yukawa coupling matrix of the Higgs fieldH(10) to the
matter fieldsc i(16) is real and diagonal:

W5
1

2 (
i 51

3

hic i~16!c i~16!H~10!. ~2!

This leads to a diagonal mass matrix for the up-type qua
as

Mu5mtS m̂u 0 0

0 m̂c 0

0 0 1
D , ~3!

wherem̂u andm̂c are defined as

m̂u5mu /mt , m̂c5mc /mt , ~4!

andmu ,mc andmt are given by

mu5h1^5H&, mc5h2^5H&, mt5h3^5H&. ~5!

Here,5H is a SU(5)-5 component ofH(10). At this stage,
the down-type quark mass matrixMd/ l and neutrino Dirac
mass matrixM nD are completely the same withMu except
for the difference between the vacuum expectation value
the Higgs fields.

We now assume that the SO~10!GUT is broken down to
SU~5! by condensation of Higgs fieldŝx(16)&5^x̄(16* )&
09300
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5V with V being;1016 GeV. This GUT breaking also in-
duces a mass term for the matter multiplets through the
lowing superpotential:

W5(
i 51

3

f ie
ih ic i~16!c~10!^x~16!&. ~6!

Namely, a linear combination5̃* }( i 51
3 f ie

ih i5i*
8 in c i(16)

receives a GUT scale mass together with5c in c(10), and
the other two linear combinations,51* and 53* , in c i(16)
remain as massless fields. The relation between these fi
can be parametrized as

S 51*
8

52*
8

53*
8
D 5S e2 id12 id2 0 0

0 e2 id11 id2 0

0 0 e2id1

D
3S cosa1 2sina1 0

sina1 cosa1 0

0 0 1
D

3S cosa2 0 e2 id3sina2

0 1 0

2eid3sina2 0 cosa2

D S 5̃*

51*

53*
D ,

~7!

without a loss of generality~see Appendix!. Here,a1 ,a2 and
d i are functions off i and h i . Thus, the low-energy quark
and lepton fields belonging to5* of SU~5! are 51* , 53* and
SU~5!-5* of c(10) ~i.e. 5c* ), so that the relationsMu

5M nD}Md/ l are removed.
The down-type quark mass matrix is, however, inco

plete, since5c* does not have any Yukawa coupling
H(10). To solve this problem we introduce a pair of Higg
fields H(16) and H̄(16* ) and consider a superpotential2

W5lH~10!H̄~16* !x̄~16* !1MH~16!H̄~16* !. ~8!

U~1! R-symmetry may be useful to have this form of supe
potential. The U~1!R charges are given in Table I. The GU

2We can takel andM to be real using phase degrees of freedo

in H(16) andH̄(16* ). Strictly speaking,f i in Eq. ~11! are defined
in this basis.

TABLE I. U(1)R charges.

H(10) H(16) H̄(16* ) x(16) x̄(16* ) c i(16) c(10)

R 0 0 2 0 0 1 1
3-2
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QUARK AND LEPTON MASS MATRICES IN THE . . . PHYSICAL REVIEW D61 093003
condensation̂ x̄(16* )&Þ0 induces a mass mixing betwee
5* ’s of H(10) and H(16) ~i.e., 5H(10)* and 5H(16)* ). Thus, a
linear combination

5H* 5cosu 5H(10)* 1sinu 5H(16)* , ~9!

tanu52
l^x̄~16* !&

M
, ~10!

remains as a massless Higgs field in the standard SU~5!GUT
and contributes to the quark and lepton mass matrices. T
5H* can couple to5c* through the superpotential

W5(
i 51

3

gie
if ic i~16!c~10!H~16!, ~11!

and the down-type quark and charged-lepton mass matr
given by

Md/ l5mt

cosu

tanb S 2m̂usina1 xeifx m̂ucosa1sina2

m̂ccosa1 yeify m̂csina1sina2

0 z cosa2

D .

~12!

Here, tanb[^5H&/^5H* & and

x5
g1

h3
tanu, y5

g2

h3
tanu, z5

g3

h3
tanu, ~13!

fx5f12f313d11d21d3 ,

fy5f22f313d12d21d3 ~14!

~for a detailed derivation, see Appendix!. Note that in the
present model tanb can take a value in a wide range due
the presence of cosu in Eq. ~12!.

The Dirac mass matrixM nD for neutrinos is also incom
plete, since5c* never couples to SU~5! singlets ofc i(16)
~i.e., 1i). However, the following nonrenormalizable intera
tions give desired couplings:

W5(
i 51

3

kie
iw ic i~16!c~10!H~10!

x̄~16* !

MG
. ~15!

Together with the original couplings in Eq.~2!, the nonrenor-
malizable interactions Eq.~15! yield

M nD5mtS 2m̂usina1 dxe
iwx m̂ueiwucosa1sina2

m̂ce
iw tcosa1 dye

iwy m̂ce
iwvsina1sina2

0 dze
iwz eiwwcosa2

D .

~16!

