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Û(1) Kac-Moody gauge fields have the infinite dimensional Uˆ (1) Kac-Moody group as their gauge group
The pure gauge sector, unlike the usual U~1! Maxwell Lagrangian, is nonlinear and nonlocal; the Euclidea
theory is defined on a (d11)-dimensional manifoldRd3S1 and, hence, is also asymmetric. We quantize th
theory using the background field method and examine its renormalizability at one loop by analyzing a
relevant diagrams. We find that, for a suitable choice of the gauge field propagators, this theory is on
renormalizable in 311 dimensions. This pure Uˆ (1) Kac-Moody gauge theory in 311 dimensions has only
one running coupling constant and the theory is asymptotically free. When fermions are added the num
independent couplings increases and a richer structure is obtained. Finally, we note some features of the
which suggest its possible relevance to the study of anisotropic condensed matter systems, in particular
high-temperature superconductors.@S0556-2821~96!04520-1#

PACS number~s!: 11.10.Lm, 11.10.Jj, 11.15.2q, 11.30.Ly
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I. INTRODUCTION

Kac-Moody groups embody the infinite dimensional sym
metries that underlie string theory and conformal field theo
@1#. It is natural to realize the Kac-Moody groupĜ as a
gauge symmetry, that is, as a group of gauge transformati
of gauge fields, and to obtain a Lagrangian invariant und
these gauge transformations.

A Lagrangian of vector gauge fields coupled to matt
fields that is invariant under Kac-Moody gauge transform
tions for an arbitrary groupĜ was obtained in@2#. A Kac-
Moody group@3# Ĝ consists of all mappings of the circle
S1 into the compact Lie groupG. Let Rd be a Euclidean
space consisting of one time dimension and (d21) space
dimensions. The gauge transformation at a pointxPRd ,
namely, F(x), is an element ofĜ and has the form
(*[*0

Rds; that is,S1 has radiusR/2p)

F~x!5eiL~x!expS i E fa~x,s!Qa~s! D . ~1.1!

Qa(s) are the generators ofĜ, fa(x,s) andL(x) are di-
mensionless gauge functions, anda is the Lie group index.
We can considersPS1 to be a new spacelike direction in
the theory, which is then effectively defined onRd3S1. The
S1 direction has a special significance since each point
S1 carries its own noncommuting chargeQ(s). Hence non-
Abelian gauge fieldsAm

a(x,s) are defined on the manifold
Rd3S1. SinceF(x) has a central extension, there is also
U~1! gauge fieldBm(x) defined on onlyRd .

Just as for the case of generalĜ, the Lagrangian for
Û(1) Kac-Moody gauge fields is nonlinear, nonlocal, an
asymmetric. Quantizing the latter theory is of particular im
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portance because~i! this is the starting point for the analysis
of more complex Kac-Moody gauge fields@2# and ~ii ! the
new nonlinearities arising from the Kac-Moody nature of th
gauge group can be studied in their simplest and most ess
tial form for the Û(1) case.

In Sec. II we review the Uˆ (1) Kac-Moody gauge symme-
try and derive the Lagrangian; in Sec. III we quantize th
theory via the Feynman path integral using the backgrou
field method. In Sec. IV we compute the one-loopb func-
tion, and in Sec. V we analyze all the one-loop Feynma
diagrams, identify the divergent diagrams, and show that t
theory is one-loop renormalizable in 311 dimensions. In
Sec. V we draw some conclusions and highlight a possib
application of the theory as an effective low-energy descri
tion of anisotropic superconductors. The Appendixes conta
some computational details and a discussion of Ward iden
ties.

II. KAC-MOODY GAUGE-FIELD LAGRANGIAN

The Û(1) Kac-Moody generators satisfy the commutatio
relation

@Q~s!,Q~s8!#5 ikd8~s2s8!, ~2.1!

where the prime symbol (8) on functions means]/]s and
k is a real number. For gauge transformations given by E
~1.1!, we have

F~x!Q~s!F†~x!5Q~s!1kf8~x,s!. ~2.2!

To determine the gauge transformation of the gauge fiel
consider the link variable (a5 lattice spacing!

Um~x!5expS iagBm~x!1 iaeE Am~x,s!Q~s! D , ~2.3!

whereg ande are dimensionful coupling constants. We de
fine Kac-Moody gauge transformations by

Um~x!→F~x!Um~x!F†~x1am̂ !, ~2.4!
dhi
in
5259 © 1996 The American Physical Society
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and in thea→0 limit we obtain

dAm~x,s!52
1

e
]mf~x,s!, ~2.5!

dBm~x!52
1

g
]mL~x!1

ke

g E f8~x,s!Am~x,s!

2
k

2gE f8~x,s!]mf~x,s!. ~2.6!

Consider next the open plaquette~untraced Wilson loop!
starting and ending atx, that is,

Wmn~x![Um~x!Un~x1am̂ !Um
† ~x1an̂ !Un

†~x!. ~2.7!

To leading order ina we have

Wmn~x!5exp~ ia2gxmn!expS ia2eE Fmn~x,s!Q~s! D , ~2.8!

where the pure phase is

xmn5 f mn1
ke2

g E Am8An , ~2.9!

with

f mn5]mBn2]nBm ,

and

Fmn5]mAn2]nAm .

