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Asymptotically free 0(1) Kac-Moody gauge fields in 3+1 dimensions
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0(1) Kac-Moody gauge fields have the infinite dimensioﬁel)JKac-Moody group as their gauge group.
The pure gauge sector, unlike the usudl)UMaxwell Lagrangian, is nonlinear and nonlocal; the Euclidean
theory is defined on ad(+ 1)-dimensional manifoldR 4X S* and, hence, is also asymmetric. We quantize this
theory using the background field method and examine its renormalizability at one loop by analyzing all the
relevant diagrams. We find that, for a suitable choice of the gauge field propagators, this theory is one-loop
renormalizable in 3-1 dimensions. This pure (1) Kac-Moody gauge theory in-81 dimensions has only
one running coupling constant and the theory is asymptotically free. When fermions are added the number of
independent couplings increases and a richer structure is obtained. Finally, we note some features of the theory
which suggest its possible relevance to the study of anisotropic condensed matter systems, in particular, that of
high-temperature superconductdrS0556-282(96)04520-1]

PACS numbs(s): 11.10.Lm, 11.10.Jj, 11.15q, 11.30.Ly

I. INTRODUCTION portance becaudg) this is the starting point for the analysis
of more complex Kac-Moody gauge field&] and (ii) the
Kac-Moody groups embody the infinite dimensional sym-new nonlinearities arising from the Kac-Moody nature of the
metries that underlie string theory and conformal field theorygauge group can be studied in their simplest and most essen-
[1]. It is natural to realize the Kac-Moody group as a tial form for the U1) case.
gauge symmetry, that is, as a group of gauge transformations In Sec. Il we review the (1) Kac-Moody gauge symme-
of gauge fields, and to obtain a Lagrangian invariant undetry and derive the Lagrangian; in Sec. lll we quantize the
these gauge transformations. theory via the Feynman path integral using the background
A Lagrangian of vector gauge fields coupled to matterfield method. In Sec. IV we compute the one-logpfunc-
fields that is invariant under Kac-Moody gauge transformation, and in Sec. V we analyze all the one-loop Feynman
tions for an arbitrary grougs was obtained irf2]. A Kac-  diagrams, identify the divergent diagrams, and show that the
Moody group[3] G consists of all mappings of the circle theory is one-loop renormalizable int3d dimensions. In
S' into the compact Lie grou. Let R4 be a Euclidean Sec. V we draw some conclusions and highlight a possible
space consisting of one time dimension amt-(l) space application of the theory as an effective low-energy descrip-

dimensions. The gauge transformation at a poirtR, tion of anisotropic superconductors. The Appendixes contain
namely, ®(x), is an element ofG and has the form Some computational details and a discussion of Ward identi-
(J=/Rdo; that is,S* has radiusR/27) ties.

Il. KAC-MOODY GAUGE-FIELD LAGRANGIAN
P(x)=er™ p(f “(x,0)Q” ) 1.1 - . .
Co=e"Texp i | $%(x,0)Q%(0) (4.1 The U 1) Kac-Moody generators satisfy the commutation
relation

Q%(o) are the generators @, ¢»*(X,0) and A(x) are di- N1t ST
mensionless gauge functions, aads the Lie group index. [Q(0).Qle")]=1xd (o =), 2.0

We can consider € S to be a new spacelike direction in \yhere the prime symbols() on functions meang/do and

thle theory, which is then effectively defined ®x S*. The s a real number. For gauge transformations given by Eq.
S~ direction has a special significance since each point iy 1) e have

St carries its own noncommuting char@¥ o). Hence non-

Abelian gauge field$\;(x,0) are defined on the manifold O(X)Q()DT(X)=Q(0)+ k' (X,0). (2.2
Ryx St Sinced(x) has a central extension, there is also a ] ] .
U(1) gauge fieldB,,(x) defined on onlyRy. To determine the gauge transformation of the gauge fields,
_Just as for the case of gener@l the Lagrangian for consider the link variableg= lattice spacing
U(1) Kac-Moody gauge fields is nonlinear, nonlocal, and
asymmetric. Quantizing the latter theory is of particular im—UM(x)=ex4 iag BM(x)+iaef AM(X,O')Q(O')), (2.3
X whereg ande are dimensionful coupling constants. We de-
(Electronic address: phybeb@nus.sg fine Kac-Moody gauge transformations by
Current address: Mehta Research Institute, 10 Kasturba Gandhi
Marg, Allahabad, India. Electronic address: parwani@mri.ernet.in UM(X)—>(D(X)UM(X)(DT(X+ auw), (2.9
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and in thea—0 limit we obtain Defining the antisymmetric tensor

1 xe?
5AM(X,O')=—619M¢(X,O'), (2.5 FMV(X)=XMV(X)+?J F L As(X,0), (2.19

1 Ke we have, from Egs(2.12), (2.13, and(2.14),
OB, (X)=—=d,A(X)+ —f ' (X,0)A,(X,0)
9 9 ol ,,=0. (218

—%f ' (X,0)3,p(X,0). (2.6 It has been shown i[QJ thatT’,, can pe generalizgd to the
Kac-Moody groupG with G non-Abelian. Next define

Consider next the open plaquettentraced Wilson loop
starting and ending at, that is,

WM,,(X)EUM(X)U,,(X-Fa[L)UL(X+a;/)UI(X). 2.7 which from Egs.(2.5) and(2.14) is gauge invariant,
oF ,5=0. (2.18

Fus(X,0)=3,As— A, (2.17)

To leading order il we have

Hence we have the following classical Lagrangi@) in
WW(X)=eX|iiangW)ex;{iazef F,”(X,U)Q(U)), (2.8 R4XxS' which is invariant under the Kac-Moody gauge
transformationg2.5), (2.6), and(2.14),

where the pure phase is

1 1
ce2 E(X)=erw(x)+ Zf dodo’F,,(X,0)h(c—0")
Xpuv=F —f AA,, (2.9
g 1

with XF . (X,0")+ Ef dodo'F ,5(X,0)

fMVIO-"uBV_O"VBM, Xf((T—O',)F,UB(X,O',), (219)
and and where, as defined abové; € d/do),

F=d,A,—d,A Ke? K€’

pv— Tuty v\ F,LLV:(?,U,BV_&VB/.L—'— ?f A’;AV"F ?J‘ FMVA5,
Note that the termka;’LAV in the phasg,,, arises due to the
central extension in the Kac-Moody algebra and is absent for Fuo=dA,—d,A,, (2.20
gauge theories based on compact Lie groups. Under gauge
transformationg2.4) we have, upon using E@2.2), Fus5=0,As— dsA,.
W, (X) = @ (X)W, () P T(x) (210 Recall thatA,=A,(x,0), As=As(x,0), and B,=B,(x).
Sincel’,,(x) has an asymmetric coupling in tledirection,

J = Q+KJ = ¢'” we anticipate a similar asymmetry in the pig, As sector
wy my ’ and this is reflected in the functiohsandf which have been
(2.12) introduced in Eq(2.19. These functions are required to be
positive but are otherwise undetermined.