Here,
09300
n,

is
dx5

k1

h3

^x̄~16* !&
MG

, dy5
k2

h3

^x̄~16* !&
MG

,

~17!

dz5
k3

h3

^x̄~16* !&
MG

,

wx5w11d12d2 , wy5w21d12d2 , wz5w31d12d2 ,

w t52d2 , wu523d12d222d3 , ~18!

wv523d11d222d3 , ww52d3

~see Appendix!. Notice thatdx ,dy ,dz.O(1022) as long as
ki /h35O(1). The Majorana masses for the right-hande
neutrinos1i are given by the following nonrenormalizab
superpotential:

W5
1

2 (
i , j 51

3

j i j c i~16!c j~16!
x̄~16* !x̄~16* !

MG
. ~19!

After the SO(10)GUT breaking we obtain the Majorana ma
matrix for the right-handed neutrinos,

~MN! i j 5
j i j

u j 33u
MR , ~20!

whereMR5u j 33uV2/MG . Then, the mass matrixM n for the
light neutrinos is given byM n5M nD

T MN
21M nD through the

seesaw mechanism@6#.
Now, we have SU~5!-invariant mass matricesMu ,Md/ l

and M n . However, they yield wrong SU~5!GUT mass rela-
tions,mm5ms andme5md , so that we have to remove thes
unwanted mass relations in order to obtain realistic qu
and lepton masses. It can be done by introducing SU~5!
breaking effects intoMd/ l @20#. We assume that the SU~5! is
broken down to the SM gauge group by a Higgs multip
S(45) belonging to45of the SO~10!GUT. Then, ifS(45) has
nonrenormalizable interactions to the matter and Hig
fields, the SU~5! breaking effect of order̂S(45)&/MG can
be transmitted to the quark and lepton mass matrices@21#.
For this purpose, we introduce the following nonrenormal
able superpotential:

TABLE II. The running quark and lepton masses evaluated
the energy ofZ-boson massmZ @22–24# and the GUT scale
MGUT.231016 GeV @23#.

m5mZ m5MGUT

mu(m) 2.260.7 MeV 0.9860.31 MeV
mc(m) 6266106 MeV 279647 MeV
mt(m) 17566 GeV 110619 GeV
md(m) 4.161.1 MeV 1.260.3 MeV
ms(m) 85619 MeV 2465 MeV
mb(m) 3.0260.19 GeV 1.0160.06 GeV
me(m) 0.487 MeV 0.325 MeV
mm(m) 102.7 MeV 68.6 MeV
mt(m) 1.747 GeV 1.171 GeV
3-3
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W5(
i 51

3

gi8e
if i8c i~16!c~10!H~16!

^S~45!&
MG

. ~21!

We consider that only (1,2) and (2,2) components of
down-type quark mass matrixMd and the charged-lepto
mass matrixMl are modified from those ofMd/ l for simplic-
ity, since the value ofz which gives realistic masses an
mixings is relatively larger than those ofx andy as we shall
see later. We represent these modified components with
subscriptd and l ~i.e., xd ,yd ,fxd ,fyd ,xl ,yl ,fxl andfyl).

With the mass matricesMu ,Md ,Ml andM n , we can re-
produce well the observed quark and lepton flavor struct
In the next section, we search a parameter region ofMu and
Md which gives the observed quark masses and mixings
cluding aCP-violating phase.

III. THE MASSES AND MIXINGS IN THE QUARK
SECTOR

The quark masses are estimated using various met
such as QCD sum rules. However, the estimated qu
masses still have some uncertainties. In our analysis,

FIG. 1. The parameter region ofxd and yd where all quark

masses and the CKM parameters are reproduced. We have sem̂u
21

to be 112244 andm̂c
21 to be ~a! 394 ~central value! and ~b! 279

~lowest value!.
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adopt the running quark and lepton masses evaluated a
energy ofZ-boson mass given in Table II@22–24# to con-
strain the mass matrices derived in Sec. II.

The CKM mixing angles are specified by three real p
rameters (VCKM)us ,(VCKM)cb and (VCKM)ub /(VCKM)cb
whose observed values are given in Table III@22,25#. CP
violation effects are parametrized by the quantity called J
skog parameter JCKM @26# defined by JCKM

[Im$(VCKM)ud(VCKM) td* (VCKM) tb(VCKM)ub* %, which is in-
dependent of phase conventions of the SM fields. The va
of JCKM obtained from neutral meson experiments is giv
in Table III @25#. In the following, we search a paramet
region of the model consistent with these observed ma
and mixings.

