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The Bekenstein-Hawking black hole entropy in string theory and its generalizations, as expressed in terms
of charges that correspond to central extensions of the supersymmetry algebra, has more symmetries thanU
duality. It is invariant under transformations of the charges, involving a twelfth~or thirteenth! ‘‘dimension.’’
This is an indication that the secret theory behind string theory has a superalgebra involving Lorentz nonscalar
extensions~that are not strictly central!, as suggested inS theory, and which could be hidden inM or F
theories. It is suggested that the idea of spacetime is broader than usual, and that a larger ‘‘spacetime’’ is
partially present in black holes.@S0556-2821~97!00206-3#

PACS number~s!: 04.70.Dy, 11.25.Hf, 11.30.Pb

I. INTRODUCTION

In recent work in string theory and its extensions to a
secretM ,F,S,Y, . . . theory, a microscopic explanation of
the Beckenstein-Hawking area-entropy law for string-related
black holes is obtained by counting@1–12# the number of
D-brane states@13#. For ~nearly! extreme black holes the
entropy is given in terms of the charges carried by these
states@8–12#. These charges correspond to central exten-
sions of the extended supersymmetry algebra, and it has been
shown that the entropy is an invariant underU-duality @14#
transformations applied on these charges. In particular, for
four-dimensional~4D! black holes the entropy is given by
the quartic invariant of E7(7) @8# and for five-dimensional
black holes it is given by the cubic invariant of E6(6)
@9,7,10#. In higher dimensions the entropy for nonextremal
black holes has also been given as an invariant of the
U-duality group@12,10#.

The entropy, which is related to just counting states, is
really independent of the moduli, although it is expressed in
terms of central extensions that depend on the moduli.1 This
simple fact distinguishes the entropy as an ideal quantity for
exploring the symmetries of the secret theory. If the under-

lying secret theory has a dynamical symmetry structure, such
that states or operators fall into representations of its algebra,
then the entropy simply counts the multiplicity in a way
consistent with the representations of the dynamical symme-
try. If the secret theory is suspected to have some hidden
symmetries,they should show up as invariances of the en-
tropy. For example, theU-duality invariance of the entropy,
for all values of the moduli, as ifU is continuous rather than
discete, is explained through the reasoning given in this para-
graph.

Furthermore, if there are suspected extra ‘‘dimensions,’’
the entropy should be invariant under transformations that
mix the extra ‘‘dimensions’’ with the ten dimensions~10D!
that are explicit in string theory. One of the approaches to the
secret theory behind string theory isS theory @16#, which
concentrates on the global dynamical symmetry aspects of
the secret theory.S theory predicts a number of symmetries,
some of which are outside ofU duality and which involve a
12th and 13th ‘‘dimension.’’ It is the goal of this paper to
demonstrate that the entropy given below is indeed invariant
under transformations that mix the hidden ‘‘dimensions’’
with the 10 or 11 ‘‘familiar’’ ones. Hence the entropy serves
to show the presence of extra ‘‘dimensions’’~where ‘‘dimen-
sion’’ is used in the sense explained in2 @16#!.

Specifically, in 4D define theN58 superalgebra and its
central extensions in an SU~8! basis:

*On sabbatical leave from the Department of Physics and As-
tronomy, University of Southern California, Los Angeles, Califor-
nia 90089-0484.
1DefineK as the largest compact subgroup in the duality group

U. The moduli are classified as the right cosetU/K. Global U
transformations, applied from the left on the moduli and on quan-
tized charges, induce moduli-dependentK transformations that are
applied on the supercharges as well as the maximal extensions of
the superalgebra. The supercharges as well as the moduli-dependent
central extensions are singlets ofU, but transform under this in-
ducedK, which is continuous, since it depends on the moduli. The
classification of these operators underK is tabulated in@15# for
various dimensions. The black hole entropy is expressed in terms of
central extensions that are moduli dependent, but the moduli depen-
dence can be stripped away underU transformations since the en-
tropy is really independent of the moduli.

2As in @16#, it must be emphasized that the 12th~or 13th!‘‘dimen-
sion’’ is not to be understood as a naive extension of the other 11
dimensions. Rather, it is the spinor space of 12D~or projected 13D
spinor space! that is relevant, with 32 Weyl-Majorana supercharges
Qa of A or B type. The supercharges close into$Qa ,Qb%
5Sab (AorB types) where the 32332 symmetric matrixS con-
tains 528 bosons. The 11 usual momenta are members ofS, and
they are on an equal footing with the 528 bosons. In this paper 12D
~or 13D! is used in this sense, i.e., involving the spinors in these
‘‘dimensions’’ and arranging the 528 bosons into subsets consistent
with 12D Lorentz transformations SO~10,2! ~the 13th ‘‘dimension’’
is mixed byA⇔B duality @16#!. To emphasize this point, in this
paper the word ‘‘dimension’’ will appear in quotes whenever ap-
propriate.
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$QaA ,Qḃ B̄%5saḃ
m
PmdAB̄ ,

$QaA ,QbB%5~ is2!abZAB , $Qȧ Ā ,Qḃ B̄%5~ is2!ȧḃZĀB̄
* ,

~1!

wherem50,1,2,3 are SO~3,1! vector indices,a,ȧ51,2 are
Weyl spinor indices, andA,Ā51, . . . ,8 are8,8* indices of
SU~8!. Then the extremal black hole entropy
S5A4/4G452pAI 4 is given by the quartic invariant of
E7(7) @8#:

I 45Tr~ZZ*ZZ* !2 1
4 @Tr~ZZ* !#214Pf~Z!14Pf~Z* !,

~2!

where Pf(Z)5«A1•••A8ZA1A2ZA3A4ZA5A6ZA7A8 /(4!2
4). In

this case the central chargesZ,Z* are antisymmetric matri-
ces that form the representations28,28* of SU~8!. The 56
real components of these central charges depend on 56 quan-
tized charges that form the56 of E7(7) as well as on the 70
moduli classified as the coset of E7(7) /SU~8!. Because of the
invariance under E7(7) , the dependence on the 70 moduli
can be stripped away, leaving only the dependence on the 56
quantized charges. On the other hand, the mass of the black
hole is not an invariant under E7(7) , and therefore it does
depend on the 70 moduli and 56 quantized charges. It is, of
course, an invariant under SU~8! which is the explicit sym-
metry of the superalgebra.