From the kinetic term for th®,, field, its canonical mass
dimension is deduced to be {-2)/2. We choose tha , and
A; fields to have the mass dimensiah—1)/2, which is the
and appropriate canonical dimension for gauge fieldsdin 1

dimensions. Then the coupling constanhas mass dimen-
Ke , sion (3—d)/2 and
f Fuod'

5)(#,,=E (2.13

=exqiazgxw)exr{ia2e

which yields
6F,,=0 (2.12

3%

Note that unlike the case of compact Lie groups, the Kac- g 229

Moody gauge transformatiof2.10 induces an inhomoge- ) ) _ ) )
neous transformation ¢fF ¢’ onF ,, and hence induces a has mass dimension (2d)/2, while the mass dimension of
change in the phasg,,. To obtain a gauge-invariant La- the functionsh(o) andf(_a)_ in Eq. (2.19 is 1. The Fourier
grangian we need to introduce a new filg(x, @) to cancel tra_nsform ofh(o) o[cand similarly forf(o)] can, therefore, be
the variationf/F ,,¢’, and which transforms as written as €,=2,__..)

1 _
SAs(X,0) = — %d)’(x,a'). (2.14 h(o)= ﬁg h,e'Pn?, (2.22
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wherep,=2#7n/R, ne Z, R is the length of the compact whereby the fields are split into background fields
o dimension, and the Fourier coefficierits are dimension- (A, ,As,B,) and quantum fields&,, ,as,b,). The classical
less. We will eventually be interested in the case3, and  action(2.19 is then invariant under the transformation
sinceR is the natural scale in the theory, we can define a

dimensionl l tant 1.,
imensionless coup mg_cons an S(As+as)=— <4, 3.0
A=MR. (2.23
1
We now discuss the coupling of fermions to the gauge S(ALTau)=—Zdud, (3.2

theory. Dirac fermions/(x,o) and #(x,o) defined on the

(d+1)-dimensional manifoldR4x S* may be minimally 1 Kke
coupled to the gauge fields, andAs to give the actiorf5] o(B,+b,)=— aﬂﬂAJr EJ ¢ (A +a,)
SE:I ddxdo-ﬁx,a)[(&u—ieAﬂ)yﬂ-f—(&s—ieAs)ys _zif ¢,(‘9,u¢) (33)
g
+m]y(X,0), (2.29

The action with given background fields is still invariant

which is invariant under the usuakl) transformationg2.5) under a gauge transformation of the quantum fields alone.
and (2.14 for the gauge fields and These quantum gauge transformations are deduced by delet-

o o ing the classical fields on the left-hand side(8f1)—(3.3):
Sy=(e"'"=1)y, Sy=(e’-1y (229

1

Qr — = 41
for the Dirac fermions. The coupling of fermionsB,(x) is 0as= e ¢ 3.4
more subtlg2]. Consider the (l1) super Kac-Moody alge-
bra in which Majorana fermionsH(o), satisfying Qa = Ea & 3.5
{H(0),H(¢")}=6(c—0c'"), together withQ(o) form the w e *"’ '
generators. The super Virasoro algebra formed f@(ar)
andH (o) hasc= 1+ 1/2 with a(suitably regularizedsuper- 1 Ke , K )
charge operatof(o)=(1/x)Q(o)H(o). Kac-Moody fer- 5QbM=—§aMA+Ef ¢ (A#+au)_EJ ¢ (9,)-
mions¥(x) are defined oy, and form an arbitrary irre- (3.6

ducible representation of the super Virasoro algebra. They

have Kac-Moody invariant coupling to the gauge fields as Hence to define the background field path integral
Z[A,,As5,B,], the quantum gauge fields must be gauge

o ey . _ fixed and an infinite group volume factored out. However,
S;= | dXW(x)|| dp—ie | AuX,0)Q(0)—igB,(X) the gauge-fixed action is required to be invariant under back-
ground field transformations which are of the same form as
Xy, + M| W (x)+ Tf d%P (x) the classical gauge invariance. That is,
1
BAs=——¢', 3.7
XJ [G(o)—eAs(x,0)H (o) ¥ (X). (2.26 e
Under the Kac-Moody gauge transformati@hl) the Kac- 5BAu: — Eaﬂ¢, (3.9
e

Moody fermions transform as

VOO=R00V0), PO-F0RT00, (229 5385‘%%“%7 ¢’(AM)—%J $' (3,4, (39

and, as shown in Ref2], the action(2.26) is invariant. Note

that the first term of Eq.2.26) is the minimal coupling piece. Ke
. (= . . 5Bb = a (,ZS, (310
The 7 term in S; has been introduced to attenuate the high g u®
mass states. The thermodynamical partition function of the
free Lagrangian fo® (x) given in Eq.(2.26 has been stud- SPag= 5BaM=0. (3.1

ied in [6] and exhibits a maximum limiting temperature. In
this paper, for simplicity, we will discuss the quantum theoryA gauge-fixing term for the,, andb, fields which is invari-
of the gauge fields only in the presence of the ordinary Dira@nt unden3.7)—(3.11) is

fermions(2.24.

K82 ,
8(d,a,)d| d,b,+ ?J ALa,—cC,l, (3.12

Ill. PATH-INTEGRAL QUANTIZATION

We define the quantum theory through the Feynman patkwith c,(x) an arbitrary function. To see the invariance of the
integral and the Faddeev-Popawsatzfor the gauge fixing. Dirac-6-function constraints in Eq.(3.12, consider the
It is convenient to use the background field formalishh  variation of the argument of the second term,
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+K_e2J(—aM¢’)a
g e

o

8 Ke? , B8 ke? B At ) B Ke ,
1) a/’«b#_l—? AMaM_C# :(9#5 bM‘l'F (8#5 A,U«+AM5 aﬂ):ﬁ# E aﬂqb

ke ( |
:Ef ¢$'d,a,=0,

where in obtaining the last line we used that, from 312, 7,a,=0. Also, the constraint on the, field in Eq.(3.12 is
trivially invariant under Eq(3.11). When the gauge-fixing equati@B.12 is implemented in the path integral, the constraint
on theb,, field may be exponentiated as usual by averaging ovec theariable with a Gaussian weight. However, as noted
above, 1t is crucial for the invariance of E(8.12 that thea,, field be in the strict Landau gauge. We now show that the
Faddeev-Popov ghosts due to the above gauge fixing are noninteractingedé the Faddeev-Popov determinant corre-
sponding to the insertion of identity into the path integral:

1EAFPJ [DAD¢]8(3,a2) 8

L B
0Mb”+? AMaM—cM. (3.13

The superscrip@Q on the quantum fields in the above equation denotes the gauge transform of the fields according to the
variations given in3.4)—(3.6). Thus,

