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Bulk charges in eleven dimensions
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Eleven dimensional supergravity has electric type currents arising from the Chern-Simon and anomaly terms
in the action. However the bulk charge integrates to zero for asymptotically flat solutions with topological
trivial spatial sections. We show that by relaxing the boundary conditions to generalisations of the ALE and
ALF boundary conditions in four dimensions one can obtain static solutions with a bulk charge. Solutions
involving anomaly terms preserve between 1/16 and 1/4 of the supersymmetries but Chern-Simons fluxes
generally break all of the remaining supersymmetry. One can introduce membranes with the same sign of
charge into these backgrounds. This raises the possibility that these generalized membranes might decay
quantum mechanically to leave just a bulk distribution of charge. Alternatively and more probably, a bulk
distribution of charge can decay into a collection of singly charged membranes. Dimensional reductions of
these solutions lead to novel representations of extreme black holes in four dimensions with up to four charges.
We discuss how the eleven-dimensional Kaluza-Klein monopole wrapped around a space with non-zero first
Pontryagin class picks up an electric charge proportional to the Pontryagin number.@S0556-2821~98!01914-6#

PACS number~s!: 04.65.1e, 04.50.1h, 04.60.Ds, 11.25.Hf
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I. INTRODUCTION

The only bosonic fields in eleven dimensional supergr
ity are the metric and a three form potentialA for a four form
field strengthF. The gauge symmetry is Abelian and th
gravitino couples to the four form field strength rather th
the potential. Thus it might seem that there were no char
fields in the theory. However, the action contains a Che
Simons term@1#

SCS}E ~A`F`F !, ~1!

which implies that the divergence of the four form fie
strength is nonzero,

d* F}F`F. ~2!

In other words, there is an electric type bulk curre
* (F`F); the magnetic type bulk current is, however, ze
since dF50. This means that any magnetic charg
PX5*XF whereX is a four cycle are purely topological an
are the same for all homologousX. On the other hand, the
electric chargesQY5*Y* F whereY is a a closed seven su
face can have both topological and bulk contributions. Th
is also a contribution to the electric current and charge fr
the term in the bulk action that is needed to cancel anoma
from the world volume of the five brane@2#.

One can integrate the electric current over an eight s
face K with ]K5Y to obtain the bulk contribution to the
electric charge. IfK were asymptotically Euclidean, on
could conformally compactify by adding a point at infinit
The Chern-Simons part of the electric current is conforma
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invariant. Thus its contribution to the charge at infinity mu
integrate to zero unless the fourth cohomology cla
H4(K,R) is non-trivial. In particular, it will be zero forK
5R8 and the anomaly bulk contribution will also integrate
zero. This means that the ordinary asymptotically flat me
brane cannot decay by losing its charge to a bulk distribut
in space.

On the other hand, a bulk electric charge can occur ifK is
either not topologically trivial or not asymptotically Euclid
ean. As an example of the first kind, considerS43S4 and
send a point to infinity by a conformal transformation
obtain an asymptotically Euclidean surfaceK. One can
choose the conformal factor, the scale of two extra flat s
tial dimensions and the four form to satisfy the time symm
ric constraint equations. This would give time symmetric in
tial data for a solution with an electric charge that aro
solely from bulk contributions. The classical evolution
such a solution would be collapse to a membrane. Howe
we shall show that the situation may be different whenK is
not asymptotically Euclidean but obeys some generaliza
of the asymptotically locally Euclidean~ALE! or asymptoti-
cally locally flat ~ALF! boundary conditions in four dimen
sions. In that case bulk charges can be classically st
though one would expect that they may decay quantum
chanically into a collection of membranes which would ha
more phase space.

We will show that there are static solutions with bu
distributions of electric charge even when the topology ofK
is R8. Such solutions can preserve a fraction of the sup
symmetry provided thatK admits covariantly constan
spinors. If the anomaly form confined toK does not vanish,
one must have such a bulk distribution of charge. Provid
thatK admits a self-dual harmonic 4-form which is finite o
the boundaryY one can also have contributions from
Chern-Simons bulk current but such a current gener
causes all the supersymmetry to be broken. Solutions
which the Chern-Simons term is non-zero have not b
studied much, but an elegant framework for incorporat
© 1998 The American Physical Society06-1
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S. W. HAWKING AND M. M. TAYLOR-ROBINSON PHYSICAL REVIEW D58 025006
such anF in a fashion that preserves supersymmetry w
developed in@3# and we extend this framework here. On
can introduce generalized membranes with the same sig
charge into these backgrounds. This indicates that Ch
Simons bulk charges in these more general backgrou
could decay into membranes.

Several of the solutions which we construct have parti
larly interesting physical interpretations. For example,
find solutions describing eleven-dimensional Kaluza-Kle
~KK ! monopoles wrapped around topologically non-triv
world volumes; the anomaly induces an electric type b
charge. This result is as one would expect: if one wraps
p-brane around a surface of a non-zero first Pontryagin cl
one induces (p24)-brane charges@4#.

When one wraps the KK monopoles around a torus
K33T2 one obtains extreme black holes in four dimensio
with up to four charges, some of which arise from Che
Simons and anomaly terms. The resulting four-dimensio
spacetimes resemble those of multi-center black hole s
tions, although the two types of solutions differ by the pre
ence of pseudo-scalar fields in the former, which origin
from the part of the 4-form confined to the compact spa
Black holes obtained by dimensional reduction of bulk d
tributions of charge break all the supersymmetry, and h
more singular horizons and higher temperatures than th
with the same charge in membranes. This again suggests
bulk charges will decay into membranes.

II. VACUUM SOLUTIONS

The bosonic part of the action ofd511 supergravity is
given by @1#

S115
1

2E d11xAgR2
1

2E S 1

2
F`* F1

1

6
A`F`F D ~3!

wheregMN is the space time metric andA is a 3-form with
field strengthF5dA. We have setk2 to 1. The field strength
obeys the Bianchi identitydF50 with its field equation be-
ing

d* F52
1

2
F`F. ~4!

In general, there will be gravitational Chern-Simons corr
tions to this equation associated with thes-model anomaly
on thed56 five-brane@2#. The corrected 5-brane Bianch
identity takes the form

d* F52
1

2
F`F1~2p!4bX8 , ~5!

where b is related to the five-brane tension byT6
5b/(2p)3. In all that follows we shall takeb51 for sim-
plicity. The 8-form anomaly polynomial can be expressed
terms of the curvature as@5#

X85
1

~2p!4H 2
1

768
~TrR2!21

1

192
~TrR4!J , ~6!
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and there is thence an additional term in the action of
form

DS115
1

2E A`S 2
1

768
~TrR2!21

1

192
~TrR4! D . ~7!

Motivated by the usual form of membrane solutions, w
will start by looking for a solution of the form

ds25H~xm!22/3ds2~B3!1H~xm!1/3ds2~B8!, ~8!

where we take coordinatesxm, m50,1,2, on the Lorentzian
3-fold, and coordinatesxm, m53, . . . ,11, on theEuclidean
8-fold. We allow the scalar function to depend only on t
latter and assume both that the anomaly form is non-triv
and that the Chern-Simons term does not vanish. Initially
will consider vacuum solutions; that is, we do not inclu
membrane or five-brane source terms. Since it will turn
that the metrics on bothB3 and B8 are Ricci-flat, we will
refer to them asgmn andgmn respectively. We will refer to
the eleven-dimensional metric asḡMN , to the associated co
variant derivative asD̄ and to the associated gamma matric
as ḠM.

It is natural to chooseB3 to be a symmetric space, an
takeF to be of the form

Fmnrn56emnr]nf ~xm!, ~9!

where f (xm) is a scalar function that will be related to th
scale factorH(xm). We will also allow for a generalF on the
8-fold, the form of which will be fixed by the field equation
For clarity we express the 4-form as the sum

F5F11F2 , ~10!

whereF1 takes the form of Eq.~9! andF2 represents the par
of F which is confined to the 8-fold.

