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The wave function of the Universe is usually taken to be a functional of the three-metric on a spacelike
section,X,, which is measured. It is sometimes better, however, to work in the conjugate representation, where
the wave function depends on a quantity related to the second fundamental f&rnTbis makes it possible
to ensure thak is part of a Lorentzian universe by requiring that the argument of the wave function be purely
imaginary. We demonstrate the advantages of this formalism first in the well-known examples of the nucle-
ation of a de Sitter or a Nariai universe. We then use it to calculate the pair creation rate for sub-maximal black
holes in de Sitter space, which had been thought to vanish semi-clasdi88566-282(99)00810-3

PACS numbd(s): 98.80.Hw, 04.20.Gz, 04.70.Dy, 98.80.Cq

[. INTRODUCTION tween exponential and oscillatory is not precise, and does not
identify which part of the wave function describes which
The no boundary proposfl] is formulated in terms of physical situation. In more complicated situations, the
Euclidean path integrals. But the world we live in is Lorent- saddlepoint complex solutions will not separate neatly into
zian, or at least we interpret our observations in terms ofEuclidean and Lorentzian parts. So it is not clear how to
Lorentzian spacetime. One therefore has to continue the ré&alculate the probability of Lorentzian geometries.
sults from the Euclidean path integrals analytically to the ©One might apply certain operators to the wave function to
Lorentzian regime. recover mformatlor! about whether a given s_pacellke surface
The approach to quantum cosmology that has been folS part of a Lprentman or a Euclidean ;pacetlme. But.the use
lowed in the past is to examine the behavior of the wavef OPerators is cumbersome and requires the evaluatidin of
function, as a function of the overall scake,of the metric, for a range of arguments. It would be preferable if the ob-

hi;, on the spacelike surfacB, If the dependence cawas servable geometric properties, such as the Lorentzian char-

exponential. this was interoreted as corresponding to a Euz@cter of the Universe, were manifest in the argument of the
Xp T . prete P 9 wave function. The square of its amplitude would then yield
clidean spacetime, while an oscillatory dependenca oas

) . ; X a probability measure for any given set of such quantities.
interpreted as corresponding to a Lorentzian spacetime. We therefore want to put forward an approach which fo-
For example, in the case of Einstein gravity with a cos-

logical tand th thint | for th functi cuses on the defining characteristic of a Lorentzian geometry
"}O otalca Co?f' a f’ g. pa _Illrg)e%ra _ort Z\gave _uncl? N i the neighborhood oE. This is that the induced metric,
ot a three-sphere of radiuswill be dominated by an Instan-, . o 5 ghould be real, but the second fundamental form,

ton which is part of a four-sphere of radili=\3/A. In
this saddlepoint approximation, the wave function will be Ki=Vin, (1.2
given bye™!, wherel is the Euclidean action of the saddle- . .
point geometry; we are neglecting a prefactor. BerR,,  defined for Euclidean signature, should be purely imaginary.
there will be a real Euclidean geometry, bounded by theHere n! is the unit normal to the surfac®. The second
three-sphereX,, of radiusa. The wave function¥, willbe 1 fundamental form is also called the extrinsic curvature of the
for a=0, and will increase rapidly witla, up toa=R,. For  surfaceX in the manifoldM. It can be regarded as the de-
a>R,, there are no Euclidean solutions with the givenrivative of the metrich;;, onX, asX is moved in its normal
boundary conditions. direction inM. Thus requiring the second fundamental form
There are, however, two complex solutions, each ofo be purely imaginary means thia has a real derivative
which can be thought of as half the Euclidean four-spherewith respect to the Lorentzian time coordinates Im(7),
joined to part of the Lorentzian de Sitter solution. The realwherer is Euclidean time. This is the condition for a Lorent-
part of the action of these complex solutions is equal to thesjan geometry in a neighborhood Bf
action of the Euclidean half-four-sphere, and is the same for The second fundamental forrg; , is trivially related to
all values ofa. On the other hand, the imaginary part of the m;; , the momentum conjugate tg; :
action comes from the Lorentzian de Sitter part of the solu-
tion, and depends oa. Thus the wave function for large mi;=—hY4K;; —h;Kh*), (1.2
oscillates rapidly with constant amplitude.
This shows the association between an oscillatory wavevhereh is the determinant of the metrig; . Clearly, for real
function and a Lorentzian spacetime, but the distinction bemetricsh;;, takingK;; to be purely imaginary is equivalent

ij

IR
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to taking 7rj; to be purely imaginary. It is easy to transform Kij=diad K;(7),K(7,%),K( 7,X)sir? 6]. (2.2
from the usual representation of the wave functigth;; ],

to the momentum representation, in which the wave function A homogeneous isotropic universe without black holes is
is a functional ofr;; . The two representations are related bythe background with respect to which we have to compare
a Laplace transform: the probability of a universe containing a pair of black holes.
This is the familiar de Sitter model, with the Euclidean
saddlepoint metric

