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Null geodesic expansion in spherical gravitational collapse
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We derive an expression for the expansion of outgoing null geodesics in spherical dust collapse and compute
the limiting value of the expansion in the approach to singularity formation. An analogous expression is
derived for the spherical collapse of a general form of matter. We argue on the basis of these results that the
covered as well as the naked singularity solutions arising in spherical dust collapse are stable under small
changes in the equation of staf80556-282198)07714-3

PACS numbeps): 04.20.Dw, 04.70.Bw

[. INTRODUCTION and the functior=(r) is twice the mass within the comoving
coordinater [1]. A superscript dot and prime denote differ-
The spherical gravitational collapse of matter obeying arentiation with respect to the comoving coordinateand r
energy condition has been studied for various equations gespectively. We tak® to be negative as we are considering
state, including dust, perfect fluids and scalar fields. It isz collapsing cloud.
known that both black-hole and nakgd Slngularlty solutions Consider a congruence of Outgoing radial null geodesics
can result as the end state of spherical collapse, though thg this space-time, having the tangent vectét,K",0,0),

issue of the stability of these solutions remains an open ongyhereK'=dt/dk andK'=dr/dk . The geodesic expansion
The expansion of a congruence of null geodesics, usually js given by

denoted byd , can play a useful role in our understanding of

the nature of the singularity that can form in gravitational ' 1 9
collapse. With this in mind, we derive an expressionddor =K =—=—(VJ— gKi), (5)
spherical dust collapse and also for spherical collapse of a " V—goox

general form of matter. Using these expressions we argue for .
the stability of both the covered and naked singularity soluwhich gives
tions under small perturbations of the equation of state.
oK' oK' K K'
= —+ —+ ——(V—09)+ —(J/—0q)'. (6
Il. GEODESIC EXPANSION IN THE DUST MODEL at ar ,/_g( 9) 1/_9( 9) ®
In comoving coordinates the Tolman-Bondi metric, which

describes spherical dust collapse, is given by In order to compute the sum

t r
d=dt2—e“dr?— R2dQ2. ) KK @
at  or
The field equations are )
we proceed by noting that
F’ r r r
8mp= 7 2 K _aad, ar
R’R dk ~ gk at ok ar ®
and and, similarly,
., F dK' gt 9K'  ar oK
R2=— -+, 3 =t —
R ®) dk ok ot ok ar ©

The energy densitp(t,r) is the only non-vanishing compo- Dividing the first of these two relations bgr/dk and the
nent of the energy-momentum tensor. The functigm) second byst/ gk, and after adding the two equations we get
above is defined by the relation

p?KtJraK’_l 1dKr+1dK‘+wKt w’Kr
ew:Rz @ ot ar 2|k dk gt dk| 4 4
1+f (10)
In arriving at this equality we have used the fact that, for
*Email address: tpsingh@tifrvax.tifr.res.in outgoing radial null geodesics,
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KU dt real root. More explicitly, by calculating the limiting value of
P aze“”z. (11) R’ itis shown that the singularity is naked if the equation
Further, it follows from the geodesic equation that X= 1 X+ X ( - M) (16)
a JX 1+1(0)
r
W:_Fir(K“)z—zr{thKr (12 admits a positive root foiX. The quantityy is a known
positive function of the initial data, and (r)=F/r*. It is
and seen from the above equation that whenever the singularity is
naked the expression inside the second bracket is positive
t definite. Further, it is known that whenever the singularity is
K- —Tr (KN2. (13 covered, this same expression is negative in the limit.

The connection with the limiting behavior @fis seen as
follows. By comparing the expression fer with Eq. (16)
above, we see that the limiting value éfis simply 2a/k if
the singularity is naked(We note that near =0, K'

" (14 =dr/dk~r/k.) Hence# goes to positive infinity at the na-
ked singularity. On the other hand, whenever the singularity
is covered,f goes to negative infinity. This kind of behavior
of # at a covered or naked singularity is of course to be

formation or otherwise of a naked singularity in Sph(—:‘”C""lexpected. We merely intend to show that the occurrence of a

dust collapse. As IS well known_, the spherical collapse of %entral naked singularity is a result of the fact that for certain
dust cloud results in the formation of a shell-focussing cur-

vature singularity which lies on the cuni(t.r)=0. (We initial data the geodesic expansion for outgoing null geode-

) . i ntin itive even he singularity i -
assume that the initial density monotonically decreases aw%ézgﬁeé ues to be positive even as the singularity is ap

from the center, so that no shell-crossing singularities fprm.
The central singularityR(ty,0)=0, is known to beat least
locally) naked for some initial data and covered for other
initial data, whereas the non-central singulariRyt,r #0)