The presence of the anomaly term in the Einstein eq
tions makes it difficult to look for solutions of this form b
solving the Einstein equations explicitly. Instead we look f
a supersymmetric configuration satisfying this ansatz. Si
the gravitinoCM vanishes in the background, the only no
trivial constraint on a supersymmetric solution is that f
some Majorana spinorh; variations of the gravitino vanish

dhCM5D̄Mh2
1

288
~ ḠM

PQRS28dM
P ḠQRS!FPQRSh50,

~11!

whereḠM is an eleven-dimensional gamma matrix. Our co
ventions and notation for the gamma matrices are given
the Appendix.

Solutions of this type, for which the 8-fold is compac
were discussed in@3#; since the analysis of the field equa
tions changes little when the 8-fold is non-compact, we g
only a brief summary here. We decompose the elev
dimensional gamma matrices by taking

Ḡm5ḡm ^ ḡ9 ,
6-2
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BULK CHARGES IN ELEVEN DIMENSIONS PHYSICAL REVIEW D58 025006
Ḡm51^ ḡm , ~12!

wheregm andgm are gamma matrices ofB3 andB8 respec-
tively, and the barred quantities with overbars are the app
priately conformally rescaled matrices.g9 is the eight-
dimensional chirality operator which anticommutes with
the gm and satisfiesg9

251.
We then decompose the eleven-dimensional spinorh as

h5e ^ z~xm!, ~13!

wheree is a three-dimensional anticommuting spinor, andz
is a commuting eight-dimensional Majorana-Weyl spin
Then them components of the gravitino equation reduce
the requirements that

Dme50, ~14!

which implies that the symmetric three spaceB3 must be
Minkowskian. In addition,z is of negative or positive chiral
ity corresponding to the positive or negative signs in Eq.~9!,
and the functionf (xm) is given by

f ~xm!5H21~xm! ~15!

and the spinorz must satisfy the condition

Fmnpqg
mnpqz50. ~16!

This gives the first constraint on the four-form flux in th
8-fold; a stronger condition will be given by the other com
ponents of the gravitino equation which take the form

Dmz1
1

24
H21/2Fmz50, ~17!

where we have introduced the notationFm5Fmnpqg
npq. This

implies thatz†z is a constant which may be normalized
unity. One can then construct an almost complex structur
terms ofz as

Jmn5 i z†gmnz, ~18!

which is covariantly constant,

DpJmn50, ~19!

becausez†ga1 . . . akz vanishes ifk is odd since the spino
involved is Weyl and one can pullg9 through the expression
It is straightforward to show thatJmn is a complex structure
and thatB8 is a Kähler manifold. In addition one can show
that B8 is a Calabi-Yau manifold, either following the ap
proach given in@3# or by defining a one form from the
Christoffel connectionGmn

p such that

G5Gmp
q Jq

pdxm ~20!

and then showing that Eq.~17! implies that G is closed.
Since G is the U(1) part of the connection, closure ofG
implies that the first Chern class is trivial. Hence to sati
the m components of the gravitino variation equation o
imposes the condition that the holonomy ofB8 be contained
02500
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l

.
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in SU(4). @One needs to consider the case thatB8 has ho-
lonomy of preciselySpin~7! separately as we will discus
below.#

In the former case, the only non-zero components of
4-form within the 8-fold are theFab̄cd̄ components which
must satisfy

Fab̄cd̄J
c̄d50, ~21!

whereJ is the Kähler form and we use complex indices. O
a compact Ka¨hler space, we can express the solution forF2

in terms of the harmonic 4-formsv4
i as

F25(
i 51

h22

v iv4
i , ~22!

whereh22 are components of the Hodge numbers. For o
purposes it will be more useful to replace equation~21! by an
equivalent constraint of the form~16! so that

Fmnpqg
npqz5Fmz50, ~23!

a condition which is apparent from~17! since on a Calabi-
Yau 4-fold the spinorz is covariantly constant. Equatio
~23! is a very restrictive condition and severely limits th
number of supersymmetric solutions with non-vanishing fo
form flux.

Quantization of the magnetic charge imposes a constr
on thev i ; defining a four-formG which is related toF2 by
normalization factors, flux quantization requires that@6#

@G#2
1

4~2p!2
P1~B8!PH4~B8,Z!, ~24!

whereP1 is the first Pontryagin class ofB8 and @G# is the
cohomology class ofG. Note that we are defining the
Pontryagin classes without factors of (2p). The existence of
spinors onB8 implies thatP1 /(2p)2 is canonically divisible
by 2. Depending on whether it is also canonically divisib
by 4, G will have integral or half-integral periods, and th
coefficientsv i will be integers or half-integers.

Now the 32 component real spinor of thed511 Lorentz
group decomposes into representations ofSL(2,R)3SO(8):

32→~2,8s! % ~2,8c!, ~25!

where8s and8c have opposite chiralities. If the holonomy
trivial, and F is zero, then each of the8’s decomposes into
eight singlets, and there are 32 covariantly constant spin
If the holonomy is preciselySU(4), then one of the spinor
representations decomposes as

8c→6%1%1, ~26!

and there is thus a total of four covariantly constant spino
of a defined chirality; only 1/8 of the supersymmetry is pr
served. If the holonomy breaks down further, a greater fr
tion of the supersymmetry will be preserved.

Given that this solution is obtained by requiring a fracti
of the supersymmetry to be preserved, it is natural to ass
6-3
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S. W. HAWKING AND M. M. TAYLOR-ROBINSON PHYSICAL REVIEW D58 025006
that the field equations will also be satisfied. Let us fi
consider the equation for the 4-form. Then the equation
motion for F2 is

d~* F2!52
1

2
F`F52F1`F2 , ~27!

where the conformal invariance of the field equation impl
that there is noX8 contribution. Now it was incorrectly
stated in@3# that this equation implies no further conditio
on the 4-form than closure ofF2. Using the explicit form for
F1 @taking the sign in Eq.~9! to be positive# we find that

d~H21h3`8* F2!52h3`dH21`F2 , ~28!

whereh3 is the flat volume form on the transverse 3-fo
and we take the dual* 8 in the Ricci-flat metric on the 8-fold
SinceF2 is harmonic, to satisfy this equation we must ta
F2 to be anti-self-dual. If we reverse the sign in Eq.~9!, the
covariantly constant spinors on the 8-fold must have the
posite chirality, and the four-formF2 must be self-dual. Thus
we must include only self-dual–anti-self-dual forms in t
summation~22!.

It is interesting to note that this field equation forF is
automatically satisfied if the gravitino variation equati
dCm50 is obeyed. The required duality condition onF is
implicit in Eq. ~16!; if one chooses the sign ofF1 such thatz
is of positive chirality, then Eq.~16! implies thatF2 is anti-
self-dual. Of course Eq.~16! is a stronger condition than th
four form equation of motion since one may not be able
find such a conserved spinorz.

The field equation forF1 does include an anomaly term
and imposes a constraint on the scalar function as

d~* 8 dH!52
1

2
F`F1~2p!4X8 , ~29!

where without loss of generality we have chosen the nega
sign in Eq.~9! and f (xm)5H21(xm). Note that we are again
taking the dual in the Ricci-flat metric on the 8-fold. Whe
the 8-fold is compact, there is a relationship between
anomaly form defined in Eq.~6! and the Euler class for an
manifold which admits a nowhere vanishing spinor@7#. For a
nowhere vanishing positive chirality spinor to exist, the E
ler class e(B8) must be related to the first and seco
Pontryagin classes as

8e~B8!54P22P1
2 . ~30!

One can show explicitly that this constraint is satisfied by
eight-dimensional Calabi-Yau manifolds. Defining th
Pontryagin classes as

P152
1

2
TrR2 and P252

1

4
TrR41

1

8
~TrR2!2, ~31!

it is apparent that thatX8 is related to the Euler class as

X852
1

4!~2p!4
e~B8!52

1

4!
Pf~R!, ~32!
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where Pf(R) is the Pfaffian of the curvature form. The vo
ume contribution to the Euler number is given by the integ
of e(B8)/(2p)4 over the manifold. Note that in@3# the fac-
tors of (2p) were omitted; one can easily verify that on
needs to include these factors when the Pontryagin cla
are defined without factors of (2p).

Integrating Eq. ~29! over a compact 8-fold with no
boundary, we find that

E
B8

F`F52~2p!4E
B8

X8 . ~33!

