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Entropy of the Dirac field in a Kerr-Newman black hole

Liu Wenbiao and Zhao Zheng
Department of Physics, Insitute of Theoretical Physics, Beijing Normal University, Beijing 100875, China
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Thinking of the Dirac equations in Newman-Penrose formalism, there are four components of the wave
functionc11,c12,c21,c22. We consider that the total free energy is summed up from the free energies of the
four components. Then the entropy of the Dirac field in a Kerr-Newman black hole is calculated via the
brick-wall method. We find that the calculation of the Dirac field is similar to that of a scalar field. It also
requires a radial and an angular cutoffe andd. Moreover, if the cutoff valuesē andd satisfy the same proper
relation in the scalar field between them, the resulting entropy is 7/2 times the Klein-Gordon field.

PACS number~s!: 97.60.Lf, 04.70.Dy, 05.30.Ch
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I. INTRODUCTION

Since the pioneering works of Bekenstein and Hawk
@1,2#, which proved that the entropy of a black hole is pr
portional to its surface area, there have been many meth
used to study the statistical origin of black hole entro
@3–5#. One possible method is the brick-wall model@5# by ’t
Hooft in which the black hole entropy is identified with th
entropy of a thermal gas of quantum field excitations outs
the event horizon. This method has been applied to var
black hole models@6–9#. However, all these calculations a
for scalar fields outside the black hole.

In this paper, we give the calculation of the entropy of t
Dirac field in the Kerr-Newman black hole. On the basis
@10#, we discuss the more general case—the Kerr-Newm
black hole. Because the field on the rotating black hole
two kinds of modes, the superradiant~SR! and nonsuperra
diant ~NSR! mode @11#, the free energy of Dirac field is
composed of the SR partFSR and the NSR partFNSR. This
makes the calculation more complex. Furthermore, there
not many symmetries in the Kerr-Newman black hole as
the Schwarzschild black hole. This makes the calculat
more difficult. From the Dirac equations in Newman-Penro
formalism, we conclude that the entropy of the Dirac field
also proportional to the surface area of black hole. On
same condition of scalar field, it is 7/2 times that of sca
field. This result is inaccordance with@12# which is calcu-
lated by another method@13#.

Although the massless Klein-Gordon equation and Di
equation in the (111)-dimensional charged black hole ha
been solved in@14#, it is necessary to calculate a real mod
such as the Kerr-Newman black hole. The entropy calcula
by the brick-wall method is a result of statistical physics.
particles are fermionic, there is also a kind of entropy cal
the fermonic one. Our results also show that the fermio
entropy completely has the form as that of bosonic entr
@6#, except that the coefficient is different. However, the d
ference of the coefficient is not the same as that of@14#.

II. DIRAC EQUATION IN KERR-NEWMAN SPACETIME

In a curve spacetime, Dirac equations of spinor dynam
in Newman-Penrose formalism are as follows@15#:
0556-2821/2000/61~6!/063003~7!/$15.00 61 0630
g
-
ds

e
us

f
n
s

re
n
n
e

e
r

c

l
d

f
d
ic
y

-

s

~D1«2r!C111~ d̄1p2a!c125
i

&
m0C21,

~D81m2g!C121~d1b2t!C115
i

&
m0C22,

~D1«* 2r* !C222~d1p* 2a* !C215
i

&
m0C12,

~D81m* 2g* !C212~ d̄1b* 2t* !C225
i

&
m0C11,

~1!

wherem0 is the mass of spinor,C11, C12, C21, andC22
are the four components of the wave function,D, D8, d, and
d̄ are usual differential operators, anda, b, g, «, r, p, m, and
t are spin coefficients. All the operators and spin coefficie
can be expressed in a null tetrad frame (l m,nm,mm,m̄m) as
follows:

a5
1

2
~ l m;nnmm̄n2mm;nm̄mm̄n!,r5 l m;nmmm̄n,

b5
1

2
~ l m;nnmmn2mm;nm̄mmn!,p52nm;nm̄ml n,

g5
1

2
~ l m;nnmnn2mm;nm̄mnn!,m52nm;nm̄mmn,

«5
1

2
~ l m;nnml n2mm;nm̄ml n!,t5 l m;nmmnn,

D5 l m]m ,D85nm]m ,d5mm]m ,d̄5m̄m]m . ~2!

In the Boyer-Lindquist coordinate system, the line e
ment of the Kerr-Newman spacetime is given by
©2000 The American Physical Society03-1
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ds25gttdt212gtwdtdw1gwwdw21grr dr21guudu2

52
D2a2 sin2 u

S
dt22

2a sin2 u~r 21a22D!

