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We introduce a diagrammatic notation for supersymmetric gauge theories. The notation is a tool for explor-
ing duality and helps to present the field content of more complicated models in a simple visual way. We
introduce the notation with a few examples from the literature. The power of the formalism allows us to study
models with gauge group@SU(N)#k and their duals. Among these are models which, contrary to a naive
analysis, possess no conformal phase.@S0556-2821~97!01606-8#
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I. INTRODUCTION

Following the initial work of Seiberg on supersymmetric
QCD ~SQCD! @1# many examples of duality in supersym-
metric N51 field theories have been discovered. More re-
cently, various groups have studied more complicated mod-
els with several gauge and global symmetries and large
numbers of fields@2,3#. The commonly used notation show-
ing tables of fields and representations often proves to be
very cumbersome. We propose a diagrammatical notation
that shows how the fields of the theory under consideration
transforms under gauge and global symmetries.

The notation is based on a notation introduced by Georgi
@4# for the study of nonsupersymmetric strongly coupled
gauge theories~also used in the models of@5#!. In supersym-
metric theories the exact results on the infrared spectrum of
strongly coupled theories are particularly easily displayed
using our ‘‘duality diagrams.’’ Seiberg’s dualities have a
particularly transparent realization in this notation. A simple
set of ‘‘duality rules’’ which would be amenable to imple-
mentation on a computer enable one to derive dualities of
more complicated product group theories. The proposed no-
tation can be used for SU, Sp, and SO theories with matter in
the fundamental and tensor representations. We will concen-
trate mainly on SU theories with fundamental matter in this
paper. In Sec. II, we introduce our notation using SQCD as
an illustrative example. The next simplest model involves
two SU gauge groups and has been previously studied in@3#.
We reanalyze this model in Sec. II B as an example of the
diagramatic notation.

In Sec. IV, we use our notation to study new models with
matter transforming under an@SU(N)#k gauge group. When
all possible Yukawa interactions consistent with the gauge
symmetry are included the model has an SU(F)k global sym-
metry. We find a dual description in terms of an
SU„(F2N)…k gauge theory and a similar superpotential. For
F>2N the original theory is infrared free, whereas for

F<2N the dual is free in the infrared. The theory therefore
has no conformal phase. At the special pointF52N the two
descriptions coincide as required for consistency. The dual
theory allows one to completely understand the infrared dy-
namics of the very complicated strongly coupled electric
theory forN11,F,2N. We also discuss the model with-
out Yukawa couplings which does have a conformal phase.

Finally, we present duality diagrams for theories with ten-
sors and with SO and SP gauge groups.

II. SQCD WITH DUALITY DIAGRAMS

We introduce our notation using the ‘‘classic’’ example of
N51 SQCD and its dual discovered by Seiberg@1#. In
SQCD, the electric theory, is an SU(N) gauge theory withF
flavors of ‘‘quarks’’ in the fundamental and antifundamental
representations of the gauge group. Thus the global symme-
tries of the theory include two factors of SU(F) acting on the
quarks and antiquarks. The tree level superpotential is taken
to vanish. Frequently, the field content and symmetries of
supersymmetric theories are displayed using tables of Young
tableaux. For example, the table for SQCD is

Field SU(N) SU(F) SU(F)

Q h h 1
Q̄ h̄ 1 h

~2.1!

In the following we will frequently use such tables to ex-
plain our notation and demonstrate its convenience. In our
diagramatical notation we denote gauge groups by boxes

with the size of the gauge group stated inside the box
Non-Abelian global ‘‘flavor’’ symmetries are represented by
the number of flavorsF. Fields are represented by lines con-
necting the gauge and global symmetries. For example, the
quarks of SQCD are denoted by a line connecting the box for
SU(N) with theF of the flavor group. Arrows on the ends of
each line distinguish representations and their complex con-
jugates, fundamentals have incoming arrows whereas anti-
fundamentals are denoted with outgoing arrows.
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The diagram for SQCD is then

~2.2!

where the quark and antiquark fields are labeledQ and Q̄,
respectively. From the direction of the arrows one sees that
Q transforms as a fundamental under both the SU(N) gauge
group and the SU(F) global symmetry group. TheQ̄ is an
antifundamental under SU(N) and a fundamental under
SU(F).

