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Black hole entropy reveals a twelfth dimension

Itzhak Barg
TH Division, CERN, CH-1211 Geneva 23, Switzerland
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The Bekenstein-Hawking black hole entropy in string theory and its generalizations, as expressed in terms
of charges that correspond to central extensions of the supersymmetry algebra, has more symmetties than
duality. It is invariant under transformations of the charges, involving a twétittthirteenth “dimension.”

This is an indication that the secret theory behind string theory has a superalgebra involving Lorentz nonscalar
extensions(that are not strictly centrgl as suggested 8 theory, and which could be hidden M or F
theories. It is suggested that the idea of spacetime is broader than usual, and that a larger “spacetime” is
partially present in black hole§S0556-282197)00206-3

PACS numbgs): 04.70.Dy, 11.25.Hf, 11.30.Pb

[. INTRODUCTION lying secret theory has a dynamical symmetry structure, such
that states or operators fall into representations of its algebra,
In recent work in string theory and its extensions to athen the entropy simply counts the multiplicity in a way
secretM ,F,S)Y, ... theory, a microscopic explanation of consistent with the representations of the dynamical symme-
the Beckenstein-Hawking area-entropy law for string-related’y- !f the secret theory is suspected to have some hidden
black holes is obtained by countiid—12] the number of symmetriesthey should shovx_/ up as invariances of the en-
D-brane state$13]. For (nearly extreme black holes the tropy. For example, th&-duality invariance of the entropy,

entrony is given in terms of the charaes carried b thesfor all values of the moduli, as If is continuous rather than
py 1S 9 9 y iscete, is explained through the reasoning given in this para-
states[8—12. These charges correspond to central exten-

. ) graph.
sions of the extended supersymmetry algebra, and it has beén Furthermore, if there are suspected extra “dimensions,”

shown that the entropy is an invariant undéduality [14]  (he entropy should be invariant under transformations that
transformations applied on these charges. In particular, fofix the extra “dimensions” with the ten dimensioli$0D)
four-dimensional(4D) black holes the entropy is given by that are explicit in string theory. One of the approaches to the
the quartic invariant of E) [8] and for five-dimensional secret theory behind string theory S theory [16], which
black holes it is given by the cubic invariant ofgfsy  concentrates on the global dynamical symmetry aspects of
[9,7,10. In higher dimensions the entropy for nonextremalthe secret theons theory predicts a number of symmetries,
black holes has also been given as an invariant of thgome of which are outside &f duality and which involve a
U-duality group[12,10. 12th and 13th “dimension.” It is the goal of this paper to
The entropy, which is related to just counting states, isdemonstrate that the entropy given below is indeed invariant
really independent of the moduli, although it is expressed irunder transformations that mix the hidden “dimensions”
terms of central extensions that depend on the mddLiis ~ with the 10 or 11 “familiar” ones. Hence the entropy serves
simple fact distinguishes the entropy as an ideal quantity foto show the presence of extra “dimensionsthere “dimen-
exploring the symmetries of the secret theory. If the undersion” is used in the sense explained [16]).
Specifically, in 4D define th&l=8 superalgebra and its
central extensions in an $8) basis:
*On sabbatical leave from the Department of Physics and As-
tronomy, University of Southern California, Los Angeles, Califor-
nia 90089-0484. 2As in [16], it must be emphasized that the 12t 13th*dimen-
IDefineK as the largest compact subgroup in the duality groupsion” is not to be understood as a naive extension of the other 11
U. The moduli are classified as the right cos&tk. Global U dimensions. Rather, it is the spinor space of ¥@bprojected 13D
transformations, applied from the left on the moduli and on quan-spinor spackethat is relevant, with 32 Weyl-Majorana supercharges
tized charges, induce moduli-dependéntransformations that are Q, of A or B type. The supercharges close int¢Q,,Qg}
applied on the supercharges as well as the maximal extensions efS,; (AorB types) where the 3232 symmetric matrixS con-
the superalgebra. The supercharges as well as the moduli-dependésins 528 bosons. The 11 usual momenta are membe8; afd
central extensions are singlets df but transform under this in- they are on an equal footing with the 528 bosons. In this paper 12D
ducedK, which is continuous, since it depends on the moduli. The(or 13D) is used in this sense, i.e., involving the spinors in these
classification of these operators undé¢ris tabulated in[15] for “dimensions” and arranging the 528 bosons into subsets consistent
various dimensions. The black hole entropy is expressed in terms afith 12D Lorentz transformations 00,2 (the 13th “dimension”
central extensions that are moduli dependent, but the moduli depefis mixed by A< B duality [16]). To emphasize this point, in this
dence can be stripped away undiértransformations since the en- paper the word “dimension” will appear in quotes whenever ap-
tropy is really independent of the moduli. propriate.
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e P — tensions which have become familiar by now. A larger space
A =o' P, 6aB, y g p
{Qua Qi} ap’ #TAB that includesLorentz nonscalar extensior(svhich are not
. N ok strictly centra) is shown to be relevant to fully realize the
{Qan:Qpe} =(172)apZag,  {Qun.Qual=(102)apZ g minimal symmetry consistent with 120or 13D that is
@ present in the black hole entropy. This suggests the presence
of additional moduli. The broader concept of spacetime is

whereu=0,1,2,3 are S@,1) vector indicesa@,a=1,2 are g ,ner discussed in the last section of this paper.

