L

In particular, the “unitarity” and CP conditions
used in the analysis of the K; —u*u~ puzzle are
contained in such an S matrix. Thus, any results
relating K, decays to Kg decays are valid in a pure
S-matrix formulation.
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Scaling of hadronic resonance excitation is discussed within the framework of a simple

potential-theoretic parton model.

I. INTRODUCTION

The experimental scaling behavior of deep-in-
elastic electroproduction cross sections™? and
diffractive resonance excitations® raises a number
of questions which we will consider in this paper:

(1) What is the scale of energies and momentum
transfers which determines the onset of scaling?

(2) What is the role of resonances in the scaling
phenomena?

(3) Interms of which kinematic variables does
the scaling work best?

The experimental answer to question (1) is that

scaling sets in for values of v and @® in excess of
1 GeV?. This suggests that the important scale in
the problem is the hadronic level spacing* (inverse
Regge slope).

Questions (2) and (3) were answered by Bloom
and Gilman,® who observed that in the scaling vari-
able

o = 2MY +£/I_2
¢ &
=1+i (1)
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scaling occurs over a particularly large range of
phase space. In fact the use of w’ even allows the
prominent resonance contributions to oscillate
about the universal curve. This is to be contrasted
with the earlier use of

_2Mv
=&
as a scaling variable.? Although scaling is quite
pronounced in terms of w, once the resonance re-
gion is reached scaling fails for w and the reso-
nances lie off the asymptotic curve. w’ is also the
relevant variable in the analysis of diffractive res-
onance production,® where the hadronic form fac-
tors were found to scale in terms of the equivalent
variable /M 2.

In this paper we will show that the observed
answers to questions (1)-(3) can be understood in
terms of a parton picture in the infinite-momentum
frame. Using the correspondence between two-
dimensional Galilean physics® and infinite-momen-
tum mechanics we formulate a nonrelativistic
(NR) model in terms of Lorentz-covariant quanti-
ties.

Our model is not meant as a detailed picture of
the hadron, and we do not attempt to fit any ex-
perimental data with it. Our purpose is to under-
stand the intuitive content of scaling of resonance
excitation.

The rules of correspondence between infinite-
momentum physics and two-dimensional nonrela-
tivistic physics are as follows®:

(1) Nonrelativistic mass p is identified with
longitudinal fraction n [= (P, +P,;)/V2]:

L. (3)

)

w

(2) Two-dimensional nonrelativistic momentum
q is identified with transverse momentum . Simi-
larly, transverse position X and nonrelativistic 2-
dimensional position x are identified:

Q—q, X—x. (4)

(3) The nonrelativistic energy of a bound system
is
P*/2u+E, (5)

where u is the sum of the constituent masses and
E is the internal energy of the system. This is
identified with the infinite-momentum energy

H=(P,-P)/V2
=(P*+M?)/2n
=P2 / 277 +H internal »

where M is the rest mass of the bound state. Us-
ing Eqgs. (3) and (5), we identify the internal ener-
gy:
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2
E..gl—n or 2uE -~ M?. (6)
Consider next the absorption of a purely trans-
verse momentum @ by a hadron of transverse mo-
mentum P and longitudinal fraction n. Define

V=P Q¥gmam P 4> M

S=M?-2PQ -\Q*—2pE -2p+q - ¢, (8)
2 2

w=gr — 5 QuE)”?, ©)

w'=1+-5—2-<-—1+;sz-. (10)

We are interested in the transition probability to
excite a resonant state.

II. THE MODEL

We will apply the rules of correspondence (3),
(4), and (6) to a process in which a nonrelativistic
bound state absorbs a momentum ¢q. For simplic-
ity the bound system consists of a pair of point par-
ticles of masses u, and u, bound by a potential
V(] x, = x,|) which is deep enough to bind many
states. According to the parton model’ the invari-
ant cross section F(w’, @%) in the corresponding
relativistic problem tends to a function F(w’) when
@® and Q- P become large. Furthermore, F(w')
(Ref. 8) is proportional to the mean number of
partons with longitudinal fraction satisfying

1 _mp_
;7 = E‘; =Pfp, (11)
where 1, (1) is the longitudinal fraction of the
parton (hadron). Thus we may expect in the cor-
responding nonrelativistic problem that the as-
ymptotic scaling curve is nonzero only when

Ll I _1,_ _ M . (12)

w Myt Mo w MKyt Mo

The nonrelativistic scaling curve will then be of

the form

F(w')—a,b <w' - EL";EL> +ay0 (w’ - M) .
Bj ey M2

(13)

A smooth scaling curve can be obtained by imagin-
ing that the system is a continuous superposition
of states in which the total mass (u, + y,) is pro-
portioned differently into u, and u,. We shall be
content to study the approach to the limit (13).