S
dtdw

1S ~r 21a2!22Da2 sin2 u

S D sin2 udw21
S

D
dr21Sdu2,

~3!

where S(r ,u)5r 21a2 cos2 u, D(r )5r 222Mr 1a21Q2,
and M,a,q are the mass, the angular momentum per u
mass, and the charge of the black hole, respectively.

For a description of Kerr-Newman spacetime in
Newman-Penrose formalism, we first need to choose a
tetrad frame. As in Ref.@15#, we choose the null tetrad fram
as follows:

l m5
1

D
~r 21a2,D,0,a!,

nm5
1

2S
~r 21a2,2D,0,a!,

mm5
1

&s
S ia sinu,0,1,

i

sinu D ,

m̄m5
1

&s*
S 2 ia sinu,0,1,2

i

sinu D , ~4!

wheres5r 1 ia cosu.
The covariant form of the basis vector is

l m5
1

D
~D,2S,0,2aD sin2 u!,

nm5
1

2S
~D,S,0,2aD sin2 u!,

mm5
1

&s
„ia sinu,0,2S,2 i ~r 21a2!sinu…,

m̄m5
1

&s*
„2 ia sinu,0,2S,i ~r 21a2!sinu…. ~5!

The null tetrad frame can be used to write out the Di
equation in Newman-Penrose formalism. On the other ha
because of the symmetry of Kerr-Newman spacetime,
can put the four components of wave function in the fo
@15#
06300
it

ll

c
d,
e

C115e2 i ~Et2mw!~r 2 ia cosu!21c11~r ,u!,

C125e2 i ~Et2mw!c12~r ,u!,

C215e2 i ~Et2mw!c21~r ,u!,

C225e2 i ~Et2mw!~r 1 ia cosu!21c22~r ,u!. ~6!

Now we can calculate differential operators and spin
efficients in Eq.~2! by Eqs.~4! and~5!. Then by putting Eqs.
~2! and ~6! into Eq. ~1!, we can obtain the following simple
equations:

P̂1c111
1

&
Q̂1c125

1

&
~ im0r 1am0 cosu!c21,

D P̂2c122&Q̂2c1152&~ im0r 1am0 cosu!c22,

P̂1c222
1

&
Q̂2c215

1

&
~ im0r 2am0 cosu!c12,

D P̂2c211&Q̂1c2252&~ im0r 2am0 cosu!c11, ~7!

where P̂15] r2 iK 1 /D, P̂25] r1 iK 1 /D1(r 2M )/D, Q̂1

5]u2K21(1/2) cotu, Q̂25]u1K21(1/2) cotu, K15(r 2

1a2)E2am, andK25aE sinu2m/sinu.
It is now apparent that the variables can be separated

writing @15#

c11~r ,u!5R21/2~r !Q21/2~u!,

c12~r ,u!5R11/2~r !Q11/2~u!,

c21~r ,u!5R11/2~r !Q21/2~u!,

c22~r ,u!5R21/2~r !Q11/2~u!, ~8!

whereR61/2(r ) andQ61/2(u) are functions only ofr andu,
respectively. For simplicity, we setm050 because the cal
culation of entropy usually uses the small-mass limit. T
approximation makes the equation more simple, thus

P̂1D P̂2R11/2~r !5lR11/2~r !,

D P̂2P̂1R21/2~r !5lR21/2~r !,

Q̂2Q̂1Q11/2~u!1lQ11/2~u!50,

Q̂1Q̂2Q21/2~u!1lQ21/2~u!50, ~9!

wherel is a constant of separating variants. We have th
reduced the solution of the Dirac equation in Kerr-Newm
geometry to the solution of four decoupled equations.

Expanding the decoupled equations, we obtain
d2Q21/2

du2 1cotu
dQ21/2

du
1FaE cosu1m

cosu

sin2 u
2

1

2
csc2 u1

1

4
cot2 u12mEa2a2E2 sin2 u2

m2

sin2 u
1lGQ21/250,

d2 Q11/2

du2 1cotu
dQ11/2

du
1F2aE cosu2m

cosu

sin2 u
2

1

2
csc2 u1

1

4
cot2 u12mEa2a2E2 sin2 u2

m2

sin2 u
1lGQ11/250,
3-2
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D
d2R11/2

dr2 13~r 2M !
dR11/2

dr
1H ~2iEr 11!1

@~r 21a2!E2am#2

D
2 i

@~r 21a2!E2am#~r 2M !

