PHYSICAL REVIEW D, VOLUME 58, 025006

Bulk charges in eleven dimensions
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Eleven dimensional supergravity has electric type currents arising from the Chern-Simon and anomaly terms
in the action. However the bulk charge integrates to zero for asymptotically flat solutions with topological
trivial spatial sections. We show that by relaxing the boundary conditions to generalisations of the ALE and
ALF boundary conditions in four dimensions one can obtain static solutions with a bulk charge. Solutions
involving anomaly terms preserve between 1/16 and 1/4 of the supersymmetries but Chern-Simons fluxes
generally break all of the remaining supersymmetry. One can introduce membranes with the same sign of
charge into these backgrounds. This raises the possibility that these generalized membranes might decay
guantum mechanically to leave just a bulk distribution of charge. Alternatively and more probably, a bulk
distribution of charge can decay into a collection of singly charged membranes. Dimensional reductions of
these solutions lead to novel representations of extreme black holes in four dimensions with up to four charges.
We discuss how the eleven-dimensional Kaluza-Klein monopole wrapped around a space with non-zero first
Pontryagin class picks up an electric charge proportional to the Pontryagin ni®b856-282(198)01914-

PACS numbe(s): 04.65+e, 04.50+h, 04.60.Ds, 11.25.Hf

[. INTRODUCTION invariant. Thus its contribution to the charge at infinity must
integrate to zero unless the fourth cohomology class
The only bosonic fields in eleven dimensional supergravH*(K,R) is non-trivial. In particular, it will be zero foK
ity are the metric and a three form poten#afor a four form = R® and the anomaly bulk contribution will also integrate to
field strengthF. The gauge symmetry is Abelian and the Zero. This means that the ordinary asymptotically flat mem-
gravitino couples to the four form field strength rather thanPrane cannot decay by losing its charge to a bulk distribution
the potential. Thus it might seem that there were no chargeli! SPace.

fields in the theory. However, the action contains a Chern- _©On the other hand, a bulk electric charge can occlrig
Simons tern{1] either not topologically trivial or not asymptotically Euclid-

ean. As an example of the first kind, considgx S* and
send a point to infinity by a conformal transformation to
Scsocf (AANFAF), (1) obtain an asymptotically Euclidean surfa¢e One can
choose the conformal factor, the scale of two extra flat spa-
tial dimensions and the four form to satisfy the time symmet-
ric constraint equations. This would give time symmetric ini-
tial data for a solution with an electric charge that arose
solely from bulk contributions. The classical evolution of
dxFocF/AF. (20 such a solution would be collapse to a membrane. However,
_ ) we shall show that the situation may be different wikeis
In other words, there is an electric type bulk currentpot asymptotically Euclidean but obeys some generalization
*(F/\F); the magnetic type bulk current is, however, zeroof the asymptotically locally EuclideafALE) or asymptoti-
since dF=0. This means that any magnetic chargescally locally flat (ALF) boundary conditions in four dimen-
Px=[xF whereX is a four cycle are purely topological and sions. In that case bulk charges can be classically stable
are the same for all homologoas On the other hand, the though one would expect that they may decay quantum me-
electric chargeQv= [y*F whereY is a a closed seven sur- chanically into a collection of membranes which would have
face can have both topological and bulk contributions. Therenore phase space.
is also a contribution to the electric current and charge from We will show that there are static solutions with bulk
the term in the bulk action that is needed to cancel anomaliedistributions of electric charge even when the topologof
from the world volume of the five brare]. is R8. Such solutions can preserve a fraction of the super-
One can integrate the electric current over an eight sursymmetry provided thatK admits covariantly constant
face K with K=Y to obtain the bulk contribution to the spinors. If the anomaly form confined kK does not vanish,
electric charge. IfK were asymptotically Euclidean, one one must have such a bulk distribution of charge. Provided
could conformally compactify by adding a point at infinity. thatK admits a self-dual harmonic 4-form which is finite on
The Chern-Simons part of the electric current is conformallythe boundaryY one can also have contributions from a
Chern-Simons bulk current but such a current generally
causes all the supersymmetry to be broken. Solutions for
*Email address: swhi@damtp.cam.ac.uk which the Chern-Simons term is non-zero have not been
"Email address: mmtl4@damtp.cam.ac.uk studied much, but an elegant framework for incorporating

which implies that the divergence of the four form field
strength is nonzero,
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such anF in a fashion that preserves supersymmetry wasind there is thence an additional term in the action of the
developed in3] and we extend this framework here. One form
can introduce generalized membranes with the same sign of
charge into these backgrounds. This indicates that Chern- AS :_f A/\( _ i
Simons bulk charges in these more general backgrounds 1175 768
could decay into membranes.

Several of the solutions which we construct have particu- Motivated by the usual form of membrane solutions, we
larly interesting physical interpretations. For example, wewill start by looking for a solution of the form
find solutions describing eleven-dimensional Kaluza-Klein
(KK) monopoles wrapped around topologically non-trivial ds”=H(x™) ~?Rds*(B%) + H(x™ds*(B?),  (8)
world volumes; the anomaly induces an electric type bulk . ,
charge. This result is as one would expect: if one wraps any/heré we take coordinates', ,=0,1,2, on the Lorentzian

p-brane around a surface of a non-zero first Pontryagin class fold, and coordinates™, m=3, ...,11, on theEuclidean
one induces [§— 4)-brane chargei]. 8-fold. We allow the scalar function to depend only on the

When one wraps the KK monopoles around a torus ofatter and assume both that the anomaly form is non-trivial
K3X T2 one obtains extreme black holes in four dimensions,""”d that the Chern-Simons term does not vanish. Initially we
with up to four charges, some of which arise from Chern-Will consider vacuum solutions; that is, we d(_) n(_)t include
Simons and anomaly terms. The resulting four-dimensional"€mbrane or five-brane source germs. Since it will turn out
spacetimes resemble those of multi-center black hole soldhat the metrics on botB* and B” are Ricci-flat, we will
tions, although the two types of solutions differ by the pres-€fer to them ag,,, andgn, respectively. We will refer to
ence of pseudo-scalar fields in the former, which originatéhe eleven-dimensional metric ggy , to the associated co-
from the part of the 4-form confined to the compact spacevariant derivative a® and to the associated gamma matrices
Black holes obtained by dimensional reduction of bulk dis-ggT™
trlbutlons of charg_e break all Fhe supersymmetry, and have |; is natural to choos®2 to be a symmetric space, and
more singular hOl‘IZOI’].S and higher temperatulres than thosgke F to be of the form
with the same charge in membranes. This again suggests that

bulk charges will decay into membranes. F vpn= = €pdnf (X™), 9)

1

2)2
(TrR%)“+ 192

(TrRY|. (7

Il. VACUUM SOLUTIONS where f(x™) is a scalar function that will be related to the
) ) ~ scale factoH(x™). We will also allow for a generdf on the
_ The bosonic part of the action af=11 supergravity is  g_fold, the form of which will be fixed by the field equations.
given by[1] For clarity we express the 4-form as the sum

1 10(1 1 _
Sll:if d“x@R—EJ (EF/\*F+€A/\F/\F 3 F=F+F;, (10

whereF; takes the form of Eq9) andF, represents the part
wheregyy is the space time metric arlis a 3-form with  of F which is confined to the 8-fold.

field strengthF =dA. We have sek? to 1. The field strength The presence of the anomaly term in the Einstein equa-
obeys the Bianchi identitd F=0 with its field equation be- tions makes it difficult to look for solutions of this form by
ing solving the Einstein equations explicitly. Instead we look for

a supersymmetric configuration satisfying this ansatz. Since
the gravitino¥, vanishes in the background, the only non-
trivial constraint on a supersymmetric solution is that for
some Majorana spinon; variations of the gravitino vanish:

In general, there will be gravitational Chern-Simons correc-

tions to this equation associated with themodel anomaly — 1 —

on thed=6 five-brane[2]. The corrected 5-brane Bianchi 8, ¥m=Dnn— Tag(FEAQRS_S‘sI\P/IFQR%FPQRsn:O’

1
d*F=—SFAF. (4)

identity takes the form (1)
d*F=— EF/\F +(2m)4BX (5) Whereﬂ,I is an eleven-dimensional gamma matrix. Our con-
2 8 ventions and notation for the gamma matrices are given in

] . ] the Appendix.
where B is related to the five-brane tension byg Solutions of this type, for which the 8-fold is compact,
='/3"/(27T)3- In all that follows we shall takgg=1 for sim-  \yere discussed ifi3]; since the analysis of the field equa-
plicity. The 8-form anomaly polynomial can be expressed intjons changes little when the 8-fold is non-compact, we give
terms of the curvature 4$] only a brief summary here. We decompose the eleven-
dimensional gamma matrices by taking

1
(TrR?)2+-—(TrRY {, (6) - _ _
192 I,=7,27,

. 1 1
5= 2myi 768

025006-2



BULK CHARGES IN ELEVEN DIMENSIONS PHYSICAL REVIEW D58 025006

in SU(4). [One needs to consider the case tB&thas ho-
lonomy of preciselySpin7) separately as we will discuss
wherey, andy,,, are gamma matrices &® andB® respec- below ]
tively, and the barred quantities with overbars are the appro- [N the former case, the only non-zero components of the
priately conformally rescaled matricesys is the eight- 4-form within the 8-fold are the=,p.q components which
dimensional chirality operator which anticommutes with all Must satisfy
the y,, and satisfies/5=1.