0

A,;pl=f[DAD¢]5(—%aZ¢+aMaM —$a2A+ﬂMbM+Q(AM,aM,¢)) (3.19

=f[D¢]6(—E&2¢>+a a J[DA_]a(/T)derl ,9(_3(92/\+... /,;A}
e M g
=det * —gaz) f [Dg]o —202¢+&Ma#
_ 1 ~ 1
=det 1 —aﬁz)det l( _Eﬂz). (315)

In Eq. (3.14 we have denoted b§2 some terms which are a, . This action is invariant under the background transfor-
independent of the gauge parameterThen in the next line  mation(3.7)—(3.11) plus the following transformation for the
we carried out first the[DA] integral which gave an in- sources,
verse determinant of a Laplacidfiee field propagator Fi-
nally the [[ D ¢] integral was done to give another free field
dete_zrminant, showing thakgp represents fre_e ghost fields. 55%2 _ K—eK,,,d)’, (3.17
Notice that the above demonstration was simple because of
the order in which the gauge-parameter integrals were done.
If, however, one integrated in Eq3.14 first over the ¢ B B
field, one would have obtained a nontrivial Jacobian which 6°K,=6"L=0, (3.18
becomes trivial only after thd integral is done.

Therefore we may ignoréexcept for gravity or nonzero
temperaturethe ghosts and write the gauge-fixed action, in-
cluding external source$, , K, , andL, as

and therefore the quantum field theory, defined by the back-
ground path integral

Z[AM,A5,B#,JM,K,LM]=f [Da,DasDb,Je™ %,
(3.19

2

ke? ,
&Mb,u_l— ? A”aﬂ

S= IimJddx{E(A5+a5,AM+a#,BM+bM)
a—0
1 2 d o . .
+zf (9,a,) +f d®x is invariant under the transformatiof&7)—(3.11 and(3.17
and(3.18. The one-particle-irreduciblelPl) effective action
of the “vacuum” theory(that is without background fields
+f ‘]Mau+f La5+K#bM], (316 can be obtained by computing, using £8.19, 1PI graphs
with no external quantum field¥’], and by identifying the
background fields in Eq3.19 with the fields appearing in
with the LagrangianC given by Egs.(2.19 and(2.20 and the 1Pl action. This 1Pl action is invariant under the Kac-

the limit «—0 enforcing the Landau gauge condition for Moody gauge transformation8.7)—(3.9).

27
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For a one-loop calculation we only need to expand Eq. S=5,+S,, (3.20
(3.16) up to second order in the quantum fields. Terms linear
in the quantum fields may be ignored as they do not contrib-
ute to the 1PI effective actiof¥]. Therefore the part of Eq. where Sy is the classical action corresponding to the La-
(3.16 relevant for this paper is given by grangian(2.19 and

d 1 ? d A ' = d 1
S,= de + deFW do(a,a,+F,as)+ dxz7 ab,

f .+ )\f da(a;LAV+AI;aV+ FuastF,As)

2 1
+fddxf dodo’

_ _ 1~ —_
ZFMV(O')h(O'—O'I)F'MV(O'I)+§FM5(O')f(O'—O',)FM5(O'/)) X (3.2)

+ )\f dO‘A;LaM

Where there is no ambiguity we have suppressedxthed IV. B FUNCTION
o dependence of some of the fields in the above equations.
The tensors-,,, f,,, andI',,, were defined in Sec. Il and _ _ _
correspond to the background fields while the tilde denotes The tree-level actiori3.16 has been written in terms of

the same tensors but now formed from the quantum fields,bare” quantum and background fields, and bare coupling

that is,f,,=d,b,—d,b,, and so forth. constantsh ande. When the quantum fields are integrated
The free propagatortsee Fig. 1 for the quantum gauge ©Ut in the path integral3.19 to generate the full 1Pl effec-
fields are given in momentum space bgr simplicity we tive action, UV divergences will be present in the new terms
choose the Feynman gauge=1 for theb, field) which have been added to the classical action. As the full 1PI
o

action is guaranteed to be gauge invariant in the background

A. General

5 gauge(when a gauge-invariant regulator is ugettie diver-
(b,b,)=A,,(p)= -, (3.22 gences will take a gauge-invariant fofm]. If the theory is
P renormalizable, which we show below to be the case at one
loop, the divergences can be removed by rescaling the fields
~ PuPy 1 (3.23 and couplings in the bare classical Lagrangian so that the
p? fnpﬁ+ h,p?’ ' new Lagrangian, and hence the physical partition function, is
finite when written in terms of finite “renormalized” quan-
tities. Consider the one-loop UV-divergent correcti@ﬂiy
(324  toI%,. Then we want to write

(a,a,)=D,,(P)= ( Suv

1
(asas)=Y(P)= W'

2 2 _ ()2
FW+AI‘W—FJV , (4.0

(a,a5)=0, (3.29
by renormalizing the bare tens@we employ dimensional
where P=(p,,.pn), Pr=27Nn/R, p=(p3)*% and f, and  regularization withd=3—2¢)
h, are the Fourier coefficients df(o) and f(o) [see Eq.
(2.22]. Note that because of the strict Landau gauge condi- _ e 571 ,
tion on thea,, field, there is no mixedd,as) propagator at Tu=0,8, aVB‘”L'“O\/ﬁAJ do(AATFAs),
the tree level. (4.2
From S, one obtains by inspection the interaction verti- . ) )

ces. Then using Wick's theorem together with the propaga?here o is some fixed mass scalsuch asR), into the
tors given above the various contributions to the one-loog€nermalized tensor
1PI1 action can be written down. In Appendix B we use
equivalent functional methods to obtain specific one-loop FLV:ﬁMB:}_(vaL_}-Mf\/ﬁ)\_rJ dO’(AL’AL‘F FLVAE%
contributions necessary for th@function calculation in the
next section. We remark that as both dunction calcula- (4.3

tion and the renormalizability of the theory can be discusseqjefined at the new mass scale The bare quantities in Eq

e_conomicall'y by stugjying the 1P1 action, it is unnecessary t‘14.2) are related to the renormalized ones in E43) by the
first determine explicit Feynman rules for the vertices andZ factors:

then reconstruct diagrams from those rules. Nevertheless, in

Sec. V when we discuss the renormalizability of the theory B =\Z.-B' 4.4
we draw Feynman diagrams as a convenient shorthand to # Vzs we 4.4
illustrate the varioudN-point Green’s functions contained in B ;

the one-loop 1PI action. Finally note that the fermionic ac- A= ‘/Z—AA ’ 4.9

tion (2.24), being conventional, can be incorporated in the ;
above analysis in the usual wéyj. As=\ZsAL, (4.6)
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and :
AVAVAVAVAV, 0000008 - ----