According to Seiberg’s conjecture, whenF>N12, this
theory is dual to an SU(F2N) gauge theory withF flavors
of dual quarksq and q̄ and a gauge singlet fieldM which

corresponds to the bound stateQQ̄ of the original theory.
The ‘‘meson’’ M is coupled via a tree level superpotential
W5qMq̄. In terms of Young’s tableaux, this is

Field SU(F-N) SU(F) SU(F)

q h h̄ 1

q̄ h̄ 1 h̄

M 1 h h

~2.3!

The diagram corresponding to this table is easily con-
structed. There is a box for the gauge symmetry and twoF’s
for the flavor symmetries. Then there are two lines connect-
ing the gauge and flavor symmetries corresponding toq and
q̄. Finally, there is the meson line,M , connecting the two
flavor groups. The diagram is

~2.4!

Note the orientation of the arrows: the arrows correspond-
ing to the global groups’ representations on the two-quark
and antiquark lines are now reversed, the arrows for the
gauge symmetry remain the same. The arrows for the repre-
sentation of the meson field under the global groups are
pointing in the direction in which those arrows for the fields
Q andQ̄ were pointing in the original model.

We can now identify a set of ‘‘duality rules’’ which en-
able us to write down the dual diagram starting from the
diagram for the electric theory. First, the global symmetries
of the model are left unchanged whilst the gauge symmetry
being ‘‘dualized’’ is replaced with an as yet unknown dual
gauge group. The lines corresponding to the dual quarks
q and q̄ are obtained by copying the lines corresponding to
the original quarksQ andQ̄ but reversing the arrows for the
global groups. There is a meson fieldM in the dual for every
pair of in- and outgoing arrows of the gauge group. Here
there is one incoming arrow fromQ and one outgoing from
Q̄. The meson line directly connects the two groups on
which theQ and Q̄ lines ended. The orientation of the ar-

rows onM are identical to the orientation of the arrows on
the quark lines in the original model. This rule is easy to
understand by remembering thatM is the operator map of
the composite gauge invariantQQ̄.

Finally, the size of the dual gauge group is obtained by
matching the anomalies on the global groups. Before dualiz-
ing there wereN fundamentals for each of the global groups,
now there areF fundamentals corresponding to the meson
M . Thus we needF2N antifundamentals from the dual
quarks. The anomaly matching condition can be summarized
as a simple rule: the number of arrows entering any group
minus the number of arrows leaving it has to be preserved
under the duality transformation. The notation is a simple
bookkeeping device for the non-Abelian symmetries’
anomalies but the U~1! symmetries are less transparent, one
might want to keep track of them by indicating the charges
on the lines in the diagram. However, the original analysis of
Seiberg@1# guarantees that the U~1! anomalies match be-
tween the electric and dual theories.

It is also possible to identify a rule that determines the
superpotential of the dual theory from the diagram. When-
ever a closed cycle of lines, with the arrows on the lines
oriented in such a way that all the indices can be contracted
~i.e., one arrow has to be going into a group while the other
one going out!, is generated in a diagram, then the symme-
tries allow a superpotential term to be written. The contrac-
tion of indices that corresponds to the flow of arrows is that
using d j

i tensors. In the absence of the superpotential term,
the global symmetries of the dual theory would be much
larger. In particular, the global symmetries of the meson field
would not have to be the same as the dual quarks’. The
superpotential term is required to break unwanted global
symmetries whenever there is a closed cycle of lines.

A new situation arises when we ‘‘dualize’’ our last dual
again. We get an SU(N) theory with new quarks and a me-
sonN5qq̄ and a term in the superpotential coupling the new
quarks to the meson. The superpontential term inherited from
the first dual maps onto a mass term forM and N. The
complete superpotential is thenW5N(M2q̃ q̃). After inte-
grating out the massive fields with their equations of motion
we recover the original theory of SQCD with vanishing su-
perpotential. For details see@1#.

In our diagramatic notation all this is very simple. We
‘‘dualize’’ the SU(F2N) gauge group by inverting the out-
side arrows on the quark lines and draw the new meson field
N with the arrows given by the direction of the arrows of the
quarksq and q̄.

~2.5!

