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Late-time evolution of charged gravitational collapse and decay of charged scalar hair.
III. Nonlinear analysis

Shahar Hod and Tsvi Piran
The Racah Institute for Physics, The Hebrew University, Jerusalem 91904, Israel

~Received 20 January 1998; published 25 June 1998!

We study the nonlinear gravitational collapse of a charged massless scalar field. We confirm the existence of
oscillatory inverse power-law tails along future timelike infinity, future null infinity, and the future outer
horizon. The nonlinear dumping exponents are in excellent agreement with the analytically predicted ones. Our
results prove the analytic conjecture according to which a charged hair decaysslower than a neutral one and
also suggest the occurrence of mass inflation along the Cauchy horizon of adynamicallyformed charged black
hole. @S0556-2821~98!06214-6#

PACS number~s!: 04.20.Ha, 04.70.Bw
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I. INTRODUCTION

Linearized perturbation analysis has revealed impor
dynamical features of the gravitational collapse of mass
neutral fields. In particular, according to the linearized p
turbation theory there are two major features which char
terize the late stages of the evolution: quasinormal ring
and inverse power-law tails~which follow the quasinorma
ringing!. These late-time tails are relevant to two major a
pects of black-hole physics: Theno-hair theoremof Wheeler
and themass-inflationscenario@1#. The mechanism respon
sible for the development of these neutral inverse power-
tails was first studied by Price@2#. This work was further
extended by Gundlach, Price, and Pullin@3#. These authors
have also shown that the nonlinear dumping exponents,
scribing the falloff of a massless neutral scalar field at l
times, are in good agreement with the prediction of the
earized perturbation analysis@4#.

The late-time evolution of a charged massless scalar fi
and the physical mechanism for the radiation of a char
hair were first studied analytically in@5,6#, hereafter referred
to as papers I and II, respectively. The main result prese
there is the existence of oscillatory inverse power-law ta
along the asymptotic regions of future timelike infinity, fu
ture null infinity, and the future outer horizon withsmaller
~compared to the neutral case! dumping exponents. Thes
dumping exponents depend on the black hole’s~or the star’s!
charge. In this paper we study numerically the fully nonl
ear gravitational collapse of a massless charged scalar fi
We confirm that the late-time behavior of the fully nonline
evolution is in excellent agreement with the analytical p
dictions of the linearized analysis.

The plan of the paper is as follows. In Sec. II we give
short review of the linearized analytical results of paper
and II, on which we base our expectations for the fully no
linear case. In Sec. III we describe our physical syste
namely, the coupled Einstein-Maxwell charged scalar eq
tions. In Sec. IV we study the late-time evolution of th
nonlinear spherical charged gravitational collapse. In Sec
we study the late-time evolution of nonspherical pertur
tions on a fixed Reissner-Nordstro¨m background and on a
time-dependent background. In all cases we compare
0556-2821/98/58~2!/024019~6!/$15.00 58 0240
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nonlinear results with the predictions of the linearized a
lytical theory. We conclude in Sec. VI with a brief summa
of our results and their physical implications.

II. REVIEW OF LINEARIZED ANALYTICAL RESULTS

We study numerically the late-time behavior of the ful
nonlinear gravitational collapse of a massless charged sc
field. Our expectations are based on the linearized analy
results of papers I and II. Because of thesmallnessof the
field’s amplitude at late times, we expect these results to h
even in the fully nonlinear case. In other words, we exp
that the late-time field may be regarded as a small pertu
tion. Thus, our expectations include the existence of inve
power-law tails along the three asymptotic regions: timel
infinity i 1 , future null infinity scri1 , and the black-hole
outer horizonH1 ~where the power law is multiplied by a
periodic term!. Quantitatively, in paper II it was found tha
the late-time behavior of linearized charged scalar pertur
tions~on a Reissner-Nordstro¨m background! is dominated by
power-law tails of the form

cm
l 5Ati~ l ,eQ!yb11t2~2b12! ~1!

at timelike infinity i 1 ,

cm
l 5Ani~ l ,eQ!ve

2 ieQue
2~b112 ieQ! ~2!

at future null infinityscri1 and

cm
l 5Aeh~ l ,eQ!ei ~eQ/r 1!yve

2~2b12! ~3!

along the black-hole outer horizonH1 , where the charged
scalar fieldf is given by

f5eieFt(
l ,m

cm
l ~ t,r !Yl

m~u,w!/r , ~4!

whereF is merely a gauge constant of the electromagne
potential At , i.e., its value at infinity (At is given by At
5F2Q/r ). The constantb( l ,eQ) is given by

b5
211A~2l 11!224~eQ!2

2
. ~5!
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The tortoise radial coordinatey is defined bydy5dr/l2,
wherel25122M /r 1Q2/r 2. Here ve[t1y and ue[t2y
are the ingoing and outgoing Eddington-Finkelstein null c
ordinates, respectively. The expressions for the coefficie
A( l ,eQ) are given in paper II.