\If[ﬂ'ij]zf d[hij]q’[hij]eXF( - fzdsxwijhij)’ 1.3

dg?=V(r)d7?+V(r) tdr?+r2dQ?, (2.2
where the integral over the metric components at each point
of 3 is taken to be over ah;; with positive determinanh where
[1]. This Laplace transform can be analytically continued to
complex values ofr'/. The wave function for a universe that V(r)=1— érz. 2.3
is Lorentzian in a neighborhood & is then obtained by 3

taking ' to be purely imaginary. _ _ _ _ _
verse can be made manifest in the argument of the wavaurfacess will be round three-spheres. Then the metric takes
function. Further support for choosing the momentum reprethe form

sentation comes from the fact that we cannot measure the

metric globally on a spacelike section, but that the expansion ds?=d7?+a(7)%dQ3, (2.4
rate of the universe, which is related to the second funda-
mental form, is easily observable. wheredQ3=dx?+ sir? xdQ3 is the metric on the unit three-

Our arguments are independent of the semiclassical agphere, and
proximation, but they can be illustrated by it. The saddle- . .
point approximation to the wave function will be a(7)=Rysin(Ry 7). (2.5

wa'l]=e", (1.4 The second fundamental fofrik! contains only one in-

dependent componer,=K,, since
where we neglect a prefactor;

1 _k.=2
':_Ef d*xg 3R~ 2A) (1.5 Ki=Ks=3 2.6

is the Euclidean actidnof a complex solution of the field an overdot denotes differentiation with respect to Euclidean

equations with the imaginary given Va'uesﬁf on 2 This time ;' ForK real(i.e. EUCIideam there will aIWayS be a real
Complex Saddlepoint solution will be Lorentzian n%_rby Euclidean solution. For pOSiti\fé, this will be less than half
construction. Further away it may be complex or Euclidearthe Euclidean four-sphere of radifs and forK negative, it

but this does not matter because one is making measuridll be more than half. The action will be

ments only on. One therefore has to perform a path inte-

gral over the metric everywhere except Bn The use of a oK)= — 3m| (3+2K?)K 5
complex saddlepoint solution does not mean that spacetime as(K) = 2A 2(1+K?)32| 2.7

is complex. It can just be regarded as a mathematical trick to

evaluate the path integral. The saddlepoint approximation to the wave function, ne-

glecting the prefactoA, will be
Il. HOMOGENEOUS ISOTROPIC UNIVERSE
WITHOUT BLACK HOLES W (K)=exd —145K)]. (2.9

We can illustrate the above discussion by a consideratiopork =0, the saddlepoint solution will be half the Euclidean
of general relativity without matter fields but with a cosmo- four-sphere and the wave function will be

logical constant\. Because we are not interested in gravita-

tional waves, we shall restrict ourselves to spherically sym

metric solutions. This means that the second fundamental, ) _ _ ) _

form Kij has two independent componers, andK, . By a As we pointed out in the previous section, we should strictly be

gauge choice, we can consider only cases Witrtonstant working with the canonical momentura; . The Lorentzian con-
ons: ’ dition that the argument of the wave function be purely imaginary,

however, can equally well be implemented for various combina-
tions of m;; andh;;, such aj; or K!. Here we are choosing the
latter quantity for the sake of clarity, since it leads to rather simple
INote that this action does not contain the usual surface termequations. It is straightforward to repeat the treatment using com-
which is cancelled exactly in the Laplace transform. ponents of;; .
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deSitter Schwarzschild-de Sitter (topology S'x S?) correspond to Schwarzschild—de Sitter,
S with the Lorentzian metric