4.7

FIG. 1. Thea, propagatofwavy line), theas propagatorcurly
line), theb,, propagato(dashed ling and the Dirac fermion propa-
[We are implicitly assuming that the theory is multiplica- gator(solld line).
tively renormalizable, a fact which we will verify to one loop
by explicit calculations. Therefore the discussion of renor- |n Secs. IV B and IV C, we determine the wave function
malization here is sufficient. We defer to future investiga-renormalization factors required in E¢4.14) to one-loop
tions details(see Abbotf7]) which manifest themselves at order in the pure gauge theory. Note that thodghand Z,
higher orderg. As the Kac-Moody gauge invariand8.7)—  are equal from Eq(4.12, we have used the former in Eq.
(3.9 of the 1PI action is maintained in the background(4.14 as it is easier to determine directignly two diagrams
gauge, the renormalizatior{@.4)—(4.7) imply certain rela-  need be analyzedin Sec. IV D we will discuss how includ-
tions among the factors. Substituting Eq$4.4—(4.7) into  ing the Dirac fermiong2.24 changes the number of inde-

Mo

Eq. (4.2 we obtain pendent couplings, and also compute the new one-jgop
o functions.
r,,= \/Z—B( d,B},~3,B,+ pf\/ﬁxrzlf do(A} A,
B. Zg
+22FLVAE)) (4.9 Two_termszfromsz, Eq. (3.2, cqntribute to the one-loop
correctionAT’;,, and these determingg. (In terms of two-

point functions these contributions correspond to the two

where Feynman diagrams in Fig.)2We obtain(see Appendix B
ZpZ 2 _ 2
2= 2200 .9 AT? (x)=—4TT? (x), (4.15
VZg
where
Z5 1/2
A
(4 d)S(d) —d LGS
By definition, the object in large parentheses in E49) is
thefinite renormalized tensdf;w, Eq.(4.3), and so one must +convergent terms ab— 3 (4.16
have
and
z,=2,=1. (4.11
. . " 27\ 9 [nd-2
Therefore one obtains the background gauge Ward identities S(d)y=ud| = > —g fTY2 417
(compare the case of Yang-Mills theory [ii]) R no hy
Zs=Z (412  Since thed-dimensional loop momentum integral is ultravio-

let (UV) finite for d<3, the only possible ultraviolefJV)

and divergence ad— 3 comes from the sum over. To evaluate
VZs Eqg. (4.17) we have to specify the functiorfs, andh,. We
Z)\:Z_B- (413  choose(see below
5
Hence h,=cq|n|+cq, (4.18
— VZ ‘— f,=cyn|+cj5. 4.1
- ZBH - w14 n=colnl +c; (4.19
5

_ For the boundedness of the path integral we require the con-
from which the beta functiorB,=wd\,/du can be deter- stantsc; andc; to be non-negative. If either @f, or c, were
mined by differentiating both sides of E@t.14) with respect  zero, then, since the Riemann zeta functigfs)=>71/n®
to u and takinge— 0. It should be noted that the relation has a pole only fos=1 [specifically {(s—1)—1/(s—1)],
(4.12 also follows consistently from the renormalization of the sum(4.17) would be finite asl— 3. For the choic€4.18
the gauge-invaraint tensdf s, and that Eq.(4.13 is the  and(4.19 with ¢, andc, nonzero, and as—0,
analogue of the relatiod}" = 1/\/Z, for Yang-Mills theory
in the background gaug[éf] In Appendix A, we reobtain the
identities (4.12 and (4.13 by considering the renormaliza- S(d=3-2€)— 5 =
tion of the gauge-transformation rule.5), (2.6), and R Jcic,
(2.14), and also derive some identities for two-point func-
tions of the theory. Hence, using the minimal subtraction scheme

1
-+ O(€%). (4.20



FIG. 2. Diagrams contributing tdg .

A 1
AT (x)= — —==TI2 (%) (4.20)
4¢€ Jeic,

and sincd™? +AT2 =T{)?=7;'T7 , this implies

Zgl=1+ N1 (4.22
As A=\, +O(\2), therefore
o1
Zg=1— (4.23

e chcz'

To motivate the choic¢4.18 and (4.19, let us assume
thath, andf,, for largen, have the powerlike asymptotic
forms

(4.29

hnHCs|n|si

(4.29

fo—cinlt.

For integrals,t>0, the sum(4.17) for largen is then

(4.2

~> [n|d4-2|n|tld- 42 | - sd2
n

From the properties of the Riemagrfunction, asd— 3, this
has a divergence only if

3s+t=4. (4.27
The only positive integral solution to E¢4.27) is s=t=1.
If the condition(4.27) is not satisfied, then the sum is finite
as d—3 and we would obtainZg=1. Furthermore, as
Zs=1 (see next subsectipindependent of,, andh,,, this
implies that the one-loogg function for \ is zero for the
ansatz(4.24 and (4.25 unlesss=t=1. Thus our choice
(4.18 and(4.19, and any others equivalent to it at large
would give a running coupling while other choicestgfand
f, with asymptotic formg4.24) and(4.25 would give a UV
finite theory at one loop.
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FIG. 3. Gauge field diagrams contributing to theself-energy.

C.Zs

The one-loop contribution to the 1Pl effective action
which is quadratic imA; determinesZs (see Appendix B for
detailg. Equivalently, Z5 is determined by two diagrams
contributing to the self-energy of th&; field: The tadpole
and nontadpole diagrams shown in Fig. 3. Neither of these
involves an internah summation. Since tha,, propagator is
massive, the tadpole digram has a potential UV divergence
but this divergence is linear and vanishes in dimensional
regularization: Recall that in dimensional regularization
(DR) the scaleless integrat-2)

ddq
?=o, (4.28
so that
f d’q —fdd 11 _f d’q(—m?)
e | Yz @) ) e
(4.29

is finite asd— 3. Similarly a potential linear UV divergence
in the other diagram is removed in DR. Henge=1 at
one-loop order. As a cross-check, we have verified, by look-
ing at the A,A,) and (A, As) self-energies, that they are
also finite neard=3 so thatZ5:ZAM=l as required by
gauge invariance in the background gauge. Furthermore, the
fact that the divergence in the, field two-point function
could be renormalized by a wave function renormalization
and that theA , andAs two-point functions are finite justifies

a posterioriour assumption in the last subsection of multi-
plicative renormalizability of the two-point functions at one
loop. Thus it follows from Eq.(4.14), Eq. (4.23, and
Z5: 1 that

-3
ﬁ _ r
Mgk,

The four-dimensional pure @) Kac-Moody gauge theory is
asymptotically free.

To date, the known renormalizable and asymptotically
free theories in four dimensions are of the Yang-M[I§

(4.30
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inversely to Eq.(4.31), so that the unconventional kinetic
term is unrenormalized. That is, we require

ZZa=1, (4.33

where the bare parameteris related to the renormalized
parameterc, by

FIG. 4. Fermion loop contributing t&s. c=Z{,. (4.39
(Actually what is being renormalized is a mass parameter

type: These are based on a non-Abelian Lie grplf11].