III. EINSTEIN-MAXWELL CHARGED SCALAR
EQUATIONS

We consider a spherically symmetric self-gravitati
charged scalar fieldf. The system is described by th
coupled Einstein-Maxwell charged scalar equations. T
physical system was already described in a previous p
@7#. Here we give only a short description of the system a
the final form of the equations studied. We express the m
ric of a spherically symmetric spacetime in the form@8,9#

ds252g~u,r !ḡ~u,r !du222g~u,r !dudr1r 2dV2 ,
~6!

in which u is a retarded time null coordinate and the rad
coordinater is a geometric quantity which directly measur
the surface area. The coordinates have been normalize
that u is the proper time on ther 50 central world line. We
use the auxiliary fieldf̃ defined by

f[
1

r E0

r

f̃ dr , ~7!

in terms of which the Einstein equations yield

g~u,r !5exp F4pE
0

r ~f̃2f!~f̃* 2f* !

r
drG ~8!

and

ḡ~u,r !5
1

r E0

r S 12
Q2

r 2 Dg dr . ~9!

The electromagnetic potentialAu is given by the Maxwell
equations

Au5E
0

r Q

r 2 g dr , ~10!

where the chargeQ(u,r ) within a sphere of radiusr , at a
retarded timeu, is given by

Q~u,r !54p ieE
0

r

r ~f* f̃2ff̃* !dr . ~11!

The massM (u,r ) within a sphere of radiusr , at a retarded
time u, is given by

M ~u,r !5E
0

r F2p
ḡ

g
~f̃2f!~f̃* 2f* !1

1

2

Q2

r 2 Gdr1
1

2

Q2

r
.

~12!
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Finally, the wave equation for the charged scalar field ta
the form of a pair of coupled differential equations

df̃

du
5

1

2r
~g2ḡ!~f̃2f!

2
Q2

2r 3 ~f̃2f!g2
ieQ

2r
gf2 ief̃Au ~13!

and

dr

du
52

1

2
ḡ. ~14!

We solve this system of equations numerically. A detai
description of our algorithm, numerical methods, discreti
tion, and error analysis is given in Ref.@7#.

In order to compare our nonlinear results with the line
ized analytical results of papers I and II, we use anot
spacetime coordinate, namely, the Bondi timetB[t(u,`),
which is the retarded time coordinate that agrees with tim
infinity. The proper timet(u,r ) along anr 5const trajectory
is given by@4#

t~u,r ![E
0

uAg~u8,r !ḡ~u8,r !du8 . ~15!

The comparison with the analytical results also requires
use of the ingoing and outgoing Eddington-Finkelstein n
coordinatesve andue . In the asymptotic regionr @MBH , ve
is linear with r ~along a u5const ray!. In particular, ve
.2y.2r along theu5ue50 ray. In a similar wayue is
linear with t along av5const ray, namely,ue52t2ve ~one
may also use the asymptotic relationue.ve22r along av
5const ray in order to evaluateue). The relation betweenAu
andAt implies thatAt(r 1)50, i.e.,F5Q/r 1 .

IV. NONLINEAR SPHERICAL COLLAPSE

In this section we present our results for the nonline
spherically symmetric gravitational collapse of the se
gravitating massless charged scalar field. We have focu
our attention on the behavior of the charged fieldf along the
three asymptotic regions: timelike infinityi 1 , null infinity
scri1 and the black-hole outer horizonH1 . The late-time
evolution of a charged scalar field is independent of the fo
of the initial data. The numerical results presented here h
an initial profile of the form

f~u50,r !5Ar2exp $2@~r 2r 0!/s#2% , ~16!