The initial wave function is a product of c.m.
and internal wave functions:

Uy (%, %5) = zpo(xl - %) exp ]}P ) (“ :1 : tzx >] '

(14)
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Using Eqgs. (3) and (11) we identify the nonrelativ-
istic mass ratios as

__._I‘_J.'.L__E ) =
TR B; =1,2). (15)

Assume the momentum ¢ is absorbed by parti-
cle 1. The wave function becomes

i (xy, x,) (16)
To compute the transition matrix element into the
nth level we project Eq. (16) onto
(x5 265) =9, (0 — %) expli(p+q)- (Bix, +Ba) ]
am)
Since in the relativistic problem the 4-momen-
tum @ absorbed by the hadron has no longitudinal

or time component® the matrix element must con-
tain an energy-conserving & function which reads

8(p% +2(ky + Ba)Eo = (0 +9)*-2(1, + 11,)E,),  (18)
which, according to Eq. (8), may be written
5(s—M.,72). (19)
The result is

6(3 _an)F1(ny qz)

=5(s ~ M,,z)fdzx e F =By () (x)
(20)

where x =x, — x,. The transition probability is
| Fy(n, ¢°)|®. We will use the notation

q;=(1-8))g (=1,2). (21)
The Schridinger equation for y,(x) is

[-(1/2u%) V2 + V(0] $,(%) =E,n(x) (22)

where the reduced mass p* is defined by

u_* = _J_’J‘],p'
Ky + Uy

=BBaky + p) - (23)

IIIl. THE MATRIX ELEMENT

We consider the transition matrix element
F(n, ¢®) in Eq. (20):

F(n, g% =fd2xei"1"‘ ()Y (x) . (24)

To simplify the discussion we first consider the
one-dimensional problem.

A. One-Dimensional Matrix Element

Since the wave function of a bound state drops
exponentially to zero outside the potential,’® we

will approximate Eq. (24) by restricting the inte-
gral to be over the region where the potential is
nonzero (see Fig. 1):

Fyn, @)= [ e (i) . (25)

a

The wave function ¥, is known to have z — 1 nodes
inside the potential.’® Therefore it is clear that

F,(n,q®) —0, ¢*=const (26a)

F(n, %) — 0, n=const. (26b)
qe—>o00

This is due to the increasing number of oscilla~
tions in ¥, in case (26a) and of e'?1°* in case (26b).
There is however a direction in the n-¢* plane
where the oscillations of ¢, and ¢*%1°* can be
matched. Along this direction (which we refer to
as the scaling direction) constructive interference
will keep F,(n, ¢°) from falling as quickly as in
other directions. To find this direction we note
that the number of nodes between x, and x, of the
factor e'?1* is

N=2 (- x)a;. (27)

Matching this against the number of nodes of ¥, we
obtain

n 1
Z e (x—x). 28
¢I1 T (xb xa) ( )
n may be related to the energy E, of the level n by
the Bohr-Sommerfeld quantization rule or the
WKB! approximation:

[ 2urE, - VD) iax=(u+ D (29)
*a
The conditions for the validity of Eq. (29) are that
n be large and that the slope of the potential vary
slowly. For large n we can expand the integrand
of (29) and use the mean-value theorem to write

[ |
Enil ! I
: I
h |

Xa Xb X

FIG. 1. Significant range of integration for the
excitation matrix element.
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(%, = %,)@U*E )2 (1 = 3T/E, ++ -+ ) =(n+ )7,
(30)

where V is some mean value for the potential be-
tween x, and x,. Equation (30) gives the number of
nodes for a highly excited level:

””ﬁ;_xﬂ 2u*E)V2. (31)

Comparing Eqs. (31) and (28) we derive a scaling
direction in the E-¢? plane which reads

__a®
1= Zu’:E,,
___q(-)* (32)
2B,Ba( s + )E,

Using Eqgs. (3), (4), (6), and (15) we may write the
relativistic analog of Eq. (32) as

2
Q@U-p) _, 33
anﬁl ’ ( )
Recalling that the energy-conserving 6 function in
Eq. (19) restricts M,?=s, we may finally write

1 .85
B 1+ 7 w'.
Hence we see that the condition for constructive
interference between y, and e'** defines a scaling
direction in the (s, ¢°) plane. [Compare with Eq.
(11).] The emergence of the Bloom-Gilman vari-
able w’ appears natural in our discussion.