Using the relationship to the Euler number we find the top
logical constraint on the 8-fold:

E
B8

F`F1
~2p!4

12
x50, ~34!

wherex is the Euler number. Thus the constantsv i are con-
strained, and the possible compactifications are restricted
pologically. Since the Euler number will not vanish for to
pologically non-trivial compactifications,F2 cannot vanish.
One can obtain a natural interpretation of this topologi
constraint in terms of the quantization law for the 4-form@6#.

Whenever the anomaly form, and hence the Euler nu
ber, vanishes, the 4-formF2 must be zero; we can then hav
nowhere vanishing spinors of both chiralities on the 8-fo
and in the vacuum solution there will be up to 16 conserv
spinors of each chirality.

If the anomaly does not vanish, one can also ensure
the net electric charge vanishes by including membrane p
singularities which are localized within the 8-fold. The co
straints on the 8-folds and the membrane charges are
cussed in@8#. By replacing the Chern-Simons term in E
~29! by point membrane contributions, one can obtain
metric for such solutions.

We have discussed the analysis for positive chirality c
served spinors; let us now consider an 8-fold which adm
covariantly constant spinors of negative chirality. Then t
8s spinor representation must admit a decomposition cont
ing singlets. From the above we know that we must inclu
only self-dual forms inF2 while from @7# we know that the
sign in Eq.~30! is reversed. Taking the minus sign in Eq.~9!
we find that

d~* 8 dH2!5
1

2
F2`F22~2p!4X~2 !8 ~35!

5
1

2
F2`F22

1

4!~2p!4
e~B2

8 !,

~36!

where we include minus signs to indicate that we are tak
quantities on an 8-fold which admits negative chirality co
served spinors. Now symmetry between the positive a
negative chirality spinor solutions implies that there ex
solutions for which the warp factorH(xm) is the same for
both. Then the Euler numbers of the corresponding 8-fo
will be the same but both anti-self-dual and self-dual for
6-4
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BULK CHARGES IN ELEVEN DIMENSIONS PHYSICAL REVIEW D58 025006
and the8s and8c spinor representations will be exchange
In most of what follows we will assume that the conserv
spinors are of negative chirality so that the correspond
four form is self-dual.

We said above that the other possible solution was
8-fold of exceptional holonomySpin~7!. Although we can
certainly find such solutions in the absence of an anom
term @9#, a consequence of the constraints onF2 is that com-
pactification on a manifold of exceptional holonomySpin~7!
may not in general be a solution of the field equations wh
we include an anomaly term. If supersymmetry is to be p
served, the harmonic 4-form must satisfy conditions~16! and
~23! as well as the topological condition~34!. As for the
compact Calabi-Yau 8-folds, a genericSpin~7! manifold may
not admit such a harmonic form satisfying these constrai

One can show that the uniqueSpin~7! invariant anti-self-
dual 4-form does not even satisfy the weaker condition~16!;
this is apparent if one defines it as@10#

vmnpq5 z̄gmnpqz, ~37!

wherez is conserved spinor on the 8-fold. Using the pro
erties of Majorana-Weyl spinors, it is apparent thatv is anti-
self-dual if and only ifz is of negative chirality, and henc
Eq. ~16! is not satisfied. One may, however, be able to fi
appropriate four forms which permit the gravitino variatio
generated byz to vanish.

Given this form of the solution obtained, it is straightfo
ward to confirm that the Einstein equations are also satisfi
Since the anomaly term is related to a closed 8-form, va
tions vanish within the 8-fold, but there will be contribution
to the 11-dimensional Einstein equations whenever
anomaly form is non-trivial.

III. NON-COMPACT VACUUM SOLUTIONS

Let us now suppose that the 8-fold is non-compact;
net electric charge need not vanish, since there is a boun
to the 8-fold. This implies that there are no topological co
straints imposed by the anomaly term on the 4-form.

For general non-compact 8-folds there may not be a w
defined cycle over which we can integrate a 4-form, a
hence magnetic charge is not well defined. This problem
been discussed in the context of four dimensional Ta
Newman-Unti-Tamburino~Taub-NUT! manifolds with dy-
onic magnetic fields@11#; one cannot define charge by int
grating the relevant components of the Maxwell 2-form ov
a sphere at infinity, since the topology of surfaces of cons
radius is non-trivial. One can only define charges by cons
ering the motion of point charges in the asymptotic region
by taking analogies to asymptotically flat space-times. T
will be a generic problem in the manifolds of non-trivi
holonomy that we consider here.

Although for the compact manifolds the number of ha
monic 4-forms is given by the related Betti numberb4, for
non-compact manifolds we can include all harmonic 4-for
whose norm is finite, and which satisfy the constraints~16!
and ~23!. This can include those not counted in the Be
number, since they are non-zero on the boundary at infin
02500
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In fact, harmonic 4-forms for which the magnetic behavior
non-trivial cannot vanish on the boundary at infinity.

In the compact case, if the anomaly form is non-trivi
one must necessarily choose at least one of thev i to be
non-zero for a solution to exist. In the non-compact case,
magnitude of the 4-form is arbitrary; one can choose
integers to be as large or small as one requires, and adjus
solution of the scalar equation accordingly. In particular, o
can choose thev i to vanish, which has the advantage
giving trivial magnetic behavior. One can then certainly ha
genericSpin~7! solutions when the 8-fold is non-compact.

Since for anySpin~7! manifold one knows that there ex
ists at least one conserved spinor with associated four f
~37! satisfying Eq.~16!, one can always include a non-ze
flux through the 8-fold and still satisfy the equations of m
tion. However, generic solutions with non-zero flux will us
ally break all of the supersymmetry as we will discuss belo

If X8 is trivial, then we can chooseH(xm) to be harmonic,
and, for vacuum solutions, to be a constant. The solutions
obtain this way are

ds25ds2~M3!1ds2~B8!, ~38!

which are widely known. However, if the holonomy ofB8 is
non-trivial, the anomaly term may not vanish, and one c
not necessarily choose the scalar function to be constant.
physical interpretation is that there is a background cha
distribution over the 8-fold. One would, however, expect th
the anomaly term vanishes if the action of the holono
group on one section of the tangent space of the 8-fold
trivial, and hence part ofB8 splits off as lines. Assuming a
fraction of the supersymmetry is preserved, the anomaly
contribute only if the holonomy ofB8 is Spin~7!, SU(4),
Sp(2) or Sp(1)3Sp(1). Even if the holonomy is contained
in one of these groups, the anomaly can still vanish in spe
cases, which we will discuss in Sec. IV.

If the original 8-fold is non-singular, the anomaly form
X8 should be smooth and continuous over the 8-fold. Sim
larly, finiteness of the energy will require that the Cher
Simons termF`F have no singularities. Thus the bac
ground charge distribution implied by the equation for t
scale factor~29! is smooth, non-zero, and finite at all poin
in the 8-fold. This implies in turn that a non-singular smoo
solution for the scalar function will exist. We will give her
three examples of such 8-folds; the first has holono
Sp(1)^ Sp(1), and thesecond is Calabi-Yau, while the thir
has holonomy of preciselySpin~7!.

The simplest example of a non-trivial solution of this typ
is to takeB8 as a Taub-NUT times Taub-NUT manifold. On
would expect more generalT2 invariant hyper-Ka¨hler met-
rics of this type, such as those constructed in@12#, to give
solutions of a very similar form. The holonomy isSp(1)
^ Sp(1), andone-quarter of the supersymmetry is preserv
There is a single harmonic 4-form which is the wedge pro
uct of the 2-forms on the individual Taub-NUT manifold
One can take the metric to be
6-5
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ds25H~xm!22/3$ds2~M3!1H~xm!

3@dsTN
2 ~m1 ,x1!1dsTN

2 ~m2 ,x2!#% ~39!

where we take the metric on each manifold to be

dsTN
2 ~m1 ,x1!5S 11

4m1

r 1
D 21

~dc11cosu1!2

1S 11
4m1

r 1
D ~dr1

21r 1
2dV2

2!, ~40!

so that themi are the NUT parameters andc i is periodic
with period 16pmi . For simplicity we consider the single
center metric on each manifold although this is an unnec
sary restriction. SinceB8 is a direct product of two 4-folds
the (TrR4) term in the anomaly form vanishes and we c
show that

X8}2)
i

r i

~r i14mi !
5

dc i`dri`dcosu i`df i , ~41!

where we will not need the constant of proportionality, b
the absolute sign is important. Since the volume contribut
to the Euler number of each Taub-NUT manifold is 1@13#,
X8 integrates over the 8-fold to21/24.