Weyl spinor indices, ané,A=1, ... ,8 are8,8* indices of

SU@B). Then the extremal black hole entropy
S=A,/4G,=2m\l, is given by the quartic invariant of
Ez7) [8]: A. 11th dimension

II. MIXING ORDINARY AND EXTRA “DIMENSIONS”

First consider a familiar case in a framework that will
5 generalize. From thé-theory point of view[17-2Q the
(2) black hole entropy should reflect the presence of an 11th
where Pfg) = SAl'"ABZA1A22A3A4ZA5ABZA7A8 /(412%). In dimension. This mamfe;ts itself |n.the entropy .by its invari-
ance under transformations that mix the 11th dimension with

. 5 ) . -
this ;? stefthe ri[(re]ntral charg?stz ggrggf ntlfysn&néetr_llt_:hm%tg the compactified ones. These transformations are applied on
ces hat form the representations, 0 (8). The the central extensions which form multiplets.

real components of these central charges depend on 56 quan-| s identify the symmetry whe theory is toroidally

tlzeéj ?hellrge_s]:_ tr(;at fciLm this6 ?f E7(;)STJS(8\;V€EI>’I as on thfetr7]0 compactified down ta dimensions. In the superalgebra of
moduli classi 'g as etﬁosi OH“;‘G : et<r:]au§%o de i M theory, one of the central extensions is the 11th momen-
Invariance under ), the dependence on the modu 'égm. The Kaluza-Klein momenta far compactified dimen-

can be stripped away, leaving only the dependence on the slfons of string theory are also viewed@sentral extensions

quant_lzed Charges. Qn the other hand, the mass O.f the bla% the superalgebra. The superalgebra is covariant under the
hole is not an invariant under &), and therefore it does rotations

depend on the 70 moduli and 56 quantized charges. Itis, o
course, an invariant under $8) which is the explicit sym- SOc+1), (5)
metry of the superalgebra.

Similarly, in 5D define théN=8 superalgebrainan §)  which mix thec compactified dimensions of string theory
basis with the 11th dimension of M theory (note that
d+c+1=11). The superalgebra has more central extensions
1Qan: Qpat =Pu(Cy*)apQast CapYas. 3 pesides the Kaluza-Klein momenta, such as winding num-
P bers and others. All central extensions fall into multiplets of
where ©=0,1,2,3,4 are S@&,1) vector indices,o«=1,2,3,4 .

K @1 " SO(c+1), as can be seen by starting from the 11D superal-
gebra with all possible central extensiofk8], and then
compactifying[21,15. In d=4 the 56 central extensions
form the S@7) multiplets (7+21+21+7). Similarly, in
d=5 the 27 central extensions form the @D multiplets

Is=TrHYQYQYQ). (4 (6+15+6). .
SO(c+1) is one of the subgroups of thé-duality group

1, =TH(ZZ*ZZ*)— $[TH(ZZ*)]?+4PZ) + 4P Z*),

are Dirac spinor indices, aml=1, . .. ,8 areindices in the
fundamental representation of @p Then the extremal
black hole entropys= A</4Gs= 2/l is given by the cubic
invariant of Eg(g) [9,7,10:

In this case 5 is the one-component antisymmetric invari-

ant of Sg8), while Y 55 is an antisymmetric matrix, orthogo- UDKDSQ(c+1), (6)

nal to Qag, Tr(YQ)=0, which forms the27 of Sp(8). The

27 central extension¥ gz depend on 27 quantized charges WhereK is the largest compact subgroupf In d=4 one
that form the27 of Eg ) as well as on the 27 moduli clas- has K=SU(®) and SO¢+1)=SO(7). Ind=5 one has
sified as the coset &)/ Sp(8). In higher dimensions, as well K=35p(8) and SG{+1)=S0(6). Thepresence of the extra
as in dimensions 4,5, the nearly extremal black hole entropy1th dimension ifM theory can be seen in all expressions by
is also expressed in terms of the central extensions of theovariance under S@(+-1). This is a consequence of the
corresponding superalgebfa2,10. Our discussion below covariance of the superalgebra under @), which in

generalizes to all cases. turn requires multiplets of S@(+ 1) for all operators and all
The strategy in this paper is to first clarify tiferoken  States. Therefore, the black hole entropy must be invariant
symmetries that involve the 12tfor 13th “dimension,”  under SO¢+1).