To compare with the mass matrices obtained in Sec.
we have to use renormalization group~RG!-evolved values
of the masses and mixings at the GUT scale. We ass
particle content of the minimal SUSY SM between the we
scale and the GUT scale. Then, the GUT scale values are
sensitive to the precise mass spectrum of the SUSY parti
and also to tanb as long as it has a moderate value
&tanb&30 @27#. Thus, we fix a value tanb510 for sim-
plicity. The obtained masses and mixings at the GUT sc
using two-loop RG equations for the Yukawa couplings a
given in Tables II and III@23#. We will use these values to
constrain the parameter space of the model.3

Now, we search values ofxd ,yd ,z,a1 ,a2 ,fxd ,fyd
which reproduce down-type quark mass ratios in Table
32.8,mb /ms,56.3 and 12.7,ms /md,32.2, and all the
CKM parameters given in Table III. We takem̂c to be
m̂c

21(MGUT)5394 ~central value! and 279~lowest value! in
order to show the dependence of the results on up-type q
masses at the GUT scale. The results hardly depend onm̂u

due to its smallness, so that we fixm̂u
21(MGUT) to be its

central value 112244.
We find a parameter space which reproduces all qu

masses and mixings including aCP-violating phase. The
parameter region ofxd and yd is shown in Fig. 1. As is
readily seen, the slope of thisxd-yd graph roughly gives the
reciprocal of the Cabibbo angle;(0.22)21. Since ratios of
xd ,yd andz are related to the CKM mixing angles, we fin

3The GUT scale value ofmt is highly dependent on the inpu
value ofmt(mZ), especially in the case thatmt(mZ)*180 GeV. As
we shall see, however, our qualitative conclusions hardly depen
the value ofmt(MGUT).

TABLE III. The observed CKM parameters~at m5mZ) @22,25#
and their RG-evolved values at the GUT scaleMGUT.2
31016 GeV @23#.

m5mZ m5MGUT

(VCKM)us(m) 0.215;0.224 0.215;0.224
(VCKM)cb(m) 0.036;0.043 0.031;0.037
(VCKM)ub /(VCKM)cb(m) 0.060;0.12 0.061;0.12
JCKM(m) (1.5;4.4)31025 (1.1;3.3)31025
3-4
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QUARK AND LEPTON MASS MATRICES IN THE . . . PHYSICAL REVIEW D61 093003
thatxd ,yd andz also have hierarchical structure. Indeed, t
region ofz is around 0.02,z,0.12. The required hierarch
is milder than that ofh1 ,h2 and h3, and can be roughly
parametrized as

h1 :h2 :h3.e4:e2:1,

xd :yd :z.g1 :g2 :g3.e2:e:1, ~22!

with e5O(0.1). This may indicate that onlyc i(16) have a
source of hierarchies such as U~1! flavor symmetry charges
@see Eqs.~2! and ~11!#. To reproduce the observedCP vio-
lation ~the value ofJCKM given in Table III! fyd has to be
around 3p/2 (10p/8&fyd&15p/8 in both cases ofm̂c

21

5394 andm̂c
215279). The results hardly depend onfxd ,

since it can be transfered into the phase ofm̂u by an appro-
priate phase rotation of the quark doublet (u,d) and m̂u is
very small.

The parameter region ofa1 anda2 (0<a1 ,a2<p/2) is
shown in Fig. 2. We find that botha1 and a2 are close to
p/2 @cosa1;cosa25O(0.1)#. This implies that the extra
matter multipletc(10) is dominantly coupled withc3(16) in
the superpotential Eq.~6!.4 The hierarchy of the couplingsf i
is roughly

cosa1cosa2 :sina1cosa2 :sina25 f 1 : f 2 : f 3.e2:e:1,

~23!

which also is consistent with the above observation that o
c i(16) have a source of hierarchies@see Eq.~6!#.

Finally, we plot the down-type quark mass ratiosmb /ms
andms /md as functions ofz/cosa2 in Figs. 3 and 4, respec
tively. We have ascertained thatmb /ms andms /md take any
value in a range 32.8,mb /ms,56.3 and 12.7,ms /md
,32.2, so that there is no relation between them. Note
the allowed region ofz/cosa2 is hardly dependent onm̂c

21 ,

sincez and cosa2 respond to the change ofm̂c
21 in the same

way. Thus, our qualitative discussion below is almost in
pendent ofm̂c

21(MGUT). The quantityz/cosa2 almost corre-
sponds to the tangent of the MNS mixing angle, tanum3,
between second and third generations, since it dictates
mixing between left-handed charged leptons of second
third generations. Actual mixing angle is the sum of it and
additional contribution from neutrino mass matrixM n . Con-
sidering thatdz is given by Eq.~17! andh35O(1), the ad-
ditional contribution can be of order the Cabibbo ang
Thus, if two contributions are added up constructively,
region z/cosa2*0.4 is consistent with the observed ne
maximal mixing of the atmospheric neutrino oscillatio

4If some components of the down-type quark mass matrix o
than ~1,2! and ~2,2! ones are modified by nonrenormalizable inte
actions, the parameter region of (a1 ,a2) is not necessarily very
close to (p/2,p/2). This possibility will be considered elsewhere
09300
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(nm↔nt) @16,5#.5 We find that significant region is consis
tent with the large angle betweennm andnt .