The result of this paper shows that the four-dimensionaf’R:) , . ,
~ L . . . Now the dimensionless bare chargeis related to the
U(1) gauge theory, which is nonlocal in one spatial coordi- . . .
. renormalized dimensionless chargeby

nate, can also be asymptotically free. Furthermore, as we
show in Sec. V, this theory is at least one-loop renormaliz- wl©

able. Whether the theory is renormalizable to all orders is an e= (M_) Z&,. (4.35

0

interesting open question.

_ Physically, it has been understoé#l2] that the crucial sjnce from Eq.(2.24 and gauge invariance in the back-
ingredient responsible for asymptotic freedom in Yang—M|IIsground gaugdcompare with the discussion in the last sec-
theory is the self-interaction of spin ofeectop fields which  {jop)

makes the vacuum of Yang-Mills theory behave like a para-

magnetic medium[13]. As the U1) Kac-Moody gauge 1 1

theory also has self-interacting vector fields, asymptotic free- Ze_\/? Iz (4.39
dom in this case probably has a similar physical interpreta- A 5

tion. However, we remind the reader that unlike Yang'Mi"Stherefore[S]

theory, the (3+1)-dimensional Kac-Moody gauge theory is

nonlocal or, equivalently, it may be interpreted as a local de, ef’N
theory but with an infinite set of noncommuting charges. Be:l"ﬂ: —e&et 52, (4.37)
D. Including Dirac fermions as in quantum electrodynami¢®ED). (We have kept the

) ) — term of ordere in B, as it is needed beloywThen one ob-
The Dirac fermionsy(x,0) and ¢(x,o) couple only to  ains

the gauge field#, andA; as indicated in Eq.2.24), and the

resulting theory with gauge fields and Dirac fermions has ac, crerZN

two independent coupling constantande. The wave func- ‘YCE/J’W: 672 (4.38
tion renormalization constard, now obtains a quantum-

electrodynamic-like contributiofi8] from the fermion-loop  Note that there is no term of orderon the right-hand side of

diagram of Fig. 4, the last equation because, as mentioned bedRejs a mass
N parameter of fixed mass dimension 1, so that no compensat-
Ze=Zp=1— , (4.3 ing mass parametex© enters in its dimensional continua-
127%€ tion.

Using the values of3., y., andZs above, andZ,, from
whereN is the number of fermion flavors. The divergence Eq. (4.23 with ¢;=c,=c, we obtain, from Eq(4.14),
which Eq. (4.31) absorbs(through a rescaling of the bare —_
fields A, andAs) is that in the loop correction to the usual NP N
kinetic terms 3 F%, and 3 F35, that is, Eq.(2.19 with Br=— 4_Cr2+W (4.39
h(c—0od')=f(oc—0')=68(c—0c'). Therefore with Dirac
fermions present, the renormalizability of the theory seemso lowest order. The contribution of the fermions is of oppo-
to restrict the choice(4.18 and (4.19 further to site sign to that of the gauge fields just as in quantum chro-
h,=f,=1. However, as we argue below, it is still possible modynamics(QCD). However, unlike QCD, we have two

to choose the more general form independent coupling constants appearing in @9 so
that 8, can be arranged to have a nontrivial zero in weak
h,=f,=1+c|n|. (4.32 coupling: Fore, small, 8, vanishes at
. o o —  2¢,(N\12
With Eq. (4.32), the kinetic terms for thé,, andAs fields in A= er—r<—> ] (4.40
Eq. (2.19 are now split into two pieces each: The 1 in Eq. m 6

(4.32 gives rise to the conventional kinetic term which is =~ —

renormalized by Eq(4.31) while thec|n| part gives rise to  SINC€A;~O(€) even forc, of order 1 andN not too large,
another kinetic term. Since at one loop there is no ultravioleth® result(4.40 is self-consistent as it is within the pertur-
divergence corresponding to the latter kinetic term, consisbative regime foboth \, ande, . Thus, starting from short
tency demands that may be nonzero only if it renormalizes distancesbut e, still small), A\, tends to increase at longer
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distances, but before it can become too large the fermion
coupling drives it to\; . This point is infrared stable since
By (\)>0. However,\; is not a fixed point of the whole
system sincee, continues to run.

V. RENORMALIZABILITY

We want to show that the theory as defined by 416
is at least one-loop renormalizable. That is, the UV diver-
gences in all terms in the one-loop 1PI effective action can
be absorbed by rescaling the terms in the tree Lagrangian
(2.19. Note that since the tensoly,,, F,,, F,s are indi-
vidually gauge invariant, radiative corrections could in prin-
ciple generate more gauge-invariant terms than are in the
Lagrangian(2.19), such as

FIG. 5. UV-divergent diagrams contained in the one-loop cor-
rection tol'2,.
AL= f {a1(9,F ,)F s+ aol , F,,+asF,,0°F,+- -}
(5.1) of Ffw have a UV divergence which is removed by wave
function renormalization, and that no other divergences re-

In this section we show that, remarkably, all the one-loop™ain in those diagrams. _ _
UV divergences have the same form as the minimal La- (i) Atleast twoB, and some other external lines. Since
grangian(2.19 so that no extra terms such as E§.1) are the _dlagrams in case (A were. logarithmically d!vergent,
needed for renormalization. This is also fortunate becaus@dding any more external vertices makes the diagrams UV

some of the terms in Eq5.1) are not positive definite and so convergent.

unsuitable for inclusion in the tree-level Lagrangiaee Fig. (i) OneB,, and some other external lines. From the ver-
4). More specifically, we will sketch renormalizability of the tices in Eq.(3.2D, one sees that at one-loop no gauge-
theory for the case invariant term in the 1Pl action can be formed from exactly

onel and oneF ,, (or F,s5). So consider possible terms of
the formI'(F)", n=2 (we have used a symbolic notation:
indices and possible derivatives have been suppresed, and
(52 F here denote,,, or F,s). Consider firstn=2; some of
the diagrams with one extern8l line and two externaA
lines (see Fig. % actually contribute tcAI‘fw and by gauge
. ) ] ] invariance their UV divergence is related to the wave func-
discussed in the last secti¢for Egs.(4.24 and(4.25 with o renormalization of th®,, field already discussed in case
s,t>1 the theory is even more convergprithe possible  A(j) above. There are also diagrams which are not part of
terms such as Ed5.1) in the 1PI action correspond to con- g rections tol'’2. and so must be part of corrections to
tributions from variousN-point 1PI diagrams formed from T'(F)2 (see, e.g.,VFig.)6We wish to show that the net con-
the vertices in Eq.(3.2) with the quantum fields ihtion of diagrams such as in Fig. 6 (F)2 is only a
(a,,b,,as) along the internal lines and the backgroundfinite renormalization. Note that superficially Fig. 6 is loga-
fields (A,,,B, ,As) on the external legk7]. In the next sub-  jthmically UV divergent but gauge invariance demands that

section we analyze subsets of such diagrams in the puie external vertex must eventuallgeither after doing the
gauge theory and in Sec. V C we consider fermi@®4).  getajled calculation or after adding other similar diagrams

For the purpose of.determini'ngl the U\./.degree of di\'/ergenceg)ecome ad,As. This then makes the diagram UV conver-
of the one-loop diagrams, it is sufficient to consider theyqq: K

largen limit in which case we can treat the discrete sum as @ \yjith the above effective power countifinat is, Eq.(5.3)
continuous integral by making the replacements plus gauge invariandeone can show that all diagrams con-

hn=cy|nf+cq,

fn=coln|+cy,

n 1
——k, and=> J d3k— J dk,d3k. (5.9
R R4

Thus according to Ed5.2), in a power-counting analysis the

propagator¢3.23 and(3.24 for thea, andas fields havea ~  ------
cubic decay ¢ 1/|p|®) at large momenta in contrast to the

usual quadratic form of propagators such as BR2.