rewrite the central extensions above in a basis appropriate to In fact, the black hole entropy written above is invariant
these symmetries, and finally show that indeed the entropynder the much larged transformations; hence, it is auto-
and the mass of the black hole are invariants under transfomatically invariant under its (continuoug subgroups
mations that include the 12itor 13th dimension. KDSO(c+1). This is consistent with the presence of the
One implication of our discussion is that the concept ofllth dimension on the same footing with the otleecom-

“spacetime” is broader than usually envisaged. Through thepactified dimensions. In this example S3(1) invariance
entropy considerations discussed in this paper it is demoris a trivial consequence &f invariance. This is not true for
strated that the spacetime superalgebra contains more thére 12th(or 13th “dimension,” but a reasoning similar to
the usual spacetime momenta plus Lorentz scalar central efie one given above for the 11th dimension will apply.



55 BLACK HOLE ENTROPY REVEALS A TWELFTH DIMENSION 3635

B. 12th “dimension” cerned with the isometries that commute with the Lorentz
The compactified & or B type) superalgebra has larger 9rOUP- The structure and interrelationships among the inter-
isometries than S@+1). The Lorentz isometry nal symmetries and dualities are explainefllif,16 through
SO@d—1,1) in flat spacetime is evidehtHere we are con- the diagram

c compact e
two classifications

+2 hidden dimensions

— of generators and states:

SQe+1,1) under SQc+1,1) or under K
!
, (7
SQO(c+1), 1 hidden dim. T
SQ(c) is common subgroup — K U
SQ(c),®SAc)R maximal compact inU ) —
duality
1

T duality SQc,c)

The largest isometry that is described by a compact groufeven thoughJ is noncompact, generally it does not confain
is K. It contains not only SQ(+1) but also C. The essential difference betweknandC is described as
SO(c), ®SO(c)g [which is the maximal compact group in follows. For d<11, K acts as an internal symmetry group
SO(c,c) of T duality]. The largest isometry described by a under which thed-dimensional momentur®* is a singlet
noncompact grougalso commuting with the Lorentz group (see below. However, under the group S©¢1,1) the mo-
is C=S0O(c+1,1) (see below for more detajlsThe extra mentumP* is not a singlet; it mixes with other extensions
spacelike 11th dimension and timelike 12th “dimension” that have a Lorentz index. This is related to the fact that in a
are included in this isometry. The Lorentz group togetherl2D SO(10,2)-covariant notation tietype superalgebra
with C is contained in SO(10,2) which mixes all the “di-

mensions’: 1Q4:Qpt=Sup

SO(d—1,1)x SQ(c+1,)) CSQ(10,2). (8 1+
S= RN MZyy ,+ M MZy ), (9)

For example,
contains no 12D momentum operatef,, a property that

prevents the appearance of two time coordinates or two time
d=4, c=6: K=SU8) (in U=E;7) translation operators, labeled by =0,0' [15,16 (the same
is true for theB-type superalgebjaThe time translation op-
erator isZyy . In compactifications to lower dimensions, the
and C=SQ(7,1); 12D antisymmetric tensafy v, yields the momentum op-

erator in lower dimensions in the forf,=Z ... Under the

] transformations generated ly=SO(c+1,1) this momen-
d=5, c=5: K=U Sp8) (in U=Egs)

“For example, ind=8, c=2, one hasU=SL(3)@SL(2) and
and C=S0 (6.1). C=S0(3,1). ClearlyC is not contained inU because it is not
possible to match the compact and noncompact generators. Simi-
larly, in d=5 the group F does not contain SO(6,1). In some
dimensionsU is large enough to contain a subgroup similaiCto
3t has been explainedsee e.g.[3]) that string Bogomolni- For example, ind=9, c=1, one hasU=SL(2)®S0O(1,1), and
Prasad-SommerfielPS states irflat spacetime evolve into black C=S0(2,1) is isomorphic to SL(R). Similarly, ind=4 the group
holes incurved spacetimas the coupling becomes stronger. There-E (7 contains an SO(7,1) isomorphic @ But it seems that such
fore, the counting of black hole states is in one-to-one corresponsubgroups, when they exist, are different titasince the latter acts
dence with the counting of BPS states in flat spacetime. also on the momenturR,,, as explained in the text.
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tum mixes with the other members &f,, [defined in Eq. A. 4D superalgebra
(12) below]. Thus,C is clearly not inU.