Together, these relations give the desired expression:for

2R’ f+F/R
0(t,r)=? 1— ﬁ K

Let us now examine the relation that bears with the

We now attempt to ask how the information about the
formation or otherwise of a naked central singularity is con-
tained in the initial distribution foW. What we do know of

ourse is that for some initial density and velocity distribu-

=01is necessarlly cover_eq. Consider first the S'mp_'ef €as€ Ylons the resulting singularity is naked. We can expect that
the non-central singularity; here the rafi¢R goes to infinity . somehow this must be reflected in the initial profile forAs

?hs the smgglan;yﬁ:s ap}grqtacrfd, Wh”el al othetr quantltt'les "Nor the actual value ob at any given point, that is naturally
e expression fof are finite. As a resulty goes to negative positive initially, for a congruence of outgoing

infinity, which is consistent with the fact that the singularity geodesics—by itself this carries no information about the

is covered and not visible. nature of the resulting singularity. Hence, we need to look at

The peculiar nature of the central singularity has beeqhe initial distribution ofé(r) and how it changes from one

zraleyzitd nltr: ;]/atrlousr p:\e\I/IOLiJS[g]aQI_eE’b*]r; ”\jv paLtlcukIa;r rV\t/r? point to another. Consider the expressidd) at a general
aw attention to our analysis [ls]. 1 here we Check 101 the ;.0 ¢ 151 the marginally bound casd € 0). We recall that

possible occurrence of a central naked singularity as followsfh lution for th dius i
We define a quantit)=R/u, whereu=r%, anda >1 is € solution for the area radius 1s
defined such thaR’/r*~! is a unique finite quantity in the

3
limit of approach tor=0. Then it is evident that in the ap- R%2=y3%2— E\/F(r)t (17
proach to the singularity we can write the limiting val¥g
of X as

where the scalindqR=r at the initial epoclt=0 is assumed.
Let us also recall froni3] that the series expansion fB(r)

_ R dR o
Xo= lim X=lim—=lim— nearr =0 is written as
R—0r—0 u d
F(r)=For3+Fqra*3+... (18
. 1 dR | 1 o dt.
=M g~ M| R R where it is assumed that the first non-vanishing derivative in
an expansion for the density near 0 is theqgth one. Using
R’ [f+F/R this, we can write the expressidia4) for 6 nearr=0, to
:“mar“‘l 1- EETaE (15 leading order, as
IR £3/2:3 s
The quantities on the right of the final equality are written o(t,r)= 1— 0 K'.
as functions ofX andr; that is, X is used as a variable R { 1- E\/F_t—ﬁrqt
instead oft. The occurrence or otherwise of a naked singu- 2V 0 4F,

larity depends on whether or not this equation has a positive (19
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We concentrate on the behavior of the expression inside thand the energy-momentum tensofTis= diag(p,p, ,pr.PT).

second brackets: The field equations for this system are
E 3/2 Fg/2r3 E’
w(t!r)5(§> :1 3\/F—t 3Fq a ' (20) p= R2R’ ) (23)
BT
F=—p,R°R, (24)
This expression already contains information as to

whether a naked singularity will result or not, as we now 2p! AR’
elaborate. The term which carries information about the in- ol=———+ (pr—Py), (25
homogeneity in the distribution is the last term in the de- p+pr Rip+p)
nominator: [(—3Fy/4Fo)r9]. The remaining terms in ) _
Y(t,r) are exactly as they would be for a homogeneous . 2p  4R(p+p7)

cloud. In the approach to the time of formation of the central w=

singularity, which is equal to 24&,, the inhomogeneous
term causes)(t,r) to go to zero or infinity depending on and
whetherq is less than three or greater than 3. As a result,
goes to a positive limit ifg is less than 3 and to a negative 3
limit if q is greater than 3. This is consistent with the fact 97”R2=§+f- (27)
that the resulting singularity is naked fqe<3 and covered
forg>3. The case=3 is, however, described satisfactorily the functionF(t,r) is equal to twice the mass inside the
by ¢ og/lzy to an extent:d is negative in the limit for{  4mqying coordinate, and as in the dust case, the function
=F3/Fg°<—4/3, whereas it is known that a naked singu- (¢ 1) is defined by the relatiotd). The difference from the
larity results only for{< — 25.9994. ) dust case is that now the functioRsandf depend on time as
How can we look at the initial data fof and decide e, (it is only for the dust equation of state that both these
whether or not a na!<ed singularity W|I_I regult? We propose tynctions are time independentWhen one considers the
look at the expression for #(t,r), which is special case of dust, the above five equations behave as fol-
lows. Equation(23) holds as such, while Eq27) reduces to
1- §\/F—t %rqt Eq. (3). Equations(24) and (25) are trivially satisfied,
1 R) 32 2V 0 aF, whereas Eq(26) reduces to an identity.
m:(f) = F3/2,3 - F32,3 (21) The calculation ofé proceeds exactly as in the case of
0 0 dust, and we get again the expression in &}. In order to
calculate the suni7) we use the relation@) and(9) and we
note that now for outgoing null geodesics we have

_p+pr R(p+p;)