Note that the lines corresponding to the mesonsM andN
are parallel with opposite arrows. This indicates that the
symmetries allow~and require! a mass term for these two
fields. Thus, these fields are not present in the infrared and
should be integrated out. We denote the mass term by cross-
ing out the two lines. Note that after removing the massive

55 3777DIAGRAMMATIC ANALYSIS OF DUALITY I N . . .



fields we recover the original diagram~2.2! with no super-
potential because there is no closed cycle in the diagram. In
the following section we study duals with more complicated
superpotentials involving nonrenormalizable terms as well.
We will see that the notation keeps track of these as well.

Let us summarize the ‘‘duality rules’’ in a few steps.

~i! The global symmetries of the model are unchanged,
whilst the gauge group is replaced by a dual gauge
group.

~ii ! ‘‘Dualize’’ the quark lines by reversing the arrows on
the global groups.

~iii ! Draw a meson line corresponding to every pair of in-
and outgoing lines through the gauge group. The ar-
rows on the meson line indicating its representations
under the global groups are identical to the arrows on
the original quark lines.

~iv! Determine the size of the dual gauge group by match-
ing the anomalies of the global groups.

~v! Each closed cycle of lines with matching arrows cor-
responds to a superpotential term.

~vi! Parallel lines with opposite arrows correspond to mas-
sive fields and should be ‘‘integrated out’’ by simply
dropping them.

A. Special cases:F<N11

As discussed above, whenF falls belowN12 the theory
does not have a dual. Seiberg has again provided the correct
low energy description of these theories@6#. Duality dia-
grams may also be used for these cases though the notation
becomes more opaque with decreasingF. ForF5N11, the
correct low energy theory contains the usual mesons and
fundamental baryon and antibaryon superfields that trans-
form under the global symmetry groups as the dual quarks
did for largerF. The duality rules apply as before except that
the dual gauge group is replaced by a global U~1!. The su-
perpotential termbMb̄ is generated, and hence the meson
and baryon fields form a triangle on the duality diagram. In
addition, there is also the ‘‘instanton term’’ det(M ) which is
not encoded in the diagram in any apparent manner, and has
to be remembered separately.

~2.6!

For F5N, there are again mesons transforming under the global groups but the baryon fields are now singlets under all
non-Abelian groups. There is a quantum constraint detM2BB̄5L2F on the moduli space. We indicate the baryons and their
constraint by drawing them as two dots over the corresponding meson line

~2.7!

ForF,N, the theory has no stable vacuum@7#, thus there
is no dual diagram to draw. ForF50, the pure glue theory
confines with no massless degrees of freedom. In the dia-
gram one just erases the gauge group.

B. Example: SU„N…3SU„M …

Armed with this set of rules let us now work through a
nontrivial example first studied in@3#. It is a theory with two
SU gauge groups, various fundamentals and no superpoten-
tial. We first define the theory with the use of our diagrams
and then, for comparison, also give the corresponding table
of Young’s tableaux:

~2.8!

In the table the first two groups are the gauge symmetries,
the other three are global:

Field SU(N) SU(M ) SU(F) SU(M1F) SU(N)

a 1 h̄ 1 1 h

b h h 1 1 1
c h̄ 1 1 h 1

d h 1 h 1 1

~2.9!

We will construct duals to this theory by dualizing the
two gauge groups one at a time while treating the other as a
global ‘‘spectator’’ of the duality transformation. The justi-
fication for doing so relies on holomorphy of the infrared
superpotential,W, as a function of parameters of the theory.
The supersymmetric vacua are determined by solving
V5udW/dfu250. If such a vacuum exists in a patch of
parameter space, then a corresponding vacuum exists for all
values of parameters~except possibly some discrete points,
such asL50!. This follows because for a vacuum to be lifted
at some critical parameter value would require nonholomor-
phic behavior asV would have to jump from zero. Therefore,
there are no phase transitions, and the moduli space of vacua
is independent of the parameters of the theory. This allows
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one to take the scale of one of the gauge groups to be very
large compared to all the other scales. Then all other gauge
interactions can be treated as small perturbations. Thus one
can give a dual description of this theory by just dualizing
the gauge group with the large scale, treating the others as
spectators. It then follows from our holomorphy argument
that the duality must also hold when the scale of the dualized
gauge group is not large compared to other scales in the
problem. The global anomalies of the duals obtained in this
way are guaranteed to match because the global groups are
subgroups of the global symmetry group of SQCD. For ex-
plicit consistency checks on dualities of product group theo-
ries see@3#.