Similarly, in 5D define theN58 superalgebra in an Sp~8!
basis

$QaA ,QbB%5Pm~Cgm!abVAB1CabYAB , ~3!

wherem50,1,2,3,4 are SO~4,1! vector indices,a51,2,3,4
are Dirac spinor indices, andA51, . . . ,8 areindices in the
fundamental representation of Sp~8!. Then the extremal
black hole entropyS5A5/4G552pAI 5 is given by the cubic
invariant of E6(6) @9,7,10#:

I 55Tr~YVYVYV!. ~4!

In this caseVAB is the one-component antisymmetric invari-
ant of Sp~8!, while YAB is an antisymmetric matrix, orthogo-
nal toVAB , Tr(YV)50, which forms the27 of Sp~8!. The
27 central extensionsYAB depend on 27 quantized charges
that form the27 of E6(6) as well as on the 27 moduli clas-
sified as the coset E6(6) /Sp~8!. In higher dimensions, as well
as in dimensions 4,5, the nearly extremal black hole entropy
is also expressed in terms of the central extensions of the
corresponding superalgebra@12,10#. Our discussion below
generalizes to all cases.

The strategy in this paper is to first clarify the~broken!
symmetries that involve the 12th~or 13th! ‘‘dimension,’’
rewrite the central extensions above in a basis appropriate to
these symmetries, and finally show that indeed the entropy
and the mass of the black hole are invariants under transfor-
mations that include the 12th~or 13th! dimension.

One implication of our discussion is that the concept of
‘‘spacetime’’ is broader than usually envisaged. Through the
entropy considerations discussed in this paper it is demon-
strated that the spacetime superalgebra contains more than
the usual spacetime momenta plus Lorentz scalar central ex-

tensions which have become familiar by now. A larger space
that includesLorentz nonscalar extensions~which are not
strictly central! is shown to be relevant to fully realize the
minimal symmetry consistent with 12D~or 13D! that is
present in the black hole entropy. This suggests the presence
of additional moduli. The broader concept of spacetime is
further discussed in the last section of this paper.

II. MIXING ORDINARY AND EXTRA ‘‘DIMENSIONS’’

A. 11th dimension

First consider a familiar case in a framework that will
generalize. From theM -theory point of view@17–20# the
black hole entropy should reflect the presence of an 11th
dimension. This manifests itself in the entropy by its invari-
ance under transformations that mix the 11th dimension with
the compactified ones. These transformations are applied on
the central extensions which form multiplets.

Let us identify the symmetry whenM theory is toroidally
compactified down tod dimensions. In the superalgebra of
M theory, one of the central extensions is the 11th momen-
tum. The Kaluza-Klein momenta forc compactified dimen-
sions of string theory are also viewed asc central extensions
of the superalgebra. The superalgebra is covariant under the
rotations

SO~c11!, ~5!

which mix the c compactified dimensions of string theory
with the 11th dimension of M theory ~note that
d1c11511). The superalgebra has more central extensions
besides the Kaluza-Klein momenta, such as winding num-
bers and others. All central extensions fall into multiplets of
SO(c11), as can be seen by starting from the 11D superal-
gebra with all possible central extensions@18#, and then
compactifying @21,15#. In d54 the 56 central extensions
form the SO~7! multiplets ~712112117!. Similarly, in
d55 the 27 central extensions form the SO~6! multiplets
~611516!.

SO(c11) is one of the subgroups of theU-duality group

U.K.SO~c11!, ~6!

whereK is the largest compact subgroup ofU. In d54 one
has K5SU~8! and SO(c11)5SO(7). In d55 one has
K5Sp(8) and SO(c11)5SO(6). Thepresence of the extra
11th dimension inM theory can be seen in all expressions by
covariance under SO(c11). This is a consequence of the
covariance of the superalgebra under SO(c11), which in
turn requires multiplets of SO(c11) for all operators and all
states. Therefore, the black hole entropy must be invariant
under SO(c11).

In fact, the black hole entropy written above is invariant
under the much largerU transformations; hence, it is auto-
matically invariant under its ~continuous! subgroups
K.SO(c11). This is consistent with the presence of the
11th dimension on the same footing with the otherc com-
pactified dimensions. In this example SO(c11) invariance
is a trivial consequence ofU invariance. This is not true for
the 12th~or 13th! ‘‘dimension,’’ but a reasoning similar to
the one given above for the 11th dimension will apply.
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B. 12th ‘‘dimension’’

The compactified (A or B type! superalgebra has larger
isometries than SO(c11). The Lorentz isometry
SO(d21,1) in flat spacetime is evident.3 Here we are con-

cerned with the isometries that commute with the Lorentz
group. The structure and interrelationships among the inter-
nal symmetries and dualities are explained in@15,16# through
the diagram

c compact

12 hidden dimensions →
SO~c11,1!