The common largest compact subgroupkofand C is
SO(c+1):

Ford=4, c=6, the 32 real supercharges are relabeled in
the form of a complexQ,, and Q,'m:QLa, where

@:(1/2,0, «@:(0,1/2 of SQ3,1),
KNC=SQOc+1). (10
_ _ S a:8,, a8_ of SQ7,1). (13)
The black hole entropy in every dimensiahis invariant
underUDKDSO(c+ 1) and therefore reveals the presencengte that the SO(7,1) Weyl spinor indicea,é) are differ-

of the extra 11th dimension, as discussed above. Our aim |§m than the S) indices @A,A) used in Eq.(1), although

to show that it is also invariant und&=SO(c+1,1) and : :
therefore indicates the presence of a 12th “dimension” asthey have the same number. The maximally extended super

well. As explained above this does not automatically followalgema with 528 bosonic generators takes the form

from the known U-invariant expressions of the entropy T L= =
since, genera”y, {Qaa vQBb} - (I UZ)aBZab+ (I 0'20-) aB’ I:abl

.. A R . N.. B*
C is not in U. (11) {Qaa:Qpit = (102) oz + (1020) - F iy,

Nevertheless, the black hole entropy must be invariant {Qaa,QBb}:a'ZB( YS'bP,,Lm+ y:gmzmaAMmlmzma)_ (14)
underC. The mathematical reason behind this expectation is
as follows. The(nearly extreme black hole states are com- Here the &8 SO(7,1) Hermitan gamma matrices
pletely specified by their charges. These charges are classjm— (1 ,) in Weyl spinor space are analogous to the Pauli

fied by eitherk or C. As indicated on the diagram above, matrix representation of the SO(3,1) Hermitian gamma ma-
since bothK andC are isometries of the superalgebra of thet&ices UM:(L(;) applied on Weyl spinors:

secret theory, it must be possible to classify the operators an
states under eithét or C. Completeness of states is equiva-
lent to saying that sums d&f representations are expressible
as sums ofC representations. Since the black hole entro
just counts BPSpstate(ihat fit into the short representationgy SQ7,1), Weyl: y™=(1,9"). (16)
of the superalgebyait must be invariant under the relabeling
of the superalgebra under eith€ror C. Since the counting
of the total number of states cannot depend on how the
are classified, the entropy must be invariant urideas well
asC.

In order to explain this symmetry we must deal with the
fact that the momentum appears to be noninvariant under
C; a new definition consistent witlC invariance will be

SQ(3,1), Weyl: o#=(1,0); (15)

The sevenyX are Hermitian, purely imaginary, and antisym-
etric. The SO(3,2% SO(7,1) classification of the 528 real
perators on the right-hand-side and the number of their real

components are

2,5:(0,0;28,), z3:(0,0;28_),—56real, (17)

introduced. ﬁab:(1,0;35+ 1), ﬁ:b :(0,1;35+1),—216 real, (18

lll. CLASSIFICATION UNDER C P.m:(1/2,1128y),— 32 real, (19

Under compactification the SO(10,2) spineand vector A 1(1/2,1/256,),— 224 real. (20
indices M of Eq. (99 are reclassified under pmyMaM3 ' ’

SOd-1.1)®S0(+1.1) The operators,,,, are identical to the operators that come

directly from the reduction from 12D in Eq.(12),
Pu.m=Z,m, and they include the usual momentum
P,=P 0. The Lorentz singlecomplexantisymmetric cen-

Q,— Q. a(spinor in ddimsxspinor in c+2 dimg,

M— u(ddimsj@m(c+2 dims), tral extensiong,y,,z;; , classified as ths. of SO(7,1), are
directly related to thewo real 28, of SO(7,1) that are ob-
Iy~ Ly, @2 m,®Zmm,,s tained from the reduction from 12D in E¢L2):
N €mn=Zmn, mmnsﬂo#wsftszz:ﬂwom#zﬂs’ (22)

Zy,...m — Similar, but impose self-duality in 12D,

. mn .
YM=p=Yu®Yc+3+  YM=m— Yd+1® Ym> (12 Zab™ y;nbn(emn+lmmn)' Zzb:’)’éb(emn—lmmn), (22

where 4, and .. s are the analogues ofs in 4D. This ~ Where theyay 7,5 are antisymmetric and given by
assigns the correct transformation properties ur@eo all
operators. For clarity, let us write out explicitly the general
form of the superalgebra in 4D and 5D.