IV. THE MASSES AND MIXINGS IN THE LEPTON
SECTOR

In this section, we discuss the lepton sector of the mo
takingm̂u

21 andm̂c
21 to be their central values for simplicity

First, we begin with the charged-lepton masses whose
cise values are known experimentally as in Table II. T
mass matrix for the charged leptons is different from that
the down-type quarks due to the presence of nonrenorm
able interactions Eq.~21!. We assume that the nonrenorma

r 5Even if we have no contribution from the neutrino sector, t
regionz/cosa2*0.6 is consistent with the observed near maxim
mixing of the atmospheric neutrino oscillation, sin22um3*0.8. In
this case, a relatively large value ofmb /ms is favorable.

FIG. 2. The parameter region ofa1 and a2 where all quark
masses and the CKM parameters are reproduced.a1 and a2 are
represented with radians and their domains are 0<a1<p/2 and 0
<a2<p/2. Solid lines denotea15p/2 anda25p/2. We have set

m̂u
21 to be 112244 andm̂c

21 to be~a! 394~central value! and~b! 279
~lowest value!.
3-5
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YASUNORI NOMURA AND TAKASHI SUGIMOTO PHYSICAL REVIEW D 61 093003
izable interactions Eq.~21! modify only (1,2) and (2,2)
components of the mass matrices. Thus, we search a pa
eter region ofxl andyl which can well reproduce the know
lepton mass ratios at the GUT scale,mt /mm517.07 and
mm /me5211.1, using the values ofz, a1 anda2 obtained in
Sec. III which reproduce the quark mass ratios and the C
parameters.

The resulting region ofxl and yl is given in Fig. 5 to-
gether with that ofxd andyd obtained in Fig. 1. We find tha
there is significant region consistent with the observ
charged-lepton masses. The preferred region isxl;xd and
yl;3yd , which agrees with the earlier observation@20#.
Thus, we conclude that the presence of nonrenormaliz
interactions Eq.~21! with gi85O(1) is sufficient to remove
unwanted SU~5!GUT mass relations,mm5ms and me5md ,
also in the present model.

Next, we discuss the neutrino masses and mixings qu
tatively. We call the mass eigenstates for three neutrinosn1 ,
n2 and n3 such thatmn1

,mn2
,mn3

. In the present model

we have a mass hierarchymn2
!mn3

due to the fact that

dx ,dy ,dz&1022. Then, the data of atmospheric neutrino o
cillation (nm↔nt) from Super-Kamiokande implies tha

FIG. 3. The mass ratiomb /ms as a function ofz/cosa2. The
allowed region is between two horizontal lines (32.8,mb /ms

,56.3). We have setm̂u
21 to be 112244 andm̂c

21 to be ~a! 394
~central value! and ~b! 279 ~lowest value!.
09300
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FIG. 4. The mass ratioms /md as a function ofz/cosa2. The
allowed region is between two horizontal lines (12.7,mb /ms

,32.2). We have setm̂u
21 to be 112244 andm̂c

21 to be ~a! 394
~central value! and ~b! 279 ~lowest value!.

FIG. 5. The parameter region ofxl andyl where all lepton mass
ratios are reproduced. The hatched region represents that ofxd and

yd given in Fig. 1~a!. We have setm̂u
215112244 andm̂c

215394.
3-6
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TABLE IV. The allowed regions of mass squared differences and mixing angles which reproduc
observed solar neutrino deficit in terms of the neutrino oscillation@30,31#. We have also shown mass ratio
mn2

/mn3
under the mass hierarchymn2

!mn3
.

Solutions dmsol
2 sin22usol mn2

/mn3

Small angle MSW (4212)31026 eV2 (2212)31023 ;0.03
Large angle MSW (8225)31026 eV2 0.520.8 ;0.05

(627)310210 eV2 0.821.0 ;1024

Vacuum oscillation (425)310210 eV2 0.721.0 ;1024

(529)310211 eV2 0.620.9 ;1024
b-
th

he

th

he

f
n

-
w

wo

nt
.

cale
lu-
om-

wa
mn3
.731022 eV. The neutrino mass matrixM n is given

by M n5M nD
T MN

21M nD . Thus, the scaleMR of the Majorana
masses is determined asMR.101221013 GeV, which is
close to the natural scale derived from Eq.~19! with j 33
5O(1). Theobserved maximal mixing is also naturally o
tained as a result of fitting quark masses and mixings. In
following, we discuss the implications of the model on t
solar neutrino deficit. For simplicity, we ignoreCP-violating
effects in the lepton sector and take all values appear in
neutrino mass matrix to be real,wx5wy5wz5w t5wu5wv
5ww50 or p.

The observed solar neutrino deficit is explained by eit
matter-enhanced neutrino oscillation@Mikheyev-Smirnov-
Wolfenstein~MSW @28#!# solution or the vacuum oscillation
solution @29# (ne↔nm ,nt). Then, the allowed regions o
mass squared differences and mixing angles are as show
Table IV @30,31#. The MSW solution has two distinct re
gions, that is, the small and the large angle ones. Below,
investigate which solutions the model can realize in t
cases that the neutrino Majorana mass matrixMN is propor-
09300
e

e

r

in

e

tional to the unit matrix or that it has a hierarchy consiste
with the observation thatc i(16) have a source of hierarchies
The RG effects between the GUT scale and the weak s
are negligible for our qualitative argument, so that we eva
ate the masses and mixing angles at the GUT scale and c
pare them with the observed values given in Table IV.