wherer 052.5,s50.5 for the real part of the complex fiel
andr 053.0,s50.5 for the imaginary part. Figure 1 display
the time evolution offR , the real part of the charged scal
field, along these asymptotic regions for a supercritical e
lution (A50.005,e50.85) in which a black hole forms. Th
mass and charge of the formed black hole areMBH50.503
and QBH520.420, respectively. The top panel shows t
behavior of the field at a constant radius~here r 510) as a
function of the Bondi time. The middle panel shows the b
9-2
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LATE-TIME EVOLUTION OF . . . . III. . . . PHYSICAL REVIEW D 58 024019
havior of the field along null infinity~approximated by the
null surfacev5vmax, wherevmax is the largest value ofv
on the grid! as a function ofue . The bottom panel shows th
behavior of the field along the black-hole outer horizonH1

~approximated by the null surfaceu5umax, whereumax is
the largest value ofu on the grid! as a function ofve . Ini-
tially, the evolution is dominated by the prompt contributio
and quasinormal ringing. However, at late times a defin
oscillatory power-law falloff is manifest. The nonlinea
power-law exponents~determined from the maximas of thes
oscillations! are21.78 at timelike infinity,20.86 along null
infinity, and 21.96 along the black-hole outer horizo
These values should be compared with the analytically p
dicted values of21.70, 20.85, and21.70, @see Eqs.~1!–
~3!#, respectively. The theoretical values of the oscillati
frequencies of the charged scalar fieldf are eQBH /r 1 at
timelike infinity and along the black-hole outer horizon a
eQBH /2r 1 along null infinity @see Eq.~4! and the relation
F5Q/r 1#. These values agree to within 2% with the n
merical estimates.

The numerical values of the dumping exponent at timel
infinity, null infinity, and along the horizon differ from the
theoretical ones by 5%, 1%, and 15%, respectively. T

FIG. 1. Supercritical evolution of the charged fieldufRu along
the asymptotic regions of timelike infinity~top panel!, null infinity
~middle panel!, and the black-hole outer horizon~bottom panel!.
The initial data are a Gaussian distribution~multiplied by an r 2

factor!. The field’s amplitude isA50.005 ande50.85. The mass
and charge of the formed black hole areMBH50.503 andQBH

520.420, respectively. A definite oscillatory power-law falloff
manifest at late times. The nonlinear power-law exponents a
21.78 at timelike infinity~herer 510), 20.86 along null infinity,
and21.96 along the black-hole outer horizon. These values ar
be compared with the analytically predicted values of21.70,
20.85, and21.70, respectively. The oscillation frequency of th
charged fieldf agrees with the analytically predicted value
within 2%.
02401
e
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follows, first, from the oscillations of the field, which forc
us to use only a few numerical points — the maxima of tho
oscillations — to estimate the decay exponents. This pr
lem does not appear in the neutral case in which there ar
oscillations. An additional difficulty arises at the horizo
where the divergence ofg(u,r ) and ḡ(u,r ) ~which leads in
our scheme to smaller and smallerdu steps! limits our ability
to approach the horizon. Consequently, the numerical va
of the charged dumping exponents are determined only
finite values oft, ue , and ve while the tail phenomena is
manifested only asymptotically. Given those difficulties w
consider the numerical values of the dumping exponents
acceptable.

While the dumping exponents and the decay rate of n
tral perturbations are independent of the spacetime par
eters (M and Q), the analysis of paper II predicts that th
charged dumping exponents depend on the black hole’s~or
the star’s! charge ~namely, on the dimensionless quanti
ueQu). In order to test this linearized analytical predictio
we have studied the dependence of the charged dum
exponents at timelike infinity on the parametere. The initial
form of the field is given by Eq.~16! and the amplitude is se
to A50.005. The nonlinear results are summarized in Ta
I. We find good agreement between the numerically m
sured exponents and the linearized predicted ones.

The analysis of paper I predicts the existence of char
power-law tails even in subcritical evolution when there
no collapse to a black hole~and all we have are imploding
and exploding shells!. This phenomenon is related to the fa
that the late-time evolution of the field is dominated by t
backscattering from asymptoticallyfar regions, and it does
not depend on the small-r details of the spacetime~this is
also the situation for neutral massless perturbations@3#!.
Since the charge of the spacetime is a dynamical quantit
is not clear which value ofQ should be taken in calculating
the value of the dumping exponent. However, since
charge of the spacetime falls to zero asymptotically, we
pect the effective value ofueQu to be muchsmaller than
unity. In this case the dumping exponents are expected t
2l 12 at timelike infinity andl 11 along null infinity „with
small corrections of the order ofO@(eQ)2#…. Figure 2 dis-
plays the time evolution offR for a subcritical evolution
(A50.002, e53). Shown is the behavior of the field at
constant radius~herer 510) as a function of Bondi time and
along null infinity as a function ofue . The nonlinear power-
law exponents are22.00 at timelike infinity and21.00
along null infinity. These values are exactly equal to tho
predicted in paper I.