. i
YWh==iyh, =501 (23)
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Theseygb“,y?b” satisfy the SO(7,1) Lie algebra in tig. interested in describing just the black hole sector for which

representations. The.,, andm,. have the interpretation of the algebra is evaluated on states that satisfy
“electric” and “magnetic” central charges, respectively, as
can be gathered from their properties under pafitye
S_ﬂoﬂwzua is pseudoscalaa.rThe black hole entropy is afunc- So far the superalgebra simplifies to
tion of only these Lorentz singlet central charges. Evidently,

black hole sectoF.,=F%=A.m mm,=0. (29

both e,,, andm,,, are in the adjoirt28 of SO(7,1). {Qaa,Qpp} = (102) upZan,
The remaining operators are not strictly central since they
do not commute with the Lorentz generatdosit they com- {Qia Qpit = (102) pZip
mute with each other and with the supercharges, in flat
spacetimg To begin with, the Lorentz vectom,,, are not {Qaa!QBb}:UZB'yz'bPMm- (30
central. The Lorentz axial vectol,, m,m, are related to ) _ )
12D by Although t.he full SO(10,2) |.so'metry is lost by concgntratmg
on only this sector, there still is an SO(3:p0O(7,1) isom-
A N7 —7t (24) etry that has information on the 12th dimension through
#MMoMa™ pqpiopty My MyMau g pipng * SO(7,1) that rotates the 12th dimension into the other com-

. pactified dimensions, including the 11th. This superalgebra
The complex symmetri€,;,, and their complex conjugates still allows the presence of strings.
can be rewritten in the form of Lorentz-antisymmetric ten-  If we also setP,,, (m#0’) equal to zero to eliminate the
sors ,,)an, Which correspond to th¢l+35) Lorentz-

+

. . o’
charged black strings, then usin 6), v..=0,p, foOr
antisymmetric tensorg ,, andZWmln12msm4 that come from g 9 9 H46), ;= dab

Weyl spinors, we obtain the standard supersymmetry algebra
the 12D reduction(12), with the usual Lorentz singlet extensions, consistent with
previous discussions of black holes. However, this further
(Fuun)ab=Z,u08an+ Z,yym mymam, (Y™™ ™)ap, (25 restriction on theP ,, breaks the SO(7,1) isometry. Instead,
we need to restrict the superalgebra to the black hole sector
mam, gives the35 of  consistently with SO(7,1) covariance, which is important to

where the SO(7,1) self-dud,,, n
1 keep track of the 12th dimension. Such a covariant condition

SO(7,1). Other components ml,_,MG not mentioned so

far are equivalent to the ones already discussed, because of
its self-duality properties. This accounts for the correspon- Pum=P,Um, (31
dence between the 528 operators in 4D and 12D notation,
and gives a 12D interpretation to the 4D superalged. ~ WhereP, pla}‘ys the role ?,f 4D momentum and, plays the
This kind of reclassification of the 528 12D typesuperal- 'lé of 8D “momentum” in the compactified directions.
gebra operatoréas well as of the 13D typB- superalgebra Now, since there is SO(7,1) covariance, it is possible to
operatorsin compactifications to each lower dimension was@PP!y @ boost to rotate, to the’,fprmvm=(1,0,. -,0), to
given in a table irf15]. work in a SO(7,1) “rest frame” in which the superalgebra
As explained in[16], Lorentz singlet central extensions takes the standard fori® .a,Qn} = o, ;8P - OF course,
correspond to charges of point particlés black holey  this could be done for one given eigenvalue of the operator
while Lorentz nonsinglet extensions correspond to bounde,; it cannot be done simultaneously for all the states of the
aries of charged-branes. The number of antisymmetrized secret theory, unless the whole theory is restricted to a single
Lorentz indices corresponds f Therefore,P,,, (m#0") eigenvalue of the operater,,. More generally, in the secret
andAMrnlmzms correspond to end points of strings in 4D, andtheory, we will allow all eigenvalues af,,, just as we allow

= ; ; . all eigenvalues ofP,. Evidently, now there is a parallel
F rr nd t ndari f membranes in 4D: M ’
ab COrrespond to boundaries of membranes between the 4D and 8D sectors.

points—Zay, Z5; , (26) 1. Map between SO(7,1) and SU(8) classifications
. , If one uses the product fornB1), one cannot see the
strings—P,m (M#0"), Aum m,m,; (27 classification of the operators undécU. The SU8) struc-
ture of Eq.(1) is not evident in the SO(7,1)-covariant form
membranes:F,, ,F*. . 28 y
a0 Fab 8 {Qua Qb= 0" 4P, Y m- (32

If all the 528 operators in the superalgelétd) are kept, An SU(8) classification is not possible unlesg, is boosted
there really is a full SO(10,2) isometry in disguise, since thiswith an SO(7,1) transformation to the ‘rest frame”
is equivalent to the superalgeb(8). In this paper we are v.,,=(1,0,...,0) (we have normalized™v =1 by absorb-

ing the overall scale int®,). This kind of phenomenon has
been noticed before in another context: In order to display
®Note also that these are not the same asathep’ defined in
other referenceée.g.,[8]) since those are in an $8) basis rather
than the S@7,1) basis used here. The relation between the two is °All bosonic operators commute in flat spacetifié]; therefore,
not trivial and can be obtained from the following discussion. they can be simultaneously diagonalized.
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electric-magnetic duality as a symmetry, one has to give up aesy?, are antisymmetrié.The 21y™" are also antisymmet-
Lorentz-covariant formalism. _S|m|IarIy, n th? present caseyic matrices and form the SO(6,1) Lie algebra. The relation
in order to display a form consistent with 8) (i.e., duality ~ of the “electric’ and “magnetic” central extensions

we have to give up an SO(7,1)-covariant formalism or vicee,,,m,, to the 12D tensors in Eq9) is given by
versa.

