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Relic neutrino asymmetries and big bang nucleosynthesis in a four neutrino model

N. F. Bell,* R. Foot,† and R. R. Volkas‡
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Oscillations between ordinary and sterile neutrinos can generate large neutrino asymmetries in the early
universe. These asymmetries can significantly affect big bang nucleosynthesis~BBN! through modification of
nuclear reaction rates. We study this phenomenon within a model consisting of the three ordinary neutrinos
plus one sterile neutrino that can be motivated by the neutrino anomalies and the dark matter problem. We
calculate how the lepton asymmetries produced, evolve at temperatures where they impact on BBN. The effect
of the asymmetries on primordial helium production is determined, leading to an effective number of neutrino
flavors during BBN of either about 2.7 or 3.1 depending on the sign of the lepton asymmetry.
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PACS number~s!: 14.60.Pq, 13.15.1g, 26.35.1c
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I. INTRODUCTION

Models with sterile neutrinos are currently favored to a
commodate all the neutrino oscillation measurements. I
difficult to simultaneously account for the solar, atmosphe
and Liquid Scintillation Neutrino Detector~LSND! anoma-
lies with just three ordinary neutrinos and hence only t
mass-squared differences. Therefore we require at least
additional neutrino if we wish to explain all three of th
observed neutrino anomalies. Constraints from theZ width
suggest that any additional neutrinos must be sterile. Os
lations between ordinary and sterile neutrinos in the ea
universe have been studied in@1–5# and found to generate
large neutrino asymmetries@4,5#, which can significantly af-
fect big bang nucleosynthesis~BBN! reaction rates, and ca
result in an effective neutrino number of less than three d
ing BBN @6#. In this paper, the techniques developed in R
@6# will be applied to the four neutrino model of Ref.@7#
which has almost degeneratenm andnt . This model is dis-
tinct from the four neutrino model of Ref.@6# where a mass
hierarchy betweennm andnt was assumed.

A motivation for studying how neutrino oscillations ca
affectNn

e f f , the effective neutrino number during nucleosy
thesis, arises from discrepancies between the observed
terium abundance and standard BBN. The primordial D
ratio can be used to give a sensitive determination of
baryon to photon ratioh which, given the inferred primordia
4He mass fraction, can be used to predict the number of l
neutrinosNn

e f f .
Although there are numerous measurements of the de

rium abundance, obtaining an upper bound to the abunda
is quite difficult, and there are conflicting observations.
high deuterium measurement ofD/H5(1.960.4)31024

was found in Ref.@8#, leading toh;2310210, while in Ref.
@9# a low deuterium result ofD/H5(2.360.360.3)31025

was obtained, suggesting thath;7310210. From these val-
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ues of h, and the helium mass fractionYP , the effective
number of neutrinos can be calculated. By way of examp
the results

Nn
e f f52.960.3 high D/H,

Nn
e f f51.960.3 low D/H, ~1!

were obtained in Ref.@10#. ~For other calculations ofNn
e f f

see Ref.@11#.! Hence, if the low deuterium result is correc
standard BBN would require an effective neutrino number
less than three~provided that the value ofYP used in Ref.
@10# is correct!. Clearly Nn

e f f,3 would imply new physics.
Further observations are required to pin down theD/H value
~and alsoYP! although it now seems as though the lowD/H
result is favored@9,12#.

One possibility for the new physics is to look at the ne
trino sector and study mechanisms by which the effect
number of neutrinos can be made less than three. A poss
way of doing this is to create an electron-neutrino asymm
try, as this would directly affect the reaction rates whi
determine then/p ratio just before nucleosynthesis. Then/p
ratio controls the helium mass fractionYP via the equation

dYP

dt
52l~n→p!YP1l~p→n!~22YP!, ~2!

where the reaction rates

l~n→p!.l~n1ne→p1e2!1l~n1e1→p1 n̄e!,

l~p→n!.l~p1e2→n1ne!1l~p1 n̄e→n1e1!, ~3!

depend on the momentum distributions of the species
volved. The processes in Eq.~3! for determiningn↔p are
valid for temperatures above about 0.4 MeV, below wh
the weak interaction rates become frozen out and neu
decay becomes the dominant factor affecting then/p ratio.
An excess ofne over n̄e would reduce then/p ratio, due to
the modification of the neutrino momentum distributio
through non-zero chemical potentials, thereby changing
rates for the processes in Eq.~3!. Neutron decay is not sig
©1998 The American Physical Society10-1
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nificantly altered by lepton asymmetries. A change in
helium mass fractionYP can be related to a change in th
effective number of neutrinos by@13#

dYP.0.0123dNn
e f f . ~4!