If we include a non-trivial magnetic 4-form, we must tak
it to be

F5k2)
i

H 4mi

~r i14mi !
2

dc i`dri1
4mir

~r i14mi !
sinu idu i`df i

2
~4mi !

2

~r i14mi !
2
cosu idr i`df iJ , ~42!

with k a real constant, which has finite norm

E
B8

F`F5k2)
i

~128p2mi
2!. ~43!

Note that the sign ofF`F is positive, andF is self-dual on
the 8-fold. The magnetic ‘‘charge’’ can be expressed as

E
)

i
Sr i→`

2
F5k)

i
~16pmi !. ~44!

Although one can show that the equations of motion are
satisfied if one includes a Chern-Simons form, the supers
metry conditions are not satisfied and so such a solu
breaks all of the supersymmetry.

It is easy to see that Eq.~23! cannot be satisfied on an
product manifoldB43B84 which satisfies the field equa
tions. Let us writeF25v`v8 and z5zB4^ hB84. One can
also decompose the gamma matrices as

g i5s i ^ 1, ~45!

g i 85s5^ s i 8, ~46!
02500
s-

t
n

ill
-

n

where i 51, . . . ,4, i 855, . . . ,8 ands are four-dimensional
gamma matrices. Heres55e i jkl s

i jkl /4! is the four-
dimensional chirality operator.

Suppose thatF2 is self-dual and hencez is of negative
chirality to satisfy Eq.~16!; then without loss of generality
one takesv and v8 to be self-dual onB4 and B84 respec-
tively with zB4 of negative chirality with respect tos5 and
zB84 of positive chirality. On the product of two Taub-NUT
manifolds, if one has defined the canonical two forms both
be self-dual, then the conserved spinors must have the s
chirality. This implies that one cannot find an appropriateF2
which preserves the supersymmetry.

Even if one can find appropriate self-dual 2-forms a
conserved spinors of opposite chiralities, the strong sup
symmetry condition is still not satisfied. The conditions
Eq. ~23! take the form

~v i j s
jzB4! ^ ~v i 8 j 8s

i 8 j 8zB84!50,

~v i 8 j 8s
j 8zB84! ^ ~v i j s

i j zB4!50. ~47!

Given our choices of spinor chiralities we can see that

v i 8 j 8s
i 8 j 8zB8450, ~48!

which implies that the first equation in Eqs.~47! is satisfied.
However, the second of the equations takes the form

~v i 8 j 8s
j 8zB84! ^ ẑ50, ~49!

where ẑ is a non-vanishing spinor. This equation cannot
satisfied for non-vanishingzB84 and therefore inclusion o
non-zeroF2 breaks all remaining supersymmetry.

Irrespective of whether one includes a Chern-Simo
form or not, the equation for the scalar functionH(xm), Eq.
~29!, can be expressed in coordinate notation~in terms of the
Ricci-flat metric on Taub-NUT cross Taub-NUT,gmn) as

Dn]nH~xm!5g~r i !, ~50!

whereg(r i) is a negative definite function onB8. Since the
function depends only on the radii, the charge distribution
delocalized in the toroidal and angular directions. It is im
portant to note that however positive or negative we cho
the magnetic charge to be, the function in Eq.~50! will al-
ways be negative. If one ignores the anomaly and 4-fo
terms, then the field equations are solved provided t
H(xm) is harmonic, as was found in@15#. The anomaly term
will give only a small correction to the scalar function
infinity but cannot be neglected.

Supposing one defines the charge as

q5E
B8

d* F; ~51!

then the contribution toq from the background of Eq.~50! is
negative since the charge density is negative defi
throughout the manifold. The scalar functionH(xm) satisfies
a Poisson equation, with the negative charge density be
concentrated about the origin of the two manifolds, and
6-6
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caying at infinity. The form of the operator on the produ
manifold makes it difficult to solve the equation explicitl
but we would expect that there exists a non-singular solu
of the form

H~xm!511h~r i !, ~52!

whereh(r i) is a function which is positive definite through
out the manifoldB8, peaks at a finite value at the originr i
50 and asymptotically vanishes.

We have been referring to this as a vacuum solution,
it is better interpreted in terms of eleven-dimension
Kaluza-Klein monopoles. Whenm150 the solution can be
described in terms of KK 6-branes@14# located at the origin
r 50. The anomaly and Chern-Simons terms vanish and o
half of the spacetime supersymmetry is preserved by the
lution. If the 6-branes are located in the~123456! plane, then
the condition for unbroken supersymmetry is@16#

G0123456h5h, ~53!

which again gives us 16 conserved spinors. If we then
6-branes located in the„12789(10)… plane, only spinors sat
isfying

G012789~10!h5h ~54!

preserve supersymmetry. One half of the spinors satisfy
Eq. ~53! will also satisfy this condition, and so one-quarter
the supersymmetry is preserved, as we found above. In
sion of a Chern-Simons form will break the remaining sup
symmetry.

Suppose one reduces the dimension of the two mono
solution along closed orbits of the Killing vector]c2

. Then

the 6-branes lying in the (123456) plane are reduced to
D6-branes of type IIA theory@17#, while those lying in the
„12789(10)… plane are reduced to type IIA KK monopole
Since theD6-brane charge is quantized, the ‘‘NUT’’ charge
will determine the number ofD6-branes in ten dimensions

The effective ten-dimensional solution then describ
D6-branes intersecting with type IIA monopoles, a config
ration preserving 1/4 of the supersymmetry. The presenc
a non-zero anomaly form implies that one should have e
tric charge corrections to such a solution. As mentioned
the Introduction, whenever ap-brane is wrapped around
surface of non-zero first Pontryagin class, one expects
the p-brane picks up a (p24)-brane charge. Our explici
construction of the spacetime solution demonstrates
eleven-dimensional origin of the membrane charge of
D6-brane induced when it wraps a topologically non-triv
space.

If one choosesB8 to be a Taub-Nut manifold times an
4-fold of Sp(1) holonomyB4, then the anomaly form is
given by

X85
1

4~2p!44!
@P1~B4!`P1~TN!#. ~55!

Integrating over the 8-fold we find that the induced elect
charge is
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q5~2p!4E
B8

X85
~2p!2

48
p1~B4!, ~56!

wherep1(B4) is the first Pontryagin number of the 4-fold
Now in @8# the value of the charge induced on ap-brane
wrapped around a surface of non-zero first Pontryagin c
was given as 1/48 of the first Pontryagin number. Allowi
for normalization differences in the 4-form and the Pontry
gin classes, our result is consistent.

Our second example is the generalized Eguchi-Han
solution in eight dimensions. This manifold was first di
cussed in@18,19# and the metric was given in the form tha
we shall use here in@20#. It is an ALE Ricci-flat Kähler
manifold, which hence has holonomySU(4). The form of
the metric is

ds8
25

dR2

S 12
a8

R8D 1
R2

16S 12
a8

R8D ~dt1A!21R2ds2~CP3!,

~57!

where the metricgi j on CP3 is chosen with the scaleRi j
58gi j anddA is the Kähler form on the complex projective
space. The behavior of this solution is analogous to tha
the more familiar four dimensional solution; in particular, th
radial coordinate runs betweena and infinity, and theCP3

fixed point set of the isometry]t allows us to calculate the
Euler number as 4 using the Lefschetz fixed point theore

The anomaly form for this manifold is

X852
14

p4

a32

R33
dR`dt`h6 , ~58!

where h6 is the volume form on the complex projectiv
space. By calculating the surface contribution to the Eu
number, one can then verify that the anomaly form gives
correct volume contribution.

Assuming that the harmonic form vanishes the warp f
tor equation is then

Dn]nH~xm!52896
a32

R40
, ~59!

which has the regular solution

H~xm!51128H 1

6R6
1

a8

14R14
1

a16

22R22
1

a24

30R30J .

~60!