The conjecture which we want to verify is that when one
alternatingly dualizes the gauge groups of our example five
times, one obtains the original group back@3#. We impose
the constraintM21,N,F1M11 because the duals
which we will encounter along the way only exist for this
range ofF, M , andN. These duality transformations can be
performed using tables of Young’s tableaux, but the tables
involved are large and the process is cumbersome. Instead,
we are going to perform all the transformations using dia-
grams and the duality rules. The effort is considerably less.
For comparison we give the tables and superpotentials for
each of the duals in an appendix.

First, we dualize the SU(M ) gauge group. Following our
rules, we add a meson field corresponding to the gauge in-
variant made from a quark and an antiquark of the SU(M ).
Then we dualize the two quark lines by reversing the outside
arrows. The dual gauge group is SU(N2M ) with the dia-
gram

~2.10!

Note that there is a closed cycle with a corresponding
superpotential termW5mãb̃. Dualizing the SU(N) we ar-
rive at

~2.11!

In this step four meson fields had to be added correspond-
ing to the four possible ways of pairing up the two ingoing
and two outgoing arrows of the SU(N) gauge group. This
created four new closed cycles with four corresponding su-
perpotential terms:

W5n1ã1n1b5 m̃1n2c̃m̃1n3c̃d̃1n4d̃b5 . ~2.12!

Note that the Yukawa coupling that was present from the
previous step has been turned into a mass term because two

of the fields were replaced by a composite meson. Integrat-
ing out the massive fields yields the theory withn1 and ã
dropped and replaced by their equations of motion in the
superpotential. In the following steps, we will not explicitly
write down superpotentials since the diagramatic notation
automatically keeps track of them. If in doubt, the reader can
confirm this from the Appendix where we give the complete
superpotentials.

We now dualize the SU(N2M ) and obtain

~2.13!

Note that integrating out the massive fields in this step gen-
erates a four-cycle in the diagram which corresponds to a
quartic term in the superpotential. Dualizing SU(F) we find

~2.14!

And finally dualizing SU(F1M2N)

~2.15!

we return to the original theory except that the SU(M ) gauge
group has been replaced by its complex conjugate, and the
two gauge groups changed places. Integrating out all the
massive fields in the last duality step has set the superpoten-
tial to zero, as required.

III. LOOP MODELS

To demonstrate the power of the duality diagrams we next
turn to the more complicated examples of diagrams with
‘‘loops’’ of matter fields and gauge groups which have not
been studied before. The models we consider havek SU(N)
gauge groups,k SU(M ) global groups, and 3k chiral super-
fields. These models turn out to be of interest in their own
right since they do not possess a conformal phase. This is in
contrast to the naive expectation that as long as one chooses
flavors and colors such that all gauge groups taken individu-
ally would be at a perturbative fixed point, then the whole
theory should be at a perturbative~conformal! fixed point. In
our model this kind of reasoning fails dramatically.
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A. The triangle, k53

The simplest nontrivial example hask53. The model is
then

~3.1!

We include all four Yukawa couplings compatible with the
symmetries~one associated with each triangle in the dia-
gram!. Dualizing one of the gauge groups leads to

~3.2!

Next, dualizing the two remaining SU(N) gauge groups in
one step, we find

~3.3!

Finally, dualizing the SU(F) gauge group gives

~3.4!

This dual has the same form as the original theory. To make
this explicit we first interchange the two gauge groups on the
right of the diagram and then complex conjugate them.

~3.5!

The dual and the electric theory are identical except that the
dual gauge group is SU(F2N)3 instead of SU(N)3.

Our original model is in a weakly coupled ‘‘free electric’’
phase when its number of flavors (F1N) is greater than or
equal to three times the number of colorsN, that is when
F>2N. Similarly, the dual magnetic theory is in its ‘‘free
magnetic’’ phase whenF<2N. At F52N it appears that we
have two different infrared-free descriptions of the same
theory. Clearly, this would be a contradiction. However, ev-
erything is consistent, because forF52N the theory and its
dual are identical.

Thus we have an infrared free description for anyF>N
12. This result is somewhat surprising since other exactly
solved supersymmetric theories have a conformal ‘‘win-
dow’’ for a certain range of flavors. For example, SQCD has
a conformal phase for 3/2N,F,3N in which neither the
electric theory nor its dual are free in the infrared.

