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Entropy of the Dirac field in a Kerr-Newman black hole
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Thinking of the Dirac equations in Newman-Penrose formalism, there are four components of the wave
function 11,12, 21, ¥2». We consider that the total free energy is summed up from the free energies of the
four components. Then the entropy of the Dirac field in a Kerr-Newman black hole is calculated via the
brick-wall method. We find that the calculation of the Dirac field is similar to that of a scalar field. It also
requires a radial and an angular cutefind 5. Moreover, if the cutoff values and § satisfy the same proper
relation in the scalar field between them, the resulting entropy is 7/2 times the Klein-Gordon field.

PACS numbgs): 97.60.Lf, 04.70.Dy, 05.30.Ch

I. INTRODUCTION o i
(Dte—p)Vyt+(o+7m—a)p= —uoWa,

Since the pioneering works of Bekenstein and Hawking V2
[1,2], which proved that the entropy of a black hole is pro-
portional to its surface area, there have been many methods i
used to study the statistical origin of black hole entropy (A" +pu—y)V it (5+B—7)V 1= — uoV¥a,
[3-5]. One possible method is the brick-wall mod&] by 't V2
Hooft in which the black hole entropy is identified with the
entropy of a thermal gas of quantum field excitations outside
the event horizon. This method has been applied to varioug D +&* — p* )W yo— (5+ 7* — a* )W 1= — uoV 1,
black hole model$6—9]. However, all these calculations are V2
for scalar fields outside the black hole.

In this paper, we give the calculation of the entropy of the i
Dirac field in the Kerr-Newman black hole. On the basis of (A’ + u* — y* )W~ (8+ B* — 7 )W = — poW 1,
[10], we discuss the more general case—the Kerr-Newman V2
black hole. Because the field on the rotating black hole has
two kinds of modes, the superradigi®@R) and nonsuperra-
diant (NSR) mode [11], the free energy of Dirac field is whereug is the mass of spinotV',;, V15, ¥, and¥o,
composed of the SR paRsg and the NSR parEysz. This  are the four components of the wave functign,A’, 5, and
makes the calculation more complex. Furthermore, there arg are usual differential operators, aadg, vy, €, p, 7, u, and
not many symmetries in the Kerr-Newman black hole as inrare spin coefficients. All the operators and spin coefficients
the Schwarzschild black hole. This makes the calculatiortan be expressed in a null tetrad framé,*,m*, m*) as
more difficult. From the Dirac equations in Newman-Penrosdollows:
formalism, we conclude that the entropy of the Dirac field is
also proportional to the surface area of black hole. On the
same condition of scalar field, it is 7/2 times that of scalar a==
field. This result is inaccordance wifi2] which is calcu-
lated by another methdd 3].

Although the massless Klein-Gordon equation and Dirac 1 . .
equation in the (% 1)-dimensional charged black hole have B= 5 (,n*m"=m,, ,m*m"), m=—n,,, m"",
been solved i14], it is necessary to calculate a real model
such as the Kerr-Newman black hole. The entropy calculated
by the brick-wall method is a result of statistical physics. If
particles are fermionic, there is also a kind of entropy called
the fermonic one. Our results also show that the fermionic
entropy completely has the form as that of bosonic entropy
[6], except that the coefficient is different. However, the dif- _ E(I NP —m . ) r=1 . mEn?
ference of the coefficient is not the same as thdtidi. 2~V my owmy '

@

1 _ _
v= E(IM;Vn“nV—mM;Vm“nV),,u: —n,.,mm?’,

—|m T =t —mtg  S=mH
Il. DIRAC EQUATION IN KERR-NEWMAN SPACETIME D=l a“'A n a“'g m &’“6 M0 )