D J R11/25lR11/2,

D
d2R21/2

dr2 1~r 2M !
dR21/2

dr
1H 22iEr 1

@~r 21a2!E2am#2

D
1 i

@~r 21a2!E2am#~r 2M !

D J R21/25lR21/2. ~10!

Now we can construct the wave function of four components in the Dirac field as

C5@C11C12C21C22#
T

5@~r 2 ia cosu!21R21/2Q21/2 R11/2Q11/2 R11/2Q21/2 ~r 1 ia cosu!21R21/2Q11/2#
T

3exp@2 i ~Et2mw!#.
it
k
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III. FREE ENERGY OF THE DIRAC FIELD IN THE
KERR-NEWMAN BLACK HOLE

Here we have assumed that a free Dirac particle w
massm0 propagates in the Kerr-Newman black hole bac
ground. This means that the spinor is in the Hartle-Hawk
vacuum whose temperature should be Hawking tempera
TH . According to the theory of canonical ensemble, the f
energy of the system can be written as

bF52(
E,m

ln@11e2b~E2mVH!#,

whereVH is the angular velocity of the black hole horizo
defined by VH52gtw /gwwur 5r H

5a/(r H
2 1a2). Using the

semiclassical theory and assuming that the energyE and the
azimuthal quantum numberm are continuous, we replace th
sum by integration

bF52E
0

1`

g~E!dEE dm ln@11e2b~E2mVH!#

52E dG~E!E dm ln@11e2b~E2mVH!#

52G~E!E dm ln@11e2b~E2mVH!#u0
1`

1E dmE
0

1`

dE
2bG~E!e2b~E2mVH!

11e2b~E2mVH!

52bE dmE
0

1`

dE
G~E!

eb~E2mVH!11
, ~11!

whereG(E) is the total number of microscopic states wi
energy less thanE and g(E)5dG(E)/dE is the density of
state. We have integrated by parts in the third line of
above equation.

According to the semiclassical quantization rule, we ha
06300
h
-
g
re
e

e

e

G~E!5E dudwE dku•nr5
1

p E dudwE dkuE krdr.

Then the expression of free energy can be written as

F52
1

p E dmE
0

`

dEE dudwE dkuE dr
kr

eb~E2mVH!11
,

~12!

wherekr ,ku are the radial and angular wave number.
Considering that the wave function of the Dirac field

composed of four components, we will calculate the fr
energy of the components respectively at first. The total f
energy should be the sum of the four components.

From Eq.~10!, we can obtain the following equations b
WKB approximation@R61/2(r )U61/2(u)5eiS(r ,u)#:

R21/2:2Dkr
21

@~r 21a2!E2am#2

D
5l,

R11/2:2Dkr
2111

@~r 21a2!E2am#2

D
5l,

Q21/2:2ku
21FaE cosu1m

cosu

sin2 u
2

1

2
csc2 u1

1

4
cot2 u

12mEa2a2E2 sin2 u2
m2

sin2 u
1lG50,

Q11/2:2ku
21F2aE cosu2m

cosu

sin2 u
2

1

2
csc2 u1

1

4
cot2 u

12mEa2a2E2 sin2 u2
m2

sin2 u
1lG50, ~13!

wherekr5] rS(r ,u) andku5]uS(r ,u).
So from Eqs.~8! and ~13! we can obtain the following

constraints betweenkr andku with respect to the four com
ponents of wave function:
3-3
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c11:kr
25

@~r 21a2!E2am#2

D2 1S aE cosu1m
cosu

sin2 u
2

1

2
csc2 u1

1

4
cot2 u12mEa2a2E2 sin2 u2

m2

sin2 u
2ku

2D Y D,

c12:kr
25

@~r 21a2!E2am#2

D2 1S 12aE cosu2m
cosu

sin2 u
2

1

2
csc2 u1

1

4
cot2 u12mEa2a2E2 sin2 u2

m2

sin2 u
2ku

2D Y D,

c21:kr
25

@~r 21a2!E2am#2

D2 1S 11aE cosu1m
cosu

sin2 u
2

1

2
csc2 u1

1

4
cot2 u12mEa2a2E2 sin2 u2

m2

sin2 u
2ku

2D Y D,

c22:kr
25

@~r 21a2!E2am#2

D2 1S 2aE cosu2m
cosu

sin2 u
2

1

2
csc2 u1

1

4
cot2 u12mEa2a2E2 sin2 u2

m2

sin2 u
2ku

2D Y D.

~14!