A large neutrino asymmetry could simply be postulated,
it is more interesting to look at physics of the neutrino sec
which will allow a large neutrino asymmetry to evolve as
dynamical variable.

A four-neutrino model was studied in Ref.@6#, involving
the three ordinary neutrinos and one sterile neutrino, wh
the mass hierarchymnt

@mnm
,mne

,mns
was considered by

way of example. In this case oscillations betweenn̄t and n̄s
resulted in an excess ofnt over n̄t thereby generating a larg
tau-neutrino asymmetry and hence a large tau-lepton n
ber. n̄t2 n̄e oscillations also occurred, and it was shown th
this allowed some of the tau-neutrino asymmetry to be tra
ferred to an electron-neutrino asymmetry. The effective nu
ber of neutrinos found in Ref.@6# was either 2.5 or 3.4. The
two values arise because there is an ambiguity involving
sign of the asymmetry and hence the prediction forNn

e f f ~see
Ref. @4# for a discussion of this issue!. For a positive asym-
metry,dNn

e f f.20.5 was obtained over a range of mass d
ferencesdmts

2 ;1023000 eV2, while for a negative asym
metry the result wasdNn

e f f.10.4. So we have the
interesting situation thatNn

e f f,3 can be achieved althoug
the precise value ofNn

e f f is model dependent as this pap
will illustrate. If future measurements can pin downNn

e f f

precisely enough, then this quantity can be used to help
criminate various competing models explaining the obser
neutrino physics anomalies.

II. MODEL OF NEUTRINO MASSES

The model we will consider in this paper is again a s
tem of four neutrinos:nt , nm , ne andns . In this model the
ne andns are assumed to be very light (!1 eV), andnt and
nm are taken to have nearly degenerate masses. This m
has been proposed in@7# as a pattern of masses that w
allow the data from the solar, atmospheric, and LSND
periments to be satisfied as well as being consistent w
dark matter models.

In this scenario, the solar neutrino problem is explain
by the small angle Mikheyev-Smirnov-Wolfenstein~MSW!
solution with oscillations betweenne and ns with dmes

2

;1025 eV2 and sin2 2u;1022 @14#, while the atmospheric
neutrino deficit is explained bynt2nm oscillations@15# with
dmtm

2 ;102221023 eV2 and sin2 2u.1. The LSND data re-
quires a nm2ne solution with dmme

2 in the range 0.2
210 eV2 and sin2 2u.33102221023 @16#. It has been ar-
gued@17# from considerations of structure formation in th
early universe that the optimal value for the degeneratenm
andnt masses is 2.4 eV. Note, however, that the creation
a largeLm andLt neutrino asymmetry should impact on th
favored neutrino mass for structure formation and dark m
ter. For this reason it may well be necessary for the optim
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mass of approximately 2.4 eV to be recalculated, taking i
account the modified neutrino number densities.

III. NEUTRINO ASYMMETRIES AND CONSEQUENCES
FOR BBN

For oscillations betweenna andns , the weak eigenstate
are linear combinations of the mass eigenstatesn1 andn2 ,

na5cosu0n11sin u0n2 ,

ns52sin u0n11cosu0n2 , ~5!

whereu0 is the vacuum mixing angle~we assume thatu0 is
defined such that cos 2u0.0). The mass-squared differenc
between the two eigenstates is defined asdmas

2 5m2
22m1

2 .
The neutrinos interact with matter, so a matter mixing an
um is defined, which is related tou0 by @18#,

sin2 2um5
sin2 2u0

sin2 2u01~b6a2cos 2u0!2 . ~6!