↓

two classifications

of generators and states:

under SO~c11,1! or under K

SO~c11!, 1 hidden dim.

SO~c! is common subgroup

SO~c!L^SO~c!R
J → ↑

K

maximal compact inU6 → U

duality

~7!

↑
T duality SO~c,c!

The largest isometry that is described by a compact group
is K. It contains not only SO(c11) but also
SO(c)L^SO(c)R @which is the maximal compact group in
SO(c,c) of T duality#. The largest isometry described by a
noncompact group~also commuting with the Lorentz group!
is C[SO(c11,1) ~see below for more details!. The extra
spacelike 11th dimension and timelike 12th ‘‘dimension’’
are included in this isometry. The Lorentz group together
with C is contained in SO(10,2) which mixes all the ‘‘di-
mensions’’:

SO~d21,1!3SO~c11,1!,SO~10,2!. ~8!

For example,

d54, c56: K5SU~8! ~ in U5E7~7!!

and C5SO~7,1!;

d55, c55: K5U Sp~8! ~ in U5E6~6!!

and C5SO ~6,1!.

Even thoughU is noncompact, generally it does not contain4

C. The essential difference betweenK andC is described as
follows. For d<11, K acts as an internal symmetry group
under which thed-dimensional momentumPm is a singlet
~see below!. However, under the group SO(c11,1) the mo-
mentumPm is not a singlet; it mixes with other extensions
that have a Lorentz index. This is related to the fact that in a
12D SO(10,2)-covariant notation theA-type superalgebra

$Qa ,Qb%5Sab ,

S5
11g13

2
C~gM1M2ZM1M2

1gM1•••M6ZM1•••M6

1 !, ~9!

contains no 12D momentum operatorPM , a property that
prevents the appearance of two time coordinates or two time
translation operators, labeled byM50,08 @15,16# ~the same
is true for theB-type superalgebra!. The time translation op-
erator isZ008. In compactifications to lower dimensions, the
12D antisymmetric tensorZM1M2

yields the momentum op-

erator in lower dimensions in the formPm[Zm08. Under the
transformations generated byC5SO(c11,1) this momen-

3It has been explained~see e.g.,@3#! that string Bogomolni-
Prasad-Sommerfield~BPS! states inflat spacetime evolve into black
holes incurved spacetimeas the coupling becomes stronger. There-
fore, the counting of black hole states is in one-to-one correspon-
dence with the counting of BPS states in flat spacetime.

4For example, ind58, c52, one hasU5SL(3)^SL(2) and
C5SO(3,1). ClearlyC is not contained inU because it is not
possible to match the compact and noncompact generators. Simi-
larly, in d55 the group E6(6) does not contain SO(6,1). In some
dimensionsU is large enough to contain a subgroup similar toC.
For example, ind59, c51, one hasU5SL(2)^SO(1,1), and
C5SO(2,1) is isomorphic to SL(2,R). Similarly, ind54 the group
E7(7) contains an SO(7,1) isomorphic toC. But it seems that such
subgroups, when they exist, are different thanC since the latter acts
also on the momentumPm , as explained in the text.
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tum mixes with the other members ofZmm @defined in Eq.
~12! below#. Thus,C is clearly not inU.

The common largest compact subgroup ofK and C is
SO(c11):

KùC5SO~c11!. ~10!

The black hole entropy in every dimensiond is invariant
underU.K.SO(c11) and therefore reveals the presence
of the extra 11th dimension, as discussed above. Our aim is
to show that it is also invariant underC5SO(c11,1) and
therefore indicates the presence of a 12th ‘‘dimension’’ as
well. As explained above this does not automatically follow
from the knownU-invariant expressions of the entropy
since, generally,

C is not in U. ~11!

Nevertheless, the black hole entropy must be invariant
underC. The mathematical reason behind this expectation is
as follows. The~nearly! extreme black hole states are com-
pletely specified by their charges. These charges are classi-
fied by eitherK or C. As indicated on the diagram above,
since bothK andC are isometries of the superalgebra of the
secret theory, it must be possible to classify the operators and
states under eitherK or C. Completeness of states is equiva-
lent to saying that sums ofK representations are expressible
as sums ofC representations. Since the black hole entropy
just counts BPS states~that fit into the short representations
of the superalgebra!, it must be invariant under the relabeling
of the superalgebra under eitherK or C. Since the counting
of the total number of states cannot depend on how they
are classified, the entropy must be invariant underK as well
asC.

In order to explain this symmetry we must deal with the
fact that the momentum appears to be noninvariant under
C; a new definition consistent withC invariance will be
introduced.

III. CLASSIFICATION UNDER C

Under compactification the SO(10,2) spinora and vector
indices M of Eq. ~9! are reclassified under
SO(d21,1)^SO(c11,1)

Qa→Qaa~spinor in d dims3spinor in c12 dims!,

M→m~d dims! %m~c12 dims!,

ZM1M2
→Zm1m2

%Zm1m2
%Zm1m2

,

ZM1•••M6

1 →similar, but impose self-duality in 12D,

gM5m→gm ^ gc13 , gM5m→gd11^ gm , ~12!

wheregd11 andgc13 are the analogues ofg5 in 4D. This
assigns the correct transformation properties underC to all
operators. For clarity, let us write out explicitly the general
form of the superalgebra in 4D and 5D.

A. 4D superalgebra

For d54, c56, the 32 real supercharges are relabeled in
the form of a complexQaa andQȧȧ5Qaa

† , where

a:~1/2,0!, ȧ:~0,1/2! of SO~3,1!,

a:81 , ȧ:82 of SO~7,1!. ~13!