If we did not have our dual description we might have
been tempted to argue that there should be such an interact-
ing perturbative fixed point in the largeN andF limit for F
just below 2N. Then each of the gauge groups taken indi-
vidually would be at a perturbative Banks-Zaks fixed point
@8#. However, it does not follow that the theory as a whole is
perturbative in this description as well. The problem is that
all of the chiral superfields obtain negative anomalous di-
mensions through the action of the gauge groups. Assuming
that the theory is at a nontrivial fixed point implies that the
anomalous dimension of a composite chiral operator is equal
to the sum of the anomalous dimensions of its constituents
~this follows from the superconformalR symmetry@1#!, and
thus the dimensions of the Yukawa couplings are less than
three, rendering the Yukawa couplings relevant. Therefore
the Yukawa couplings are large in the infrared and a pertur-
bative analysis like the one we attempted is invalid.

A single group in the model discussed here can be placed
in an approximate conformal phase by taking its scaleL
much greater than those of the other two groups. However,
eventually the other two groups become strong at low ener-
gies and contribute to anomalous dimensions of the fields
which appear in theb function of the original group. This
can be seen in the duals of the theory where dualizing one
group leads to a change in the number of flavors of the other
groups. The gauge and Yukawa couplings interfere so that
the model does not have a nontrivial fixed point in the infra-
red.

Another indication that the theory is not at a conformal
fixed point comes from the fact that forFÞ2N the superpo-
tential couplings break all nonanomalousR symmetries.
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Thus there is no candidate for the anomaly free superconfor-
mal R symmetry which is part of the superconformal
algebra.1

Even though the construction of the dual via a series of
elementary dualities guarantees consistency at each step, it is
interesting to perform some consistency checks on the final
dual. In addition to the non-Abelian SU(F) flavor symme-
tries, the theory also possesses three nonanomalous U~1!
symmetries. As a first consistency check, we find that all
global anomalies match. Furthermore, we can define a map
identifying each nonvanishing gauge invariant operator of
the original theory with a partner in the dual. For the meson
fields this operator map is trivial, mapping the mesons
b1c2 ,b2c3 ,b3c1 onto b̃1c̃2 ,b̃2c̃3 ,b̃3c̃1 , respectively. An in-
teresting consistency check arises when we integrate out fla-
vors in one of the theories. Let us, for example, add mass
terms for one set of flavors in the electric theory. The super-
potential is then

W5a1a2a31(
i51

3

aibici1b1c21b2c31b3c1 , ~3.6!

where the flavor indices are summed over in theaibici
terms, whereas the mass terms are only for theFth flavors.
The equations of motion for the massive fields yield two
different branches of vacua. The ‘‘mass branch’’ with van-
ishing vacuum expectation values for the massivebi andci
simply reduces the number of flavors by one and leaves the
gauge groups unchanged. The other branch, the ‘‘Higgs
branch,’’ has expectation values^a1a2a3&51 and nonzero
expectation values for thebi and ci . In this branch, the
gauge groups are broken to SU~N21! and the number of
flavors is reduced toF21. It is interesting to see how this is
realized in the dual. The mass terms simply map onto corre-
sponding mass termsb̃1c̃21b̃2c̃31b̃3c̃1 . Again, there are
two branches. But the correspondence between the branches
in the two descriptions is nontrivial: the ‘‘mass branch’’ of
the electric theory is mapped onto the ‘‘Higgs branch’’ of the
magnetic theory and vice versa. This nontrivial mapping is
required to preserve the dualityN↔Ñ5F2N andF↔F̃5F
under the mass perturbation.

We conclude this section by briefly stating results for the
theories withF,N12 which are very similar to results in
SQCD with the corresponding numbers flavors@6#. For
F5N11, the dual has no gauge group and the theory is
confining. In the infrared the theory is described by mesons
and baryons interacting via a confining superpotential. The
diagrams then do not enable one to keep track of the deter-
minant terms in the superpotential. This is analogous to
SQCD withF5N11. For F5N, the theory confines with
chiral symmetry breaking, again the discussion is very simi-
lar to SQCD withF5N. Finally, for F,N, nonperturba-
tively generated superpotentials lift the potential at the ori-
gin. The vacuum is stabilized by our Yukawa couplings, and

we find supersymmetric vacua at nonzero expectation values
for the fields. The remaining unbroken gauge groups SU(N
2F) lead to gaugino condensation.