In a curve spacetime, Dirac equations of spinor dynamics In the Boyer-Lindquist coordinate system, the line ele-
in Newman-Penrose formalism are as folloMs$]: ment of the Kerr-Newman spacetime is given by
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ds?=gudt?+ 29, ,dtde+ g, ,de?+ g, dr2+g,.d6° Y =e EUMO)(r—ia cosh) " Liy(r,6),
A-a’sinf 9 2asir’ 6(r’+a’-A) Vo,=e EEmey (r,0),
=— S to— S dtde )
Vo= EEMO i (r,0),
2 2\2 __ 2 i s _ . _
n (r'+a’) EAa sir’ 0 Sir? 0d<p2+§dr2+2d62, Vo ,=e EUMO)(r 4 ia cosh) Li,(r, ). (6)

Now we can calculate differential operators and spin co-
©) efficients in Eq(2) by Egs.(4) and(5). Then by putting Egs.
where 3(r,0)=r2+a2cof 6, A(r)=r’—2Mr+a’+Q? (2) and (6) into Eqg. (1), we can obtain the following simple

and M,a,q are the mass, the angular momentum per unifauatons:
mass, and the charge of the black hole, respectively. R 1. 1

For a description of Kerr-Newman spacetime in a Pji¢i+ — Qb= — (i mol +aug Cosh) iy,
Newman-Penrose formalism, we first need to choose a null V2 V2

tetrad frame. As in Ref.15], we choose the null tetrad frame a A .
15] AP, V2Qo 1= —V2(i pol +aug CoSh) iy,

as follows:
L2 q By Qo= =i 0)y
w_ = -— = — (i por —augy cos ,
| A(r +a%,A,0a), 1¥22 3 2¥21 v Mo Mo 12
i = %(r2+a2,—A,0,a), AP o1 +V2Q1h20= — V2 (i ol —apo COSO) i1, (7)
where P;=9,—iK /A, P,=d,+iK{/A+(r—M)/A, O,
1/ [ =3d,— Ko+ (1/2)cots, Q,=d,+K,+(1/2)cots, K,=(r?
m= Vo |asm0,0,1,m), +a)E—am, andK,=aE sin 6—nvsiné.
It is now apparent that the variables can be separated by
_ 1 i ) writing [15]
mt=——| —iasin6,0,1— —|, 4
V2o sind @ Js(1,0)=R 11O _1(0),
whereo=r +ia cosé. A1, 0) =Ry 1Ar)0O 1/ 0),
The covariant form of the basis vector is Po(r,0) =Ry 11O _1o 6),
|M:%(A,_2,o,_aA sir? 6). YT, 0)=R_1A1)O 14 0), ®)
whereR. 1/5(r) and® .. ,,5(60) are functions only of and 6,
1 . respectively. For simplicity, we sgi,=0 because the cal-
n,= 55 (A.2,0-ad Sir? 6), culation of entropy usually uses the small-mass limit. This
approximation makes the equation more simple, thus
1 ~ oA
m, = ‘;(ia sing,0,—,—i(r?+a?)sing), P1AP,R 1) =NR1(r),
g
L AP,PIR_1(r)=AR_1)o(1),
m,=——(—iasing,0,-%,i(r*+a’sin6). (5) Q2Q10 1A 6) + 1O 1) =0,

V2o

The null tetrad frame can be used to write out the Dirac Q1Q20-12 ) +10-1(6) =0, ©
equation in Newman-Penrose formalism. On the other handyhere\ is a constant of separating variants. We have thus
because of the symmetry of Kerr-Newman spacetime, weeduced the solution of the Dirac equation in Kerr-Newman
can put the four components of wave function in the formgeometry to the solution of four decoupled equations.

[15] Expanding the decoupled equations, we obtain
|
d?0_q, de_,, cosd 1 1 m?

_ R — — — a2F2 gj — 6 =

g7 Tcoto— = +|aEcost+m o chc’- 0+40012 6+2mEa—a’E?sir? 0 sin26+)\_‘1’2 0,
d20 ., d®. 1 cosd 1 1 m? ]

_ _ _- - 222 g _

g7 Teotd—g—+ —aEcosf-m—or 2cs<:2 6H—4cot2 0+ 2mEa—a’E?sir? 0 SW_HJF)\_@“’Z 0,
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2R drR r’+a?)E—am]? r’+a®)E—am](r—M
A_2_d+1/2+3( M) d+rl’2+ (2iEr+1)+[( ) "l ) X I )}R+1,2=7\R+1/2,
’R_ dR_ r2+a?E—am)? r2+a?)E—amj(r—M
Ay 2 -y 3822 e L )A Lt ) 5 It )]Rm:)\Rm. (10)

Now we can construct the wave function of four components in the Dirac field as

‘If=[‘lf11‘lf12‘lf21‘lf2ﬂT
=[(r—iacost) "R_1® 1 Ri12010 R0 1 (r+iacos) "Ro1,0, 1p]"

Xexg —i(Et—mg)].