We then decompose the eleven-dimensional spinas

=16y, (12)

F.pegd®=0, (21)

_ m whereJ is the Kaler form and we use complex indices. On
n=e®{(xM), (13 S .
a compact Khler space, we can express the solutionFer
wheree is a three-dimensional anticommuting spinor, @nd in terms of the harmonic 4-forme, as
is a commuting eight-dimensional Majorana-Weyl spinor.

h
Then thex components of the gravitino equation reduce to F— 222 i (22)
the requirements that 27 o U Oan
D,e=0, (14 where h,, are components of the Hodge numbers. For our

purposes it will be more useful to replace equati@h) by an

which implies that the symmetric three spaB@ must be equivalent constraint of the forfi6) so that

Minkowskian. In addition{ is of negative or positive chiral-
ity correspon(_:ling to th.e ppsitive or negative signs in . Frnp? P =Fm{=0, (23)
and the functiorf (x™) is given by
a condition which is apparent froifi7) since on a Calabi-
Yau 4-fold the spinor{ is covariantly constant. Equation
(23) is a very restrictive condition and severely limits the
number of supersymmetric solutions with non-vanishing four
Fonpq?™"P¥¢=0. (16) form qux: ' . . '
Quantization of the magnetic charge imposes a constraint
This gives the first constraint on the four-form flux in the on thev'; defining a four-formG which is related td=, by
8-fold; a stronger condition will be given by the other com- normalization factors, flux quantization requires théit
ponents of the gravitino equation which take the form

f(x™=H"1(x™ (15)

and the spinoZ must satisfy the condition

1 Gl—
Dm§+ﬂH’l’2Fm§=0, (17 [G] 4(27)?

P,(B% eH /(B8 2), (24)

. . . 8 .
. _ npa Thi where P, is the first Pontryagin class &® and[G] is the
where we have introduced the notatiR=F mnpqy"™" This cohomology class ofG. Note that we are defining the

|m|_oI|es that{'¢ is a constant which may be normalized o Pontryagin classes without factors of#2 The existence of
unity. One can then construct an almost complex structure in _. 8. - 5 . o
terms ofZ as spinors orB® implies thatP, /(2)< is canonically divisible

by 2. Depending on whether it is also canonically divisible

Jn=i1 Yl (18) by 4G will iha\./e intggral or half—intggral periods, and the
coefficientsv' will be integers or half-integers.
which is covariantly constant, Now the 32 component real spinor of tde=11 Lorentz

group decomposes into representation§ bf2,R) X SO(8):

N
because;Ty% -3¢ vanishes ifk is odd since the spinor 32 (28)0(28), @9
involved is Weyl and one can pujlg through the expression. where8, and8, have opposite chiralities. If the holonomy is

It is straightforward to show thal,,, is a complex structure trivial, and F is zero, then each of th&s decomposes into
and thatB® is a Kéhler manifold. In addition one can show eight singlets, and there are 32 covariantly constant spinors.

that B® is a Calabi-Yau manifold, either following the ap- If the holonomy is preciselsU(4), then one of the spinor
proach given in[3] or by defining a one form from the representations decomposes as

Christoffel connectio™}, , such that

DpJmn=0, (19

8.—6@l®l, (26)
le“ﬁqp\]gdxm (20
and there is thus a total of four covariantly constant spinors,
and then showing that Eq17) implies thatI" is closed. of a defined chirality; only 1/8 of the supersymmetry is pre-
Sincel is the U(1) part of the connection, closure &f  served. If the holonomy breaks down further, a greater frac-
implies that the first Chern class is trivial. Hence to satisfytion of the supersymmetry will be preserved.
the m components of the gravitino variation equation one Given that this solution is obtained by requiring a fraction

imposes the condition that the holonomyBs# be contained of the supersymmetry to be preserved, it is natural to assume
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that the field equations will also be satisfied. Let us firstwhere PfR) is the Pfaffian of the curvature form. The vol-
consider the equation for the 4-form. Then the equation ofime contribution to the Euler number is given by the integral

motion forF, is of e(B®)/(27)* over the manifold. Note that if8] the fac-
1 tors of (27) were omitted; one can easily verify that one
__ = __ needs to include these factors when the Pontryagin classes
d(xFo)==5F/AF=-F./\F, 7 are defined without factors of ).

) ) . o Integrating Eq.(29) over a compact 8-fold with no
where the conformal invariance of the field equation impliespoundary, we find that

that there is noXg contribution. Now it was incorrectly
stated in[3] that this equation implies no further condition .
on the 4-form than closure &,. Using the explicit form for fBgF/\F: 2(2m) Jngs- (33)
F, [taking the sign in Eq(9) to be positivé we find that
. . Using the relationship to the Euler number we find the topo-
d(H™ *n3/\g*F2)=— n3/N\dH™"/A\F3, (28)  |ogical constraint on the 8-fold:

(2m)*
12

where 75 is the flat volume form on the transverse 3-fold
and we take the dualg in the Ricci-flat metric on the 8-fold. f 8F/\F+
SinceF, is harmonic, to satisfy this equation we must take B

F to be anti-self-dual. If we reverse the sign in E8), the  \yhere is the Euler number. Thus the constantsare con-
covariantly constant spinors on the 8-fold must have the Opstrained, and the possible compactifications are restricted to-
posite chirality, and the four-forti; must be self-dual. Thus  yojogically. Since the Euler number will not vanish for to-
we must include only self-dual—-anti-self-dual forms in the yo|ogically non-trivial compactificationss, cannot vanish.
summation(22). o . . One can obtain a natural interpretation of this topological
It is interesting to note that this field equation fBris  constraint in terms of the quantization law for the 4-fdiih
automatically satisfied if the gravitino variation equation \yhenever the anomaly form, and hence the Euler num-
oV, =0 is obeyed. The required duality condition Bnis  per vanishes, the 4-forf, must be zero; we can then have
implicit in Eq. (16); if one chooses the sign &, such tha’  powhere vanishing spinors of both chiralities on the 8-fold,

is of positive chirality, then Eq(16) implies thatF; is anti-  4nq in the vacuum solution there will be up to 16 conserved
self-dual. Of course Eq16) is a stronger condition than the spinors of each chirality.

four form equation of motion since one may not be able t0 * |t the anomaly does not vanish, one can also ensure that

find such a conserved spingr the net electric charge vanishes by including membrane point
The field equation foFF, does include an anomaly term gingylarities which are localized within the 8-fold. The con-

Y=0, (34)

and imposes a constraint on the scalar function as straints on the 8-folds and the membrane charges are dis-
1 cussed in[8]. By replacing the Chern-Simons term in Eq.
d(*gdH)=— EF/\F+(27T)4X81 (29 (29) by point membrane contributions, one can obtain the

metric for such solutions.
. : . We have discussed the analysis for positive chirality con-
where without loss of generality we have chosen the negatlvgerved spinors: let us now consider an 8-fold which admits
sign in Eq.(9) andf(x™) =H~1(x™). Note that we are again b '

taking the dual in the Ricci-flat metric on the 8-fold. When covariantly constant spinors of negative chirality. Then the

the 8-fold is compact, there is a relationship between thSs SPinor representation must admit a decomposition contain-

anomaly form defined in Eq6) and the Euler class for an ing singlets. From the above we know that we must include
naly forr ; - . y only self-dual forms inF, while from [7] we know that the
manifold which admits a nowhere vanishing spihio}. For a C . . . L
ol " o ) X sign in Eq.(30) is reversed. Taking the minus sign in Ef)
nowhere vanishing positive chirality spinor to exist, the Eu—We find that
ler classe(B®) must be related to the first and second
Pontryagin classes as