1, Q2
§xS ds?= —V(r)dt2+V(r) ldr2+r2dQ?2, (3.1
>< é where
2u A,
V(r)=1 . 3r . 3.2
This represents a pair of black holes in a de Sitter back-
ground. The mass parameter, of the black holes can be in
the range from zero up to a maximum value of l/@ For
ass less than the maximum value, the surface gravity of the
lack hole horizon is greater than that of the cosmological
orizon. This means that if one tries to turn the
Schwarzschild—de Sitter solution into a compact Euclidean
instanton @7=idt), one gets a conical singularity either on
3w the black hole horizon or on the cosmological horizon. For
\Pzex;{ ﬂ) (2.9 this reason, it has been thought that black holes could spon-
taneously nucleate in a de Sitter background only if they had

) ) the maximum masgt—6]. We shall show in the next section
Having calculated the wave function for rei§) one can 4t these conditions can in fact be relaxed.

now analytically continue to complex values. Up the imagi- £, now, we shall focus on the maximal case. In this

nary K axis, only the imaginary part of the action will |init ‘the Schwarzschild—de Sitter solution degenerates into
change, as can be seen from E2j7). Thus, the amplitude of  1ha Nariai solution, in which the two horizons have the same

the wave function will remain at the value fr=0 givenin 505 ang surface gravity, and a compact Euclidean instanton
Eq. (2.9. But the phase of the wave function will vary rap- ;g possible without conical singularities:

idly with the imaginary part ofK. The wave function for
positive imaginaryK will be given by just one of the two ds’=d7?+a(7)2dx*+RdQO3, (3.3
complex solutions we had before. It is the one that consists
of the half Euclidean four-sphere, joined to an expanding davherea(7)=R; sin(R; *7). The two-spheres o all have
Sitter solution across a minimal three-sphere spatial sectiothe same radiuﬂ?lzll\/X, soK,=0 and there will be only
(see Fig. 1 one independent component of the second fundamental form,
Thus this approach separates the expanding and contragg=K, . The Euclidean saddlepoint is a direct product of two
ing phases of the de Sitter universe, which occur when ongyund two-spheres of radiuR,. The Lorentzian Nariai solu-
looks at the wave function in thk;; representation. This tion is the direct product of (4 1)-dimensional de Sitter
makes contact with the tunneling proposal for the wave funcspace with a round two-sphere.
tion [2] (see alsq3] for earlier work. In this one selects the  The value ofK will govern the size of the first Euclidean
solution of the Wheeler-DeWitt equation thatdstgoingat  two-sphere in the same way it did for the de Sitter four-
Iarge values of the scale factarOne can regard the Lorent- Sphere in the previous section. For réalthe geometry is
zian condition as a precise definition of outgoing. However entirely Euclidean, while for imaginarl, it will consist of
the probability according to the tunneling proposaleis'  half of S2x S, joined to the expanding half of the Lorentz-

Lorentzian
section

Euclidean
section

FIG. 1. The creation of a de Sitter univerdeft) can be visual-
ized as half of a Euclidean four-sphere joined to a Lorentzian four
hyperboloid. The picture on the right shows the correspondin
nucleation process for a de Sitter universe containing a pair of blac
holes. In this case the spacelike slices have non-trivial topology.

rather thare™' as with the no boundary proposal. ian Nariai solution(see Fig. 1 The action will be given by
I1l. UNIVERSE WITH MAXIMAL BLACK HOLES In(K)= il 1 K (3.4
' N A NETYN '

To get a universe containing black holes, one would like _
to calculate the probability for a Lorentzian geometry on ayielding the wave function
spacelike surfac®& with n handles. This would represent an _
expanding universe, with pairs of black holes, that inflated (k) =extdIn(K)]. 39
from spacetime foam. It seems reasonable to suppose that the To obtain a Lorentzian universe, we must choBse be
probability of n handles is roughly thenth power of the purely imaginary. Then the real part of the Euclidean action,
probability of a single handle, with appropriate phase spacevhich gives the amplitude of the wave function, will be
factors. Thus it is sufficient to consider the relative probabili-—27/A. As in the de Sitter case, this is independenKais
ties for zero and one handles. We shall restrict ourselves tlong as ReK)=0. The imaginary part of the action, which
spherical symmetry, to make the problem tractable, but it igjives the phase of the wave function, depend¥on
reasonable to assume that spherical configurations dominate To calculate the pair creation rate of Nariai black holes on
the path integral. a de Sitter background, we note thlt ¥ is a probability
The zero handle surfacé®pology S®) correspond to the measure. It is important to stress that the probability measure
Lorentzian de Sitter solution, while the one handle surfaceslepends only on the real part of the saddlepoint action,
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which stems from the Euclidean sector. In accordance with
other instanton methods, the pair creation fa{ecan thus be
obtained by normalizing this probability with respect to de
Sitter space:

i singularity

*
v
T'y= NN

=exp—2[Re(ly) — Re(lds)]}zexy{_TTr).
(3.6

*
dS\P ds

Therefore the pair creation of black holes is highly sup- :
pressed except when tlieffective cosmological constant is identify
close to the Planck value, as it may have been in the earliest
stages of inflation.