In Eq. ~12!, the integration with respect toku must be carried out over the phase volume satisfying the following cond
for every component of wave function:

c11:
@~r 21a2!E2am#2

D2 1S aE cosu1m
cosu

sin2 u
2

1

2
csc2 u1

1

4
cot2 u12mEa2a2E2 sin2 u2

m2

sin2 u D Y D>0,

c12:
@~r 21a2!E2am#2

D2 1S 12aE cosu2m
cosu

sin2 u
2

1

2
csc2 u1

1

4
cot2 u12mEa2a2E2 sin2 u2

m2

sin2 u D Y D>0,

c21:
@~r 21a2!E2am#2

D2 1S 11aE cosu1m
cosu

sin2 u
2

1

2
csc2 u1

1

4
cot2 u12mEa2a2E2 sin2 u2

m2

sin2 u D Y D>0,

c22:
@~r 21a2!E2am#2

D2 1S 2aE cosu2m
cosu

sin2 u
2

1

2
csc2 u1

1

4
cot2 u12mEa2a2E2 sin2 u2

m2

sin2 u D Y D>0.

~15!

Due tokr
2>0, the free energy of the four components can be rewritten as

F1152
1

2 E dmE dudwE
0

`

dEE dr
1/D1/2

eb~E2mVH!11 H @~r 21a2!E2am#2/D

1S aE cosu1m
cosu

sin2 u
2

1

2
csc2 u1

1

4
cot2 u12mEa2a2E2 sin2 u2

m2

sin2 u D J ,

F1252
1

2 E dmE dudwE
0

`

dEE dr
1/D1/2

eb~E2mVH!11 H @~r 21a2!E2am#2/D

1S 12aE cosu2m
cosu

sin2 u
2

1

2
csc2 u1

1

4
cot2 u12mEa2a2E2 sin2 u2

m2

sin2 u D J ,

F2152
1

2 E dmE dudwE
0

`

dEE dr
1/D1/2

eb~E2mVH!11 H @~r 21a2!E2am#2/D

1S 11aE cosu1m
cosu

sin2 u
2

1

2
csc2 u1

1

4
cot2 u12mEa2a2E2 sin2 u2

m2

sin2 u D J ,

F2252
1

2 E dmE dudwE
0

`

dEE dr
1/D1/2

eb~E2mVH!11 H @~r 21a2!E2am#2/D

1S 2aE cosu2m
cosu

sin2 u
2

1

2
csc2 u1

1

4
cot2 u12mEa2a2E2 sin2 u2

m2

sin2 u D J .
063003-4
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So the total free energy can be written as

F5F111F121F211F22

'22E dudwE dr
S

D3/2sin2 u E dm

3E dE
gabT

aTb

eb~E2mVH!11
, ~16!

where Tt5m,Tw5E,gabT
aTb5gwwE212gtwEm1gttm

2,
and indicesa,b denotet andw coordinates. The approxima
tion in Eq. ~16! depends upon14 cot2 u!m2/sin2 u.

On the other hand, we can easily sum up Eq.~15! to the
following expression:

@~r 21a2!E2am#2

D2

1S 2
1

4
cot2 u12mEa2a2E2 sin2 u2

m2

sin2 u D Y D>0,
or
id

-

is

a
T

u
of

06300
and considering1
4 cot2 u!m2/sin2 u, we can make it more

simple as

gabT
aTb>0. ~17!

This expression is very useful in calculating the integ
tions of FNSR andFSR in the next part. The free energy ca
be composed from two parts asF5FNSR1FSR. The SR
modes are characterized by the condition of 0<E<mVH
andm.0, while the NSR modes satisfyE.mVH for arbi-
trary m @16#. In these integration ranges, we can calculate
free energy of the two modes. Certainly we would like
adopt the brick-wall model that meansC50 if r<r H
1e(u) or r>L, whereL@r H ande(u) is a small, positive
parameter.

A. Free energies of NSR and SR modes

From Eq.~16!, the NSR part of the free energyFNSR is
given by
e system
FNSR522E dudwE
r H1e

L

dr
S

D3/2sin2 u E dmE dE
gabT

aTb

eb~E2mVH!11

'2
7

180

p4

b4 E dudw
~r H

2 1a2!4sinu•e21

~r H
2 1a2 cos2 u!~r H2M !2 . ~18!

Here it is necessary to point out that we have neglected the usual contribution from the distant vacuum surrounding th
including L3 and have only kept the leading part includinge21.