One further constraint on F,(n, ¢°) is derived
from the unitarity of e?*:

ElFl(n,qz”z:l' (35)

(34)

We will now replace the discrete variable »n by
the continuous variable w’. We define

d
Tl(wl’ qz) ='d—:’z, |F1(n’ qz) I 2 ) (36)

where dn/dw’ is the density of states.
Then

f I (o, @) de’ =1 (37)
1

for any ¢°. This is the analog of the Adler sum
rule.

Since there is only one value of w’ for which F
will be significant when ¢® - « we must have

lim T,(w’, ¢%) =6(w’ - 1/8,). (38)

a2 o0

The factor dn/dw’ is given by

L. SUSSKIND

o

dn _ dn_dM;?

dw dM? dw'
dn
il

dn 1
= 2——————
Mn dan w =1 .

(39)

The level density for the usual nonrelativistic
potentials generally behaves as some power of the
energy so that M,%dn/dM,? will be proportional to
n. Thus

Tyw' @)~ = |Fan, ¢ |2 (40)

Thus in order that Eq. (38) be satisfied, |F,(n, ¢%)|
must fall no faster than »~*2 along the scaling di-
rection. It is also evident that the rate at which
the scaling limit (38) occurs is governed by the be-
havior of F,(n, ¢®) along the scaling direction. Sup-
pose F,(n, ¢°) behaves like

Fl(n, )~ n® (41)

along the scaling direction. In order that T, tend
to a 6 function, the width of T, on the w axis must
satisfy

n*C~1 (42)
or

1
Aw' - 20T " (43)

Thus, the larger C is, the faster T, will converge
to a narrow & function.

If we take into account the contribution of the
second particle the full amplitude is

F(n, ¢*) =F,(n, ¢*) + F5(n, ¢°) . (44)
This leads to the following expression for the full
transition probability T':

T(w', ¢%) =T(w', ¢*) +To(o', ¢*) + T1(w’, ¢7) ,

(45)

where the interference term is
d
(o', @) =[Fsln, @F(n, @) + Filn, ) Fy(n, )1

(46)

In the deep-inelastic limit T',, will vanish relative
to T, and T,. For B, #p, this occurs because it is
the product of two factors which survive only in
non-overlapping regions. When B, =g, the parity
of successive levels alternate, and the amplitude
is

T(w', ¢*) =2T (o, )1 +(-1)"]. (47

In both cases, we get the expected relation, Eq.
(13), for the transition probability.
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B. Harmonic Oscillator

The simplest case to discuss, apart from the
almost trivial square well, is the harmonic oscil-
lator. The Hamiltonian is conveniently written in
the form

P2 Pz 2
H=2—t:+-2—;—2-+2i* (6, = %)% (48)

The matrix element F,(x, ¢°) is
Fy(n, ) =(n| €'"*|0). (49)

Expressing the state |#) and the coordinate x in
terms of creation and annihilation operators, we

get
F,(n, ¢®) =i" exp (—;f) [(%‘;) " %:I v . (50)

From Eq. (50) we see that if g,% or » tends to «
with the other remaining fixed the matrix element
vanishes, at least exponentially. To find the scal-
ing direction from Eq. (50) we apply Stirling’s for-
mula to get

(51)

Evidently the scaling direction is

2
a4
_2gn 1, (52)
and in this direction F falls like »~Y/%, This is well
above the unitarity limit »~Y/2, The levels for the
Hamiltonian in Eq. (48) are

E,,=% (n+1). (53)

The scaling direction then satisfies ¢*(1 - 8,)%/
2E,u*=1, as in Eq. (32). Equivalently, w’=1/8,.
Figure 2(a) illustrates T,(w’, @) as a function
of w’ for different values of @*. The system is an
oscillator with 8, =3, g=%. This gives a realistic
level spacing (inverse Regge slope) of 1 GeV? and
a peak at w’ =3. The figure clearly demonstrates

a rapid convergence to the scaling function

8(w’ = 3). For purposes of comparison we have
plotted T, against the older scaling variable w
[Fig. 2(b)]. It is apparent that scaling is much
better in terms of the Bloom-Gilman variable w’'.
Figure 3 demonstrates the other contributions to
T: 3(a) shows T,, which peaks at w’=1.5 (cor-
responding to B, =%); 3(b) shows the interference
term T,,, which oscillates with decreasing ampli-
tude; 3(c) is the full amplitude T at 4 and 8 GeV?Z.
The structure of two 6 functions is clearly emerg-
ing. It is apparent from the figures that the con-
tribution at smaller B approaches the limit more
slowly. This is a direct consequence of Eq. (40).
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FIG. 2. The excitation probability Ty for a harmonic
oscillator with parameters 84 =%, g=4. 7y is plotted
for different values of @* as denoted on the curves. In
(a) Ty is shown as a function of w’, and in () as a
function of w.