One can also take the harmonic formF2 to be non-vanishing;
if F2 is proportional to the~self-dual! canonical four form,
then there will be an additional contribution to Eq.~59!
which is also negative definite and proportional to 1/R16.
Solving for the scalar function then gives an additional 1/R6

term in Eq.~60!. However, by constructing a complex stru
ture or otherwise one can demonstrate that such a four f
flux does not preserve the remaining supersymmetry.
6-7
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As a third example, we mention an 8-fold withSpin~7!
holonomy which was discussed in@10#. The metric takes the
form of a quaternionic line bundle over a 4-sphere:

ds8
25a2~r !dr21b2~r !~s i2Ai !21g2~r !ds4

2 , ~61!

whereds4
2 is a suitably scaled metric on the base 4-sph

and s i are left-invariant one-forms on theSU(2) fibers of
the bundle overS4. The functionsa, b andg are given by

a25~12r 210/3!21, b25
9

100
r 2~12r 210/3!21,

g25
9

20
r 2. ~62!

Asymptotically this solution tends to the metric on the con

ds25dr21r2ds7
2~S7!, ~63!

where the metric on the seven-sphere is a homogen
‘‘squashed’’ Einstein metric. Given the curvature tensor
such a solution calculated in@21#, we can calculate the
anomaly form; again it describes a smooth negative cha
distribution. Inclusion of anF2 term, such as theSpin~7!
invariant 4-form, modifies the warp factor and increases
charge background but generically breaks the remaining
persymmetry.

IV. GENERALIZED MEMBRANES

Given vacuum solutions asymptotic toM33B8 which
preserve some or all of the supersymmetry, it is natura
ask whether we can include membranes. The backgrou
discussed above remain supersymmetric solutions if we
clude contributions toH(xm) which are harmonic on the
8-fold. Point singularities are naturally interpreted as the
sitions of parallel membranes, and these membranes do
necessarily break any more of the supersymmetries.

It is worth considering here the nature of harmonic so
tions on the 8-fold. For the standard membrane onR8, the
natural choice of harmonic function describes a single me
brane localized at what can be chosen to be the origin of
8-fold. The equation satisfied by the scalar function is

]n]nH~xm!52ad8~xm!, ~64!

where the delta function integrates over the manifold to g
1. Then we choose

H~xm!511
1

6V7

a

r 6
, ~65!

whereV7 is the volume of the seven sphere. This choice
scalar function gives the familiar membrane solution of@22#.
The charge can be defined as

q5E
R8

d* F52a, ~66!
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as expected. Evidently inclusion of further point singulariti
in the harmonic function simply describes additional para
membranes. Such solutions preserve 1/2 of the supersym
try. Note that the scalar function is positive definite whena
is positive.

Now let us consider harmonic functions on the product
two Taub-NUT manifolds. Suppose we look for a solutio
which depends neither on the position in one of the Ta
NUT manifolds nor on the circle direction in the other. A
appropriate solution is given by

dH~xm!}
a

r 1
, ~67!

where our notation refers to the change in the scalar func
induced by the inclusion of a point singularity. This d
scribes a membrane of negative charge which is localize
the origin of one of the Taub-NUT manifolds, but which
delocalized in the other manifold, and along the circle dire
tion. Such a solution preserves only 1/4 of the supersym
try, provided of course that we include an appropria
anomaly term.

The ten-dimensional interpretation is as a delocaliz
membrane contained within aD6-brane and type IIA mono-
pole. As we would expect the charge determined by t
harmonic function diverges, although the charge per unit v
ume of the second Taub-NUT manifold is finite; that is, t
divergence is caused by delocalizing the membrane ov
non-compact manifold.

If we take the function to be the sum of two harmon
functions on the individual 4-folds, the resulting solutio
will represent two parallel membranes, each of which is
calized at the origin of one manifold, but delocalized in t
other manifold. Such a solution still preserves 1/4 of t
spacetime supersymmetry.

If we want the membrane to be localized at the origin
each Taub-NUT manifold, then we need to look for a so
tion to

dDn]nH~xm!52ad8~xm!, ~68!

where the delta function implies that the membrane is loc
ized both in the circle directions and at the radial origin
each 4-fold. Note that we have chosen the sign so that
change in the scalar function is positive definite through
the manifold. There are several reasons for this choicea
must be positive ifH(xm) is not to pass through zero and
the mass of the membrane is to be positive. The solution
the equation above does not have a simple analytic form,
we will not discuss the explicit solution. We would expe
the scalar function to be mildly singular at the membra
location, although the singularity may behave similarly to t
horizon of the ordinary membrane@23#.

We can find an explicit solution for the other 8-folds di
cussed in the previous section. For example, for the gene
ized Eguchi-Hanson solution, the change to the scalar fu
tion obtained by solving Eq.~68! is
6-8
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dH~xm!5
3a

32p4a6H lnS R21a2

R22a2D 12tan21S R2

a2 D 2pJ .

~69!

Then the scalar function falls off as 1/R6 at infinity, and
diverges logarithmically at the originR5a. Unlike the ordi-
nary membrane, for which the spacetime approaches
regular manifoldAdS43S7 @23# at the membrane, the size o
the complex projective spaces will blow up logarithmica
as we approach the membrane. Since the source is dis
uted over a six-dimensional complex projective space,
might regard such branes as being in some sense e
dimensional.

Let us now consider whether we can interpret these ty
of solution as membranes. Since the equation for the w
factor onB8 takes the form~50!, a solution including point
singularities inH(xm) can be interpreted as localized mem
branes within a background charge distribution. Now
have found that such point singularities must have a defi
charge, implied by takinga to be positive in Eq.~68!. If such
a solution is to represent a membrane solution, the choic
signs in the spacetime equations must be consistent with
choices made to satisfy the membrane field equations.

The bosonic sector of the membrane action@22# is given
by

SM5TE d3jS 2
1

2
A2gg i j ] iX

M] jX
NgMN1

1

2
A2g

6
1

3!
e i jk] iX

M] jX
N]kX

PAMNPD , ~70!

whereT is the membrane tension, andg i j is the metric on
the membrane world volume, andj i are world-volume coor-
dinates.XM5(Xm,Ym) are the spacetime coordinates, wi
m50,1,2 andm53, . . .,11. There is a correction to the en
ergy momentum tensor arising from the membrane sou
term:

dTMN5TE d3jA2gg i j ]
iXM] jXN

d11~x2X!

A2g
. ~71!

As in Sec. II we have takenk251. The corresponding equa
tion of motion for the four-form then gives a correction
the scalar function:

dD̃n]nH~xm!52TE d3je i jk] iX
0] jX

1]kX
2d11~x2X!.

~72!

From the membrane action, we have the membrane fi
equations
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] i~A2gg i j ] jX
NgMN!1

1

2
A2gg i j ] iX

N] jX
P]MgNP

6
1

3!
e i jk] iX

N] jX
P]kX

QFMNPQ50,

g i j 5] iX
M] jX

NgMN . ~73!

Now if one takes the static gauge choice and solution

Xm5jm,

Ym5const, ~74!

one can verify that with the choice ofFMNPQ corresponding
to positive chirality conserved spinors the membrane fi
equations are satisfied provided that we choose the neg
sign of the Wess-Zumino term in Eq.~70! and vice versa.
The correction to the scalar function satisfies

dDn]nH~xm!52Td8~xm!. ~75!

Comparison with the source term~68! then implies thata
5T, which is analogous to the relationship for the ordina
membrane@22#.

We then need to determine the number of supersym
tries that are preserved when we include membrane p
singularities. Preservation of the world-volume supersymm
tries requires that the spinorh must satisfy the condition

Gh5h, ~76!

where we have taken the sign to be negative in the We
Zumino term~70!, and

G[
1

3!A2g
e i jk] iX

M] jX
N]kX

PGMNP . ~77!

For our solutions we haveG51^ g9, so that the preserved
world-volume supersymmetries are of the same chirality
the preserved spacetime supersymmetries. Thus the m
brane does not break any more spacetime supersymme
than the vacuum solution, and our solutions can indeed
interpreted as a membranes withT2 invariant hyper-Ka¨hler,
Calabi-Yau andSpin~7! transverse spaces preserving 1/4, 1
and 1/16 of the supersymmetries respectively.