If we look at the inhomogeneous contribution, given by the
second term, at an epotljust after the start of evolution, we
notice that this contribution diverges et 0, if q<3, and Kt dt

goes to zero fog>3. (We do not consider the transition = _glo-o)2 (28)
caseg=3.) In fact this continues to be so at all times K~ dr

Hence one could suggest that if the inhomogeneous contri-

bution initially diverges at the center, the singularity will be Hence we get, by proceeding as in the dust case,
naked, and if it converges to zero, the singularity will be

w— 0

1 dK" 1 dK

covered. Physically this means that at the initial epoch, the JKE 9K' 1

mhomogene!ty can cause the geodesic expansion to either ot o 2kt dk Tkt dk -
decrease or increase as one moves away from the center. The

former case results in a naked singularity, and the latter in a o —0o'

covered singularity. The same set of arguments also hold for — K" (29

the non-marginally bound casé€+0).

By substituting fordK'/dk and dK'/dk from the geodesic

Ill. GEODESIC EXPANSION IN THE GENERAL equation we again find that is given by
SPHERICAL CASE
We now show that the expression férin the case of o(L.r) = 2R'/1_ [f+FI/R K" (30
general spherical collapse can be cast in exactly the same ' R\ 1+f '

form as for dust collapse. To begin with, we write the Ein-
stein equations for the general spherical case in comovingrhich is the same expression as in the dust case, except that

coordinates. The metric, in comoving coordinates, is now F andf are functions oft as well asr. We have also
utilized the field equatioi27) which in fact is the only field
ds?>=e’dt?—e“dr?— R2d()? (22)  equation used in writing the above expression ffor
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IV. DISCUSSION keep the initial density and velocity distribution fixed, and

: . ._make a sufficiently small change in the equation of state, the
We pote thad for dust °°”"?‘pse hqs a peculiar behavior in initial behavior of F/R will be arbitrarily close to that in the
thg limit of approach to the.smgularlty curve. As regar-ds thedust case. This is to be expected from the stability of solu-
po;rl[trs Othi(ri thag tbhe c:annt(arze.,béhori(ja tvr\]”t: fr?) lthreYI_EirSti tions of Einstein equations under a small change in the equa-
get trappedi.€., U becomes zenpa en singuiar. TAISIS - tion of state. Hence the evolution will still be such t&R
consistent with the singularity theorems—the formation of

O X il again go to positive infinity as the singularity is ap-
trapped sgrface at agivenis followed by the for_mat|on of proached, which makes negative, and hence the singularity
a singularity for this value of. However,r=0 is a very

special point: the apparent horizon curve begins to form aﬁontinues o be covereflThe functionf(r) plays an insig-
P | pont. ppa gins. .. hificant role in this argument: one only has to make the plau-
r=0 simultaneously with the occurrence of the singularity.

As a result, it would appear that one could not directly ap-SIbIe demand thaf(0) be finite during the evolution.A

peal to a singularity theorem to predict the formation of theSirT1i|ar ar_gument ensures that the du_st naked singula_rity S0
central singularity, even though an explicit calculation shows!unons. WIII. be stable under perturba’glon of t.he_ equation of
that a singularity ’does form at=0. Similarly, one cannot statg_(ln thl.s caseF_/R goes tc_) Z€ro in the limit and is
predicta priori that the central singﬁlarity will ’necessarily be positive. It is only in the transition regiond=3) that both .
the naked and covered solutions could be unstable: one kind

gcrjv\\//(iasrgd, and explicit calculation actually shows it to be oth—of solution could go into the other kind.

We would like to araue here. iudaing by the expression From an argument of this nature it also follows that if for
for 0. that both the blagck-hole é*d %al?edysin uIar?n solu-2Y given equation of state some initial data lead to a cov-
o T . 9 y red(naked singularity, the nature of the singularity will be
tions arising in spherical dust collapse are stable under su

ficiently small changes of equation of state, for a fixed initial eft unchanged if the equation of state is perturbed while
ysm 9 q RPN keeping the initial conditions fixed. The same conclusion has
data. This is expected to hold for all initial data, except near.

the transition regiorfi.e., the casey=3) in the above dis- also been arrived at earlier [d] by independent means. It
cussion, and the reaédﬁing is as follows. Consider an initi ppears as if both the covered and naked solutions arising in

. . herical coll must be treated on th me footing, inso-
density and velocity distribution in spherical dust collapsefp erical collapse must be treated on the same footing, inso

which results in a covered singularity. As discussed above ar as stability under a change of equation of state is con-
. . . L ¢erned.

this covered singularity results because for these initial data,

the ratioF/R goes to positive infinity in the limit of approach

to the singularity. We have noticed, in E1), that the

initial data already contain the information thBfR will | acknowledge partial support of the Junta Nacional de

behave in this particular manner in the approach to the sinmvestigaca Cientfica e Tecnolgica (JNICT) Portugal, un-

gularity, thereby making it a covered singularity. Now, if we der contract number CERN/S/FAE/1172/97.
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