This remark leads to the map between the S(8) basis enn=Zmn> mmSMoMl'"M4:ZTT1M0M1"'M4' (39
and the SO(7,1) spinor basis. Consider a righat relates
the two bases The new issue is that the SO(6,1)-covariant fof3®)

_ _ requires A21=28 central extensions, while the @p
Qua=TaQua, Qua= T%Q;yé, TZT(Ti)*, (33)  covariant form(3) has only 27 Qf them. Although the struc-
ture of the superalgebra permits one more central extension
whereA=1, . .. 8denotes the of SU(8). When applied to that is an SfB) singlet, this central extension does not appear

Eq. (32) it gives the desired S(8)-covariant result in the known 5D supergravity theories that come from com-
pactifications of 11D supergravitsee, e.9.[22]).
{QaA:QBE}:UZ'BPM%E@[T( Yy VT A 5= 6p5- (34) To relate the SO(6,1) spinor basis to the@asis we

may again construct the transformation that corresponds to a

Ta(v) is just the SO(7,1) boogin the spinor representatipn SO(6.1) boost:

and it can be constructed explicitly

Qua=TAQua: T(w-NT'=0=»", (40
1+U r— -)'l; > >
= X0t ToTT-Tr. (39 140 = Yoy 0 _ ., -
V2+2v¢: T=—F—— T °=T. (41)
\/2+ 2Uo/
Here y-v contains °”'¥}h.e seven Hermitian purely imagi- Then the relation between the central extensions in the two
nary gamma matriced.” - is just the square root of the 8D bases is
“momentum” matrix y™v, since it gives
y=TTY T=en,y™"+ m,y™ (42)

(T H2=vg+y-v=9"v, with v2,—v?=1. (36)
SinceY g is orthogonal t) 55, this implies that
The SUB) basis central extensions that appear in @gjare
now written as m-v=0. (43

Zae=(TZzT) g, Z*A‘B_(T* T ) e=T12*T. This condition is SO(6,1) invariant, and it can be imposed
(37) only in the presence of the additional quantum numleg(s
(perhaps this last restriction may be removed in a more gen-
Hence the central extensioms,,Zag are functions of not €ral supergravity theory of the type suggested in the last
only the moduli E/SU(8) but also of the additional section. _
moduli v~ SO(c+1,1)/SO€+1). We will use this fact in We now see that the 5D superalgebra can be rewritten

Sec. IV in order to show the invariance of the entropy. covariantly under SO(6,1) anq that the central extensions
depend not only on the moduligg/Sp(8) but also on the

moduli v, described by SQ(+1,1)/SO¢+1). The addi-

tional moduli play a crucial role in understanding the invari-
The story in 5D is similar, but has an additional importantance of the entropy and of the hidden 12th dimension.

point which is not present in the 4D superalgebra. This con-

sists of one additional Lorentz scalar central extension that is IV. INVARIANCE OF THE MASS AND ENTROPY

needed for SGf+1,1)=S0(6,1) covariance, but which is

absent in theK =Sp(8) basis used in Eq&3) and (4). Un- We are now ready to consider the extreme black holes.

derstanding this point brings more clarity to the 12D point of These correspond to short representations of the superalgebra

view. In the remaining dimensions there are no new issuessince they satisfy the BPS conditioftee discussion is simi-

hence, they will not be discussed here. lar for the nearly extreme onedn S-theory language this
Following the same strategy that gave E@) and(31),  corresponds to requiring that the determinant of th& 32

we obtain thed=5, c=5 superalgebra by compactification matrix on the right-hand side of the 12D superalget®n

from 12D, keeping only the relevant terms for the black holevanish on such states

sector:

1Qsa aQBb} = (C')’M)aﬁ( 'ym)abp,um"_ Ca,Byab )

B. Superalgebra in 5D

det S)|BPS =0. (44)