1
8e(B%)— 4P, P? (30 d(xgdH)=3F AP —2m™ e (39
- 2 1

One can show explicitly that this constraint is satisfied by all
eight-dimensional Calabi-Yau manifolds. Defining the = EF—/\F—
Pontryagin classes as

- 8
4!(2w)4e(B‘)’
(36)

P,=— ETrRZ and P,=— ETI’R4+ E(TrRZ)Z, (31)  where we include minus signs to indicate that we are taking
2 4 8 guantities on an 8-fold which admits negative chirality con-
served spinors. Now symmetry between the positive and
negative chirality spinor solutions implies that there exist
1 1 solutions for which the warp factdd(x™) is the same for
———~  _¢(B%=-—Pf(R), (32  both. Then the Euler numbers of the corresponding 8-folds
41(2m)* 4! will be the same but both anti-self-dual and self-dual forms

it is apparent that thaXg is related to the Euler class as

Xg
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and the8, and 8, spinor representations will be exchanged.In fact, harmonic 4-forms for which the magnetic behavior is
In most of what follows we will assume that the conservednon-trivial cannot vanish on the boundary at infinity.
spinors are of negative chirality so that the corresponding In the compact case, if the anomaly form is non-trivial,
four form is self-dual. one must necessarily choose at least one ofithéo be

We said above that the other possible solution was amon-zero for a solution to exist. In the non-compact case, the
8-fold of exceptional holonomypin(7). Although we can magnitude of the 4-form is arbitrary; one can choose the
certainly find such solutions in the absence of an anomaWntegers to be as large or small as one requires, and adjust the
term[9], a consequence of the constraintsFonis that com-  solution of the scalar equation accordingly. In particular, one
pactificat_ion on a manifold of _exceptionaﬂ holono@pirﬁ) can choose the' to vanish, which has the advantage of
may not in general be a solution of the field equations whenyiying trivial magnetic behavior. One can then certainly have
we include an anomaly term. If supersymmetry is to be Pr€yenericSpin(7) solutions when the 8-fold is non-compact.
served, the harmonic 4-form.must sati.s.fy conditi¢h® and Since for anySpin7) manifold one knows that there ex-
(23) as well as the topological conditiof84). As for the ists at least one conserved spinor with associated four form

compact Calabi-Yau 8-folds, a geneBpin(7) manifold may (37) satisfying Eq.(16), one can always include a non-zero

not admit such a harmonic fo_rm Sf”‘“SfY'”g these anStramtsﬂux through the 8-fold and still satisfy the equations of mo-
One can show that the uniq®pin(7) invariant anti-self- . : . : .
tion. However, generic solutions with non-zero flux will usu-

dual 4-form does not even satisfy the weaker condi(i®); S

this is apparent if one defines it BE0] ally break all of the supersymmetry as we will discuss below.
If Xg is trivial, then we can choodé¢(x™) to be harmonic,

37) and, for vacuum solutions, to be a constant. The solutions we

@mnpg™ ¢ Ymnpel obtain this way are

where{ is conserved spinor on the 8-fold. Using the prop-

erties of Majorana-Weyl spinors, it is apparent thais anti-

self-dual if and only if{ is of negative chirality, and hence ds’=ds*(M?)+ds*(B®), (38)
Eqg. (16) is not satisfied. One may, however, be able to find

appropriate four forms which permit the gravitino variations

generated by to vanish. which are widely known. However, if the holonomy Bf is

Given this form of the solution obtained, it is straightfor- Non-trivial, the anomaly term may not vanish, and one can-
ward to confirm that the Einstein equations are also satisfied!0t necessarily choose the scalar function to be constant. The
Since the anomaly term is related to a closed 8-form, variaPhysical interpretation is that there is a background charge
tions vanish within the 8-fold, but there will be contributions distribution over the 8-fold. One would, however, expect that
to the 11-dimensional Einstein equations whenever théhe anomaly term vanishes if the action of the holonomy
anomaly form is non-trivial. group on one section of the tangent space of the 8-fold is
trivial, and hence part oB® splits off as lines. Assuming a
fraction of the supersymmetry is preserved, the anomaly will
contribute only if the holonomy oB2 is Spin7), SU(4),

Let us now suppose that the 8-fold is non-compact; théSp(2) or Sp(1)XSp(1). Even if the holonomy is contained
net electric charge need not vanish, since there is a boundaify one of these groups, the anomaly can still vanish in special
to the 8-fold. This implies that there are no topological con-cases, which we will discuss in Sec. IV.
straints imposed by the anomaly term on the 4-form. If the original 8-fold is non-singular, the anomaly form

For general non-compact 8-folds there may not be a wellXg should be smooth and continuous over the 8-fold. Simi-
defined cycle over which we can integrate a 4-form, andarly, finiteness of the energy will require that the Chern-
hence magnetic charge is not well defined. This problem ha§imons termF/\F have no singularities. Thus the back-
been discussed in the context of four dimensional Taubground charge distribution implied by the equation for the
Newman-Unti-Tamburind Taub-NUT) manifolds with dy-  scale facto(29) is smooth, non-zero, and finite at all points
onic magnetic field$11]; one cannot define charge by inte- in the 8-fold. This implies in turn that a non-singular smooth
grating the relevant components of the Maxwell 2-form oversolution for the scalar function will exist. We will give here
a sphere at infinity, since the topology of surfaces of constarthree examples of such 8-folds; the first has holonomy
radius is non-trivial. One can only define charges by considSp(1)®Sp(1), and thesecond is Calabi-Yau, while the third
ering the motion of point charges in the asymptotic region, ohas holonomy of precisel$pin7).
by taking analogies to asymptotically flat space-times. This The simplest example of a non-trivial solution of this type
will be a generic problem in the manifolds of non-trivial is to takeB® as a Taub-NUT times Taub-NUT manifold. One
holonomy that we consider here. would expect more generd? invariant hyper-Kaler met-

Although for the compact manifolds the number of har-rics of this type, such as those constructed 1g], to give
monic 4-forms is given by the related Betti numbtmy;, for  solutions of a very similar form. The holonomy 8p(1)
non-compact manifolds we can include all harmonic 4-forms® Sp(1), andone-quarter of the supersymmetry is preserved.
whose norm is finite, and which satisfy the constraidit§)  There is a single harmonic 4-form which is the wedge prod-
and (23). This can include those not counted in the Bettiuct of the 2-forms on the individual Taub-NUT manifolds.
number, since they are non-zero on the boundary at infinityOne can take the metric to be

[ll. NON-COMPACT VACUUM SOLUTIONS
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wherei=1,...,4,i’=5,...,8 ando are four-dimensional
gamma matrices. Heress= e 0'¥'/4! is the four-
dimensional chirality operator.

Suppose thaF, is self-dual and hencé is of negative
chirality to satisfy Eq.(16); then without loss of generality
one takesw and w’ to be self-dual orB* andB’* respec-
tively with {2 of negative chirality with respect to; and
{g+4 of positive chirality. On the product of two Taub-NUT
manifolds, if one has defined the canonical two forms both to
be self-dual, then the conserved spinors must have the same
chirality. This implies that one cannot find an appropriate
which preserves the supersymmetry.

Even if one can find appropriate self-dual 2-forms and
s'c_onserved spinors of opposite chiralities, the strong super-
symmetry condition is still not satisfied. The conditions in
Eq. (23) take the form

ds?=H(x™) ~23d(M3)+ H(xM)
X[dsF (Mg, Xq) +ds(my,xo) T}

where we take the metric on each manifold to be

(39

4m,\ 1t )
ds? (Mg, Xq)= 1+T (diy,+cosdy)

+

4m
1+ —— 1) (dr2+r2d02), (40
1

so that them; are the NUT parameters anf] is periodic
with period 1G6rm;. For simplicity we consider the single-
center metric on each manifold although this is an unnece
sary restriction. Sinc®&2 is a direct product of two 4-folds,
the (TR*) term in the anomaly form vanishes and we can

show that

r
XSOC_H —Idwi/\dri/\dcoﬁi/\d(ﬁi, (41)
(ri+4m)°

where we will not need the constant of proportionality, but
the absolute sign is important. Since the volume contribution

to the Euler number of each Taub-NUT manifold i$13],
Xg integrates over the 8-fold te- 1/24.

(wijgj§B4)®(wi'j/(Ti,j,é/B/é‘.):O,
(w101 {gra) @ (w0l {ga) =0. (a7)
Given our choices of spinor chiralities we can see that
(48)

ili!
(l)i/j/O'I ! 55/4:0,

which implies that the first equation in Eq4.7) is satisfied.