For the monopole solutions, one can see why the addi
of a membrane in the (12) plane to a (123456) a
„12789(10)… brane configuration does not break any mo
supersymmetries. The above condition on the spinor does
impose any more restrictions than the two conditions (5
and (54).

There are several points to make about these genera
membrane solutions. All the solutions which we have d
cussed describe positive or negative charge membra
within a positively or negatively charged background. O
might have thought that this indicates a possible instability
such membranes, in which the membranes decay into a b
ground with a greater Chern-Simons term. The ordin
membrane could not of course decay in such a way, si
6-9
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S. W. HAWKING AND M. M. TAYLOR-ROBINSON PHYSICAL REVIEW D58 025006
there exists no harmonic 4-form onR8 which is finite at
infinity. However, since the backgrounds with Chern-Simo
charges are not supersymmetric, one would expect
Chern-Simons bulk charges to decay into membrane
point that will be illustrated in the following section.

We should also mention the differences between the g
eralized membranes discussed here and those consider
@24#. The motivation for the construction of the latter was t
observation that the solution for the ordinary membrane
asymptotic toAdS43S7 at the membrane location. Sinc
there exist other Einstein 7-folds which admit Killin
spinors, one might expect that there exist analogous m
branes which are asymptotic toAdS43B7 where B7 is a
more general positive curvature Einstein manifold. The fo
of these solutions is

ds25H~r !22/3ds2~M3!1H~r !1/3@dr21r 2ds7
2~B7!#,

~78!

where H(r ) is harmonic, and membranes contribute 1r 6

terms to the scale factor. Evidently as for the ordinary me
brane such solutions are non-singular at the membrane l
tion. The Ricci-flat metric on the 8-fold has holonomy co
tained inSpin~7! when one chooses the manifoldB7 suitably,
such as the squashed seven-sphere solution of@25#. Thus
these membranes constitute one class of the solutions
sidered here, although we have allowed the metric to tak
more general form.

Note that such a background is not complete in the
sence of membranes; unless the metric onB7 is the round
metric on the sphere, there will be conical singularities at
origin r 50. In fact, theSpin~7! 8-folds of this type, Ricci-
flat metrics on cones, first constructed by@26# were all in-
complete. The squashed seven-sphere solution menti
above is closely related to theSpin~7! manifold discussed in
Sec. III; in the latter we smooth out the cone, with the s
gular ‘‘vertex’’ at r 50 being replaced by a smoothly em
bedded bolt.

Neither anomaly nor Chern-Simons terms were includ
in the analysis of@24#. Since the 8-fold is not flat, one migh
expect there to be corrections to the scalar function from
anomaly term; however, the form of the metric on the 8-fo
indicates that the volume contribution to the Euler num
vanishes, and no corrections are needed. In addition one
not find a self-dual 4-form on the 8-fold which integrates
give a finite charge.

All of the 8-folds which we have considered admit
least a circle isometry group. As in@15#, we could dimen-
sionally reduce the vacuum and membrane solutions to
dimensions, and then apply duality transformations to ob
new solutions. Supersymmetry is not preserved by the
mensional reduction unless the Killing spinors are also
variant under the action of the isometry, a condition which
non-trivial for generalSpin~7! 8-folds. However, supersym
metry will certainly be preserved if we take the 8-fold to
hyper-Kähler andT2 invariant as in@15#. We will not con-
sider such dimensional reductions here, although in the n
section we will consider dimensionally reduced solutions
a different type.
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V. MODIFIED KALUZA-KLEIN MONOPOLE SOLUTIONS

So far we have mostly been interested in solutions wh
are manifestly eleven-dimensional for which the anom
form is non-vanishing. In this section we will consider th
effects of including anomaly and Chern-Simons forms
solutions which can best be interpreted in lower dimensio

When we compactify the solutions we need to be care
about the quantization condition on the 4-form. The vacu
solutions we consider are of the same form as those in S
III except that the 8-fold is conformal to the productB1
3B2 whereB1 is compact~and one or more directions inB2
is wrapped around a circle!.

Preservation of any of the spacetime supersymmetry
quires thatB1 be a torus orK3. The quantization condition
on the four-form is evidently trivial for the former, and sinc
the first Pontryagin class ofK3 is canonically divisible by 4,
G must have integral periods@27# on K3 also. One canno
find a self-dual four-form onB8 of non-zero period overK3
which is finite on the boundary, and soG has a vanishing
period over the compact 4-fold in the solutions conside
here.

Directly dimensionally reducing an eleven-dimension
KK 6-brane gives aD6-brane in ten dimensions and wra
ping this D6-brane around a torus gives an extreme fo
dimensional black hole carrying aU(1)M magnetic charge,
which preserves one-half of the supersymmetry. The form
temperature of the black hole as defined by the surface g
ity is infinite, and thus it has a naked singularity which
protected by an infinite mass gap@28#.

Now for a single KK 6-brane with a flat transverse spa
say in the (123456) directions, the anomaly form necessa
vanishes. If the transverse space (3456) is non-compact,
one cannot find a Chern-Simons formF2 on the 8-fold
which would give a finite charge. If, however, we wrap th
KK 6-brane around a four torus, we can find such a fo
although all of the supersymmetry is then broken.

If we further compactify the (12) directions on a two
torus, and take the circle direction in the Taub-NUT ma
fold to be small, we again obtain an extreme black hole
four dimensions. That is, the eleven-dimensional solution

ds25H~r !22/3@2dt21ds2~T2!#

1H~r !1/3ds2~T4!1H~r !1/3$h~r !ds2~R3!

1h~r !21~dc14mcosudf!2%, ~79!

where

h~r !5S 11
4m

r D , H~r !5S 11
4mk2

~r 14m! D . ~80!

The four-form is given by

F15dt`h~T2!`dH~r !21,

F25vT4`vTN , ~81!
6-10
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BULK CHARGES IN ELEVEN DIMENSIONS PHYSICAL REVIEW D58 025006
wherevT4 is the~constant! self-dual 2-form onT4 andvTN
is the self-dual 2-form on the Taub-NUT manifold, given
Eq. ~42!. Then the charge in eleven dimensions is given

E
B8

d~* F !564p2mV4~4mk2!, ~82!

whereV4 is the volume of theT4. Using the standard ansa
for dimensional reduction of the eleven-dimensional solut
@29#, we find that the effective four-dimensional solution~in
the Einstein frame! is

dsE
252h~r !21/2H~r !21/2dt21h~r !1/2H~r !1/2@dr2

1r 2dV2
2#,

FE5dt`dH~r !215
4mk2

@r 14m~11k2!#2
dt`dr,

~83!

FM54msinudu`df,

with the other effective fields in four dimensions being t
dilaton and a pseudo-scalar originating fromF2. The nota-
tion for the gauge fields indicates that the charges come f
different gauge groups,U(1)M andU(1)E .

From the form of the metric, the effective fou
dimensional solution seems to describe an extremeU(1)M
black hole of massm with a ~singular! horizon atr 50, plus
an extremeU(1)E black hole of massmk2 with a ~singular!
horizon atr 524m. We can, however, rewrite the solutio
as

dsE
252S 11~11k2!

4m

r D 21/2

dt2

1S 11~11k2!
4m

r D 1/2

@dr21r 2dV2
2#, ~84!

which looks like the metric for an extreme black hole car
ing only one charge, with horizon atr 50 and massm(1
1k2). Since the black hole again has a formal temperat
which is infinite, it is protected by an infinite mass ga
though none of the supersymmetry is preserved and there
two non-zero charges.

We could also add a membrane to the KK monopole
lution; the form of the solution is the same as in Eq.~79!
except that the scalar functionH(r ) is now defined as

H511
q

r
, ~85!

where we chooseF2 to vanish and delocalize the charge ov
the internal torus. The charge in eleven dimensions is gi
by

E
B8

d~* F !564p2mV4q, ~86!
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while the effective fields in four dimensions are as in E
~83! with the only other scalar field being the dilaton. Th
solution describes aU(1)M3U(1)E black hole with horizon
at r 50 and singularity atr 52q or r 524m depending on
the relative magnitudes ofq and m. Since the formal tem-
perature of the black hole is finite, it is protected from ex
tations by a finite mass gap. One-quarter of the supersym
try is preserved sinceF2 vanishes.