Pum=PuUm, Yab=(€mn¥™""+MpyMap, (38 "The seven &8 y matrices that appear in E¢L6) have been
relabeled asn=0',1, ...,6 and bymultiplying one of them with
where a denotes the eight-spinor index of SO(6,1) andi. Note thaty® is not proportional to 1 in the SO(6,1) Dirac spinor
m=0',1, ...,6 is itsvector index. The seven gamma matri- space.
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This condition is equivalent to the vanishing of some linearTherefore in 4D(or 5D) the black hole mas®?=M? is
combination of supercharges on the BPS states. This givagiven by the largest eigenvalue of thex8 matrix vzv 'z*
short multiplets of the superalgebra, corresponding to théor vyvy). The eigenvalues are obviously S(1,1) in-
BPS states. If the multiplicity of the zero eigenvalueSoils  variants. By using this invariance we can apply a boost to go
2n, then the size of the short supermultiplet is to the framev ,— (1,0) to show that in 4D(or 5D) the ei-
_ _ . genvalue is the same as the one obtained by diagonalizing
(2 "+2p ") X dimR, (49 (zz*),5 in the SU8) basis[or (YOYQ) g in the Sp(8)
basig. Therefore, as expected, the mass is botlas well
K invariant.
Turning to the entropy, we use the ma@ip? in Egs.(37)
d(42) from theK basis to theC basis, and recall E¢36),

where (2> "+2# " corresponds to the number of inde-
pendent bosonicK) or fermionic (F) terms in the most
general polynomial constructed with the supergenerators, iﬁn

the sector with B zero eigenvalues. 12 . . ;
. . (T™*)*=v, to obtain new expressions for the entropy in 4D
The factor dimR) corresponds to thécollection of rep- and 5D, in terms of the invariants

resentation® of the reference state on which the supergen-

erators are applied. Theseust correspond to a representa-

tion of the isometries of the algehravhich we will call the l,=Tr(vzv* X vzv* 2*) = Z[Tr(vzv* 2*)]?

“little group” in analogy to the little group in the represen-

tation theory of the(superyPoincaregroup. The little group +4Pf(z) +4PZ"), (50

in our case includes eithé or C. The specific representa-

tions R that are relevant depend on the details of the secret ls=Tr(vyvyvy). (52)

theory, but one can try to extract this information from one

of its limits, such as string theory and its generalizationsThese are equivalent to the ones given in the Introduction,

(including D-brane$, by combining that information with but are now written explicitly as invariants of S©¢1,1)

consistency with the little group. that mix the 12th(or 13th dimension with the other com-
This representation theory method of counting sté?d3  4ctified dimensions. In the “rest framey=(1,0) the new

will not be applied in the present paper. Instead, we will Us§orm reduces to the form given in the Introduction, after

the already known results given in the Introduction and con- . o _ o _

centrate on the additional invariances that are expected to u(r% N9 Zeaﬁ 1 dfgresnaé?(,)ﬁl 03’1 tHeQ ?e:nizoe(c?,lzj.az]ueme?n-um-

present under the little group, because of the procedure ou}- i y dep only q q .

lined above. By showing that the entropy, computed with ers, but they are written in terms of central extensions Fhat
’ ' depend not only on the moduli/K but also on the moduli

other methods, is invariant under the little group, we build up ™"
evidence that the global structure $ttheory (together with vm~SO(+1,1)/SO€+1).
its implied extra dimensionds correct.

The condition detf)=0 is invariant under all of the V. FUTURE DIRECTIONS

isometriesK or C in every dimension, applied o8. In the . .
y PP We have seen that a 12D interpretation of the black hole

black hole sector of Eq$29) and (31) there still isK or C entropy is possible. This provides some evidence for the ex-
isometry depending on the SOf 1,1) frame chosen. Here istence of a 12th dimension that is apparently hidden in

det(S) remains invariant under the boost transformation ina theorv black holes. It must be emphasized that the
that relates the two bases. Therefore, one has the same setof"d y ) u phasiz

solutions|BPS in either theK or C bases, but the states are Iscussion Wfs %lveg folrta_lzs[?[hdescrlptlpn of l‘Aettypti
regrouped differently into a collection of representatidhs supersymmetry. Byl duality in eory, going over o the

of eitherK or C. That is, the representatioiRsare the same B_-type _sup_eralgebra, this is equivalent to finding the 13th
collection of states, which can be expanded as either repréj-'mensIon in the black hole entropy.

sentations oK or of C. Since the counting of the states, The_re are several directions for expanding on the remarks
made in this paper.

dimR, is the same in any frame, it must be true that the . :
. . (1) We have seen that the superalgebra is covariant under
entropy is invariant under botk andC. . . ; .
. . either K or C, but it cannot be covariant simultaneously
In the general SQ+1,1) frame the determinant condi- .
. under both. This should have been expected by analogy to
tion takes the form . o X . >
the incompatibility of Lorentz covariance with electric-

; n m magnetic duality. It is known that these cannot be displayed
10,02 o#P,®y" v . ) .
4D: de T m ) . =0; (46) as simultaneous covariances of the equations. In the present
o FPL@Y Tom 10,82 caseK is related to dualities an@ to Lorentz transforma-
_ B m tions. However, one quantity, the entropy, is invariant under
SD:  detCy*P,®y"vntCeoy)=0. (47)  poth C and U. Since the former is generally not fully in-

o s g = cluded in U (see footnote 5 except for the subgroup
These can be simplifiethe normalizatiorv°=vo, —v°=1  5O(c+1), it must be that there is a larger group of symme-

is used without loss of generality by absorbing the norm intaries G that leave the entropy invariant, such that
the definition ofP ,):