If we include a non-trivial magnetic 4-form, we must take However, the second of the equations takes the form

it to be
F=k] M GgAdr+ ing,d6,/\d ¢
i | (r;+4m;)? wAdr (ri+4m)= '
(4m;)?
— —COS?idri/\qui , (42)
(ri+4m)?

with k a real constant, which has finite norm
f 8F/\F=k2H (12872m?). (43)
B i

Note that the sign oF /\F is positive, and~ is self-dual on
the 8-fold. The magnetic “charge” can be expressed as

(44)

f]‘[sz F=k][[ (16mm)).

(001 {g)® =0, (49
where{ is a non-vanishing spinor. This equation cannot be
satisfied for non-vanishindg,2 and therefore inclusion of
non-zeroF, breaks all remaining supersymmetry.
Irrespective of whether one includes a Chern-Simons
form or not, the equation for the scalar functibi{x™), Eq.
(29), can be expressed in coordinate notafiorterms of the
Ricci-flat metric on Taub-NUT cross Taub-NU@,,,) as
Dnd"H(X™) =g(ry), (50)
whereg(r;) is a negative definite function dB®. Since the
function depends only on the radii, the charge distribution is
delocalized in the toroidal and angular directions. It is im-
portant to note that however positive or negative we choose
the magnetic charge to be, the function in Eg0) will al-
ways be negative. If one ignores the anomaly and 4-form
terms, then the field equations are solved provided that
H(x™) is harmonic, as was found [A5]. The anomaly term

Although one can show that the equations of motion are stillvill give only a small correction to the scalar function at
satisfied if one includes a Chern-Simons form, the supersyninfinity but cannot be neglected.
metry conditions are not satisfied and so such a solution Supposing one defines the charge as

breaks all of the supersymmetry.

It is easy to see that Eq23) cannot be satisfied on any
product manifoldB*xB’4 which satisfies the field equa-

tions. Let us writeF,=w/\w’ and {={ga® ng-4. One can
also decompose the gamma matrices as
Yi=oi®1, (45)

vir =05 i, (46)

q= f d+F; (5

B8
then the contribution tg from the background of Eq50) is
negative since the charge density is negative definite
throughout the manifold. The scalar functibi{x™) satisfies
a Poisson equation, with the negative charge density being
concentrated about the origin of the two manifolds, and de-
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caying at infinity. The form of the operator on the product (2m)?

manifold makes it difficult to solve the equation explicitly, q=(277)4f 8X8=4—8P1(B4), (56)
but we would expect that there exists a non-singular solution B

of the form wherep;(B*) is the first Pontryagin number of the 4-fold.

Now in [8] the value of the charge induced onpabrane
my — .

H(X)=1+h(ry), (52 wrapped around a surface of non-zero first Pontryagin class
whereh(r,) is a function which is positive definite through- Was given as 1/48 of the first Pontryagin number. Allowing
out the manifoldB8, peaks at a finite value at the origin for normalization differences in the 4-form and the Pontrya-
=0 and asymptotically vanishes. gin classes, our result is consistent.

We have been referring to this as a vacuum solution, but ©OUr second example is the generalized Eguchi-Hanson
it is better interpreted in terms of eleven-dimensionaiSelution in eight dimensions. This manifold was first dis-

e Cussed in18,19 and the metric was given in the form that
we shall use here if20]. It is an ALE Ricci-flat Kanler
dnanifold, which hence has holonon8U(4). Theform of
dhe metric is

Kaluza-Klein monopoles. Whem;=0 the solution can b
described in terms of KK 6-bran¢4] located at the origin

r=0. The anomaly and Chern-Simons terms vanish and on
half of the spacetime supersymmetry is preserved by the s

lution. If the 6-branes are located in tfiE23456 plane, then 4R R?2 3
the condition for unbroken supersymmetry 6] d2= + _< 1— a (d7+A)2+R2ds%(CP?)
8 16 8 '
a R
L o1234567= 7, (53 1- =8
which again gives us 16 conserved spinors. If we then add (57)
6-branes located in thel2789(10) plane, only spinors sat- ) . )
isfying where the metriag;; on CP?® is chosen with the scalR;;
=8g;; anddA is the Kanler form on the complex projective
Lo1278910 7= 71 (549) space. The behavior of this solution is analogous to that of

) ~_ the more familiar four dimensional solution; in particular, the
preserve supersymmetry. One ha_\lf of the spinors satisfyingagial coordinate runs betweenand infinity, and theC P®
Eq. (53) will also satisfy this condition, and so one-quarter of fjyag point set of the isometry, allows us to calculate the

the supersymmetry is preserved, as we found above. InCly=yjer number as 4 using the Lefschetz fixed point theorem.
sion of a Chern-Simons form will break the remaining super- - The anomaly form for this manifold is

symmetry.
Suppose one reduces the dimension of the two monopole 14 a*
solution along closed orbits of the Killing vectdy,. Then Xg=—— —dRAd7\ 7, (58

4 n33
the 6-branes lying in the (123456) plane are reduced to the ™R
D6-branes of type IIA theory17], while those lying in the

where is the volume form on the complex projective
(12789(10) plane are reduced to type IIA KK monopoles. e prex pro)

Si heD6-b h . ed. the " ch space. By calculating the surface contribution to the Euler
ince t eD_ -brane charge Is quantized, the NL_JT CNarges nymber, one can then verify that the anomaly form gives the
will determine the number db6-branes in ten dimensions. P
. ) . . >+ correct volume contribution.
The effective ten-dimensional solution then describes Assuming that the harmonic form vanishes the warp fac-
D6-branes intersecting with type 1IA monopoles, a configu-;,, equation is then
ration preserving 1/4 of the supersymmetry. The presence of

a non-zero anomaly form implies that one should have elec- a32
tric charge corrections to such a solution. As mentioned in D,d"H(x™) = —896—40, (59
the Introduction, whenever p-brane is wrapped around a R

surface of non-zero first Pontryagin class, one expects th%hich has the reqular solution
the p-brane picks up ag—4)-brane charge. Our explicit 9

construction of the spacetime solution demonstrates the ”

8 16
eleven-dimensional origin of the membrane charge of the m _ - a a a
. . , r H(x™=1+28 + + + .
D6-brane induced when it wraps a topologically non-trivial 6R® 14R* 22R??2 30R30
space. (60)

If one choose$3® to be a Taub-Nut manifold times any

4-fold of Sp(1) holonomyB*, then the anomaly form is One can also take the harmonic fofm to be non-vanishing;

given by if F, is proportional to theself-dua) canonical four form,
then there will be an additional contribution to Etﬁlg)

a which is also negative definite and proportional tdRt/

[Py(BOAPLTN)]. 9 Solving for the scalar function then gives an addition&®1/
term in Eq.(60). However, by constructing a complex struc-

Integrating over the 8-fold we find that the induced electricture or otherwise one can demonstrate that such a four form

charge is flux does not preserve the remaining supersymmetry.

Xg=——
& a2m)a
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As a third example, we mention an 8-fold wipin(7)  as expected. Evidently inclusion of further point singularities
holonomy which was discussed|[ib0]. The metric takes the in the harmonic function simply describes additional parallel
form of a quaternionic line bundle over a 4-sphere: membranes. Such solutions preserve 1/2 of the supersymme-

, , try. Note that the scalar function is positive definite when
dsg=a?(r)dr?+ B2(r) (o' —A)?+924(r)ds;,  (61) s positive.

Now let us consider harmonic functions on the product of
whereds; is a suitably scaled metric on the base 4-sphergwo Taub-NUT manifolds. Suppose we look for a solution
and o' are left-invariant one-forms on th®8U(2) fibers of  which depends neither on the position in one of the Taub-
the bundle ovefs*. The functionse, 8 and y are given by ~ NUT manifolds nor on the circle direction in the other. An

appropriate solution is given by

9
2_ _¢—103,-1 2_ 2019 _—10/3,-1

SH(X™)ox (67)
2 __ 9 2 f1
Y —%r . (62)
where our notation refers to the change in the scalar function
Asymptotically this solution tends to the metric on the cone,induced by the inclusion of a point singularity. This de-
scribes a membrane of negative charge which is localized at
ds?=dp?+ p?dsi(S"), (63 the origin of one of the Taub-NUT manifolds, but which is

delocalized in the other manifold, and along the circle direc-

where the metric on the seven-sphere is a homogeneoygn. such a solution preserves only 1/4 of the supersymme-
“squashed” Einstein metric. Given the curvature tensor foryy, provided of course that we include an appropriate
such a solution calculated if21], we can calculate the znomaly term.

anomaly form; again it describes a smooth negative charge The ‘ten-dimensional interpretation is as a delocalized
distribution. Inclusion of arF, term, such as th&pin7)  membrane contained within@6-brane and type 1A mono-
invariant 4-form, modifies the warp factor and increases theysje. As we would expect the charge determined by this
charge background but generically breaks the remaining Starmonic function diverges, although the charge per unit vol-

persymmetry. ume of the second Taub-NUT manifold is finite; that is, the
divergence is caused by delocalizing the membrane over a
IV. GENERALIZED MEMBRANES non-compact manifold.