A. The case of unit Majorana mass matrix

We first consider the unit Majorana mass matrix case:

MN5MRS 1 0 0

0 1 0

0 0 1
D . ~24!

Here, we simply assume thatMN is proportional to the unit
matrix for some reasons in the basis that the original Yuka
couplings are diagonal, and regarddx , dy and dz as free
parameters. Then, the neutrino mass matrix,M n

5M nD
T MN

21M nD , is given as
ric
rino
M n5
mt

2

MRS 2m̂us1 m̂cc1 0

dx dy dz

m̂uc1s2 m̂cs1s2 c2

D S 2m̂us1 dx m̂uc1s2

m̂cc1 dy m̂cs1s2

0 dz c2

D
.

mt
2

MRS m̂u
2c1

2 2m̂udx1m̂cdyc1 m̂c
2c1

2m̂udx1m̂cdyc1 dx
21dy

21dz
2

m̂udxc11m̂cdy1dzc2

m̂c
2c1 m̂udxc11m̂cdy1dzc2 c2

2
D , ~25!

whereci[cosai andsi[sinai (i51,2).
The contribution to the mixing angle between second and third generations from the neutrino mass matrix Eq.~25! is given

by um3
n ;dz /c2. In view of c25O(0.1), we choosedz;e2 to give naturally the near maximal mixing in the atmosphe

neutrino oscillation~see discussion at the end of Sec. III!. Then, the relevant mass ratio and mixing to the solar neut
oscillation are given as

mn2

mn3

;
dy

2

c2
2

;
dy

2

e2
, ~26!

ue2
n ;

m̂cc1

dy
;

e3

dy
, ~27!
3-7
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TABLE V. U(1)X charges. The other fields have vanishing charges.

c1(16) c2(16) c3(16) c(10) H(10) x(16) x̄(16* ) f

U~1!X 2 1 0 0 0 0 0 21
en

gl
c
W
uc
th
n

-
la

io
so
k

e
e

is

qs
rix
de
hi

e-

lla-

ns.

tu-

lla-
-
o-

e of

x-
r

-

in
re-
nts

.
the
as long asdx&dy and dy is not very small compared with
dz .

From Eq.~26!, we find that if we choosedy;e2 we ob-
tain the mass ratio consistent with the MSW solutions. Th
the mixing angleue2

n is of order of e from Eq. ~27!. The
actual mixing angle is the sum ofue2

n and the corresponding
contribution from charged-lepton mass matrixue2

l . Since
analyses of the previous section indicateue2

l .0.0420.19,
the resulting mixing angle is consistent with the small an
MSW solution if two contributions are added up destru
tively, while it cannot reach that of the large angle MS
solution even if two contributions are added up constr
tively. The required cancellation is rather mild such that
reduction of factor two or three is sufficient. We also me
tion that the mixing angleue3 is small, so that it is not con
flict with the result of long baseline reactor neutrino oscil
tion experiment~CHOOZ!, ue3&0.22 @32#.

If we choosedy;e3, on the other hand, both mass rat
and mixing angle are consistent with vacuum oscillation
lution. The reason for this coincidence can be traced bac
the fact that the required neutrino mass ratiomn2

/mn3

;1024 is approximately equal to (mc /mt)
2 as predicted by a

simple~unit MN) seesaw model in the SO~10! GUT. That is,
if we intend to obtain large solar-neutrino mixing angle w
have to choosedy.m̂cc1, and then we necessarily have th
mass ratiomn2

/mn3
;dy

2/c2
2;m̂c

2 . The resulting MNS matrix
has the so-called bimaximal form@13,33# and evades the
constraint from CHOOZ experiment. We note that th
vacuum oscillation solution is realized withk1 :k2 :k3
.e2:e:1 which is implied by the hierarchy Eqs.~22!, ~23!
@see Eq.~15!#.

B. The case of hierarchical Majorana mass matrix

If c i(16) have a source of hierarchies indicated by E
~22!, ~23!, it is natural to think that the Majorana mass mat
MN also has hierarchy consistent with it. Thus, we consi
the case where the Majorana mass matrix has the hierarc
form,

MN.MRS e4 e3 e2

e3 e2 e

e2 e 1
D , ~28!

up to order-one coefficients.
In this subsection, we stick to the possibility thatc i(16)

have a source of hierarchies indicated by Eqs.~22!, ~23!, so
that we assume thatk1 :k2 :k3.e2:e:1. Considering thatdz
;e2 in order to give naturally the near maximal mixing b
tweennm and nt , elements of theM nD have the following
order of magnitude:
09300
,

e
-

-
e
-

-

-
to

.

r
cal

dx.e4, dy.e3, dz.e2. ~29!