Note that the SO(7,1) Weyl spinor indices (a,ȧ) are differ-
ent than the SU~8! indices (A,Ā) used in Eq.~1!, although
they have the same number. The maximally extended super-
algebra with 528 bosonic generators takes the form

$Qaa ,Qbb%5~ is2!abzab1~ is2sW !ab•FW ab ,

$Qȧȧ ,Qḃḃ%5~ is2!ȧḃzȧḃ
* 1~ is2sW !ȧḃ•FW ȧḃ

* ,

$Qaa ,Qḃḃ%5saḃ
m

~gaḃ
m
Pmm1g

aḃ

m1m2m3Amm1m2m3
!. ~14!

Here the 838 SO(7,1) Hermitian gamma matrices
gm5(1,gk) in Weyl spinor space are analogous to the Pauli
matrix representation of the SO(3,1) Hermitian gamma ma-
tricessm5(1,sW ) applied on Weyl spinors:

SO~3,1!, Weyl: sm5~1,sW !; ~15!

SO~7,1!, Weyl: gm5~1,gk!. ~16!

The sevengk are Hermitian, purely imaginary, and antisym-
metric. The SO(3,1)3SO(7,1) classification of the 528 real
operators on the right-hand-side and the number of their real
components are

zab :~0,0;281!, zȧḃ
* :~0,0;282!,→56 real, ~17!

FW ab :~1,0;3511!, FW ȧḃ
* :~0,1;3511!,→216 real, ~18!

Pmm :~1/2,1/2;8V!,→ 32 real, ~19!

Amm1m2m3
:~1/2,1/2;56V!,→ 224 real. ~20!

The operatorsPmm are identical to the operators that come
directly from the reduction from 12D in Eq.~12!,
Pmm[Zmm , and they include the usual momentum
Pm[Pm08. The Lorentz singletcomplexantisymmetric cen-
tral extensionszab ,zȧḃ* , classified as the286 of SO(7,1), are
directly related to thetwo real 28V of SO(7,1) that are ob-
tained from the reduction from 12D in Eq.~12!:

emn[Zmn , mmn«m0m1m3m3
[Zmnm0m1m2m3

1 , ~21!

zab5gab
mn~emn1 immn!, zȧḃ

* 5g ȧḃ
mn

~emn2 immn!, ~22!

where thegab
mn ,g ȧḃ

mn are antisymmetric and given by

g08k56 igk, gkl5
i

2
@gk,g l #. ~23!
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Thesegab
mn ,g ȧḃ

mn satisfy the SO(7,1) Lie algebra in the86

representations. Theemn andmmn have the interpretation of
‘‘electric’’ and ‘‘magnetic’’ central charges, respectively, as
can be gathered from their properties under parity~the
«m0m1m2m3

is pseudoscalar!. The black hole entropy is a func-
tion of only these Lorentz singlet central charges. Evidently,
bothemn andmmn are in the adjoint5 28 of SO(7,1).

The remaining operators are not strictly central since they
do not commute with the Lorentz generators~but they com-
mute with each other and with the supercharges, in flat
spacetime!. To begin with, the Lorentz vectorsPmm are not
central. The Lorentz axial vectorsAmm1m2m3

are related to
12D by

Amm1m2m3
«m1m2m3

m [Zm1m2m3m1m2m3

1 . ~24!

The complex symmetricFW ab and their complex conjugates
can be rewritten in the form of Lorentz-antisymmetric ten-
sors (Fmn)ab , which correspond to the~1135! Lorentz-
antisymmetric tensorsZmn andZmnm1m2m3m4

1 that come from

the 12D reduction~12!,

~Fmn!ab[Zmndab1Zmnm1m2m3m4

1 ~gm1m2m3m4!ab , ~25!

where the SO(7,1) self-dualZmnm1m2m3m4

1 gives the35 of

SO(7,1). Other components ofZM1•••M6

1 not mentioned so

far are equivalent to the ones already discussed, because of
its self-duality properties. This accounts for the correspon-
dence between the 528 operators in 4D and 12D notation,
and gives a 12D interpretation to the 4D superalgebra~14!.
This kind of reclassification of the 528 12D type-A superal-
gebra operators~as well as of the 13D type-B superalgebra
operators! in compactifications to each lower dimension was
given in a table in@15#.

As explained in@16#, Lorentz singlet central extensions
correspond to charges of point particles~or black holes!,
while Lorentz nonsinglet extensions correspond to bound-
aries of chargedp-branes. The number of antisymmetrized
Lorentz indices corresponds top. Therefore,Pmm (mÞ08)
andAmm1m2m3

correspond to end points of strings in 4D, and

FW ab correspond to boundaries of membranes in 4D:

points→zab ,zȧḃ* , ~26!

strings→Pmm ~mÞ08!, Amm1m2m3
, ~27!

membranes→FW ab ,FW ȧḃ
* . ~28!

If all the 528 operators in the superalgebra~14! are kept,
there really is a full SO(10,2) isometry in disguise, since this
is equivalent to the superalgebra~9!. In this paper we are

interested in describing just the black hole sector for which
the algebra is evaluated on states that satisfy6

black hole sector:FW ab5FW ȧḃ
* 5Amm1m2m3

50. ~29!

So far the superalgebra simplifies to

$Qaa ,Qbb%5~ is2!abzab ,

$Qȧȧ ,Qḃḃ%5~ is2!abzȧḃ
* ,

$Qaa ,Qḃḃ%5saḃ
m

gaḃ
m
Pmm . ~30!