The most general eleven-dimensional solution of this ty
will have non-zerok andq preserving none of the supersym
metry. The four-dimensional solution can be interpreted
terms of electric black holes with singular horizons located
r 50 and r 524m and magnetic black holes with singula
horizons located atr 50. The effective solution has a non
singular horizon atr 50 and a singularity at somer ,0.

For a given electric charge, the masses of both types
black hole solutions are the same, although the temperat
and singularity structure differ. Actually the four
dimensional solutions differ only in the background fiel
and the location of the electric black hole. Although the m
interesting membrane plusD6-brane intersections are thos
for which the branes are localized at the same point in
transverse space, one can find a multi-center solution
which the membrane in ten dimensions is located atr ,0
while the D6-brane is located atr 50. The resulting four-
dimensional black hole solution differs from Eq.~79! only
by the absence of the pseudo-scalar field.

One might question how solutions preserving one-qua
and none of the supersymmetry respectively can have
same mass and charge. The answer requires a consider
of how the mass bound is derived. As usual one can defin
global supersymmetry charge from a spinorh and the grav-
itino as

Qh5E
]B8

h̄ḠMNPCPdSMN . ~87!

Here we are considering the supercharge per unit are
‘‘membrane’’ and hence are considering a nine dimensio
manifold with a boundary orthogonal to a timelike directio
and also to an area coordinate. The corresponding antic
mutator is then given by

$Qh1
,Qh2

%5dh1
Qh2

5E
]B8

NMNdSMN , ~88!

where the Nester form is defined as

NMN5h̄1ḠMNPdh2
CP . ~89!

Using the gravitino transformation law, one obtains the f
lowing for the Nester form:

NMN5h̄1ḠMNPD̄Ph21
1

8
h̄1ḠPQFPQ

MNh2 ~90!

1
1

96
h̄1ḠMNPQRSFPQRSh2 . ~91!
6-11



e
u
ut

ld
c

a

,
e

th
e
th

e

f
nc
m

ed
e
e
tr

io

hi

i

f
ce

ole
su-
-
lack
rge.

e of

lf-
,
e
e

ct
h

eak
nd
ence

m-

out
on-
e
we

as
be
De-

be

ing
m-
e at

pro-
ho-

-
at
is-

S. W. HAWKING AND M. M. TAYLOR-ROBINSON PHYSICAL REVIEW D58 025006
Now any spinorh which preserves supersymmetry in th
absence of a Chern-Simons term will in the presence of s
a term define a supersymmetry charge which anticomm
with itself. In fact,

$Qh ,Qh%5E
]B8

dSmh†~]mH1Fm012G
0121FmnpqG

npq!h.

~92!

The last term vanishes sincez̄g i 1 . . . i p
z vanishes for oddp

~as stated in Sec. II! and hence the flux through the 8-fo
does not contribute to the anticommutator. By the usual te
niques we can then prove that the mass per unit arem
defined by

m5E
B8

d~* 8 dH! ~93!

is greater than or equal to the charge per unit areaq
5*B8* F. Equality in the bound will require that both th
spinor be conserved onB8 and M3. Although the Chern-
Simons term does not contribute to the diagonal terms in
Bogomolnyi matrix, one will have contributions from th
cross terms arising from spinors of opposite chiralities in
eight-dimensional sense. That is, if we consider spinorsh6

5e ^ z6 where z6 are spinors of positive and negativ
chirality, then

$Qh1
,Qh2

%Þ0, ~94!

even if one or both ofz6 is covariantly constant onB8. It is
these cross terms which cause the zero eigenvalues o
Bogomolnyi matrix to become non-vanishing in the prese
of a four form flux and hence display the broken supersy
metry.

It is also interesting to consider KK 6-branes wrapp
aroundK33T2. In the supergravity theory one can interpr
such a solution in four dimensions as an extreme magn
black hole preserving one-quarter of the supersymme
Since the anomaly form on aK33 Taub-NUT manifold is
nonzero, one needs to include a warp factor in the solut
So the metric is

ds25H~r !22/3@2dt21ds2~T2!#1H~r !1/3ds2~K3!

1H~r !1/3$h~r !ds2~R3!1h~r !21~dc14mcosudf!2%,

~95!

whereh(r ) is given in Eq.~79!. Calculation of the anomaly
form then implies that the scale factor satisfies

Dn]nH~xm!5212c
~4m!2

~r 14m!6
, ~96!

wherec is a real constant which could be calculated. T
equation is straightforward because the Euler class ofK3 is
proportional to the volume form. Then the scalar function
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H~r !511
c

4mH 1

~r 14m!
1

4m

~r 14m!2
1

~4m!2

~r 14m!3J ,

~97!

and the associated electric charge is given by

E
B8

d* F516p2cVK35~2p!4, ~98!

whereVK3 is the volume of theK3 and a Euler number o
K3 (x524) is used in calculating the latter equality. Sin
the first Pontryagin number ofK3 is 48(2p)2, one can also
obtain this result from Eq.~56!.

Reduction to four dimensions again gives us a black h
carrying two charges, which preserves one-quarter of the
persymmetry, but is singular with a formally infinite tem
perature. The presence of the anomaly form causes the b
hole to carry an electric charge as well as a magnetic cha

One can include several different Chern-Simons formsF2
in these solutions; choosing the conserved spinors to b
positive chirality and definingF2 as in Eq.~81! the 2-form
on K3 must be anti-self-dual. There are 19 distinct anti-se
dual 2-forms onK3, but the only way in which the 2-form
v2, will contribute to the equation for motion is via th
wedge productv2`v2. As the latter is cohomologous to th
unique harmonic volume four-form ofK3, we know that

v2`v25ChK31dv3 , ~99!

where hK3 is the volume form andC is a constant. The
requirement thatv2 be anti-self-dual implies that the exa
term vanishes@27#, and so we can find solutions for whic
the correction to the scalar function is of the form~80!.
Chern-Simons terms modify the electric charge and br
the supersymmetry. Again for a given charge one can fi
solutions of the same mass but larger Page charge, and h
the Chern-Simons charge should decay.

More generally, of course, we could wrap further me
branes about holomorphic cycles in the torus orK3. One can
have a (2'2'2)i6KK configuration in which each of the
membranes is wrapped around a torus. What is novel ab
our solutions is that one can also include Chern-Simons c
tributions to the 4-form from the self-dual 4-form on th
8-fold transverse to each membrane, although in doing so
will break the remaining supersymmetry.

The effective four-dimensional black hole as usual h
four charges and a finite horizon area, but the metric will
non-standard and pseudo-scalar fields will be non-zero.
pending on the relative sizes of the charges, there may
another horizon inside the horizon atr 50 before one
reaches a physical singularity.

Evidently the usual further generalizations of intersect
brane solutions are possible. Instead of taking the me
branes to intersect over a point, one can choose them to b
general angles, with the Chern-Simons forms chosen ap
priately. One can also wrap additional membranes about
lomorphic cycles inK3; solutions of this kind were dis
cussed in@30#. A general feature of all these solutions is th
black holes obtained by dimensional reduction of bulk d
6-12
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tributions of charge have more singular horizons and hig
temperatures than those with the same charge in membra
Since the solutions involving Chern-Simons forms are n
supersymmetric, one would expect the bulk charges to de
into membranes.

VI. FIVE-BRANE SOLUTIONS

If one considers a five-brane within an eleve
dimensional background for which the anomaly form is no
zero, then one has to take account of electric charge cor
tions. For example, corrections will be required for t
generalized five-brane solutions discussed in@31#. The sim-
plest solution to consider is that for a single five-brane:

ds11
2 5F21/3@ds2~M2!1ds4

2~B1!#1F 2/3@ds4
2~B2!1dz2#,

F5* 2 dF`dz, ~100!

where we take the dual in the last equation on the mani
B2. M2 is 2-dimensional Minkowski space, while the man
folds Bi must be Ricci-flat to satisfy the field equations.F is
a harmonic function on this manifold, and the magne
charge is given by integratingF over the few-dimensiona
manifold defined as the boundary ofB2 times the line. Again
point singularities inF represent localized five-branes.