If we take the function to be the sum of two harmonic

preserve some or all of the supersymmetry, it is natural tfu'nctions on the individual 4-folds, the resulting §0Iqtion
Kk whether we can include membranes T,he backaroun |II_ represent two _parallel membranes, each of v_vhlch_ is lo-
3.5 w . e luti _fg 'Flized at the origin of one manifold, but delocalized in the
iscussed a_\bO\_/e remain rsnupergymmetrlc solutions It We iNgyp e manifold. Such a solution still preserves 1/4 of the
clude contributions taH(x™) which are harmonic on the

o o ; im rsymmetry.
8-fold. Point singularities are naturally interpreted as the po-Sp?fC\?vte vﬁa?ll':rt)ﬁesynemﬁtrgne to be localized at the origin of

sitions of parallel membranes, and these membranes do ngL ... +4 \b-NUT manifold. then we need to look for a solu-
necessarily break any more of the supersymmetries. tion to '

It is worth considering here the nature of harmonic solu-
tions on the 8-fold. For the standard membraneRSn the
natural choice of harmonic function describes a single mem- 8D " H(x™) = — a88(x™), (68)
brane localized at what can be chosen to be the origin of the
8-fold. The equation satisfied by the scalar function is

Given vacuum solutions asymptotic td3xB® which

where the delta function implies that the membrane is local-
ized both in the circle directions and at the radial origin of
each 4-fold. Note that we have chosen the sign so that the
Fhange in the scalar function is positive definite throughout
the manifold. There are several reasons for this chaice:
must be positive iH(x™) is not to pass through zero and if
1 « the mass of the membrane is to be positive. The solution to
H(xM =1+ V. 6 (65) the equation above does not have a simple analytic form, and
r we will not discuss the explicit solution. We would expect
the scalar function to be mildly singular at the membrane
whereV5 is the volume of the seven sphere. This choice ofigcation, although the singularity may behave similarly to the
scalar function gives the familiar membrane solutioh24]. horizon of the ordinary membrarig3].

I H(X™ = — as8(x™), (64)

where the delta function integrates over the manifold to giv
1. Then we choose

The charge can be defined as We can find an explicit solution for the other 8-folds dis-
cussed in the previous section. For example, for the general-
q:f d*F=—a, (66) i_zed Egu_chi-Hanson _solution, tr_\e change to the scalar func-
R8 tion obtained by solving Eq68) is
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R2+a?
R?—a?

e
3200

SH(x™)

R? . 1 .
+2tan1< —2) - 77] ) di(N— 77”(9]XN9MN) + A 77”(7iXN'9jXP5’M9NP
a
(69

|~

*

€149, XNg; XP X F \npo=0,

w

Then the scalar function falls off asRY at infinity, and M- UN
diverges logarithmically at the origiR=a. Unlike the ordi- ¥ij= X" XTgun - (73
nary membrane, for which the spacetime approaches t

regular manifoldAdS, x S [23] at the membrane, the size thﬁow if one takes the static gauge choice and solution

the complex projective spaces will blow up logarithmically N

as we approach the membrane. Since the source is distrib- '

uted over a six-dimensional complex projective space, one Y™=const, (74)
might regard such branes as being in some sense eight-

dimensional. one can verify that with the choice &ypq corresponding

Let us now consider whether we can interpret these typeg positive chirality conserved spinors the membrane field
of solution as membranes. Since the equation for the warpquations are satisfied provided that we choose the negative
factor onB® takes the form50), a solution including point  sign of the Wess-Zumino term in E¢70) and vice versa.
singularities inH(x™) can be interpreted as localized mem- The correction to the scalar function satisfies
branes within a background charge distribution. Now we
have found that such point singularities must have a definite 8D d"H(X™) = =T 8%(x™). (795
charge, implied by taking to be positive in Eq(68). If such ) _ o
a solution is to represent a membrane solution, the choice gfomparison with the source tert68) then implies thatx
signs in the spacetime equations must be consistent with th T» Which is analogous to the relationship for the ordinary
choices made to satisfy the membrane field equations. ~ Membrang22].

The bosonic sector of the membrane acii@g] is given ~We then need to determine the number of supersymme-
by tries that are preserved when we include membrane point

singularities. Preservation of the world-volume supersymme-
tries requires that the spingy must satisfy the condition

1 - 1
Swu ZTJ d3§( - E\/—_‘}/Y”ﬁixMﬁijgMN"‘ E\/__V I'n=n, (76)
1 where we have taken the sign to be negative in the Wess-
:ae'lkaixMaijakxPAMNp : (700 Zumino term(70), and
1 N
_ _ _ _ I'= €149, XM 9, XN XPT ynp - (77)
whereT is the membrane tension, ang is the metric on 3=y

the membrane world volume, agtiare world-volume coor- .
dinates. XM= (X*,Y™ are the spacetime coordinates, with FOr our solutions we havE=1® y,, so that the preserved

#=0,1,2 andn=3, .. .,11. There is a correction to the en- World-volume supersymmetries are of the same chirality as
ergy momentum tensor arising from the membrane source preserved spacetime supersymmetries. Thus the mem-
term: brane does not break any more spacetime supersymmetries

than the vacuum solution, and our solutions can indeed be
interpreted as a membranes wikR invariant hyper-Kaler,
_ o SM(x—X) Calabi-Yau andspin7) transverse spaces preserving 1/4, 1/8
5TMN=TJ dBeV— vy XmPXn——=—=—- (7)) and 1/16 of the supersymmetries respectively.
\/—_g For the monopole solutions, one can see why the addition
of a membrane in the (12) plane to a (123456) and
(12789(10) brane configuration does not break any more
supersymmetries. The above condition on the spinor does not
impose any more restrictions than the two conditions (53)
and (54).
There are several points to make about these generalized
- . membrane solutions. All the solutions which we have dis-
6D, d"H(x™) = —Tf d3&€k ;X0 X X2 5 (x— X). cussed describe positive or negative charge membranes
(72) within a positively or negatively charged background. One
might have thought that this indicates a possible instability of
such membranes, in which the membranes decay into a back-
From the membrane action, we have the membrane fielground with a greater Chern-Simons term. The ordinary
equations membrane could not of course decay in such a way, since

As in Sec. Il we have taker?=1. The corresponding equa-
tion of motion for the four-form then gives a correction to
the scalar function:
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there exists no harmonic 4-form dR® which is finite at V. MODIFIED KALUZA-KLEIN MONOPOLE SOLUTIONS

infinity. However, since the backgrounds with Chern-Simons . . . .
' So far we have mostly been interested in solutions which
charges are not supersymmetric, one would expect the

Chern-Simons bulk charges to decay into membranes, dre manifestly eleven-dimensional for which the anomaly

point that will be illustrated in the following section. g;gz:tlss (r)1fo ?nz:lli rg;hlnghgrr;;rlus ;ne;“((;)ﬁe\x]e.sv;,rlgo%%n?(;?rirst?gr
We should also mention the differences between the gen- 9 y

. ; : solutions which can best be interpreted in lower dimensions.
eralized membranes discussed here and those considered I ) )
When we compactify the solutions we need to be careful

[24]. The motivation for the construction of the latter was theabout the quantization condition on the 4-form. The vacuum
observation that the solution for the ordinary membrane is q )

. 7 . . solutions we consider are of the same form as those in Sec.
asymptotic toAd$, XS’ at the membrane location. Since Il except that the 8-fold is conformal to the orodud
there exist other Einstein 7-folds which admit Killing P b b

spinors, one might expect that there exist analogous menms B, whereB, is compactand one or more directions B,

branes which are asymptotic ®8dS,xB’ whereB’ is a is wrapped around a cirdle

more general positive curvature Einstein manifold. The form .Preservatlon of any of the spacetime .sup'ersymmc.a;ry re-
of these solutions is quires thatB; be a torus oK 3. The quantization condition

on the four-form is evidently trivial for the former, and since
the first Pontryagin class &3 is canonically divisible by 4,
G must have integral period27] on K3 also. One cannot
find a self-dual four-form o8® of non-zero period oveK3
which is finite on the boundary, and $» has a vanishing

where H(r) is harmonic, and membranes contribute®1/ iod h fold in th uti idered
terms to the scale factor. Evidently as for the ordinary memPeroad over the compact 4-fold in the solutions considere
ere.