Although the full SO(10,2) isometry is lost by concentrating
on only this sector, there still is an SO(3,1)3SO(7,1) isom-
etry that has information on the 12th dimension through
SO(7,1) that rotates the 12th dimension into the other com-
pactified dimensions, including the 11th. This superalgebra
still allows the presence of strings.

If we also setPmm (mÞ08) equal to zero to eliminate the

charged black strings, then using Eq.~16!, gaḃ
085daḃ , for

Weyl spinors, we obtain the standard supersymmetry algebra
with the usual Lorentz singlet extensions, consistent with
previous discussions of black holes. However, this further
restriction on thePmm breaks the SO(7,1) isometry. Instead,
we need to restrict the superalgebra to the black hole sector
consistently with SO(7,1) covariance, which is important to
keep track of the 12th dimension. Such a covariant condition
is

Pmm5Pmvm , ~31!

wherePm plays the role of 4D momentum andvm plays the
role of 8D ‘‘momentum’’ in the compactified directions.
Now, since there is SO(7,1) covariance, it is possible to
apply a boost to rotatevm to the formvm5(1,0, . . . ,0), to
work in a SO(7,1) ‘‘rest frame’’ in which the superalgebra
takes the standard form$Qaa ,Qḃḃ%5saḃ

m daḃPm . Of course,
this could be done for one given eigenvalue of the operator
vm ; it cannot be done simultaneously for all the states of the
secret theory, unless the whole theory is restricted to a single
eigenvalue of the operatorvm . More generally, in the secret
theory, we will allow all eigenvalues ofvm just as we allow
all eigenvalues ofPm . Evidently, now there is a parallel
between the 4D and 8D sectors.

1. Map between SO(7,1) and SU(8) classifications

If one uses the product form~31!, one cannot see the
classification of the operators underK,U. The SU~8! struc-
ture of Eq.~1! is not evident in the SO(7,1)-covariant form

$Qaa ,Qḃḃ%5saḃ
m
Pmgaḃ

m vm . ~32!

An SU~8! classification is not possible unlessvm is boosted
with an SO(7,1) transformation to the ‘‘rest frame’’
vm5(1,0, . . . ,0) ~we have normalizedvmvm51 by absorb-
ing the overall scale intoPm). This kind of phenomenon has
been noticed before in another context: In order to display

5Note also that these are not the same as theqi j ,p
i j defined in

other references~e.g.,@8#! since those are in an SO~8! basis rather
than the SO~7,1! basis used here. The relation between the two is
not trivial and can be obtained from the following discussion.

6All bosonic operators commute in flat spacetime@16#; therefore,
they can be simultaneously diagonalized.
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electric-magnetic duality as a symmetry, one has to give up a
Lorentz-covariant formalism. Similarly, in the present case,
in order to display a form consistent with SU~8! ~i.e., duality!
we have to give up an SO(7,1)-covariant formalism or vice
versa.

This remark leads to the mapT between the SU~8! basis
and the SO(7,1) spinor basis. Consider a mapT that relates
the two bases

QaA5TA
aQaa , Qȧ Ā5T

Ā

ȧ
Qȧȧ , T

Ā

ȧ
5~TA

a !* , ~33!

whereA51, . . . ,8denotes the8 of SU~8!. When applied to
Eq. ~32! it gives the desired SU~8!-covariant result

$QaA ,Qḃ B̄%5saḃ
m
PmdAB̄⇔@T~gmvm!T†#AB̄5dAB̄ . ~34!

TA
a(v) is just the SO(7,1) boost~in the spinor representation!

and it can be constructed explicitly

T5
11v082gW •vW

A212v08
5T†, T215TT5T* . ~35!

HeregW •vW contains only the seven Hermitian purely imagi-
nary gamma matrices.T21 is just the square root of the 8D
‘‘momentum’’ matrix gmvm since it gives

~T21!25v081gW •vW 5gmvm with v08
2

2vW 251. ~36!

The SU~8! basis central extensions that appear in Eq.~1! are
now written as

ZAB5~TzTT!AB, Z
ĀB̄
* 5~T* z*TT* ! ĀB̄5TTz*T.

~37!

Hence the central extensionszab ,ZAB are functions of not
only the moduli E7(7) /SU(8) but also of the additional
moduli vm;SO(c11,1)/SO(c11). We will use this fact in
Sec. IV in order to show the invariance of the entropy.

B. Superalgebra in 5D

The story in 5D is similar, but has an additional important
point which is not present in the 4D superalgebra. This con-
sists of one additional Lorentz scalar central extension that is
needed for SO(c11,1)5SO(6,1) covariance, but which is
absent in theK5Sp(8) basis used in Eqs.~3! and ~4!. Un-
derstanding this point brings more clarity to the 12D point of
view. In the remaining dimensions there are no new issues;
hence, they will not be discussed here.

Following the same strategy that gave Eqs.~30! and~31!,
we obtain thed55, c55 superalgebra by compactification
from 12D, keeping only the relevant terms for the black hole
sector:

$Qaa ,Qbb%5~Cgm!ab~gm!abPmm1Cabyab ,

Pmm5Pmvm , yab5~emng
mn1mmgm!ab , ~38!

where a denotes the eight-spinor index of SO(6,1) and
m508,1, . . . ,6 is itsvector index. The seven gamma matri-

cesgab
m are antisymmetric.7 The 21gmn are also antisymmet-

ric matrices and form the SO(6,1) Lie algebra. The relation
of the ‘‘electric’’ and ‘‘magnetic’’ central extensions
emn ,mm to the 12D tensors in Eq.~9! is given by

emn[Zmn , mm«m0m1•••m4
5Zmm0m1•••m4

1 . ~39!