B. Loops with k>3

The model may be extended to includek SU(N) gauge
groups in the loop andk SU(F) global groups in the same
pattern as the model above. We again include Yukawa inter-
actions for all the superfields transforming under the global
symmetry groups. The Yukawa interaction for the central
loop of the model in Eq.~3.1! is now replaced by a~non-
renormalizable! dimensionk operator involving each of the
fields in the loop.

We now present a simple inductive proof to show that
these models also have duals of the same loop form but with
dual gauge group SU(N2F). The casek53 provides the
first step for our induction. Assume that the casek21 has
been proven. Now, consider a segment of the loop of thekth
model:

~3.7!

We begin by dualizing an SU(N) gauge group

~3.8!

The resulting dual has the form of a loop model withk21
SU(N) gauge groups but where one SU(F) global group is
the dual gauge group just produced. In addition, there are
some superfields that do not interact with the rest of the loop.
Then, treating the SU(F) as a ‘‘spectator,’’ we can apply the
dual for k21 and obtain

~3.9!

1This argument is not completely rigorous because the supercon-
formal R-symmetry might be an accidental symmetry of the infra-
red.
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Now dualizing the SU(F) group gives

~3.10!

and we see that thekth loop has a dual of the form adver-
tised. In total, to reach this dual description it takes 2~k21!
separate steps of dualizing subgroups. The largerk loop
models also have the property that the electric description is
infrared-free forF>2N, whereas the magnetic description is
free forF<2N. They have no conformal phase.

The casek52 is special, since the ‘‘Yukawa coupling’’
for the central loop is now a mass term. On integrating out
the massive multiplets the Yukawa terms of the fields trans-
forming under the global groups generate a quartic interac-
tion involving the remaining fields. The two gauge groups
may then be dualized, and the two resulting mesons obtain
masses from the operator map of the quartic term. The dual
with gauge groups SU(F2N) is similar to the original
theory again. However, the range of flavors for which the
two descriptions are free differ from thek.2 cases. The
electric theory is free forF>3N whereas the magnetic
theory is free forF<3/2N. For 3/2N,F,3N the theory
flows to an interacting fixed point in the infrared.

C. Related models

The models and their duals take a different form if we
remove the Yukawa couplings between the superfields trans-
forming under the global groups. Removing these interac-
tions increases the global symmetry of the model which then
takes the form~for k53!

~3.11!

The model is again brought to an interesting dual by dualiz-
ing the subgroups 2~k21! times. This dual hask SU[(k
21)F2N] gauge groups, 2k SU(F) global groups, and ad-

ditional mesons connecting the global groups. Fork53 the
dual is

~3.12!

Unlike its sister ~3.1! this model does have a conformal
phase for 2N/3,F,2N. In the general case, the conformal
range extends fromF52N down toF52N/(2k23). Again,
this is different from what one would have expected from
treating each of the gauge groups separately. Then one
would have falsely concluded that the conformal range is
N/2,F,2N.

IV. DUALITY DIAGRAMS FOR SO AND Sp GROUPS
AND TENSORS

So far, we have presented our notation only for SU groups
with matter transforming in the fundamental and antifunda-
mental representations. The notation is easily extended to
deal with SO and Sp gauge groups. We simply append an
index indicating the different groups. For an Sp(2N) gauge
group2 we write

and a global SO(F) symmetry would be denoted asFSO.
Since the representations of Sp and SO are~pseudo!real we
do not need to put any arrows on the ends of lines connected
to these groups. For example, a field transforming as a fun-
damental under an SO(N) gauge group and a fundamental
under a global SU(F) would be

Sometimes, to avoid confusion, it might be useful to use a
subscript to denote SU groups as well.

When working with these groups one often encounters
fields transforming as symmetric and antisymmetric two-
index tensors. To denote them we also use lines but we put
circles with their cubic anomaly coefficient on the lines. The
cubic anomaly is sufficiently unique to distinguish almost all

2In our convention, Sp(2N) is the group whose fundamental rep-
resentation is 2N dimensional. In the literature, this group is some-
times referred to as Sp(N).
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tensor representations. In those cases where it is not suffi-
cient@for example, Sp and SO gauge groups with only~pseu-
do!real representations where these indices all vanish# the
Young tableaux may be used instead to denote the represen-
tation. This enables one to quickly calculate the cubic
anomalies associated with any of the non-Abelian groups in
the diagram. For example, a field transforming as an anti-
symmetric two index tensor under a gauged SU~N14! would
be

~4.1!