Ill. FREE ENERGY OF THE DIRAC FIELD IN THE 1
KERR-NEWMAN BLACK HOLE F(E)=f dﬂd(pf dk9~nr=;f dadcpf dk,,f k.dr.

Here we have assumed that a free Dirac particle withThen the expression of free energy can be written as
massu, propagates in the Kerr-Newman black hole back-

ground. This means that the spinor is in the Hartle-Hawking 1 " K
vacuum whose temperature should be Hawking temperaturg- — — _f de dEj dé’dgof dk“’f erm—;}),
Ty . According to the theory of canonical ensemble, the free ™ 0 € H+1
energy of the system can be written as (12

wherek; ,k, are the radial and angular wave number.
Considering that the wave function of the Dirac field is
BF=—2, In[1+e AE-M2] composed of four components, we will calculate the free
Em energy of the components respectively at first. The total free
energy should be the sum of the four components.
whereQ, is the angular velocity of the black hole horizon ~ From Eq.(10), we can obtain the following equations by
defined by Q= —gw/gw|r:rH=a/(rﬁ+a2). Using the WKB approximation[ R 1/»(r)© .1 8) =e'S("7:
semiclassical theory and assuming that the eng&rgynd the

azimuthal quantum numben are continuous, we replace the [(r’+a?)E—am]?

sum by integration R_yz— AKZ+ A =\,
e r’+a?)E—am]?
——fo g(E)dEf dmin[1+e AE-M2n)] R+1,2:—Akr2+1+[( )A | =\,
=— dr(E)f dmin[1+e AE-mH)] cos 1
f O _ 1y — Ko+ aEcoséﬂrmm—Ecsc2 0+ Zcotza
—F(E)J dmin[1+e AE-MA)]| = m2

_ 82FE2 g _ =
+2mEa—a‘E S|n20 m‘l‘)\ 0,

+ — BT (E e*ﬂ(E*mQH)
+fde dE ALE)
0

1+e FE MO

, 0s6 1 1
F( ) 0 ;1 —K5+| —aEcosf— m n2 5 3 —csé 0+ — col2 6
+2mEa—a%E?sir? 6— s7a MO0 (13

whereI'(E) is the total number of microscopic states with

energy less thai andg(E)=dI'(E)/dE is the density of wherek,=4d,5(r,8) andk,=d,S(r,6).

state. We have integrated by parts in the third line of the So from Egs.(8) and (13) we can obtain the following

above equation. constraints betweek, andk, with respect to the four com-
According to the semiclassical quantization rule, we haveponents of wave function:
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[(r’+a?)E—am]?
Ky = AZ

[(r’+a?)E—am]?

AZ

[(r’+a?)E—am]?

AZ

[(r’+a?)E—am]?

AZ

[(r’+a?)E—am]?
11- A2

[(r’+a?)E—am]?
AZ

12

[(r*+a*E-am]?
21-

Due to kfzo, the free energy

1 » 1/
Fll:_zf dmf d0d<pf0 dEJ dreﬁ(E_

1 o0

1+aE 0050181122E2E2'n2 m
+|1+a cos¢9+mm zcs 0+Zco 0+2mEa—a sin® 6 P

S Y

Ecosé cost 1 80+1 £ 0+ 2mEa- a?E2sir? o —
ake cos ms,l_n-rﬁ ECS ZCO meEa—a Sl S?—a .