to

TABLE I. Dependence of the dumping exponents at timeli
infinity i 1 on eQ.

e QBH 2b12 Nonlinear exponents

0.50 -0.241 -1.97 -1.99
0.70 -0.344 -1.88 -1.93
0.85 -0.420 -1.70 -1.78
0.90 -0.443 -1.60 -1.65
9-3
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SHAHAR HOD AND TSVI PIRAN PHYSICAL REVIEW D58 024019
V. NONSPHERICAL PERTURBATIONS OF SPHERICAL
COLLAPSE

In order to study the dependence of the late-time dump
exponents on the multipole indexl we have performed two
series of numerical investigations. First, we have integra
the linearized charged scalar-field equation

c ,tt12ie
Q

r
c ,t2c ,yy1Vc50 , ~17!

where

V5VM ,Q,l ,e~r !

5S 12
2M

r
1

Q2

r 2 D F l ~ l 11!

r 2 1
2M

r 3 2
2Q2

r 4 G2e2
Q2

r 2 ,

~18!

on a fixed Reissner-Nordstro¨m background. It is straightfor
ward to integrate Eq.~17! using the method described in@3#.
The late-time evolution of a charged scalar field is indep
dent of the form of the initial data. The results presented h
are of a Gaussian pulse onu50,

c~u50,v !5A exp $2@~v2v0!/s#2% , ~19!

where the amplitudeA is physically irrelevant due to the
linearity of Eq. ~17!. It should be noted that the evolutio
equation~17! is invariant under the rescaling

FIG. 2. Subcritical evolution of the charged fieldufRu. The ini-
tial form of the field is the same as in Fig. 1. The field’s amplitu
is A50.002 ande53. The field at future timelike infinity (r
510) is shown as a function oftB . Along null infinity the field is
shown as a function ofue . A definite power-law falloff is manifest
at late times. The nonlinear power-law exponents are22.00 at
timelike infinity and 21.00 along null infinity. These values ar
exactly the ones predicted by the linearized analytical approac
02401
g

d

-
re

r→ar, t→at, M→aM, Q→aQ, e→e/a,
~20!

wherea is some positive constant. The black-hole mass a
charge are set equal toM BH50.5 andQBH50.45, respec-
tively. We have chosene50.01, v05100, ands520 ~for
both the real and the imaginary parts of the charged fie!.
The numerical results for thel 50, 1, and 2 modes are show
in Fig. 3 ~from top to bottom, respectively!. This figure dem-
onstrates the dependence of the late-time tails ati 1 ~herey
5400) on the multipole indexl . A definite power-law falloff
is manifest at late times. The numerical values of the pow
law exponents, describing the falloff of the field at late time
are 21.97,23.94, and25.75 for l 50, 1, and 2, respec
tively. These values are to be compared with the analytic
predicted values of22.0,24.0, and26.0, respectively.

In a second series of numerical investigations, we h
studied the evolution of a second perturbative charged sc
field j evolved on a time-dependent spacetime. This tim
dependent spacetime is determined by the background s
tion f, while we ignore the contribution of the fieldj to the
energy-momentum tensor~this is analogous to the case stu
ied in @4# for a neutral field!. Resolving the field into spheri
cal harmonics j5( l ,mjm

l (t,r )Yl
m(u,w) ~and using the

spherical symmetry of the time-dependent background! one
obtains a wave equation for each multiple moment of
field j:

FIG. 3. Evolution of the charged fielducR(y5400,t)u on a fixed
Reissner-Nordstro¨m background for different multipolesl 50, 1,
and 2~from top to bottom, respectively!. The black-hole mass and
charge are set equal toMBH50.5 andQBH50.45, respectively. The
field’s charge ise50.01. The initial data are a Gaussian distributi
with v05100 ands520 ~for both the real and the imaginary par
of the field!. A definite power-law falloff is manifest at late times
The power-law exponents are21.97,23.94, and25.75 for thel
50, 1, and 2 modes, respectively. These values are to be comp
with the analytically predicted values of22.0, 24.0, and26.0.
9-4
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LATE-TIME EVOLUTION OF . . . . III. . . . PHYSICAL REVIEW D 58 024019
dj̃m
l

du
5

1

2r
~g2ḡ!~ j̃m

l 2jm
l !2

Q2

2r 3 ~ j̃m
l 2jm

l !g

2
ieQ

2r
gjm

l 2 iej̃m
l Au2

1

2r
l ~ l 11!gjm

l ~21!