The new issue is that the SO(6,1)-covariant form~38!
requires 7121528 central extensions, while the Sp~8!-
covariant form~3! has only 27 of them. Although the struc-
ture of the superalgebra permits one more central extension
that is an Sp~8! singlet, this central extension does not appear
in the known 5D supergravity theories that come from com-
pactifications of 11D supergravity~see, e.g.,@22#!.

To relate the SO(6,1) spinor basis to the Sp~8! basis we
may again construct the transformation that corresponds to a
SO(6,1) boost:

QaA5TA
aQaa , T~v•g!TT5V[g08, ~40!

T5
11v082g08g

W
•vW

A212v08
, T215TT. ~41!

Then the relation between the central extensions in the two
bases is

y5TTYT5emng
mn1mmgm. ~42!

SinceYAB is orthogonal toVAB , this implies that

m•v50. ~43!

This condition is SO(6,1) invariant, and it can be imposed
only in the presence of the additional quantum numbersvm
~perhaps this last restriction may be removed in a more gen-
eral supergravity theory of the type suggested in the last
section!.

We now see that the 5D superalgebra can be rewritten
covariantly under SO(6,1) and that the central extensions
depend not only on the moduli E6(6) /Sp(8) but also on the
moduli vm described by SO(c11,1)/SO(c11). The addi-
tional moduli play a crucial role in understanding the invari-
ance of the entropy and of the hidden 12th dimension.

IV. INVARIANCE OF THE MASS AND ENTROPY

We are now ready to consider the extreme black holes.
These correspond to short representations of the superalgebra
since they satisfy the BPS conditions~the discussion is simi-
lar for the nearly extreme ones!. In S-theory language this
corresponds to requiring that the determinant of the 32332
matrix on the right-hand side of the 12D superalgebra~9!
vanish on such states

det~S!uBPS&50. ~44!

7The seven 838 g matrices that appear in Eq.~16! have been
relabeled asm508,1, . . . ,6 and bymultiplying one of them with

i . Note thatg08 is not proportional to 1 in the SO(6,1) Dirac spinor
space.
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This condition is equivalent to the vanishing of some linear
combination of supercharges on the BPS states. This gives
short multiplets of the superalgebra, corresponding to the
BPS states. If the multiplicity of the zero eigenvalue ofS is
2n, then the size of the short supermultiplet is

~2B
152n12F

152n!3dimR, ~45!

where (2B
152n12F

152n) corresponds to the number of inde-
pendent bosonic (B) or fermionic (F) terms in the most
general polynomial constructed with the supergenerators, in
the sector with 2n zero eigenvalues.

The factor dim(R) corresponds to the~collection of! rep-
resentationsR of the reference state on which the supergen-
erators are applied. Thesemust correspond to a representa-
tion of the isometries of the algebra, which we will call the
‘‘little group’’ in analogy to the little group in the represen-
tation theory of the~super-!Poincare´ group. The little group
in our case includes eitherK or C. The specific representa-
tionsR that are relevant depend on the details of the secret
theory, but one can try to extract this information from one
of its limits, such as string theory and its generalizations
~including D-branes!, by combining that information with
consistency with the little group.

This representation theory method of counting states@21#
will not be applied in the present paper. Instead, we will use
the already known results given in the Introduction and con-
centrate on the additional invariances that are expected to be
present under the little group, because of the procedure out-
lined above. By showing that the entropy, computed with
other methods, is invariant under the little group, we build up
evidence that the global structure ofS theory ~together with
its implied extra dimensions! is correct.

The condition det(S)50 is invariant under all of the
isometries,K or C in every dimension, applied onS. In the
black hole sector of Eqs.~29! and ~31! there still isK or C
isometry depending on the SO(c11,1) frame chosen. Here
det(S) remains invariant under the boost transformationT
that relates the two bases. Therefore, one has the same set of
solutionsuBPS& in either theK or C bases, but the states are
regrouped differently into a collection of representationsR
of eitherK or C. That is, the representationsR are the same
collection of states, which can be expanded as either repre-
sentations ofK or of C. Since the counting of the states,
dimR, is the same in any frame, it must be true that the
entropy is invariant under bothK andC.

In the general SO(c11,1) frame the determinant condi-
tion takes the form

4D: detS is2^z smPm ^ gmvm
sTmPm ^ gTmvm is2^z* D 50; ~46!

5D: det~CgmPm ^ gmvm1C^ y!50. ~47!

These can be simplified~the normalizationv25v08
2

2vW 251
is used without loss of generality by absorbing the norm into
the definition ofPm):

4D: @det~P2182vzv* z* !#250, ~48!

5D: @det~P2182vyvy!#250. ~49!

Therefore in 4D~or 5D! the black hole massP25M2 is
given by the largest eigenvalue of the 838 matrix vzvTz*
~or vyvy). The eigenvalues are obviously SO(c11,1) in-
variants. By using this invariance we can apply a boost to go
to the framevm→(1,0W ) to show that in 4D~or 5D! the ei-
genvalue is the same as the one obtained by diagonalizing
(ZZ* )AB̄ in the SU~8! basis @or (YVYV)AB in the Sp(8)
basis#. Therefore, as expected, the mass is bothC as well
K invariant.