FIG. 2. Carter-Penrose diagram of the Schwarzschild—de Sitter
IV. UNIVERSE WITH SUB-MAXIMAL BLACK HOLES spacetime. The poir is the location of the conical singularity in
the Euclidean sector. The curved lines indicate a family of spacelike
In the previous section, we chose to consider only blackslices which all pass through the conical singularity. This is neces-
holes of maximal size in order to avoid a conical singularitysary since one must specify the metric there in order to ensure that
in the Euclidean saddlepoint solution. For a metric to domi-the Euclidean solution is a saddlepoint. Regions | and Il lie between
nate the path integral, it has to be a solution of the Einsteithe black hole and the cosmological horizon. Region Il corre-
equations at every point of the manifold; but on a conicalsponds to an asymptotic de Sitter region, and region IV to the black
singularity clearly it is not. Thus the action will not be sta- hole interior.
tionary with respect to general variations of a metric contain-
ing a conical singularity. slices goes to zero at least quadratically as a function of
However, conical singularities are expected in general oproper distance from the black hole horizon. This type of
the measurement surfage if one is working in the metric slicing is shown schematically in a Carter-Penrose diagram
representation. The solution of the field equations for giverin Fig. 2.
hi; onX will in general have a non-zero second fundamental It ensures that all Lorentzian spacelike slices will be regu-
form Kj; on X. When this solution is joined to its reflection lar on the black hole horizon. We shall not give any such
across>, to calculate¥* ¥, one gets a conical singularity in slicing explicitly. Once a particular slicing is chosen, there
general. will again be only one degree of freedom in the second fun-
The rule is that conical singularities are expectedsoii ~ damental form, say = [ d3xh"/%K;;h'l.
they correspond to components of the metric that are mea- Thus, in the Schwarzschild—de Sitter case, the wave func-
sured. For example, if one wants the probability of @in  tion has two arguments) and K. The first determines the
x % handle with a two-sphere cross section,of aread,  size of the black hole, while the second selects a spacelike
one can impose the Lorentzian condition that the real part olice in the saddlepoint metric. The de Sitter and Nariai cases
the second fundamental form vanish everywher&axcept are included forA=0 andA=4mx/A, respectively.
for o. One cannot specify the second fundamental form on The Euclidean part of the saddlepoint metric has a bound-
o, because one is prescribing the metric there. On the othéry with zero second fundamental forms everywhere except
hand, one can impose the Lorentzian condition, that the rean o, where it is a delta function. This boundary will split
part of the second fundamental form is zero, everywhere elsthe full Euclidean solution in half in the same way as in the
on 3. This allows one to find a saddlepoint solution, de Sitter and Nariai solutions. This half of the Euclidean
bounded by a surface with a handle of ared, for any area geometry will give the real part of the action. Chooskigo
up to the maximum, #/A. Therefore the nucleation of be purely imaginary leads to a Lorentzian universe, which
Schwarzschild—de Sitter black hole pairs of any size can bence again can be obtained by analytically continuing the
analyzed in the instanton formalism. We choose the cosmdzuclidean solution. Similar to the de Sitter and Nariai solu-
logical horizon to be regular in the Euclidean sector, whichtions, the Lorentzian section will contribute only to the
will lead to a conical singularity on the black hole horizon. imaginary part of the action. Therefore the real part of the
This is allowed as long as the surface of measurem¥®nt, action will be independent df for imaginaryK:
contains the conical singularitisince this means that the
metric is not varied thepe
The cross sectiow corresponds to the black hole hori-
zon; it will be the smalles8? in the spacelike surfack.
Assume it is not. Then ther will not correspond to the To calculate the probability measure, and thus the nucle-
conical singularity, whose metric will then not be fixed on ation rate for a Schwarzschild—de Sitter black hole pair, we
the boundary. But such configurations will not dominate inneed only calculate the real part of the action, since
the path integral and can be neglectédine can now choose
some slicing of Schwarzschild—de Sitter which must have
the property that the proper time between points on different VeV sus=exd —2 Relsgg]. (4.2