Then, the neutrino mass matrix,M n5M nD
T MN

21M nD , is
given as

M n.
mt

2

MRS e24m̃u
2 m̃u e23m̃um̃c

m̃u e4 em̃c

e23m̃um̃c em̃c e22m̃c
2
D , ~30!

where m̃u[m̂u1em̂cc1 and m̃c[m̂c1ec2. This gives the
relevant mass ratio and mixing to the solar neutrino osci
tion as

mn2

mn3

;
e6

m̃c
2

5
e6

~m̂c1ec2!2
, ~31!

ue2
n ;

m̃u

e4
5

m̂u1em̂cc1

e4
. ~32!

From Eq.~31!, we obtainmn2
/mn3

.102221021, which
is consistent with both small and large angle MSW solutio
Also, the angle is given asue2

n .0.121 from Eq. ~32!, so
that we can reproduce the large angle MSW solution na
rally. To reproduce the small angle solution,ue2

n and ue2
l

have to be added up destructively, but the required cance
tion is mild. ~The reduction of factor three to five is suffi
cient.! Thus, we conclude that the the model can accomm
date both large and small angle MSW solutions in the cas
the hierarchical Majorana mass matrix.

V. CONCLUSIONS

In this paper, we have investigated the SO~10! GUT
model with generation flipping. The model contains one e
tra matter multipletc(10) in addition to the usual matte
multiplets c i(16), and it mixes with c i(16) when the
SO~10!GUT is broken down to SU~5! by the vacuum expec
tation values ofx(16) and x̄(16* ) fields.6 The low-energy
quarks and leptons are three linear combinations ofc i(16)
andc(10).

We have found the parameter region of the model
which the observed quark masses and mixings are well
produced. The required hierarchies of the coupling consta
are consistent with the observation that onlyc i(16) have a
source of hierarchies such as U~1! flavor symmetry charges
As for the lepton sector, the model can reproduce

6This structure may be realized in a framework of an E6 GUT
@34#.
3-8
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QUARK AND LEPTON MASS MATRICES IN THE . . . PHYSICAL REVIEW D61 093003
charged-lepton masses if there are suitable nonrenorm
able interactions which introduce SU~5! breaking effects into
Md/ l . The obtained charged-lepton mass matrix indica
that the mixing between second and third generations te
to be large in the lepton sector, which is consistent with
observed maximal mixing of the atmospheric neutrino os
lation.

We have also discussed neutrino masses and mix
qualitatively. We have considered two cases that the Ma
rana mass matrixMN for the right-handed neutrinos is pro
portional to the unit matrix and it has the hierarchical for
In the former case, the model can accommodate small a
MSW solution and vacuum oscillation solution to the so
neutrino deficit, depending on the values of the coupl
constantski . The vacuum oscillation solution is realize
whenki have the hierarchy indicated in the quark sector, a
the resulting MNS mixing matrix has the form of so-calle
bimaximal mixing.

In the latter case, the model can accommodate both s
and large angle MSW solutions and the parameter regio
consistent with the hierarchy required in the quark secto
is remarkable that the single anomalous U~1!X flavor symme-
try with thef field which has the vacuum expectation val
of order 1017 GeV realizes this possibility.7 Then, the opera-
tors in the superpotential have suppression factors of ap
priate powers of^f&/MG.e depending on their U~1!X
charges@35#. An example of the U~1!X charges for various
fields is given in Table V.8 Note, however, that this U~1!X
alone is incomplete to obtain the superpotential of
present model, since we have to suppress unwanted t
such asMGc(10)c(10) by hand. Thus, additional symme
tries are required to make the model natural.

To summarize, we have found that in the present mo
the observed solar neutrino deficit is explained by differ
neutrino-oscillation solutions depending on the form of t
Majorana mass matrixMN . We hope that future experimen
will distinguish among different solutions and we will b
09300
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able to approach the structure of the Majorana mass ma
for the right-handed neutrinos.
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APPENDIX: THE MASS MATRICES IN THE MODEL

In this appendix, we give a detailed derivation of the ma
matrices in the model, clarifying a phase convention we h
used.

The model contains matter fieldsc i(16),c(10) and Higgs
fields H(10),H(16). After the spontaneous breakdown
SO~10!GUT to SU~5!, these fields decompose as

101151*
81115c1~16!,

102152*
81125c2~16!,

~A1!
103153*

81135c3~16!,

5c15c* 5c~10!,

and

5H15H(10)* 5H~10!,

10H(16)15H(16)* 11H(16)5H~16!. ~A2!