III. TWO-DIMENSIONAL MATRIX ELEMENT

The two-dimensional problem is quite similar
to the one-dimensional, to which it can be re-
duced due to the isotropy of the model. For in-
stance, in the harmonic oscillator case we can
choose ¢ to lie along the x axis, and then there
are no y excitations and the treatment we gave
applies as it is. In the general case the wave
function can be separated as

ztbl.n = e”eft,n('r) ’ (54)

with f, ,(r) the radial function. The exponential
factor can be expanded:

+o
eialrcos6= E l-me(ql,r) eimB’ (55)

m=—oo

and therefore

Fy(¢?,n) =21 f "y dr @ 1)

where ,(7) is the ground-state wave function.
The substitution

Fin®) =91 N7 (56)

reduces the Schrddinger equation of the system
to the one-dimensional case

Vi, @) +[2uXE - V() - (12 - 1) /7*]y, .(r) =0,
(57)
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2.0¢

+0.5F

Tiz

-0.5¢

20

FIG. 3. In (a), (b), and (c) we show T, , T4y, and T,
respectively, for different values of @2, as denoted on
the curves, as functions of w’. The system is a har-
monic oscillator with same parameters as in Fig. 2.

and all the properties of the one-dimensional
equation can be used. In particular, y;, vanishes
exponentially outside the potential and has n~1
nodes inside it, for any value of /. The oscilla-
tions will be matched against those of the Bessel
function, for which we use the large-argument
approximation

Jilqw) =2 (2/mqr)"? coslqr — (1+3)7]  (58)

large ¢ 1

to get the equivalent of Eq. (27):

N=;1r-(’r,, -7.)4, . (59)

The relation between n and the energy of the ex-
cited state can be achieved again using the WKB
method applied to Eq. (59),

f Pa2uME - V) - 12/72) ¥ =(n+2)a,  (60)

a

and this finishes the analogy with the one-dimen-
sional problem. The scaling direction is there-
fore given again by w’ =1/8,.

IV. CONCLUSIONS

We have discussed the scaling of hadronic reso-
nance excitations in a simplified parton model.

The resonances were identified with the excited
levels of a nonrelativistic potential. The Galilean,
infinite-momentum analog is the basis for the
validity of this approach. The variable w’ emerged
naturally in this approach and was found to be a
better scaling variable than w in a detailed numeri-
cal demonstration of the harmonic oscillator.

The essence of scaling is that the wave function
of a highly excited state looks very much like a
free particle within the well. Although the de-
tailed picture of a hadron as presented here is far
from realistic, we believe that the essence of res-
onance scaling lies in the mechanisms described.
They should be reflected in more elaborate many-
particle models.
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We present a class of interference models with good analytic properties, arbitrary tra-
jectory functions, no ancestors or ghosts, and a fair amount of freedom remaining. Asymp-
totics are good for bounded trajectories; for linearly rising trajectories there is trouble in
one direction. As an example we do a small calculation on X%— nrr.

I. INTRODUCTION

In the current state of the art of high-energy
theory, many problems come down to constructing
a model amplitude after one has extracted the
known kinematic, spin and internal-symmetry
factors. One tries to put in as many of the basics
as possible — Lorentz invariance, analyticity,
crossing symmetry, unitarity, Regge asymptotics
- and one always has to violate one or more of
these. This leads to various compromises, where
one builds in some features and either ignores
others (hopefully only temporarily) or tries to
satisfy the others in some approximate sense.

One can also have a general scheme —-e.g.,
Regge-cut machines,'? eikonal generators,?3
multi-Regge equations* 5 - in which one uses a
basic model amplitude as an input to obtain a
“better” output. Ultimately, of course, one wants
to do a comparison with the experimental data,
but this is usually done by starting from a model

with good general properties and a small number
of arbitrary parameters, and then juggling param-
eters to obtain the best possible fit to the data.
There are almost as many theoretical models as
there are theorists, but in the last few years the
bulk of the models has concentrated on crossing
symmetry, duality, and narrow-resonance approxi-
mations.® One of the more critical diseases of
these models is their difficulty in moving away
from the narrow-resonance approximation. If one
tries to use a complex trajectory function in order
that resonances may have nonzero widths, one
runs into the problem of “ancestors” - the reso-
nance is predicted to occur in all partial waves
at the same energy. It was in looking for ways
around this difficulty that we came up with the
model class to be described in detail in Sec. II.
Other workers” have also found solutions to the
ancestor problem, usually in the context of dual
models. They have trouble with asymptotics, as
we do also; they also have what are to our minds