lsad A K) =15 A) +il i AK). (4.
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But 2 Re( sqd =21554A), which is twice the action of the With A, V,A, and § expressed in terms df andc, Eq.
Schwarzschild—de Sitter instanton, which in turn is equal to4.3) evaluates to

the action of the full Euclidean Schwarzschild—de Sitter so-

lution, 1Ml |M = — 7(b%+c?). (4.12

Using Eq.(1.5 andR=4A, one can show that

l AV AS Note that this action is related to the geometric entrdy,
ISas™ — 87 8#' (4.3 and the total horizon area in the usual way-11]:

whereV is the four-volume of the Euclidean solution. The A+A,

extra term gives the contribution from a conical deficit angle —1=S= . (4.13

S at a two-surface of area [4].

In order to facilitate the calculation of this action, it is
useful to parametrize the Schwarzschild—de Sitter solutionghere A,=47c? is the area of the cosmological horizon.
by the radiib andc of the black hole and the cosmological Thus we obtain for the pair creation rate of arbitrary-size

horizon. The parameters and u can be expressed in terms Schwarzschild—de Sitter black holes in de Sitter space:
of the new parameteils andc:

3 [sos=exil — (1545~ 148)]=exp(—mbe).  (4.14
A b%+c?+bc’ “-4
Using Eq.(4.4) and A=4mb?, this result can easily be re-
be(b+c) written in terms ofA andA, the argument we specified in the
po=——". (4.5  wave function. However, the physical implications are quite
2(b*+c?+bc) clear from Eq.(4.14): a decreasing cosmological constant

corresponds to increasing cosmological horizon sizand
thus, as in the maximal case, to increasing suppression. At a
ds?=V(r)d=2+V(r)~ Ldr2+r2dQ?, (4.6) fixed value of the cosmological constant, the suppression in-

creases with the black hole radius, which is physically
whereV(r) is given by Eq.(3.2); in terms ofb andc it takes ~ sensible. Considering the Planck length to be the lower

The Euclidean Schwarzschild—de Sitter metric is

the form bound on the black hole sizd£1), we find that even the
smallest black holes are highly suppressed unless the cosmo-
V(r) = (r=b)(c—r)(r+b+c) @7 logical constant is also near the Planck value.
r(b2+c2+bc) : : Wu has recently proposdd 2] that one should calculate

the saddlepoint approximation to the wave function using

To avoid a conical singularity at the cosmologi¢alack  “constrained instantons,” which include spacetimes with a

hole) horizon, the Euclidean time must be identified with conical singularity. He conjectures the conical singularities
the periodr9(7%), where should be allowed on the “equator,” i.e. thg;=0 surface

. on which the real Euclidean geometry is matched to a real

4 oo d Joo Lorentzian one. This is essentially equivalent to what we
7e,6= 2T\ Grelr=c, b or V9rr , (4.8 have done but the motivation for his calculation is maybe not
r=cb so clear. He obtains the same result for the pair creation
whereg..= 1/g,, = V(r). This gives probability of sub-maximal black holes.
. Vv
Tg y=4m - 4.9 V. SUMMARY AND CONCLUSIONS
r=c,b

We have argued that the momentum representation of the
We choose to get rid of the conical singularityratc, sothe ~Wave function of the Universe has several advantages over
volume will be the metric representation. Most importantly, the requirement
that we live in a Lorentzian universe can be implemented

T o 3 id straightforwardly in this formulation: one must take the ar-

V=5 (c"=b)7c. (410 gument of the wave function to be purely imaginary. More-

over, unlike the three-metric, the canonical momentum is

The conical deficit angle at the black hole horizon is byC|OS€|y related to observable quantities like the expansion
definition rate of the universe, and it distinguishes between expanding
and contracting branches. While the momentum and metric

Te| representations are related by a Laplace transform and thus
o=2m| 1- )’ (41D contain the same information, we conclude that many of the
most relevant physical properties of a spacetime are manifest
the two-sphere ared is obviously 4rb?. only in the momentum representation.
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We have clarified how, and under which conditions, Eu-and the metric is specified there. On the reskofa purely
clidean solutions with a conical singularity may be used asmaginary second fundamental form is specified to ensure
saddlepoints. We showed that this is possible in the case dfiat the observed universe is Lorentzian. This enabled us to
sub-maximal Schwarzschild—de Sitter universes if the spacedescribe the quantum nucleation of such spacetimes and cal-
like boundary ., is chosen to contain the conical singularity culate their creation rate on a de Sitter background.
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