The term (b6a) is related to the effective potential due
interactions of the neutrinos with matter:

V5
dmas

2

2p
~b6a!, ~7!

where -/1 corresponds ton/ n̄ andp is the neutrino momen-
tum. The functionsa andb are given by

a52
4&z~3!GFT3L ~a!p

p2dmas
2 ,

b52
4&z~3!GFT4Aap2

p2dmas
2 MW

2 , ~8!

whereAe.17 andAt,m.4.9 @19#.
The functionL (a) is defined as

L ~a!5La1Lt1Lm1Le1h, ~9!

whereh is approximately equal to the baryon to photon rat
and theLn’s are the lepton asymmetries which are given

Lna
5

nna
2nn̄a

ng
, ~10!

wherenn andng are the neutrino and photon number den
ties, respectively.

The neutrinos have a distribution of momenta and o
neutrinos with momentum of a certain value will be reson
at a given time. The momentum of the resonance will mo
through the neutrino distribution as the temperature
creases, creating a neutrino asymmetry at the particular v
of the resonance momentum at that temperature. The ev
ing neutrino asymmetry also non-linearly affects the evo
tion of the resonance momentum. The asymmetry is dist
uted across the momentum distribution as weak interact
keep the distributions in thermal equilibrium.

The resonance occurs for
0-2
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~b6a!5cos 2u0.1, ~11!

for sin2 2u0!1. Thea andb terms dominate this condition
at different temperatures. We may obtain a qualitative und
standing of the behavior by neglecting the thermal sprea
momentum and using the average value^p&.3.15T. At high
temperatures thêb& term dominates, and in@4# it was found
that for ^b&,1 oscillations create lepton number while f
^b&.1 the oscillations are lepton number destroying. T
dependence of̂b& on temperature iŝb&;T6, so when the
temperature drops to where^b&;1, which we denote byTC ,
the oscillations creating lepton asymmetry dominate and l
to an exponential growth in lepton number. In Ref.@4# it was
shown that fordm2,0 ~and udm2u*1024 eV2) large lepton
asymmetries are created provided that

sin2 2u0*5310210S eV2

udm2u D
1/6

. ~12!

This result is independent of the initial value of the asymm
try, provided thatuLau&1025 @4#. For dm2 in the range
1 – 10 eV2, we haveTC.16– 25 MeV, obtained from the
condition^b&51. The rapid growth drops off as the temper
ture decreases and when the temperature has decreas
below aboutTC/2, the ^a& term has become larger and w
can now neglect thêb& term so that the resonance conditio
is approximately given by@6,4#

^a&.cos 2u0.1. ~13!

Collisions and oscillations both affect the generation of le
ton asymmetries. At high temperatures (T*TC/2) collisions
affect neutrinos to a greater extent than oscillations,
these in turn affect lepton number because then’s and n̄ ’s
interact at different rates in aCP asymmetric background
medium.~A CP asymmetric medium is required by the co
mological baryon-antibaryon asymmetry.! At lower tempera-
tures, the collision rates are not as rapid and oscillati
become coherent, so that oscillations take over from co
sions to control the growth of lepton number. Thus, forT
&TC/2, MSW @18# transitions become important.

We have two oscillation resonances to consider,nt,m
2ns , which will generate a largeLt,m asymmetry andnt,m
2ne , which will then transform some of the asymmetry in
thene sector to produceLe . Oscillations betweennt andnm
or ne and ns may be neglected as they have much sma
mass-squared differences.

The asymmetries are calculated, starting from an ini
temperature ofT5TC/2 whereuLtu!1 andT is low enough
for oscillations and MSW transitions to dominate over co
sions. The initial number density of sterile neutrinos is tak
to be negligible~which will occur for a range of parameters!
in accord with the results of the numerical calculation in R
@4# for the initial creation of lepton number atT5TC . We
study how the asymmetries evolve down to temperatu
where they become important for BBN. Note that for t
moment we will assume thatLt.0 for definiteness.