brane such solutions are non-singular at the membrane loca-" ~. , . : . .
Directly dimensionally reducing an eleven-dimensional

tion. The Ricci-flat metric on the 8-fold has holonomy con- KK 6-brane gives @ 6-brane in ten dimensions and wran-
tained inSpin(7) when one chooses the manifdd suitably, . . 9 X P
ping this D6-brane around a torus gives an extreme four-

such as the squashed seven-sphere solutiof2%f Thus . . . ;

) : dimensional black hole carrying d(1),, magnetic charge,
these membranes constitute one class of the solutions COll% ich preserves one-half of the supersymmetry. The formal
sidered here, although we have allowed the metric to take P bersy Y.

more general form. taemperature of the black hole as defined by the surface grav-

Note that such a background is not complete in the abi_ty is infinite, and thus it has a naked singularity which is

sence of membranes; unless the metricBJnis the round protected by an infinite mass g@pe].

metric on the sphere, there will be conical singularities at theS a Ni?]vzrrgr(izsglrﬁlg) }fj}?rfc;t?;iget\rl]v:gr?ofrlr?glt ra;g?r\]/qesai:s: aC r?l,
origin r=0. In fact, theSpin(7) 8-folds of this type, Ricci- y ' Y y

. X - vanishes. If the transverse space (3456) is non-compact, then
flat metrics on cones, first constructed [86] were all in e cannot find a Chern-Simons forf, on the 8-fold

complete. The squashed seven-sphere solution mention&%.ch ould give a finite charae. If. however. we wrap the
above is closely related to tH&&pin(7) manifold discussed in which would giv Nl ge. 1I, however, we wrap

ds?=H(r) " 2ds?2(M3)+ H(r) ¥ dr?+r2ds3(B")],
(78)

KK 6-brane around a four torus, we can find such a form

Sec. lll; in the latter we smooth out the cone, with the sin—altho h all of the supersvmmetrv is then broken
gular “vertex” at r=0 being replaced by a smoothly em- ug Upersy yisthen b '
bedded bolt. If we further compactify the (12) directions on a two-

orus, and take the circle direction in the Taub-NUT mani-
old to be small, we again obtain an extreme black hole in
II]our dimensions. That is, the eleven-dimensional solution is

Neither anomaly nor Chern-Simons terms were include
in the analysis of24]. Since the 8-fold is not flat, one might
expect there to be corrections to the scalar function from a
anomaly term; however, the form of the metric on the 8-fold
indicates that the volume contribution to the Euler number ds’=H(r)"#{ —dt*+ds*(T?)]
vanishes, and no corrections are needed. In addition one can- 13 4 13 3
not find a self-dual 4-form on the 8-fold which integrates to +HIOPAS(TH +H) () ds(RY)
give a finite charge. +h(r)"Y(dy+4mcossd ¢)?}, (79

All of the 8-folds which we have considered admit at
least a circle isometry group. As [15], we could dimen- ..o
sionally reduce the vacuum and membrane solutions to ten
dimensions, and then apply duality transformations to obtain
new solutions. Supersymmetry is not preserved by the di- h(r)=
mensional reduction unless the Killing spinors are also in-
variant under the action of the isometry, a condition which is
non-trivial for generalSpin7) 8-folds. However, supersym- The four-form is given by
metry will certainly be preserved if we take the 8-fold to be
hyper-Kéler andT? invariant as in[15]. We will not con-
sider such dimensional reductions here, although in the next
section we will consider dimensionally reduced solutions of
a different type. Fo=wm/\wty, (81

4Ami?

y H(r): 1+m

4m
1+ T ) (80

F,=dtAn(T?)/AdH(r) %,
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wherewn is the (constank self-dual 2-form onT* andwyy ~ while the effective fields in four dimensions are as in Eq.
is the self-dual 2-form on the Taub-NUT manifold, given in (83) with the only other scalar field being the dilaton. This
Eq. (42). Then the charge in eleven dimensions is given bysolution describes 6(1),, X U(1)g black hole with horizon
atr=0 and singularity at =—q or r = —4m depending on

the relative magnitudes af and m. Since the formal tem-
perature of the black hole is finite, it is protected from exci-
tations by a finite mass gap. One-quarter of the supersymme-
whereV, is the volume of tha. Using the standard ansatz try is preserved sincg, vanishes.

for dimensional reduction of the eleven-dimensional solution The most general eleven-dimensional solution of this type
[29], we find that the effective four-dimensional solutibn  will have non-zerd andq preserving none of the supersym-

JsdﬁF)=64w%anmnWL (82
B

the Einstein framgis metry. The four-dimensional solution can be interpreted in
terms of electric black holes with singular horizons located at
ds2=—h(r)"Y2H(r) " Yadt?+h(r)Y2H(r)¥3 dr? r=0 andr=—4m and magnetic black holes with singular
212 horizons located at=0. The effective solution has a non-
+r<dQs], singular horizon at=0 and a singularity at some<0.

For a given electric charge, the masses of both types of
£ . black hole solutions are the same, although the temperatures
FE=dt/\dH(r) :[r+4m(1+k2)]2 dt/\dr, and singularity structure differ. Actually the four-
83) dimensional solutions differ only in the background fields
and the location of the electric black hole. Although the most
M_ : interesting membrane plu36-brane intersections are those
F=4msingdo/\d¢, for which the branes are localized at the same point in the
transverse space, one can find a multi-center solution in
which the membrane in ten dimensions is located a0
hile the D6-brane is located at=0. The resulting four-
imensional black hole solution differs from E.9) only
by the absence of the pseudo-scalar field.

One might question how solutions preserving one-quarter
and none of the supersymmetry respectively can have the
same mass and charge. The answer requires a consideration
of how the mass bound is derived. As usual one can define a
global supersymmetry charge from a spinpand the grav-
itino as

with the other effective fields in four dimensions being the
dilaton and a pseudo-scalar originating fréta. The nota-
tion for the gauge fields indicates that the charges come fro
different gauge groupd)(1)y andU(1)g.

From the form of the metric, the effective four-
dimensional solution seems to describe an extr&hig),,
black hole of massn with a (singula) horizon atr =0, plus
an extremeJ (1) black hole of massnk? with a (singulaj
horizon atr = —4m. We can, however, rewrite the solution
as

dsg=—

4m —-1/2
1+(1+k577 dt?

Q,= LBSWFMNP\I’PdEMN- (87
1/2

[dr2+r2dQ§], (84) Here we are considering the supercharge per unit area of
“membrane” and hence are considering a nine dimensional
manifold with a boundary orthogonal to a timelike direction
and also to an area coordinate. The corresponding anticom-
é"nutator is then given by

+

am
1+(1+k%77

which looks like the metric for an extreme black hole carry-

ing only one charge, with horizon at=0 and masan(1

+k?). Since the black hole again has a formal temperatur

which is infinite, it is protected by an infinite mass gap

though none of the supersymmetry is preserved and there are {in,Qﬂz}: 0,,Q,,= J gNMNdEMN- (89)

two non-zero charges. 98
We could also add a membrane to the KK monopole SO% here the Nester form is defined as

lution; the form of the solution is the same as in E@9)

except that the scalar functidth(r) is now defined as NN anMNpén v,. 89

2
H=1+ g (89 Using the gravitino transformation law, one obtains the fol-
lowing for the Nester form:

where we choosE, to vanish and delocalize the charge over B 1
the internal torus. The charge in eleven dimensions is given NMN = nlrMNPDPnz_’_gnerQFlglg 7 (90)

by
= 2 1__MNPQR
Bad(*F)_647T mV,q, (86) + %mf Frordlz- (91)
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Now any spinorn which preserves supersymmetry in the c [ 1 am (4m)?
absence of a Chern-Simons term will in the presence of such H(r)=1+-— + ,

a term define a supersymmetry charge which anticommutes am (r+4m) - (r+4m)?  (r+4m)?

with itself. In fact, 97

and the associated electric charge is given by

{Q,.Q,t= LBSdEmnT(amH +F moadl 2+ Fnpd"P) 7.
(92) f Bsd* F=16m2CVy3=(2m)%, (98)

The last term vanishes singeyil__.ipg vanishes for odgp ~ whereV,; is the volume of th&K3 and a Euler number of