Preservation of any of the spacetime supersymmetry
quires that the holonomy of each of theBi be contained in
SU(2)>Sp(1). Usually one assumes that the manifolds a
flat, and one-half of the background supersymmetry is t
preserved in the 5-brane solution.

If B1 has trivial holonomy, butB2 has holonomySp(1),
then the vacuum solution preserves 1/2 of the supersym
try, and the 5-brane solution preserves 1/4 of the supers
metry, with a suitable choice of charge sign. If both of t
manifolds have holonomySp(1), thevacuum solution pre-
serves 1/4 of the supersymmetry, but the 5-brane solu
preserves only 1/8 of the supersymmetry. This follows fro
the fact that the vacuum solution preserves eight Killi
spinors, four of each chirality on the six-dimensional ma
fold M23B2. If F has point singularities, then only spino
of one particular chirality on the world volume preserve t
supersymmetry.

If both of the Bi are non-trivial, however, the anoma
form does not vanish. Using the conformal invariance of
field equation for the 4-form, we know that the anoma
polynomial is transverse to the conformally flat space. N
that if only one of the manifolds has non-trivial holonom
conformal invariance implies that the anomaly form va
ishes.

Since aD4-brane wrapped around a space for which
first Pontryagin class does not vanish picks up an indu
0-brane charge and theM5-brane reduces to theD4-brane
on double dimensional reduction, one might wonder fro
where this charge originates in eleven dimensions. In f
this charge originates from the self-dual 3-form field prop
gating on the world volume of theM5-brane. However we
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do not need to use the world-volume fields of the five-bra
in what follows and can ignore the non-zero value of th
field.

To find a solution which takes account of the anomaly
is natural to add a correction of the type discussed in
previous sections. The corrected five-brane solution will ta
the form

ds11
2 5F21/3H22/3$@ds2~M2!1Hds4

2~B1!#

1F 2/3@Hds4
2~B2!1dz2#%,

F5* 2 dF`dz1hM23R`dH21, ~101!

whereh is the volume form on the flat space.F remains a
function which is harmonic onB2, while H satisfies Eq.~29!,
with additional point singularities representing membrane

One can verify that the addition of such scalar functi
terms to the metric and to the 4-form does not break a
additional supersymmetries, provided that one choo
charge signs appropriately. Even if one includes point sin
larities in H(xm) representing membranes, 1/8 of the sup
symmetry is preserved.

The physical interpretation of this result is that a 5-bra
wrapped around a space of non-trivial holonomy, with a no
flat transverse space, receives electric charge correct
when one takes account of the anomaly. Note that just as
the single membrane one adds an arbitrary amount of
monic 4-form on the 8-fold although this must break t
remaining supersymmetry.

Furthermore, the solution representing two 5-branes in
secting on a string, which was discussed in@15#, must in
general be corrected to

ds11
2 5~F1F2!2/3H22/3$~F1F2!21ds2~M2!1F 1

21Hds4
2~B2!

1F 2
21Hds4

2~B1!1dz2%

F5~* 1 dF11* 2 dF2!`dz6eM23R`dH21,
~102!

with H(xm) satisfying Eq. ~29!. Here M2 is Minkowski
space, andBi are Ricci-flat four-dimensional manifolds wit
holonomy contained inSp(1). In thelast line,* i implies that
the duals are taken on the manifoldsBi . Such a solution is
the same as in@32#, except that the definition ofH(xm) in-
cludes both anomaly and Chern-Simons terms.

In the absence of an anomaly term, the field equations
satisfied provided that the functionsHi are harmonic on the
manifolds Bi . If the Bi are flat, then each five-brane pre
serves 1/2 of the supersymmetry, and the overlap prese
1/4 of the supersymmetry. Inclusion of point singularities
H(xm) gives a solution preserving 1/8 of the supersymme

If only one of theBi is flat, then we obtain a solution
whenH(xm) is harmonic. IfH(xm) is constant, then 1/8 o
the supersymmetry is preserved. Inclusion of point singul
ties in H(xm), i.e. membranes wrapped around the conf
mally flat space, does not affect the amount of supersym
try which is preserved. If both of theBi are hyper Ka¨hler, the
scalar function is no longer harmonic, but 1/8 of the sup
6-13
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symmetry is preserved, whether or not we include me
branes, provided that we choose the signs of charges
ably.

Although the Bi can be any manifolds ofSp(1) ho-
lonomy, one obtains the most interesting physical interpre
tions for T4, K3 and Taub-NUT manifolds. Suppose th
both of theBi are Taub-NUT manifolds. Then our gener
solution~102! describes two five-branes intersecting a me
brane over a string. Each five-brane is parallel to one
6-brane and intersects the other over the common string.
could wrap further membranes around holomorphic cycle
the Taub-NUT manifolds to obtain solutions preservi
smaller fractions of the supersymmetry.

If one of theBi is a torus and the other is a Taub-NU
manifold, then compactification to four dimensions of t
single five-brane plus monopole solution gives us a bl
hole with two magnetic charges which preserves 1/4 of
supersymmetry. Addition of a Chern-Simons term leads t
black hole carrying three charges which breaks the remain
supersymmetry. If we include membranes but no four-fo
flux, the four-dimensional interpretation of the solution is
a black hole carrying three charges, preserving 1/8 of
supersymmetry, which has zero temperature. Obviou
wrapping the 5-branes aroundK33T2 gives analogous
black hole solutions.

Solutions describing three overlapping five-branes
known; for example one can have the five-branes all ov
lapping on a string, and each pair overlapping on a thr
brane@31#. As one would expect, the solutions generica
preserve 1/8 of the background supersymmetry. Howe
the anomaly form necessarily vanishes, since the three-b
spaces must be conformally Ricci flat, and thence Riem
flat. Even if one wraps the branes around tori, there exists
finite Chern-Simons form. More generally, the anomaly fo
can only be non-zero when we have two transverse four
mensional manifolds with non-trivial holonomy or an eigh
dimensional manifold with non-trivial holonomy.

There is a more general class of five-brane solutions
lated to the vacuaB33B8 where the holonomy of a manifold
conformal toB8 is a larger subgroup ofSpin~7!. One can
wrap a five-brane aroundM23Y4, where Y4 is a 4-fold
within the 8-fold. A related discussion wrapping bran
about cycles within such manifolds can be found in@30# and
@33#. With a suitable choice of the 4-fold one may preserv
fraction of the supersymmetry. Since the anomaly form
non-vanishing, one gets electric charge corrections, and
resulting five-brane solutions are the generalization of t
given above.
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There is also a class of solutions obtained by includ
Brinkmann waves. One can include a wave to any inters
tion involving at least a common string. Thus one could
example add a wave to a KK 6-brane parallel to a five-bra
intersecting a membrane along a string. Wrapping aroun
torus orK33T3, the boosting gives us a four charge bla
hole in four dimensions. Chern-Simons and anomaly ter
change the mass, charge and singularity structure of the
sulting black hole.

APPENDIX: CONVENTIONS

The different type of indices that we use are as follow
M50, . . . ,10represent eleven-dimensional space-time in
ces.m50,1,2 represent three-dimensional space-time in
ces.m53, . . . ,10represent eight-dimensional space-time
dices. We useA50, . . . ,10 toindicate eleven-dimensiona
tangent space indices. When referring to 8-folds admittin
complex structure, we use indicesa,ā wherea51, . . . ,4.

The d511 Dirac matricesGM satisfy

$GM ,GN%52gMN , ~A1!

where gMN has signature (2,1, . . . ,1). GM1 . . . Mn
is the

anti-symmetrised product:

GM1 . . . Mn
5G [ M1

. . . GMn] , ~A2!

where the square brackets imply a sum overn! terms with a
1/n! prefactor. The chirality operator is defined by

g95
1

8!
emnpqrstug

mnpqrstu, ~A3!

while our definition of the Hodge star is

* ~dxm1` . . . `dxmp!

5
1

~d2p!!
em1 . . . mp

mp11 . . . md
dxmp11 . . . md. ~A4!

We definen-forms with a factor of 1/n!. For example, we
take

F5
1

4!
Fmnpqdxm`dxn`dxp`dxq. ~A5!

For further conventions and identities applying to the Dir
matrices, see the Appendix of@3#. A further convention used
in the derivation of Eq.~14! is thate01251 on M3.
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