At T*TC where theb term dominates,nt→ns and n̄t
→ n̄s resonances both occur at the same momentum, bu
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the temperature falls toT.TC/2 thent→ns and n̄t→ n̄s os-
cillations no longer have the same resonance momenta.
allows the asymmetry to grow very large because when m
of the n̄ ’s have approximately the right momentum to b
near a resonance, the bulk of then’s are far away from a
resonance. It was found in@6# that if the createdLa is posi-
tive the antineutrino resonance momentum has generally
valuespres /T;0.2– 0.8 atT.TC/2 while the neutrino reso-
nance momentum is toward the tail of the neutrino mom
tum distribution~see Fig. 2 of Ref.@6# for an illustration!.
Hence the neutrino resonance is neglected and we will o
be concerned with the antineutrino resonance.

We will neglect thent2nm mass difference and thu
make the approximation that thent2ns andnm2ns oscilla-
tions have exactly the same resonance momentum,p1 , and
the nt,m2ne resonances have momentump2 . These are ob-
tained from the resonance condition

a.cos 2u0.1, ~14!

where a is given by Eq.~8!. The resonance momenta a
given by

p1.2
p2dm2

4&z~3!GF

1

T3L ~t! ,

p2.2
p2dm2

4&z~3!GF

1

T3~L ~t!2L ~e!!
.

~15!

Since nt and nm are nearly degenerate and their mat
effects are identical, the calculation is symmetric with r
spect tonm andnt , soLt5Lm . We therefore find that

L ~t!53Lt1Le.3Lt ,

L ~t!2L ~e!5Lt2Le.Lt . ~16!

This means that thent,m2ne resonance occurs for a mome
tum which is approximately a factor of three higher than
the nt,m2ns resonance,

p2.3p1 . ~17!

Because thent2ns and nm2ns oscillations have the sam
resonance momenta, instead of having two separate r
nances, thent2ns andnm2ns resonances completely ove
lap. Therefore we must consider the three-flavor system c
sisting ofnt , nm andns . To take into account that there i
only one sterile neutrino state for bothnt andnm to couple
to, we may form two linear combinations ofnt andnm . One
of these oscillates withns , and undergoes MSW conversio
at the resonance, while the othernt/nm linear combination
does not oscillate withns . This state is decoupled, and is n
converted into the sterile state at the resonance. Our e
tions include factors of12 to account for this situation. The
mass eigenstate which is dominantly ans at high density,
becomes ant /nm linear combination at low density, so that
ns which goes through the resonance has a 50% chanc
0-3
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being converted tont and a 50% chance of being convert
to nm . Similarly, since one linear combination ofnt andnm
only will be converted to ans upon passing through th
resonance, bothnt or nm have only a 50% probability o
being converted to the sterile state.

Naively one might believe that by makingnm andnt de-
generate, so as to have two heavier neutrinos oscillating
ns instead of only one heavier neutrino oscillating with t
sterile neutrino, that twice the electron-neutrino asymme
would be produced. However, this will not occur, becau
there is only one sterile eigenstate for the two linear com
nations ofnt andnm to oscillate with. Because of the facto
of 1

2 arising from this three-flavor nature, we would not e
pect the electron-neutrino asymmetry created to be any la
than for the model of Ref.@6#, where only a heavynt oscil-
lates withns ~in fact it turns out to be smaller—see later!.

Numerically integrating the quantum kinetic equation
we find that the adiabatic limit of the MSW effect hold
provided

sin2 2u0*1029210210 ~18!

for dm2;10 eV2. The adiabatic limit implies all neutrino
that pass through the resonance will undergo MSW con
sion. This means the lepton number created is basically e
to the number of antineutrinos minus the number of ste
antineutrinos that pass through the resonance, and the gr
of lepton number is governed by how quickly the resona
momentum moves through the neutrino momentum distri
tion.

The rate of change of the lepton numbers is theref
given by

dLnt

dT
52X1U d

dT S p1

T D U2X2U d

dT S p2

T D U, ~19!

dLne

dT
52X2U d

dT S p2

T D U, ~20!

whereX1(X2) expresses the difference between the num
of n̄t and n̄s( n̄e) with the right momentum to pass throug
the resonance and is given by

X15
1

2

T

ng
~Nn̄t

2Nn̄s
!U

p5p1

,

X25
1

2

T

ng
~Nn̄t

2Nn̄e
!U

p5p2

. ~21!

The factor of 2 in Eq.~20! and the factors of12 in Eqs.~21!
arise from the three-flavor nature of the problem as discus
above.