E O 2 s 0+ cof 9+ 2mEa- a?E2 Sir? 6
+la COSbH-msinz—a ECS 6’+ZCO 0+2mEa—a sine 6 m

ST Y

+[1-
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cosf 1 1 o m*
- aEc030+mSW—0—§csc2 0+ Zcot2 6+2mEa—a’E?sir? — S7g K| /A

4/
/s
4/

(14)

m2
n2
m2
Sirf 6
2

m
I,]2

0osf 1 1
1-aEcosf— m n20 2cs<?0+ —cof 6+2mEa—a’E?sir? 60—

4

J’_

+

cosfd 1 1
1+aEcosf+m——— =cs& 0+ —cot? 6+ 2mEa— a’E2 sir? 09—
sifg 2 4

cosfd 1 1
—aEcosf—m—r S7 20580+ —cot +2mEa—a%E?sir? §—

4

+

In Eq. (12), the integration with respect tq, must be carried out over the phase volume satisfying the following condition
for every component of wave function:

2

LI
0 =Y,

cosd 1
+ +M——= += + —a?E2sir? §— —
aE cos6 M=y 205(,20 4c0120 2mEa—a’E?sir? 0 e

2

1-aE f—m coso —1 ¢ o+ —1 £ 6+ 2mE 2E?sir? 0 A=0
- - - - " o— =
aEcos SiZd 2°S 7 €0 a—a“E“si P ,

£/ o
=

(15

+

0sf 1 2

+| 1+aEcosH+ 80+1 £ +2mEa—aEZ2sir? ¢ m
akE Ccos mn20 2CS CcO mea—a Sl n20

2

1 1 m
2E2 i
—csc 0+ 2 cof 6+ 2mEa—a’E?sir? 60— SiF o

coSs
—aEcosé—m >

Sif o

of the four components can be rewritten as

Al/Z
[(r’+a?)E—am]?/A

SPE-MOL 1 1
2

)}

A1/2
dr SpE=m 5 1

[(r’+a?)E—am]?/A

cosfd 1 1 m?
e _ - — a2E2sir — ——
aEcos6 msi 75 2csc2 6P+4cot2 0+2mEa—a‘E-“sirr 6 S o

|

1/A 1/2

dr gEmogyq | L(r*+a®)E—am]?/A

il

A1/2
dr SpE=m 5 1

[(r’+a?)E—am]?/A

2
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So the total free energy can be written as and considering; cot? 6<n?/sir? , we can make it more
simple as
F=FutFiptFatFy

>
This expression is very useful in calculating the integra-

XJ dE JapT°T° (16) tions of Fygg andF g in the next part. The free energy can
efE-mu)q” be composed from two parts @&=Fysg+Fsz. The SR
modes are characterized by the condition e B<=mQy
andm>0, while the NSR modes satisty>mQ for arbi-
trary m[16]. In these integration ranges, we can calculate the
free energy of the two modes. Certainly we would like to
adopt the brick-wall model that mearn®=0 if r<ry
+e(6) orr=L, whereL>ry ande(6) is a small, positive

JapT3TP=0. (17

where T'=m,T¢=E,g,,T°T°=g,,E*+ 20, EM+gym?,
and indicesa,b denotet and ¢ coordinates. The approxima-
tion in Eq. (16) depends upo# cot® g<n?/sir? 4.

On the other hand, we can easily sum up Edp) to the
following expression;

parameter.
[(r’+a®)E—am]?
2
A A. Free energies of NSR and SR modes
1 m? .
+| = Zcof 9+ 2mEa—a2E2 sir? — —— A=0, ~ From Eq.(16), the NSR part of the free enerdysr is
4 Siré 6 given by

Fysp= 2Jd0d fL d * fd JdE GanT*T"
nse= 2| dode | dr g | dm ) B GrEsmm

7 WAjde (rZ+a?)%sing- e *
~1805°% (P(rﬁJrazcosz 0)(ru—M)?

(18

Here it is necessary to point out that we have neglected the usual contribution from the distant vacuum surrounding the system
including L® and have only kept the leading part includiag®.
Now let us calculate the remaining SR part of the free ené&rgyas