The original Yukawa couplings are given by the superp
tential Eq.~2! and the Majorana masses for the right-hand
neutrinos by Eq.~19!. At this stage, the quark and lepto
masses are written as
ss

by the
W5
1

2
~101102103!S h1^5H& 0 0

0 h2^5H& 0

0 0 h3^5H&
D S 101

102

103

D 1~101102103!S h1^5H(10)* & 0 0

0 h2^5H(10)* & 0

0 0 h3^5H(10)* &
D S 51*

8

52*
8

53*
8
D

1~111213!S h1^5H& 0 0

0 h2^5H& 0

0 0 h3^5H&
D S 51*

8

52*
8

53*
8
D 1

1

2
~111213!S MR̃11 MR̃12 MR̃13

MR̃21 MR̃22 MR̃23

MR̃31 MR̃32 MR̃33

D S 11

12

13

D , ~A3!

in terms of SU~5! language. Here,̃ i j 5 j i j /u j 33u andMR is given asMR5u j 33uV2/MG . If we assume that the Majorana ma

7The nonrenormalizable operators in Eq.~21! might be generated via exchanges of some heavy fields, so that they are suppressed
mass scale of the heavy fields instead ofMG . We think that the masses for these heavy fields, the GUT scaleV and the massM are not
related to the anomalous U~1!X breaking scale,̂f&.

8Under the charge assignment of Table V, the massM in Eq. ~8! should be 1017 GeV. On the other hand, ifc(10) has the U~1!X charge
1, M should be the GUT scale, 1016 GeV.
3-9
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matrix is proportional to the unit matrix,j i j 5 j d i j , in the basis that the original Yukawa couplings are diagonal,̃ i j andMR

are reduced to̃ i j 5d i j andMR5 jV2/MG .
The superpotential Eq.~6! mixesc(10) with c i(16). This term can be written in terms of SU~5! language as

W5Au f 1u21u f 2u21u f 3u2^x~16!&5̃* 5c , ~A4!

where5̃* is a linear combination of5i*
8 , 5̃* 5( i 51

3 f ie
ih i5i*

8/Au f 1u21u f 2u21u f 3u2. We call the remaining two linear combi

nations51* and53* . The fields5̃* ,51* and53* are related to5i*
8 by a unitary transformation. Thus, using arbitrariness of defin

51* and53* and phases of the fields5̃* ,51* and53* , we can write this relation as

S 51*
8

52*
8

53*
8D 5S e2 id12 id2 0 0

0 e2 id11 id2 0

0 0 e2id1
D S cosa1 2sina1 0

sina1 cosa1 0

0 0 1
D S cosa2 0 e2 id3sina2

0 1 0

2eid3sina2 0 cosa2
D S 5̃*

51*

53*
D , ~A5!

without a loss of generality. Here,a1 ,a2 andd i are functions off i andh i . Note that5̃* receives a GUT scale mass togeth
with 5c by Eq. ~A4!, so that the low-energy quark and lepton fields belonging to5* of SU~5! are51* , 53* and5c* .

Thec(10) is coupled with Higgs fields andc i(16) by superpotentials Eqs.~11!, ~15!. Then, from Eqs.~A3!, ~A5! we obtain
down-type quark~charged-lepton! mass matrixM1025* and neutrino Dirac mass matrixM125* defined by

W5~101102103!M1025*S 51*

5c*

53*
D 1~111213!M125*S 51*

5c*

53*
D , ~A6!

as

M1025* 5S 2h1^5H(10)* &e2 id12 id2sina1 g1^5H(16)* &eif1 h1^5H(10)* &e2 id12 id22 id3cosa1sina2

h2^5H(10)* &e2 id11 id2cosa1 g2^5H(16)* &eif2 h2^5H(10)* &e2 id11 id22 id3sina1sina2

0 g3^5H(16)* &eif3 h3^5H(10)* &e2id1cosa2
D ,

M125* 5S 2h1^5H&e2 id12 id2sina1 k1^5H&
V

MG
eiw1 h1^5H&e2 id12 id22 id3cosa1sina2

h2^5H&e2 id11 id2cosa1 k2^5H&
V

MG
eiw2 h2^5H&e2 id11 id22 id3sina1sina2

0 k3^5H&
V

MG
eiw3 h3^5H&e2id1cosa2

D . ~A7!

SU(5)-5* of the Higgs fieldsH(10) andH(16) are also mixed by the superpotential Eq.~8!. One linear combination5̃H*

gets a GUT scale mass together with SU~5!-5 of H̄(16* ) and the other combination5H* remains as a massless Higgs field
the standard SU~5!GUT. We can parametrize these fields as

S 5H(10)*

5H(16)* D 5S cosu 2sinu

sinu cosu D S 5H*

5̃H* D , ~A8!

where tanu52lV/M . That is,

^5H(10)* &5cosu^5H* &,

^5H(16)* &5sinu^5H* &. ~A9!