TheN’s are the momentum distributions of the neutrino
so that

n5E Ndp, ~22!
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which in thermal equilibrium are just given by a Fermi di
tribution

Nn̄5
1

2p2

p2

11expS p1mn̄

T D , ~23!

where mn̄ is the antineutrino chemical potential. Th
Tu d/dT (pres /T)u terms describe how quickly the resonan
momenta move, and are expressed in terms of the vari
pres /T because we want to distinguish the roles of expans
and oscillations, and unlikep, the quantityp/T does not
change due to the direct effect of the expansion of the u
verse. Evaluating the derivatives, we obtain

dLne

dT
5

2DA1CE

A1E~A2B!
, ~24!

dLnt

dT
5

C

A
1

B

A

dLne

dT
, ~25!

where

A52S 11
3X1p1

TL~t! D , B5
1

2
1

X1p1

TL~t! ,

C5
4X1p1

T2 , D5
4X2p2

T2 ,

E5
2X2p2

T

1

L ~t!2L ~e! . ~26!

In deriving Eqs.~24!, ~25! we have usedd/dT (p1,2/T),0,
because the resonances~which start at low values of approxi
mately p1 /T;0.2– 0.8 andp2 /T.3p1 /T) move through
the momentum distributions to higher values as the temp
ture decreases.

Numerically integrating Eqs.~24!, ~25!, we find that the
final lepton asymmetries generated are

Lm /h5Lt /h.0.16, Le /h.6.731023 ~27!

for dm2 in the range 6 – 8 eV2, whereh5Tn
3/Tg

3 .
The Le asymmetry then affects BBN rates via the mod

fication of the neutrino momentum distributions. Weak inte
actions keep the neutrino distribution in thermal equilibriu
for T*1 MeV, however for dm2;10 eV2 the neutrino
asymmetries only become large at temperatures where
the distributions are beginning to go out of equilibrium. B
cause the neutrino distributions are not completely therm
zed, we cannot simply describe them in terms of chem
potentials, so for this reason we keep track of the neutr
number densities numerically in momentum cells. We
sume complete MSW conversion at the resonance, which
good approximation for the large range of parameters gi
by Eq. ~18!, so that numbers densities of sterile and act
neutrinos are interchanged at the resonance momentum
that
0-4
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Nn̄s
~p1!→

1

2
„Nn̄t

~p1!1Nn̄m
…~p1!5Nn̄t,m

~p1!,

Nn̄t,m
~p1!→

1

2
„Nn̄s

~p1!1Nn̄t,m
~p1!…, ~28!

and similarly for then̄t,m2 n̄e resonance. Cells are refille
according to the interaction rates

d

dt S Nactual

N0
D5G~p!S Nequilib

N0
2

Nactual

N0
D , ~29!

where

N05
1

2p2

p2

11expS p

TD ~30!

andNequilib is given by the equilibrium distribution Eq.~23!.
The chemical potential is obtained from the lepton num
via the equation

La.2
1

24z~3!
@p2~m̃n2m̃ n̄!26~m̃n

22m̃ n̄
2!ln 21~m̃n

32m̃ n̄
3!#

~31!

wherem̃ i[m i /T. Equation~31! is an exact equation form̃n

52m̃ n̄ , otherwise it holds to a good approximation pr
vided thatm̃ i&1. Fordm2;8 eV2 a significant lepton num-
ber ~here significant means larger than about 0.01! is not
created untilT&2 – 3 MeV. At these temperatures, the ne
trinos and anti-neutrinos have already chemically decoup
~Note thatTdec

e .3 MeV andTdec
m,t.5 MeV are the chemica

decoupling temperatures.! Because of this,m̃n.0, while the
anti-neutrino chemical potentialm̃ n̄ continues increasing a
per Eq.~31!.

The interaction rateG(p) in Eq. ~29! is

G~p!.
^G&p

^p&
, ~32!

where^G& is the thermal average of the total neutrino co
sion rate given by@1#

^Gne
&54.0GF

2T5,

^Gnt,m
&52.9GF

2T5. ~33!