For= zfded JL dr o J d meHdE 9anT*T"
SR— @ e "\si2 g — m o SPE-MOL 1 1
7 ’7T4fd0d (ri+a?)4sing-e* B 1
~—— — +—
360 B4 (p(rﬁ+a2co§0)(rH—M)2 e’ (19

where €, is a regulating infinitesimal parameter of factor 6 and ¢. First of all, the brick-wall cutoffe is introduced in

e “m™ which is introduced in the above integration to avoid order to eliminate divergences arising from the infinite
the divergence of the free energy due to théntegration,B  growth of the density of states close to the horizon. But in
is an expression not including, and we also kept the lead- the Kerr-Newman black hole case, the brick-wall cutoff de-

ing part includinge . pends on the angular coordinafieas €( #) =€g(6)sin" 4 to
: _Thg c'alculatlon of Eqg18) and(19) is very complex, bUt. avoid divergence, where is a small constantn=2, and
it is similar to that of[6]. The difference between them is . . .
only the factorefE-m2n 1 andefE-MM 1 1 in the in- g( ) is a regular _functlon. As a result, we again encounter
tegrated function. However, it is important to point out thatth® unexpected divergence &f6) at 6=0,. This difficulty

Eq. (17) is necessary to calculate these two integrations. T&an be avoided and the idea of the brick-wall method can be

understand more, please refer to E@—(19) in [6]. maintained by introducing another cutoff on tintegration
range, for example, an angular cuteif The expression of
B. Angular cutoff & and entropy €(#) and the idea of angular cutoff have been discussed very

As mentioned above, the total free energy is summed ufg'€@rly in physical meaning in Ref6]. Then we can obtain
from FysrandFsg. So we can think about the integration of the total free energy from Eqgl8) and(19) as

063003-5



LIU WENBIAO AND ZHAO ZHENG PHYSICAL REVIEW D 61 063003

F=Fusrt Fsr We can now obtain the entropy of the Dirac field on the
Kerr-Newman black hole background from the standard for-
7 774 T—0 27 mula
— === de de
3608* J 5 0
S= 3 3
(ri+a?%ing-e(6)"* B 'BB BH
(rg+a?cos 0)(ry—M)? ey’ So, we have the following expression:

7 = fré 0]277 (r3+a?)*sing-e(6) *
903 P rZ+a2cof 6)(ry—M)2

_777 M) (2 4 a2 fr&defzwd siné 1
=720t~ M)(rp+a’) | o “#r21aZcod 6 €(0)

A fﬂ*ﬁdaf%d sing(ry—M) 1
~ 2880 o FrZ+aZcod o e(0)

where we have usedy=4m(ri+a?) and By=2m(r3 IV. CONCLUSIONS
+a?)/(ru=M). . . We have studied the entropy of the Dirac field in the
We suppose the functioe(6) is Kerr-Newman black hole. Thinking of the Dirac equations in
. ry— ) Newman-Penrose formalism, there are four components of
€( 9)=6m5m2 0, the wave function, which aré,y, 15, ¥, andy,,. We
H considered that the total free energy is summed up from the
and then we can obtain free energies of the four components. Then the entropy of the
Dirac field in Kerr-Newman black hole is calculated via the
S— LA J’”_‘sde dezpi } (20 brick-wall method. If the cutoff values and & satisfy the
1440 " 0 sing €’ same proper relation as the scalar figdd, the resulting en-
o tropy is 7/2 times that of the Klein-Gordon field and is also
wheree is a small constant. proportional to the black hole area. This result is in accor-
From Eq.(20), integratingé, ¢, we can obtain dance with[12] which is calculated by another methptB].
77 1 S\ 7w+ 1 Although the massless Klein-Gordon equation and the Dirac
S= 360AH_In cot2> 360A =In HE (21 equation in the (* 1)-dimensional charged black hole have
been solved if14], it is necessary to calculate a real model

such as the Kerr-Newman black hole. Moreover, our result is
different from that of{14] in the relation between scalar and
_ Dirac field. In the calculation, we also found that theg is

S\ T negative half ofF ygg. This is the same as RdB].
- 22

If we make the cutoffe and § satisfy the same relation as

(6]
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