Substituting Eq.~A9! for Eq. ~A7! and combining with Eq.~A3!, we obtain complete mass matrices. Defining
093003-10
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mu[h1^5H&, mc[h2^5H&, mt[h3^5H&, tanb[^5H&/^5H* &, ~A10!

the quark and lepton masses are written as

W5~uct!S mu 0 0

0 mc 0

0 0 mt

D S ū

c̄

t̄
D 1

cosu

tanb
~dsb!S 2mue2 id12 id2sina1 mtxdeif1d mue2 id12 id22 id3cosa1sina2

mce
2 id11 id2cosa1 mtydeif2d mce

2 id11 id22 id3sina1sina2

0 mtzeif3 mte
2id1cosa2

D
3S d̄

s̄

b̄
D 1

cosu

tanb
~ ēm̄t̄ !S 2mue2 id12 id2sina1 mtxle

if1l mue2 id12 id22 id3cosa1sina2

mce
2 id11 id2cosa1 mtyle

if2l mce
2 id11 id22 id3sina1sina2

0 mtzeif3 mte
2id1cosa2

D S e

m

t
D 1~ n̄1 n̄2 n̄3!

3S 2mue2 id12 id2sina1 mtdxe
iw1 mue2 id12 id22 id3cosa1sina2

mce
2 id11 id2cosa1 mtdye

iw2 mce
2 id11 id22 id3sina1sina2

0 mtdze
iw3 mte

2id1cosa2

D S n1

n2

n3

D 1
1

2
~ n̄1 n̄2 n̄3!

3S MR̃11 MR̃12 MR̃13

MR̃21 MR̃22 MR̃23

MR̃31 MR̃32 MR̃33

D S n̄1

n̄2

n̄3

D , ~A11!

in terms of the SM fields. Here, we have defined various parameters as

x[
g1

h3
tanu, y[

g2

h3
tanu, z[

g3

h3
tanu, ~A12!

dx[
k1

h3

V

MG
, dy[

k2

h3

V

MG
, dz[

k3

h3

V

MG
, ~A13!

and taken the effects of nonrenormalizable superpotential Eq.~21! into account by changing (1,2) and (2,2) components of
down-type quark and charged-lepton mass matrices from their original valuesxeif1 andyeif2.

Now, we redefine various SM fields as

~u,d!→~u,d!eid11 id2, ū→ūe2 id12 id2, d̄→d̄,

~c,s!→~c,s!eid12 id2, c̄→ c̄e2 id11 id2, s̄→ s̄e2 if312id11 id3, ~A14!

~ t,b!→~ t,b!e22id12 id3, t̄→ t̄e2id11 id3, b̄→b̄eid3,

~n1 ,e!→~n1 ,e!eid11 id2, n̄1→ n̄1, ē→ē,

~n2 ,m!→~n2 ,m!eid12 id2, n̄2→ n̄2, m̄→m̄e2 if312id11 id3, ~A15!

~n3 ,t!→~n3 ,t!e22id12 id3, n̄3→ n̄3, t̄→ t̄eid3,

in order to simplify the form of the quark and lepton mass matrices. Then, from Eq.~A11! we obtain the mass matrices define
by
093003-11
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W5~uct!MuS ū

c̄

t̄
D 1~dsb!MdS d̄

s̄

b̄
D 1~ ēm̄t̄ !MlS e

m

t
D 1~ n̄1n̄2n̄3!M nDS n1

n2

n3

D 1
1

2
~ n̄1n̄2n̄3!MNS n̄1

n̄2

n̄3

D , ~A16!

as

Mu5mtS m̂u 0 0

0 m̂c 0

0 0 1
D ,

Md5mt

cosu

tanb S 2m̂usina1 xdeifxd m̂ucosa1sina2

m̂ccosa1 ydeifyd m̂csina1sina2

0 z cosa2

D ,

Ml5mt

cosu

tanb S 2m̂usina1 xle
ifxl m̂ucosa1sina2

m̂ccosa1 yle
ifyl m̂csina1sina2

0 z cosa2

D ,

M nD5mtS 2m̂usina1 dxe
iwx m̂ueiwucosa1sina2

m̂ce
iw tcosa1 dye

iwy m̂ce
iwvsina1sina2

0 dze
iwz eiwwcosa2

D ,

MN5MRS ̃11 ̃12 ̃13

̃21 ̃22 ̃23

̃31 ̃32 ̃33

D , ~A17!

wherem̂u[mu /mt ,m̂c[mc /mt . Here, we have defined various phases as

fxd[f1d2f313d11d21d3 , fyd[f2d2f313d12d21d3 ,

fxl[f1l2f313d11d21d3 , fyl[f2l2f313d12d21d3 , ~A18!

wx[w11d12d2 , wy[w21d12d2 , wz[w31d12d2 ,

w t[2d2 , wu[23d12d222d3 , ~A19!

wv[23d11d222d3 , ww[2d3 .

Note that we have retained the form ofMN . As a result, not all phases are physically independent. The domains ofa1 anda2
can be restricted to

0<a1<p/2, 0<a2<p/2, ~A20!

without a loss of generality by redefining the phases of the SM fields appropriately.
Finally, the mass matrix for the light neutrinos defined by
093003-12
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W5
1

2
~n1n2n3!M nS n1

n2

n3

D , ~A21!

is given by

M n5M nD
T MN

21M nD , ~A22!

through the seesaw mechanism@6#.
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