Turning to the entropy, we use the mapT21 in Eqs.~37!
and~42! from theK basis to theC basis, and recall Eq.~36!,
(T21)25v, to obtain new expressions for the entropy in 4D
and 5D, in terms of the invariants

I 45Tr~vzv* z* vzv* z* !2 1
4 @Tr~vzv* z* !#2

14Pf~z!14Pf~z* !, ~50!

I 55Tr~vyvyvy!. ~51!

These are equivalent to the ones given in the Introduction,
but are now written explicitly as invariants of SO(c11,1)
that mix the 12th~or 13th! dimension with the other com-
pactified dimensions. In the ‘‘rest frame’’v5(1,0W ) the new
form reduces to the form given in the Introduction, after
usingg0851 for SO(7,1) org085V for SO(6,1). The en-
tropy really depends only on the quantized quantum num-
bers, but they are written in terms of central extensions that
depend not only on the moduliU/K but also on the moduli
vm;SO(c11,1)/SO(c11).

V. FUTURE DIRECTIONS

We have seen that a 12D interpretation of the black hole
entropy is possible. This provides some evidence for the ex-
istence of a 12th dimension that is apparently hidden in
string theory black holes. It must be emphasized that the
discussion was given for a 12D description of theA-type
supersymmetry. ByT duality in S theory, going over to the
B-type superalgebra, this is equivalent to finding the 13th
dimension in the black hole entropy.

There are several directions for expanding on the remarks
made in this paper.

~1! We have seen that the superalgebra is covariant under
either K or C, but it cannot be covariant simultaneously
under both. This should have been expected by analogy to
the incompatibility of Lorentz covariance with electric-
magnetic duality. It is known that these cannot be displayed
as simultaneous covariances of the equations. In the present
caseK is related to dualities andC to Lorentz transforma-
tions. However, one quantity, the entropy, is invariant under
both C andU. Since the former is generally not fully in-
cluded in U ~see footnote 6!, except for the subgroup
SO(c11), it must be that there is a larger group of symme-
triesG that leave the entropy invariant, such that

G$U.K and G.SO~c11,1!, ~52!

K.SO~c11!,SO~c11,1!. ~53!
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This group, which includes duality transformations as well as
rotations into the hidden dimensions, is likely to provide
valuable information about the secret theory. Work in
progress on this point will be reported elsewhere.

~2! In order to have a covariant description including the
12th ‘‘dimension’’ we needed the formPmm5Pmvm of Eq.
~31!, which implies the existence of extensionsPmm (m
Þ08) in the superalgebra that are Lorentz nonsinglets. As
already emphasized, this requires the presence of open
strings and, hence, the presence of nonlocality which is natu-
ral in a theory of extended objects.

Another way of understanding the nonlocality is as fol-
lows. In the sector in whichPmm5 Pmvm the states are la-
beled by the eigenvalues of both operatorsuPm ,vm&. In a
field theory description one will need to introduce bilocal
fields in the Fourier spaceF(xm ,ym), consistent with non-
locality. The Kaluza-Klein expansion in they variable gives
a tower of local fieldsFvm

(xm) labeled by the eigenvalues of

vm , all of which have degenerate massP
2v25M2. We have

seen that the black hole entropy and mass is consistent with
the extension of spacetime in this sense.

‘‘Spacetime’’ begins to have a new meaning, and we be-
gin to enter an unknown territory.

~3! More generally, according toS theory, in the presence
of openp-branes, the superalgebra should include a larger
set of Lorentz nonsinglet extensions. In their presence the
concept of spacetime is expanded even further than above. In
this context, our usual spacetime, as represented by the usual
momentumPm in the superalgebra, does not seem to be more
special as compared to the other extensions. In our current
level of understanding the new parts of ‘‘spacetime’’ are
interpreted as openp-branes. In the future we may find that
the central extensions suggested inS theory may take a more
democratic role as parts of an expanded, much richer,
‘‘spacetime.’’

~4! It would be interesting to construct models of ex-
tended objects that fit this description of spacetime. One pos-
sibility is to consider their low energy effective theory in
which one keeps some of their degrees of freedom, as in the
example of a bilocal field above. A guiding principle is that
the physical states should fall into a representation of the
superalgebra$Q,Q%5S, with detS50, which is a condition
for representations that correspond to both massless and
massive BPS states.

Such an example in 12D was given in@16# in the form
Sab5gab

mn(pmvn2pnvm), for which the determinant condi-
tion becomesp2v22(p•v)250. In this caseS has 16 zero
eigenvalues; therefore, according to Eq.~45!, the number of
states is 2B

712F
7 for the smallest multiplet. This representa-

tion is obviously covariant under SO~10,2! by construction,
but yet it contains a set of fields that is identical to the one in
11D supergravity. Furthermore, in the present case the fields
are bilocalF(xm ,yn) and the variables are 12 dimensional
with signature (10,2). This suggests that a 12D supergravity
that corresponds to this representation should exist. A plan
for constructing it could include using the old gauging prin-
ciples that were applied in the construction of the usual su-
pergravity. The global algebra that provides the starting point
is the superalgebra ofS theory.

The connection to the usual 11D supergravity can be seen
as follows. The determinant constraint can be satisfied by
taking equations of motion that correspond top250,
p•v50 such as

]x
2F~xm ,yn!1•••50, ]x•]yF~xm ,yn!1•••50,

~54!

where the ellipses represent nonlinear interactions. If one
takes a Kaluza-Klein expansion in they variable, one has the
towerFvm

(xm) labeled byvm . By keeping only one of these

eigenvalues, e.g.,vm5(1,0, . . . ,0), the equations would re-
duce identically to 11D supergravity.