(as stated in Sec.)lland hence the flux through the 8-fold K3 (x=24) is used in calculating the latter equality. Since
does not contribute to the anticommutator. By the usual techthe first Pontryagin number &3 is 48(2m)<, one can also

niques we can then prove that the mass per unit anea OPtain this result from Eq(S6). o
defined by Reduction to four dimensions again gives us a black hole

carrying two charges, which preserves one-quarter of the su-
persymmetry, but is singular with a formally infinite tem-
m= f 8d(*SdH) (93 perature. The presence of the anomaly form causes the black
B hole to carry an electric charge as well as a magnetic charge.
One can include several different Chern-Simons foRps
in these solutions; choosing the conserved spinors to be of
positive chirality and defining-, as in Eq.(81) the 2-form
on K3 must be anti-self-dual. There are 19 distinct anti-self-

is greater than or equal to the charge per unit acpa,
= [ge* F. Equality in the bound will require that both the
spinor be conserved oB® and M3. Although the Chern-
Simons term does not contribute to the diagonal terms in th(aual 2-forms orK3, but the only way in which the 2-form
Bogomalnyi matrix, one W.'" have contrlbutlons fr_om_the w2, Will contribute,to the equation for motion is via th;a
cross terms arising from spinors of opposite chiralities in thewé’dge products,/\,. As the latter is cohomologous to the
eight-dimensional sense. That is, if we consider spinprs unique harmoni(Z: volﬁme four-form €3, we know that
=e®{.+ where (. are spinors of positive and negative '

chirality, then w,\w,=Cryyz+dws, (99

{Q,,.Q, }#0, (94  where 7¢3 is the volume form andC is a constant. The
requirement thaty, be anti-self-dual implies that the exact
even if one or both of . is covariantly constant oB®. Itis  term vanishe$27], and so we can find solutions for which
these cross terms which cause the zero eigenvalues of tffge correction to the scalar function is of the for(80).
Bogomolnyi matrix to become non-vanishing in the presencéhern-Simons terms modify the electric charge and break
of a four form flux and hence display the broken supersymthe supersymmetry. Again for a given charge one can find
metry. solutions of the same mass but larger Page charge, and hence
It is also interesting to consider KK 6-branes wrappedthe Chern-Simons charge should decay.

aroundK3x T2, In the supergravity theory one can interpret More generally, of course, we could wrap further mem-
such a solution in four dimensions as an extreme magnetieranes about holomorphic cycles in the toruX@r. One can
black hole preserving one-quarter of the supersymmetryhave a (221 2)[6xx configuration in which each of the
Since the anomaly form on €3X Taub-NUT manifold is membranes is wrapped around a torus. What is novel about
nonzero, one needs to include a warp factor in the solutior@ur solutions is that one can also include Chern-Simons con-

So the metric is tributions to the 4-form from the self-dual 4-form on the
8-fold transverse to each membrane, although in doing so we
d2=H(r) 2 —dt2+dsA(T?) ]+ H(r)Y3ds4(K3) will break the remaining supersymmetry.

The effective four-dimensional black hole as usual has

+H(r)*{h(r)ds’(R%) +h(r)~*(dy+4mcossd$)?},  four charges and a finite horizon area, but the metric will be
(95) non-standard and pseudo-scalar fields will be non-zero. De-

pending on the relative sizes of the charges, there may be

whereh(r) is given in Eq.(79). Calculation of the anomaly another horizon inside the horizon at=0 before one

form then implies that the scale factor satisfies reaches a physical singularity. L . .
Evidently the usual further generalizations of intersecting
(4m)? brane solutions are possible. Instead of taking the mem-
Dp,d"H(x™)=—12c ——, (96) branes to intersect over a point, one can choose them to be at
(r+4m)° general angles, with the Chern-Simons forms chosen appro-

priately. One can also wrap additional membranes about ho-
wherec is a real constant which could be calculated. Thislomorphic cycles inK3; solutions of this kind were dis-
equation is straightforward because the Euler cladg€é®fs  cussed irf30]. A general feature of all these solutions is that
proportional to the volume form. Then the scalar function isblack holes obtained by dimensional reduction of bulk dis-
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tributions of charge have more singular horizons and highedo not need to use the world-volume fields of the five-brane

temperatures than those with the same charge in membranés.what follows and can ignore the non-zero value of this

Since the solutions involving Chern-Simons forms are nonfield.

supersymmetric, one would expect the bulk charges to decay To find a solution which takes account of the anomaly, it

into membranes. is natural to add a correction of the type discussed in the
previous sections. The corrected five-brane solution will take

the form
VI. FIVE-BRANE SOLUTIONS

_ —1/33—2/3 2
If one considers a five-brane within an eleven- dsil_}- H {[dSZ(M )+Hds‘21(81)]

dimensional background for which the anomaly form is non- +}‘2’3[Hd32(82)+d22]}
zero, then one has to take account of electric charge correc- 4 ’
tions. For example, corrections will be required for the F=x,dFAdz+ 7yexr/\dH 1 (101)

generalized five-brane solutions discussefl3if). The sim-

plest solution to consider is that for a single five-brane: where 7 is the volume form on the flat spacg.remains a
function which is harmonic oB,, while H satisfies Eq(29),
ds2,= F Y d?(M2)+ds2(B,) ]+ F2Yds2(B,) +d 7], with additional point singularities representing membranes.
One can verify that the addition of such scalar function
terms to the metric and to the 4-form does not break any
F=x,dF/\dz, (100  additional supersymmetries, provided that one chooses
charge signs appropriately. Even if one includes point singu-
éarities inH(x™ representing membranes, 1/8 of the super-
symmetry is preserved.

The physical interpretation of this result is that a 5-brane
wrapped around a space of non-trivial holonomy, with a non-
flat transverse space, receives electric charge corrections
manifold defined as the boundary B times the line. Again when_ one takes account of the anomaly_. Note that just as for

the single membrane one adds an arbitrary amount of har-

point singularities inF represent localized five-branes. o i ;
Preservation of any of the spacetime supersymmetry ren°Mic 4-form on the 8-fold although this must break the

quires that the holonomy of each of tBg be contained in remaining supersymmetry. . .
SU(2)=Sp(1). Usually one assumes that the manifolds are Furthermore, the solution representing two 5-branes inter-
» : Y : secting on a string, which was discussed[1%], must in
flat, and one-half of the background supersymmetry is then
: . general be corrected to
preserved in the 5-brane solution.
If By has trivial holonomy, buB, has holonomySp(1), ds2,= (F1 ) 2PH 23 F,F,) " Hd(M2) + F{ HASX(B,)
then the vacuum solution preserves 1/2 of the supersymme- 1 ! ! ! 4

where we take the dual in the last equation on the manifol
B,. M2 is 2-dimensional Minkowski space, while the mani-
folds B; must be Ricci-flat to satisfy the field equatiotisis

a harmonic function on this manifold, and the magnetic
charge is given by integrating over the few-dimensional

try, and the 5-brane solution preserves 1/4 of the supersym- +f§1Hds§(Bl)+dzz}

metry, with a suitable choice of charge sign. If both of the

manifolds have holonom$p(1), thevacuum solution pre- F=(*,dF+*, dF)\dz* eyaxr/\dH ™2,

serves 1/4 of the supersymmetry, but the 5-brane solution (102

preserves only 1/8 of the supersymmetry. This follows from
the fact that the vacuum solution preserves eight Killingwith H(x™) satisfying Eq.(29). Here M? is Minkowski
spinors, four of each chirality on the six-dimensional mani-space, and; are Ricci-flat four-dimensional manifolds with
fold M2X B,. If F has point singularities, then only spinors holonomy contained iSp(1). In thelast line,*; implies that
of one particular chirality on the world volume preserve thethe duals are taken on the manifolls. Such a solution is
supersymmetry. the same as ii32], except that the definition dfl (x™) in-

If both of the B; are non-trivial, however, the anomaly cludes both anomaly and Chern-Simons terms.
form does not vanish. Using the conformal invariance of the In the absence of an anomaly term, the field equations are
field equation for the 4-form, we know that the anomaly satisfied provided that the functiol are harmonic on the
polynomial is transverse to the conformally flat space. Notenmanifolds B;. If the B; are flat, then each five-brane pre-
that if only one of the manifolds has non-trivial holonomy serves 1/2 of the supersymmetry, and the overlap preserves
conformal invariance implies that the anomaly form van-1/4 of the supersymmetry. Inclusion of point singularities in
ishes. H(x™) gives a solution preserving 1/8 of the supersymmetry.