Integrating the rate equations for the processes give
Eq. ~3!, using the modified neutrino momentum distributio
„Nactual(p)…, the change in the neutron to proton ratio a
henceYP is determined. We find the size of the effect in th
case is given bydYP.20.0023 which corresponds to
change in the effective number of neutrinos ofdNn

e f f.
20.19.

Excitation of the sterile neutrino, and the modified m
mentum distribution, will change the energy density of t
universe, and this will also change the effective number
neutrinos. The number density and average energy of
10501
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neutrinos were calculated from the modified momentum d
tributions. Fordm2 in the range 6 – 8 eV2 we get

nn̄e

n0
50.99,

^En̄e
&

^p&
50.99,

nn̄t

n0
5

nn̄m

n0
50.53,

^En̄t
&

^p&
5

^En̄m
&

^p&
50.91,

nn̄s

n0
50.91,

^En̄s
&

^p&
50.97, ~34!

wheren0 is the number density with zero chemical potent
and^p&53.15T is the average momentum for a Fermi-Dira
distribution. ~The chemical potentials for the neutrinos a
very small and so the distributions are not significantly mo
fied.! These changes in the energy density correspond
dNn

e f f.20.09. As we have an ambiguity concerning t
sign of the lepton asymmetries and hence also the sign
dNn

e f f due to modification of the nuclear reaction rates,
have two possible values for the overall change in the eff
tive number of neutrinos.

In Fig. 1 dNn
e f f is plotted as a function of the mas

squared difference. For the mass rangedm2.6 – 8 eV2, we
find:

dNn
e f f.20.3, positive asymmetry,

dNn
e f f.10.1, negative asymmetry. ~35!

This remains approximately constant to above where
NOMAD experiment cuts off the LSND data atdm2

.10 eV2 @20#, while for smalldm2 we havedNn
e f f→0.

The Le asymmetry and hence thedNn
e f f obtained is

smaller than that obtained for the model of Ref.@6#. TheLt,m
asymmetry created in the present model is roughly half

FIG. 1. Change in the effective number of neutrinos as a fu
tion of the mass-squared difference. The solid line corresponds
positive electron neutrino asymmetry, and the dashed line a n
tive asymmetry.
0-5
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big as theLt asymmetry obtained in Ref.@6#, because only
one of the the two linear combinations ofnm and nt oscil-
lates withns , as discussed above. Naively one might exp
that with bothnt2ne andnm2ne oscillations producingLe
that an effect of comparable size to Ref.@6# would be ob-
tained, however, this does not turn out to be correct. T
crucial difference between the two cases is the separatio
the two resonances. The separation of the resonances is
by Eq. ~17!, and whereas we havep2.3p1 , in the previous
case the resonances were closer together withp2.2p1 . This
is important because the resonance which createsLe is at a
higher momentum than the resonance which createsLt , so
that by the timeLt has grown sufficiently large to start pro
ducing significantLe , thep2 resonance has already moved
considerable way through the neutrino momentum distri
tion. For the present model,p2 /T has already moved past th
average value ofp/T.3.15 and is out toward the tail of th
distribution, where the number density is much lower, so t
the Lt asymmetry cannot be transferred toLe as efficiently.

IV. CONCLUSION

We conclude that the neutrino oscillations in the four ne
trino model of Ref.@7# can modify the effective number o
s.
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neutrinos during nucleosynthesis and giveNn
e f f,3. How-

ever, it turns out that the effect is relatively small,dNn
e f f.

20.3 ~if Le.0). If future measurements confirm the lo
D/H result as well as theYP value used in Ref.@10#, then
this model will become cosmologically disfavored. On t
other hand, if future measurements favorNn

e f f.3 then this
model will remain viable.

There is also the interesting possibility that the neutr
mass favored for dark matter@17# will have to be recalcu-
lated. In fact, from Eq.~34! the number of heavy neutrinos i
actually about 1.5 because about 50% of then̄t and n̄m have
been converted into lightn̄s . This would suggest that the
optimal mass for hot1cold dark matter scenarios is som
what heavier, aboutmnt

5mnm
53.1 eV rather than 2.4 eV

for this particular model. This implies that thedm2 relevant
for LSND is about 9 eV2 rather than 6 eV2 @21#.
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