A. Case A: diagrams containing at least one externaB,, line . . .
9 9 H FIG. 6. A diagram not contained mrfw. The curly external

(i) Exactly twoB,, lines. We have already showim Sec. line is As, and the wavy external line i, , while the dashed
IV B) that diagrams contributing to the one-loop correctionexternal line is?,B, .
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o

FIG. 7. A diagram contained in the one-loop correction to
r2,.
nv

tributing to I'(F)2 are convergent. Then it follows that
I'(F)"(n=2), radiative contributions to the 1PI action at
one-loop order are UV finite.

FIG. 9. Fermion self-energy and vertex-correction diagrams.
B. Case B: diagramsnot containing an external B, line

(i) Terms of the form F)2”+1, n=1, in the 1Pl action. It C. Case C: diagrams with Dirac fermion lines
is impossible to form such terms at one-loop order as it re-
quires an odd number & —b—a vertices which cannot be
contracted since thie,, field must occur in pairs.

(ii) Terms of the form F)# in the 1PI action. Some of the

Since the fermionic part of the actiaf2.24) looks like

QED, all theone-loopdiagrams are the same as there. As in
QED, there is only one UV-divergent diagram with a closed
fermion loop, Fig. 4. However, unlike QED, the fermion

diagrams containing four externAl lines (see, e.g., Fig. )7 ! . A
contribute toAT'2 | and therefore their UV divergence is as self-energy diagram and the vertex diagram in Fig. 9 are UV
v finite for d=3 because tha, propagator is more damped
122

before related to the wave function renormalization of th h
B, field. Here we need to consider those fourdiagrams e[see Eq.(3.23] than the photon in normal QED. Thus the

which contribute td=%. Consider for example the diagram of VErtex renormalization factdt, and the fermion wave func-
Fig. 8. There is no internal sum because of the, propa- tion r_enormallzatlon factoZ , corresponding to Fig. 9 equal
gator, and so superficially the UV degree of divergence iddentity.

that of the integralfd3qq®/q® which is logarithmic. More

explicitly integrals of the form VI. CONCLUSION
dgq,9,9 We have studied in this paper the quantization of Kac-
j B 2+” s (5.4  Moody gauge-field theory introduced in Ré2]. Although
gim=+(p=a)] such a theory had been written j&] for the case of the

Kac-Moody groupG with G non-Abelian, we considered
appear but these are finite ds+3 because in an expansion here the Abelian limitG=U(1) which still retained the in-

aroundp=0, the first term is zero by symmetry and the resttéresting features of nonlinerality, nonlocality, a_nd spatial
are finite. Thus the superficially divergent diagram is actually2Symmetry. The last two features are a result of interpreting

UV finite. the internal Kac-Moody space as a compact spatial coordi-
(iii ) Terms of the fornF2", n=3, in the 1PI action. Since Nate- . A
the n=2 diagrams in case (B) were only (superficially We quantized the pure (1) Kac-Moody gauge theory

logarithmically divergent, thev=3 diagrams are therefore (2.19 using the path-integral formulation in a background

convergent by the effective power counting rules discussefield and showed that in81 dimensions it was one loop
above. renormalizable. Indeed, at one-loop, we found that because

of the unusual propagators for the, and as fields, the
theory was UV finite within dimensional regularization for a
wide choice of the functionk,, andf,, appearing in the clas-
sical theory. However, foh, and f,, behaving like|n| for
large n, we found that the dimensionless coupling was
asymptotically free. When Dirac fermiof2.24) were added,
the theory gained another coupling constantAt first sight,
renormalizability and gauge invariance now seemed to de-
mand that the functionk,, and f, took the form(4.32 with
c=0. However, by keeping nonzero, we obtained a more
interesting structure for thg functions: This could be done
by promotingc from a fixed quantity to a masslike parameter
which was allowed to be renormalized according to Eq.
(4.33. In this way the constraints of gauge invariance and
FIG. 8. A superficially UV-divergent diagram not contained in renormalizability could be satisfied and the beta function
the one-loop correction tb7,. It is UV finite. B\ obtained two terms of opposing sigd.39. The cou-
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to make, vanish in terms of renormalized fields and couplings. Therefore

If the theory is to be regarded as a fundamental theorygauge invariance will be maintained only if the gauge varia-

then its renormalizability should in the future be studied totions(2.5), (2.6) and(2.14 for the bare fields also transform,

all orders. It would also be interesting to quantize the theoryunder thl_e sda:cneldrescalings, into identical relations for the
by including the Kac-Moody fermion€2.26). We only note ' ormalized neids. . -

here from the action§.19, (2.24), and(2.26 that the par- This alternatn{e approach tq t.he Wafd |dent|t(ds;2) .
tition function for the full theory comprising gauge fields and and(4.13 to be discussed here is instructive because it high-

- N lights an interesting feature of the theory. Notice that the
Kac-Moody fermions has the intriguing property of appar- ) .
ently being sensitive to the sign of the paramateppearing transfprm_atlons(Z.S), (2.6),_and (2.14 depend on various
in the Kac-Moody algebré2.1). combinations of two couplingse(andg) and the parameter

One might wonder about the theory in other dimensions’: Put in the Lagrangiari2.19 these combine into a single

d+1+4. We found that already at one loop the theory€ffective coupling

(3.16 was not renormalizable fat=4: For example, a di-

vergence of the formp*R?/(d—4) appeared in the self-

energy of theA; field and such a term could not be absorbed i

by wave function renormalization. Fat=1 andd=2 the For the pure gauge theory we could of course scale our fields

pure gauge theory is free. so thaF only one parameter appears in both.the gauge trans-
Instead of treating the (81)-dimensional theory as fun- formgnons and the ngranglan. However this WOU|d not be

damental, it might be profitable to treat it as an effectivePOSSible when matter is coupled so let us examine &8,

theory in the sense of Wilson. Since the Lagrangaa9 is ~ (2:6), and (2.14 as they are under the renormalizations

naturally asymmetric, one is tempted then to associate it with%-#—(4.6), and also define the separate renormalizations

a description of high-temperature superconductetsS’s),

which are anisotropic system@t nonzero temperature the e=7Z., (A2)