Now let us calculate the remaining SR part of the free energyFSR as

FSR522E dudwE
r H1e

L

dr
S

D3/2sin2 u E.0
dmE

0

mVH
dE

gabT
aTb

eb~E2mVH!11

'
7

360

p4

b4 E dudw
~r H

2 1a2!4sinu•e21

~r H
2 1a2 cos2 u!~r H2M !2 1

B

em
4 , ~19!
ite
in
e-

ter

be

ery
where em is a regulating infinitesimal parameter of fact
e2emm, which is introduced in the above integration to avo
the divergence of the free energy due to them integration,B
is an expression not includingb, and we also kept the lead
ing part includinge21.

The calculation of Eqs.~18! and~19! is very complex, but
it is similar to that of@6#. The difference between them
only the factoreb(E2mVH)21 andeb(E2mVH)11 in the in-
tegrated function. However, it is important to point out th
Eq. ~17! is necessary to calculate these two integrations.
understand more, please refer to Eqs.~9!–~19! in @6#.

B. Angular cutoff d and entropy

As mentioned above, the total free energy is summed
from FNSR andFSR. So we can think about the integration
t
o

p

u andw. First of all, the brick-wall cutoffe is introduced in
order to eliminate divergences arising from the infin
growth of the density of states close to the horizon. But
the Kerr-Newman black hole case, the brick-wall cutoff d
pends on the angular coordinateu as e(u)5 ēg(u)sinn u to
avoid divergence, whereē is a small constant,n>2, and
g(u) is a regular function. As a result, we again encoun
the unexpected divergence ofe(u) at u50,p. This difficulty
can be avoided and the idea of the brick-wall method can
maintained by introducing another cutoff on theu-integration
range, for example, an angular cutoffd. The expression of
e(u) and the idea of angular cutoff have been discussed v
clearly in physical meaning in Ref.@6#. Then we can obtain
the total free energy from Eqs.~18! and ~19! as
3-5
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F5FNSR1FSR

'2
7

360

p4

b4 E
d

p2d
duE

0

2p

dw

3
~r H

2 1a2!4sinu•e~u!21

~r H
2 1a2 cos2 u!~r H2M !2 1

B

em
4 .
s

op
ol

06300
We can now obtain the entropy of the Dirac field on t
Kerr-Newman black hole background from the standard f
mula

S5b2
]F

]bU
b5bH

.

So, we have the following expression:
S5
7

90

p4

bH
3 E

d

p2d
duE

0

2p

dw
~r H

2 1a2!4sinu•e~u!21

~r H
2 1a2 cos2 u!~r H2M !2

5
7p

720
~r H2M !~r H

2 1a2!E
d

p2d
duE

0

2p

dw
sinu

r H
2 1a2 cos2 u

1

e~u!

5
7

2880
AHE

d

p2d
duE

0

2p

dw
sinu~r H2M !

r H
2 1a2 cos2 u

1

e~u!
,

he
in

s of

the
the
e

so
or-
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e
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d

l
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nal
o.
where we have usedAH54p(r H
2 1a2) and bH52p(r H

2

1a2)/(r H2M ).
We suppose the functione(u) is

e~u!5 ē
r H2M

2~r H
2 1a2 cos2 u!

sin2 u,

and then we can obtain

S5
7

1440
AHE

d

p2d
duE

0

2p

dw
1

sinu

1

ē
, ~20!

whereē is a small constant.
From Eq.~20!, integratingu, w, we can obtain

S5
7p

360
AH

1

ē
lnS cot

d

2D'
7p

360
AH

1

ē
lnS 2

d D . ~21!

If we make the cutoffē andd satisfy the same relation a
@6#

S d

2D ē

5expS p

45D , ~22!

the entropy of the Dirac field becomes 7/2 times the entr
of the scalar field, and is also proportional to the black h
area

S5
7

2

1

4
AH . ~23!
y
e

IV. CONCLUSIONS

We have studied the entropy of the Dirac field in t
Kerr-Newman black hole. Thinking of the Dirac equations
Newman-Penrose formalism, there are four component
the wave function, which arec11, c12, c21, andc22. We
considered that the total free energy is summed up from
free energies of the four components. Then the entropy of
Dirac field in Kerr-Newman black hole is calculated via th
brick-wall method. If the cutoff valuesē and d satisfy the
same proper relation as the scalar field@6#, the resulting en-
tropy is 7/2 times that of the Klein-Gordon field and is al
proportional to the black hole area. This result is in acc
dance with@12# which is calculated by another method@13#.
Although the massless Klein-Gordon equation and the D
equation in the (111)-dimensional charged black hole hav
been solved in@14#, it is necessary to calculate a real mod
such as the Kerr-Newman black hole. Moreover, our resu
different from that of@14# in the relation between scalar an
Dirac field. In the calculation, we also found that theFSR is
negative half ofFNSR. This is the same as Ref.@6#.
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