4D: [de(leg—UZU*Z*)]ZZO, (48 GDUDK and GDSQc+1,1), (52

5D: [deiP?1g—vyvy)]?=0. (49 KDSQc+1)CSOc+1,1). (53
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This group, which includes duality transformations as wellas Such an example in 12D was given [ih6] in the form
rotations into the hidden dimensions, is likely to provideS,z= v44(p,v,—p,v,), for which the determinant condi-
valuable information about the secret theory. Work intion become?v?— (p-v)2=0. In this caseS has 16 zero
progress on this point will be reported elsewhere. eigenvalues; therefore, according to E45), the number of

(2) In order to have a covariant description including thestates is g+ 2. for the smallest multiplet. This representa-
12th “dimension” we needed the forR ,,=P v, of Eq.  tion is obviously covariant under 0,2 by construction,
(31), which implies the existence of extensioRs,, (m but yet it contains a set of fields that is identical to the one in
#0') in the superalgebra that are Lorentz nonsinglets. As1D supergravity. Furthermore, in the present case the fields
already emphasized, this requires the presence of opedfe bilocal®(x,,y,) and the variables are 12 dimensional
strings and, hence, the presence of nonlocality which is natith signature (10,2). This suggests that a 12D supergravity
ral in a theory of extended objects. that corresponds to this representation should exist. A plan

Another way of understanding the nonlocality is as fol-for constructing it could include using the old gauging prin-
lows. In the Sector in WhiclP = P,up the States are la- CIPIES that were applied in the construction of the usual su-
beled by the eigenvalues of both operatb?%,um). In a Pergravity. The giobal algebra that provides the starting poin
field theory description one will need to introduce bilocal IS thﬁ superalg_ebra (Shtheory.l . b
fields in the Fourier spac® (X, ,yn), consistent with non- -I; ﬁconneﬁtlog (o the usual 11D sgpergra\gty can f.e jet()-:'n
locality. The Kaluza-Klein expansion in thevariable gives as follows. The determinant constraint can be satisfied by

taking equations of motion that correspond =0,
a tower of local fieldsbvm(x#) labeled by the eigenvalues of g € P o

p-v=0 such as
Um, all of which have degenerate m&B%2=M?2. We have )
seen that the black hole entropy and mass is consistent with P (X,,Y,) +--- =0, dyx-dyP(X,,y,)+---=0,
the extension of spacetime in this sense. (54)

_ “Spacetime” begins to have a new meaning, and we beyhere the ellipses represent nonlinear interactions. If one
gin to enter an unknown territory. takes a Kaluza-Klein expansion in t@evariable, one has the

(3) More generally, according t8 theory, in the presence towerd, (x,) labeled byv, . By keeping only one of these
of openp-branes, the superalgebra should include a larger. K _ ;
. : . eigenvalues, e.gu,=(1,0,...,0), the equations would re-
set of Lorentz nonsinglet extensions. In their presence th ; : © .
L uce identically to 11D supergravity.
concept of spacetime is expanded even further than above. In (5) It is worthwhile to try to build 12D models as the

this context, our usual spacetime, as represented by the usucar;{ndidates for the low energy physics of the secret theory
momentumP , in the superalgebra, does not seem to be mor

special as compared to the other extensions. In our curre nd to sheq more light on its structure. There has_, b.een some

level of understanding the new parts of “spacetime” are ork involving SA10,2 models that use the specialized su-
= M — i

interpreted as opep-branes. In the future we may find that peralgebraS, ;= v,(P,v,~ Pyv ) Suggested Ii16]. These

the central extensions suggesteditheory may take a more are super-Yang-Mills type field23] and stringg24] that fit

democratic role as parts of an expanded, much riCheIjnto the S-theory framework. However, these constructions
“spacetime.” ' Wwere restricted to a single eigenvaluewf, and therefore

(4) It would be interesting to construct models of ex- they break the SO(10,2) symmetry. Their generalizations in

tended objects that fit this description of spacetime. One po§-he sense of E¢(54) V.VOUId remove this restriction.

sibility is to consider their low energy effective theory in (6) It would be mterestlng to try to unders_tand t_he
which one keeps some of their degrees of freedom, as in thaCC+1.1) symmetry discussed here from the point of view
example of a bilocal field above. A guiding principle is that of M andF theories[17-20.

the physical states should fall into a representation of the
superalgebrdQ,Q} =S, with detS=0, which is a condition

for representations that correspond to both massless and This research was supported by the U.S. Department of
massive BPS states. Energy under Grant No. DE-FG03-84ER40168.
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