@together with Eq.~14!#, where

jm
l [

1

r E0

r

j̃m
l dr . ~22!

The quantitiesg, ḡ, andQ are still determined by the back
ground solution for the fieldf. For the background fieldf
we choose the same initial form as in Sec. IV. The m
interesting time-dependent backgrounds are thenoncollaps-
ing ones. Thus, we take the subcritical initial conditionsA
50.002 ande53 of Sec. IV. For the perturbation fieldj we
choose initial data of the form~16! with r 054.0 and s
50.5 for both the real and the imaginary parts of the fie
~again, the amplitude of the perturbation field is physica
irrelevant!. Figure 4 displays the time evolution of the pe
turbative charged scalar fieldj ~its real part! at a constant
radius~herer 510) as a function of Bondi time. It is inter
esting that even for time-dependent spacetimes the late-
behavior of charged fields is well described by an inve
power-law falloff. The numerical values of the power-la
exponents are21.99 for the l 50 mode ~top panel! and

FIG. 4. Evolution of the charged test fieldujR(r 510,t)u on a
time-dependent spacetime. The initial data for the background
f are those of Fig. 2~noncollapsing case!. The initial data for the
test fieldj are a Gaussian distribution~multiplied by anr 2 factor!.
A definite power-law falloff is manifest at late times. The powe
law exponents are21.99 for the l 50 mode ~top panel! and
24.16 for thel 51 mode~bottom panel!. These values are to b
compared with the analytically predicted values of22.0 and
24.0, respectively.
02401
t
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e

24.16 for the l 51 mode ~bottom panel!. These values
should be compared with the fixed background analytica
predicted values of22.0 and24.0, respectively.

VI. SUMMARY AND PHYSICAL IMPLICATIONS

We have studied the nonlinear gravitational collapse o
massless charged scalar field. Following the predictions
the linearized analytical theory~papers I and II! we have
focused attention on the asymptotic late-time evolution
the charged field. Our main results and their physical imp
cations are the following.

We have confirmed the existence of oscillatory inve
power-law tails in a collapsing spacetime along the
asymptotic regions of future timelike infinityi 1 , future null
infinity scri1 and the future outer horizonH1 . Thenonlin-
ear dumping exponents are in excellent agreement with
analytically predicted ones. In particular, we have verifie
the analytically conjectured dependence of thecharged
dumping exponents on the dimensionless quantityueQu. This
dependence on the spacetime charge is contrasted to ne
perturbations, where the dumping exponents are fixed i
gers which donot depend on the spacetime paramet
~namely, they are functions of the multipole indexl only!.
We have confirmed the existence of power-law tails even
noncollapsing spacetimes~i.e., imploding and exploding
shells!.

We have also studied the late-time evolution of no
spherical perturbations~charged test fields! on a fixed
Reissner-Nordstro¨m background and on a time-depende
background. In both cases we have found that the dump
exponents, describing the falloff of the charged field at l
times, are in good agreement with the predictions of the
earized analytical theory.~In particular, we have verified the
functional dependence of the dumping exponents on the m
tipole indexl .!

Our nonlinear results verify the analytic conjecture tha
chargedhair decaysslower than a neutral one. Furthermor
the existence of oscillatory inverse power-law tails along
black-hole outer horizon suggests the occurrence of the w
known phenomenon ofmass inflation@1# along the Cauchy
horizon of adynamicallyformed charged black hole.

In a forthcoming paper we study thefully nonlineargravi-
tational collapse of a charged scalar field, using a differ
numerical scheme which is based ondoublenull coordinates.
This scheme allows us to start withregular initial conditions
~at approximately past null infinity!, calculating theforma-
tion of the regular black hole’s event horizon, and contin
the evolution all the wayinside the black hole. Thus, this
numerical scheme makes it possible to test the mass-infla
conjecture during the gravitational collapse of achargedsca-
lar field. To our knowledge, the mass-inflation scenario h
neverbeen demonstrated explicitly before incollapsingsitu-
ations.~The numerical work of Brady and Smith@10# begins
on a Reissner-Nordstro¨m spacetime and the black-hole fo
mation itself wasnot calculated there.!
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