Kac-Moody gauge theory would be defined on

S'XRy_1 X SL) It has been argued 4] that the non-Fermi- _

liquid behavior of the normal state of HTS's requires for its 9=2Zg0: -

explanation a planar dynamical gauge field in the effective

low-energy theory. This role in the Lagrangién19 could  [In Egs.(A2) and(A3) we have not extracted the factors of

be played byB,(x), while A (x,0), As(x,0), and the fer- . and ug so the couplings are dimensionfulthen from

mions would describe some other fielgeerhaps the effec- Eg. (4.7) we have

tive electromagnetic fields and fermionic quasiparticles, re-

A=«ke?/g. (A1)

(A3)

spectively. Of course detailed calculations are required to 72
see if our proposal of Eq2.19 has indeed the required Z}\E—e_ (A4)
properties to describe the properties of HTS in the normal Zg

state, and if it has a phase transition at nonzero temperature

to a superconducting state. In any case, regardless of a par- Now Eq. (2.14 remains form invariant; that is, it goes
ticular application, it would be interesting to study how theinto
infrared dynamics of Eq(2.19 depends on the anisotropy
scaleR, and what physical consequences issue from the Kac- ; 1

Moody symmetry of the system. OA5(X,0) == e_rd’r(x"f)’ (AS)

ACKNOWLEDGMENTS under renormalization, only if

R.P. thanks the High Energy Theory Group at the Na-
tional Unlve_rsny of Singapore for hospitality during the Z¢=Ze\/Z—, (AB)
course of this work.

APPENDIX A: WARD IDENTITIES where¢$=2,¢,. Then from Eq.(2.5 we obtain

1. Renormalization constants

1

The main advantage of the background gauge is that the OAL(X0) =~ — 2—5&M¢,(x,o), (A7)
guantum 1PI effective action has the same gauge symmetry ' A
as the classical actiof¥]. One consequence of this is the = =
simple relation among the renormalization constants derive®hich implies
in Sec. IV by considering the renormalization of gauge-
invariant tensors. Here we show how those relations also
follow consistently from the renormalization of the gauge-
transformation rule2.5), (2.6), and (2.14). Recall that by for form invaraince to hold. Thus we have rederived the first
definition, under the rescaling#.4)—(4.6), the bare tensor identity (4.12 of Sec. IV. Next, definingA=Z,A,, the
I',, becomes proportional to the renormalized tenEQg gauge transformation in E¢2.6) renormalizes to

ZS = ZA (A8)
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Z 1 SA
Zg\/Z—B5B:L(X)=—g—A(9MAr(X) f ddXdO' —E[ﬂﬂgﬁ(x,a')]m
r o ’
K€, , ; 1 A 1
+zez¢Jz—AE f b1 (X,0)AL(X,0) Ay wew=ik f ddx(—gaﬂAm
z2 Kf ' A9 f ' A oA =0 Al7
~Zo3g, &1 (X,0)d,p(X,0). (A9) N | @' (X, 0)ALX,0) 58,00 (A17)

To maintain form (gaugé invariance we must choose Tak|ng appropriate derivatives of this equation generates

ZA:Zg\/Z—B- Then Eq.(A9) goes into the renormalized ver- various Ward identities. We will derive those for the two-

sion of the bare transformation only if in addition two equali- POt functions of the theory. Pub=0, apply &/ 5B, to Eq.
ties are satisfied: (A17) and then set the fields to zero to obtain

5 A
Z\Ze=ZZ NZA=72 . A10 J d 7= -
gVL=ZelyNZa=2,, (A10) d Xa#A(X)éBM(x)éBv(y) N 0.
o
Using Egs.(A6) and (A8) these last constraints yield, for (A18)

Z, in Eq. (A4),
. a.- (A%) Fourier transforming to momentum space and introducing

22 the 1P self-energy for the field I15>(p), we obtain
Z,= Z—e (A11) , oo
9 P.L(P*Ou,—PuP,) +11,,(P)]=0, (A19)
Zs which gives the QED-like transversality condition
Nz (A12) BB
° p.Il,,(p)=0. (A20)
which is precisely the second Ward identi.13 of Sec.  Note that in Eq.(A19) the tree-level tensor is manifestly
V. ) ] transverse because the background fielddsgauge fixed.
When Dirac fermions are coupled to the theory we haverhe jdentity(A20) is verified at one loop in Appendix B.
the Ward identity(4.36), Similarly settingA =0 in Eq. (A17) and applying either
ol A5 or 8/ 5Av to Eq.(A17) gives, respectively,
1 1
e A —
N A (A13) PulfaPuPnt I1s(P) ]+ Pol (p*f o+ [lss(P)]=0

(A21)

which imposes a constraint on the above analysis carried ognd
for the pure gauge theory. Indeed E@6) and(A13) imply
PuLFaPAd,, +ITL0(P) ]+ pol frpap, +115,(P)]=0,

Z,=1. (A14) (A22)
. - : where the notation is fairly obvious. These last two Ward
ran;;c;z ?;veitl))r/ ;/r\:zaf;smriitr:{]glred for the bare gauge transforidentities for the self-energies of the, and As fields are
more complicated than that for tH& field because of the
anisotropic appearance of the former fields in the action. By
taking either thep,,=0 or p,=0 limit of the relationg/A21)
and (A22) we obtain the more useful identities

Sy=(e -1y (A15)

to go into a renormalized transformation of the same form:

_ IMgg(p=0,p,#0)=0, (A23)
Sy = (e~ 1), (A16 PP
115,(p=0,p,#0)=0, (A24)
with =Z,4, . Alternatively, continuing in the spirit of the
discussion prior to this paragraph, demanding that(Ed6) DMHAﬁ(pyanOFO' (A25)
hold gives Eq(A14) which in turn implies the Ward identity #
(A13) when combined with EqSA6) and (A8). pMHﬁS(p,pnzo):o_ (A26)

The identity(A23) is tested to one-loop order in Appendix B.

, ) The last condition(A26) can be simplified by using the
Let A denote the 1PI effective action of the bare but regu-4_gimensional Lorentz invariance to give

larized theory in the background gauge. The manifest sym-

metry of this action meané®.A=0 where the gauge varia- Hﬁs(p;ao,pn:o):o, (A27)
tion is given in Egs.(3.7—(3.9). For infinitesimal gauge

transformations we obtain which is complementary to E¢A24).