Since aD4-brane wrapped around a space for which the If only one of theB; is flat, then we obtain a solution
first Pontryagin class does not vanish picks up an inducewhenH(x™) is harmonic. IfH(x™) is constant, then 1/8 of
0-brane charge and tHd5-brane reduces to thB4-brane the supersymmetry is preserved. Inclusion of point singulari-
on double dimensional reduction, one might wonder fromties in H(x™), i.e. membranes wrapped around the confor-
where this charge originates in eleven dimensions. In factmally flat space, does not affect the amount of supersymme-
this charge originates from the self-dual 3-form field propa-try which is preserved. If both of th; are hyper Kaler, the
gating on the world volume of th#5-brane. However we scalar function is no longer harmonic, but 1/8 of the super-

025006-13



S. W. HAWKING AND M. M. TAYLOR-ROBINSON PHYSICAL REVIEW D58 025006

symmetry is preserved, whether or not we include mem- There is also a class of solutions obtained by including
branes, provided that we choose the signs of charges suiBrinkmann waves. One can include a wave to any intersec-
ably. tion involving at least a common string. Thus one could for
Although the B; can be any manifolds o6p(1) ho- example add a wave to a KK 6-brane parallel to a five-brane
lonomy, one obtains the most interesting physical interpretaintersecting a membrane along a string. Wrapping around a
tions for T4, K3 and Taub-NUT manifolds. Suppose that torus orK3x T3, the boosting gives us a four charge black
both of theB; are Taub-NUT manifolds. Then our general hole in four dimensions. Chern-Simons and anomaly terms
solution (102 describes two five-branes intersecting a mem-change the mass, charge and singularity structure of the re-
brane over a string. Each five-brane is parallel to one KKsulting black hole.
6-brane and intersects the other over the common string. One
could wrap further membranes around holomorphic cycles in APPENDIX: CONVENTIONS

the Taub-NUT manifolds to obtain solutions preserving ) oo
smaller fractions of the supersymmetry. The different type of indices that we use are as follows.

If one of theB; is a torus and the other is a Taub-NUT M=0,...,10represent eleven-d.imens_ional space-ti_me i.ndi_-
manifold, then compactification to four dimensions of the©®S-#=0,1,2 represent three-dimensional space-time indi-
single five-brane plus monopole solution gives us a black€SM=3, ... 10represent eight-dimensional space-time in-
hole with two magnetic charges which preserves 1/4 of th&lices. We uséA=0, ... ,10 toindicate eleven-dimensional
supersymmetry. Addition of a Chern-Simons term leads to 4&2ngent space indices. When referring to 8-folds admitting a
black hole carrying three charges which breaks the remainingomplex structure, we use indicasa wherea=1, ... 4.
supersymmetry. If we include membranes but no four-form Thed=11 Dirac matriced", satisfy
flux, the four-dimensional interpretation of the solution is as
a black hole carrying three charges, preserving 1/8 of the {Cm I'n}=29mn s
supersymmetry, which has zero temperature. Obviousl
wrapping the 5-branes aroun3XT? gives analogous
black hole solutions.

Solutions describing three overlapping five-branes are Tw. . v =TTy, (A2)
known; for example one can have the five-branes all over- 1o n 1 n
lapping on a string, and each pair overlapping on a threeynere the square brackets imply a sum aveterms with a

brane[31]. As one would expect, the solutions generically 1/n1 prefactor. The chirality operator is defined by
preserve 1/8 of the background supersymmetry. However,

the anomaly form necessarily vanishes, since the three-brane 1 S—
spaces must be conformally Ricci flat, and thence Riemann Yo~ gy €mnparstuY ' (A3)
flat. Even if one wraps the branes around tori, there exists no
finite Chern-Simons form. More generally, the anomaly formwhile our definition of the Hodge star is
can only be non-zero when we have two transverse four di- "
mensional manifolds with non-trivial holonomy or an eight- * (dX™/\ ... /Adx™)
dimensional manifold with non-trivial holonomy. 1

There is a more general class of five-brane solutions re- =-———¢™M---M_~ dxTp+1---Md, (A4)
lated to the vacu®®x B8 where the holonomy of a manifold (d=p)! prazd
conformal to B® is a larger subgroup oBpin(7). One can e definen-forms with a factor of Ii!. For example, we
wrap a five-brane aroun?xY,, whereY, is a 4-fold take
within the 8-fold. A related discussion wrapping branes
about cycles within such manifolds can be found360] and 1 " N
[33]. With a suitable choice of the 4-fold one may preserve a F= 27 FmnpgX AdXTAXPAdX. (A5)
fraction of the supersymmetry. Since the anomaly form is
non-vanishing, one gets electric charge corrections, and theor further conventions and identities applying to the Dirac
resulting five-brane solutions are the generalization of thamatrices, see the Appendix [8]. A further convention used

(A1)

¥vheregMN has signature {,+, ... ,+). INVIRYR is the
anti-symmetrised product:

given above. in the derivation of Eq(14) is thateg;,=1 on M3,

[1] E. Cremmer, B. Julia, and J. Scherk, Phys. Lé&®, 409 (1996; M. Green, J. Harvey, and G. Moore, Class. Quantum
(1978. Grav. 14, 47 (1997).

[2] M. Duff, J. Liu, and R. Minasian, Nucl. Phy$3452 261 [5] L. Alvarez-Gaumeand E. Witten, Nucl. PhysB234, 269
(1999; C. Vafa and E. Wittenibid. B447, 261 (1995. (1983.

[3] K. Becker and M. Becker, Nucl. PhyB477, 155(1996. [6] E. Witten, J. Geom. Phy2, 1 (1997.

[4] M. Bershadsky, V. Sadov, and C. Vafa, Nucl. Phg463 398 [7] C. Isham and C. Pope, Class. Quantum GE&a257(1988; C.

025006-14



BULK CHARGES IN ELEVEN DIMENSIONS PHYSICAL REVIEW D58 025006

Isham, C. Pope, and N. Warnéhjd. 5, 1297(1988. [20] M. Taylor-Robinson(unpublishegl

[8] S. Sethi, C. Vafa, and E. Witten, Nucl. PhyB480, 213 [21] D. Page and C. Pope, Class. Quantum G#a213(1987).
(1996. [22] M. Duff and K. Stelle, Phys. Lett. 253 113(1991).

[9] G. Papadopoulos and P. Townsend, Phys. Let853, 300  [23] G. Gibbons, G. Horowitz, and P. Townsend, Class. Quantum
(1995. Grav.12, 297 (1995.

[10] G. Gibbons, D. Page, and C. Pope, Commun. Math. PA®%.  [24] M. Duff, H. Li, C. Pope, and E. Sezgin, Phys. Lett3BL, 206
329(1990. (1996.

[11] C. Johnson and R. Myers, Phys. Rev5Q 6512(1994. [25] M. Awada, M. Duff, and C. Pope, Phys. Rev. LefD, 294

[12] G. Gibbons and P. Rychenkova, Commun. Math. PH3§ (1983; M. Duff, B. Nilsson, and C. Popeibid. 50, 2043
581 (1997. (1083,

[13] T. Eguchi, P. Gilkey, and A. Hanson, Phys. Rev.1) 423

[26] R. Bryant, Ann. Math126, 525 (1987).

[27] S. Cherkis and J. Schwarz, Phys. Lett483 225 (1997.

&28] C. Holzhey and F. Wilczek, Nucl. PhyB380, 447(1992; V.
' Balasubramanian and F. Larséloid. B495, 206 (1997).

[16] E. Bergshoeff, R. Kallosh, T. Ortj and G. Papadopoulos, [29] E. Cremfner and B. Julia, Nucl. PhyB159, 141 (1979.
Nucl. Phys.B502, 149 (1997. [30] M. Cveticand C. Hull, Nucl. PhysB519 141 (1998.

[17] P. Townsend, Phys. Lett. B50, 184 (1995. [31] J. Gauntlett, D. Kastor, and J. Traschen, Nucl. PByS8 544

[18] E. Calabi, Ann. Sci. Ecole Normale Supég, 269 (1979. (1996. )
[19] G. Gibbons and D. Freedman, Superspace and Supergravity [32] A. Tseytlin, Class. Quantum Grag4, 2085(1997).

edited by S. Hawkmg and M. F?ek (Cambndge University [33] K. Becker, M. Becker, D. Morrison, H. OOgUri, Y. Oz, and Z.
Press, Cambridge, England, 1981 Yin, Nucl. Phys.B480, 225(1996.

(1978.

[14] M. de Roo, hep-th/9703124.

[15] J. Gauntlett, G. Gibbons, G. Papadopoulos, and P. Townsen
Nucl. Phys.B500, 133(1997.

025006-15