~5! It is worthwhile to try to build 12D models as the
candidates for the low energy physics of the secret theory
and to shed more light on its structure. There has been some
work involving SO~10,2! models that use the specialized su-
peralgebraSab5gab

mn(pmvn2pnvm) suggested in@16#. These
are super-Yang-Mills type fields@23# and strings@24# that fit
into theS-theory framework. However, these constructions
were restricted to a single eigenvalue ofvm , and therefore
they break the SO(10,2) symmetry. Their generalizations in
the sense of Eq.~54! would remove this restriction.

~6! It would be interesting to try to understand the
SO(c11,1) symmetry discussed here from the point of view
of M andF theories@17–20#.

ACKNOWLEDGMENTS

This research was supported by the U.S. Department of
Energy under Grant No. DE-FG03-84ER40168.

@1# A. Strominger and C. Vafa, Phys. Lett. B379, 104 ~1996!; J.
Breckenridge, D. Lowe, R. Myers, A. Peet, A. Strominger, and
C. Vafa, ibid. 381, 423 ~1996!.

@2# G. Horowitz and A. Strominger, Phys. Rev. Lett.77, 2363
~1996!; G. Horowitz, J. Maldacena, and A. Strominger, Phys.
Lett. B 383, 151 ~1996!.

@3# G. Horowitz, ‘‘The origin of black hole entropy in string
theory,’’ Report No. gr-qc/9604051~unpublished!.

@4# M. Cvetic and D. Youm, Phys. Rev. D54, 2612~1996!; Nucl.
Phys.B477, 449 ~1996!; B476, 118 ~1996!.

@5# M. Cvetic and A. A. Tseytlin, Phys. Lett. B366, 95 ~1996!;
Phys. Rev. D53, 5619~1996!.

@6# E. Halyo, B. Kol, A. Rajaraman, and L. Susskind, ‘‘Counting
Schwarzchild and charged black holes,’’ Report No. hep-th/
9609075~unpublished!.

@7# R. Dijkgraaf, E. Verlinde, and H. Verlinde, ‘‘BPS spectrum of
the five brane and black hole entropy,’’ Report No. hep-th/
9603126~unpublished!; ‘‘BPS quantization of the five brane,’’
Report No. hep-th/9604055~unpublished!.

@8# R. Kallosh and B. Kol, Phys. Rev. D53, 5344~1996!.
@9# S. Ferrara and R. Kallosh, Phys. Rev. D54, 1514~1996!; 54,

1525 ~1996!.
@10# M. Cvetic and C. Hull, Nucl. Phys.B480, 296 ~1996!.
@11# K. Behrndt, R. Kallosh, J. Rahmfeld, M. Shmakova, and W.

3640 55ITZHAK BARS



Kai Wong, Phys. Rev. D54, 6293~1996!.
@12# R. Kallosh and A. Rajaraman, Phys. Rev. D54, 6381~1996!.
@13# J. Polchinski, Phys. Rev. Lett.75, 4724 ~1995!; See also J.

Polchinski, S. Chaudhuri, and C. V. Johnson, ‘‘Notes on
D-branes,’’ Report No. hep-th/9602052~unpublished!.

@14# C. Hull and P. Townsend, Nucl. Phys.B438, 109 ~1995!.
@15# I. Bars, Phys. Rev. D54, 5203~1996!; in Proceedings of Fron-

tiers in Quantum Field Theory, Toyonaka, Japan, 1996~un-
published!, Report No. hep-th/9604200~unpublished!.

@16# I. Bars, Phys. Rev. D55, 2373~1997!.
@17# E. Witten, Nucl. Phys.B443, 85 ~1995!; ‘‘Some comments on

String Dynamics,’’ Report No. hep-th/9507121, in the Pro-
ceedings of Strings ’95~in press!; P. Horava and E. Witten,
Nucl. Phys.B460, 506 ~1996!.

@18# P. Townsend, ‘‘p-brane democracy,’’ Report No. hep-th/
9507048~unpublished!.

@19# J. Schwarz, Phys. Lett. B367, 97 ~1996!; in Theory of Elemen-
tary Particles, Proceedings of the 29th International Ahren-

shoop Symposium, Buckow, Germany, 1995, edited by D.
Lust and G. Weigt@Nucl. Phys. B~Proc. Suppl.! 49 ~1996!#;
Report No. hep-th/9509148~unpublished!, ‘‘M-theory exten-
sions of T duality,’’ Report No. hep-th/9601077~unpublished!.

@20# C. Vafa, Nucl. Phys.B469, 403~1996!; D. R. Morrison and C.
Vafa, ibid. B473, 74 ~1996!; B476, 437 ~1996!; E. Witten,
ibid. B471, 195 ~1996!.

@21# I. Bars, Phys. Rev. D52, 3567 ~1995!; I. Bars and S. Yank-
ielowicz, ibid. 53, 4489~1996!; I. Bars, inTheory of Elemen-
tary Particles@19#, p. 115.

@22# E. Cremmer, ‘‘On hidden symmetries in extended supergravi-
ties,’’ Report No. LPTENS 83/1, 1983~unpublished!; pre-
sented at the September School on Supergravity and Super-
symmetry, Trieste, Italy, 1982, Trieste Workshop 1982, Report
No. QC178:T7:1982~unpublished!, p. 153.

@23# H. Nishino and E. Sezgin, Phys. Lett. B388, 569 ~1996!.
@24# E. Martinec, ‘‘Geometrical structures of M-theory,’’ Report

No. hep-th/9608017~unpublished!.

55 3641BLACK HOLE ENTROPY REVEALS A TWELFTH DIMENSION