2. Self-energies
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APPENDIX B: THE EFFECTIVE ACTION 2. 7g
1. General Consider now the the one-loop correctddf to the piece
. . . _ 1 rqdy2 ; ;
Functionally, the 1PI effective actiod(A,,,B, ,As) at 7 Jd°XI™, (x) in the classical part{S;) of Eq. (B4).

one loop is determined from the generating functioq8al9  Noting the appropriate vertices in E¢4.25, one obtains,
evaluated at zero external sour§és] and using Eqs(3.20  after some algebra,
and(3.21), 1 24}\2/1%5 ddp
1=\ "z T WFW(F’)FUT(—P){*},
e 4©-z[Cl=e [ [DQIe =%, (BY) ™

(B7)
where we have symbolically denoted all the quantum fielddVhere we have defined
by Q and the plassical fields b§l SinceS, is quadratic in 4%k
e e il o gl ey oo (112 [ 2.3 (-2, p-100,.
NG with G(C) the propagator for the fekd in e + Ak, S(P=K)D,,(K)], (88)

C background. Particular one-loop 1M-point Green's h in the last link. B

functions can be obtained by expanding the Trin perturbaf"_nd where in the a_st ink,=27n/R and pn_—O._The two

tively. diagrams for theB ,-field _self-energy showr_1 in Fig. 2 corre-
We have chosen another standard way to obtain specifidPond to the two terms in E¢B8). We are interested in the

contributions toA. Introduce source (one for each quan- OV divergent part ofw, as it will determine the renormal-
tum field) in Z,[C], ization constanZg discussed in Sec. IV. Thus one can per-

form a Taylor expansion abopt=0 of the expressiofB8).

By power counting one sees that only the leadipg=0)
ZZ[C,j]=e*S°J [DQ]exp(—Sz(C,Q)JrJ jQ) (B2) term gives a potentially divergent contribution. Dropping

also some other terms which vanish when Lorentz indices

are contracted in EqB7), we obtain

)
=e_scexr{—J C|(C,5—jﬂzo[1] (B3) d% 46K, Ky
{*}P=°:J 22 [fnk2<fnkﬁ+hnk2>
ool fele

where £,(C,Q) is the interaction part of the Lagrangian in
Eq. (4.25, and, explicitly,

+otZoljl, (B4 — 2KA(3,, 85, 28, KK, 1K)

(foki+hok?)?

} . (B9

Simplifying the tensor structure above and performing a
change of variables gives

1 , , A2 odd
Inzo[]]=§f ddxddyU dodo’[J,(X,0)D,,(X,07y,0") leuczfgf (2—7:;({]"#1}([))1"#]}(—p){**}-l—finite terms,

X3y,07) +L(X,0)S(X,73y,0)L(Y,0")] (610
where
+K,L(X)A,w(x;y)KV(y)} (BS) o )
4 1 (d=2)2 diq 1
- [ L kn d-2

or, in momentum space, e d; fnhn(hn> (kn) f (2m)° l+(sz "

1 dp (1
InZo[j]zzf (2—:)"{ ﬁ; [J.(=P)D,.(P)J,(P) o 1_3)2 iz(f—")(d4)/2(k o2

d/4 hZ\h, n
+L(—P)S(P)L(P)]+K,(—P)A,,(P)K,(P) |, dg 1
o Xf @m® 1) (612

(B6)
Remarkably, although the functiofig andh,, appear in very
where the propagators are those defined in(B@2—(3.24).  different ways in the propagators in E&§8), and so contrib-
From Eqs.(B4) and(B6) one calculates straightforwardly ute differently in general to the two diagrams in Fig. 2, their
perturbative contributions t&,[ C]=Z,[C,j=0] and hence contribution to the two terms in the UV-divergent part of
to S;. (Those readers conversant with Wick’s theorem mayW; is identical. Furthermore, in dimensional regularization
obtain the same results as below almost by inspegtion.  one establishes through an integration by parts the identity
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f 1_g j dig 1 (813 as required by the Ward identit20).
(2m)9 1+q 1+ 9?2 2

. 3.Zs
and so one has the compact expression

Here we summarize the one-loop contribution to the 1PI
effective action from terms quadratic #s. There are two

d-2 d-2 dr2
{xx}=(4—d) 2_”) | ( ) f pieces and these correspond to the two diagrams shown in
n (2m)? 1+q Fig. 3. Using the functional method described above, the
(B14)  tadpole contribution to{S;) is obtained as
)% dp
27|72 |n[d-2 di2 1 2 ° J'(Z ¥R E As(P)As(—P){@}, (B22
X — 2 P D)
(R> n fn( ) f )" a7(1+a)
where
(B15)
. ddq
We have used Ed4.29 in the last step. Hence {@}EJ WqZDW(QHq -p (B23)
v n n
1 a2 d—1)
W,=—4T| - 5| dxI2 |, (B16) _( j
(277)d hnq +fnpn
: o . (B24)
with 7 defined in Eq(4.16), and finally
) ) _(d 1)j _fnpn
AT2 (x)=—4TT2 (x), (B17) (2m)? h,g?+f,p3
(B25)

as stated in Sec. IV B.

We now illustrate how the power-counting rules dis- s finite asd—3 because of Eq(4.29. Hence the tadpole

cussed in Sec. V indicate a UV |Ogarithmic divergence in tthiagram does not contribute K}s S|m||ar|y the other con-
wave function renormalization of th#, field for theansatz  tripution to (—S,) is determined to be

(4.18 and(4.19. Consider the first diagram of Fig. 2: From

Eqg. (4.25 one sees that each vertex in that diagram comes 112)2

from )\aﬂBVfal’LaV. Therefore the UV degree of divergence (_> Ko 2J
of that diagram(with externaldB legs is 4) 2 (

dd
2m) 9 R

1
2 As(P)As(—P){@ @},
(B26)

dSq r]2 JAd4qq2
~ InA. B18 where
; (ng®)(ng?) 9°q° (818
d
In the second diagram of Fig. 2 each vertex comes from the (@@= d—(qci{quTAva(Q)(p+ Do(p+a),D,,
term A d,B fFM,,a5 in Eq. (4.25. Thus the UV degree of (2m)

divergence is now X(P+Q)+0,0,A,(q)(p+0),(p+0a),

d3qq? AdAqq? XD, (P+Q)} 5qn,0 (B27)
> VA Nf 3.3~ InA. (B19)
n J (ng)(ng) a°q _ , , o
is easily shown by algebraic manipulations such as Eq.
(4.29 to be finite nead= 3. So neither does this piece con-

" tribute to Z5. Note also that the tadpole contribution to the
As self-energy is independent pf, and actually cancels the
pM—O part of the other self-energy diagram. This vanishing
the A5 self-energy at zero momentup), is in accordance

ith the Ward identity(A23) (note that in this example the

individual contributions do not satisfy the Ward identity but

their sum does as required
155~ (P8 Pu0ua) (Pydrp— P 055) X (reSh, In passing we note that fat— 4, the nontadpole diagram
(B20) contribution to the self-energy of th&s field contains a di-
vergence proportional tp? which requires wave function
so that renormalization, but there is also a divergence proportional
BB to p# from Eq.(B27) which implies the nonrenormalizability
P IIS5=pgll55=0, (B21)  of the theory in 4+ 1 dimensions.

These results agree with the explicit analysis in Sec. IV B
By taking functional derivatives with respect B, and
Bg, one can obtain fronw, the one-loop self-energy cor-
rectlonHBB(p) to theB field. This self-energy is automati-
cally transverse because of the manifest gauge symmetry 9\/
the expression foW;. Indeed one obtains, from E(B7),
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