To retain the connection between superpotential terms and

closed loops in more complicated models is difficult. One
possibility is to introduce an extra bit of notation for higher
dimension representations. Every time a meson which is a
higher dimension representation of a global group is gener-
ated by a duality transformation a dotted line may be in-
cluded linking it to the gauge group that confined its con-
stituents. The dotted line now closes a cycle indicating a
superpotential term involving the meson and the other fields
in the loop, though the precise form of the superpotential
term is not explicit from the diagram. It may be necessary to
keep track of the superpotential separately.

In this notation, the duals for SO and Sp gauge theories
with fundamentals@9#, respectively, are given by

~4.2!

~4.3!
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APPENDIX: TABLES FOR THE SU „N…3SU„M … MODEL

In this appendix, we give tables of representations and
superpotentials for the model given in Sec. II B. We denote
fields that have been ‘‘dualized’’ once by a tilde, and fields
that have been dualizedi times by an upper index( i ). After
each duality step we list the full particle content and super-
potentials including all fields, followed by the superpotential
obtained by integrating out the massive fields:

Field SU(N) SU(M ) SU(F) SU(M1F) SU(N)

a 1 h̄ 1 1 h

b h h 1 1 1
c h̄ 1 1 h 1

d h 1 h 1 1

~A1!

W50, ~A2!

Field SU(N) SU(N2M ) SU(F) SU(M1F) SU(N)

ã 1 h̄ 1 1 h̄

b̃ h̄ h 1 1 1

c h̄ 1 1 h 1

d h 1 h 1 1
m h 1 1 1 h

~A3!

W5mãb̃, ~A4!

Field SU(F) SU(N2M ) SU(F) SU(M1F) SU(N)

ã 1 h̄ 1 1 h̄

b~2!
h̄ h̄ 1 1 1

c̃ h̄ 1 1 h̄ 1

d̃ h 1 h̄ 1 1

m̃ h 1 1 1 h̄

n1 1 h 1 1 h

n2 1 1 1 h h

n3 1 1 h h 1
n4 1 h h 1 1

~A5!
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W5n1ã1n1b
~2!m̃1n2c̃m̃1n3c̃d̃1n4d̃b

~2!

→n2c̃m̃1n3c̃d̃1n4d̃b
~2!, ~A6!

Field SU(F) SU(F1M2N) SU(F) SU(M1F) SU(N)

b~3! h h̄ 1 1 1

c̃ h̄ 1 1 h̄ 1

d̃ h 1 h̄ 1 1

m̃ h 1 1 1 h̄

n2 1 1 1 h h

n3 1 1 h h 1
ñ4 1 h h̄ 1 1

p h̄ 1 h 1 1

~A7!

W5pd̃1n2c̃m̃1n31pb~3!ñ4

→n2c̃m̃1n3c̃b
~3!ñ4, ~A8!

Field SU(M ) SU(F1M2N) SU(F) SU(M1F) SU(N)

b~4! h h 1 1 1
c~2!

h̄ 1 1 h 1

m~2! h 1 1 1 h

n2 1 1 1 h h

n3 1 1 h h 1
ñ4 1 h h̄ 1 1

q1 1 1 1 h̄ h̄

q2 1 h̄ 1 h̄ 1

~A9!

W5q1n21q32n3ñ41q1c
~2!m~2!1q2b

~4!c~2!

→q2n3ñ41q2b
~4!c~2!, ~A10!

Field SU(M ) SU(N) SU(F) SU(M1F) SU(N)

b~5!
h̄ h 1 1 1

c~2!
h̄ 1 1 h 1

m~2! h 1 1 1 h

n3 1 1 h h 1
n4

~2! 1 h h 1 1
q̃2 1 h̄ 1 h 1

r 1 1 1 h̄ h̄ 1

r 2 h 1 1 h̄ 1

~A11!

W5r 1n31r 2c
~2!1r 1n4

~2!1r 1n4
~2!q̃21r 2b

~5!q̃2→0.
~A12!
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