Note that the termk*Am8An in the phasexmn arises due to the
central extension in the Kac-Moody algebra and is absent
gauge theories based on compact Lie groups. Under ga
transformations~2.4! we have, upon using Eq.~2.2!,

Wmn~x!→F~x!Wmn~x!F†~x! ~2.10!

5exp~ ia2gxmn!expF ia2eS E FmnQ1kE Fmnf8 D G ,
~2.11!

which yields

dFmn50 ~2.12!

and

dxmn5
ke

g E Fmnf8. ~2.13!

Note that unlike the case of compact Lie groups, the Ka
Moody gauge transformation~2.10! induces an inhomoge-
neous transformation of*Fmnf8 onFmn and hence induces a
change in the phasexmn . To obtain a gauge-invariant La-
grangian we need to introduce a new fieldA5(x,s) to cancel
the variation*Fmnf8, and which transforms as

dA5~x,s!52
1

e
f8~x,s!. ~2.14!
for
uge

c-

Defining the antisymmetric tensor

Gmn~x!5xmn~x!1
ke2

g E FmnA5~x,s!, ~2.15!

we have, from Eqs.~2.12!, ~2.13!, and~2.14!,

dGmn50. ~2.16!

It has been shown in@2# thatGmn can be generalized to the
Kac-Moody groupĜ with G non-Abelian. Next define

Fm5~x,s!5]mA52Am8 , ~2.17!

which from Eqs.~2.5! and ~2.14! is gauge invariant,

dFm550. ~2.18!

Hence we have the following classical Lagrangian@4# in
Rd3S1 which is invariant under the Kac-Moody gauge
transformations~2.5!, ~2.6!, and~2.14!,

L~x!5
1

4
Gmn
2 ~x!1

1

4E dsds8Fmn~x,s!h~s2s8!

3Fmn~x,s8!1
1

2E dsds8Fm5~x,s!

3 f ~s2s8!Fm5~x,s8!, ~2.19!

and where, as defined above (]55]/]s),

Gmn5]mBn2]nBm1
ke2

g E Am8An1
ke2

g E FmnA5 ,

Fmn5]mAn2]nAm , ~2.20!

Fm55]mA52]5Am.

Recall thatAm5Am(x,s), A55A5(x,s), and Bm5Bm(x).
SinceGmn(x) has an asymmetric coupling in thes direction,
we anticipate a similar asymmetry in the pureAm , A5 sector
and this is reflected in the functionsh and f which have been
introduced in Eq.~2.19!. These functions are required to be
positive but are otherwise undetermined.

From the kinetic term for theBm field, its canonical mass
dimension is deduced to be (d22)/2. We choose theAm and
A5 fields to have the mass dimension (d21)/2, which is the
appropriate canonical dimension for gauge fields ind11
dimensions. Then the coupling constante has mass dimen-
sion (32d)/2 and

l[
ke2

g
~2.21!

has mass dimension (22d)/2, while the mass dimension of
the functionsh(s) and f (s) in Eq. ~2.19! is 1. The Fourier
transform ofh(s) @and similarly forf (s)# can, therefore, be
written as ((n[(n52`

` )

h~s!5
1

R(
n

hne
ipns, ~2.22!
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where pn52pn/R, nPZ, R is the length of the compact
s dimension, and the Fourier coefficientshn are dimension-
less. We will eventually be interested in the cased53, and
sinceR is the natural scale in the theory, we can define
dimensionless coupling constant

l̄5l/AR. ~2.23!

We now discuss the coupling of fermions to the gau
theory. Dirac fermionsc(x,s) and c̄(x,s) defined on the
(d11)-dimensional manifoldRd3S1 may be minimally
coupled to the gauge fieldsAm andA5 to give the action@5#

S1
F5E ddxdsc̄~x,s!@~]m2 ieAm!gm1~]52 ieA5!g5

1m#c~x,s!, ~2.24!

which is invariant under the usual U~1! transformations~2.5!
and ~2.14! for the gauge fields and

dc5~e2 if21!c, dc̄5~eif21!c̄ ~2.25!

for the Dirac fermions. The coupling of fermions toBm(x) is
more subtle@2#. Consider the Uˆ (1) super Kac-Moody alge-
bra in which Majorana fermionsH(s), satisfying
$H(s),H(s8)%5d(s2s8), together withQ(s) form the
generators. The super Virasoro algebra formed fromQ(s)
andH(s) hasc5111/2 with a~suitably regularized! super-
charge operatorG(s)5(1/k)Q(s)H(s). Kac-Moody fer-
mionsC(x) are defined onRd , and form an arbitrary irre-
ducible representation of the super Virasoro algebra. Th
have Kac-Moody invariant coupling to the gauge fields as

S2
F5E ddxC̄~x!F S ]m2 ieE Am~x,s!Q~s!2 igBm~x! D

3gm1M GC~x!1tE ddxC~x!

3E @G~s!2eA5~x,s!H~s!#C~x!. ~2.26!

Under the Kac-Moody gauge transformation~1.1! the Kac-
Moody fermions transform as

C~x!→F~x!C~x!, C̄~x!→C̄~x!F†~x!, ~2.27!

and, as shown in Ref.@2#, the action~2.26! is invariant. Note
that the first term of Eq.~2.26! is the minimal coupling piece.
The t term inS2

F has been introduced to attenuate the hig
mass states. The thermodynamical partition function of t
free Lagrangian forC(x) given in Eq.~2.26! has been stud-
ied in @6# and exhibits a maximum limiting temperature. I
this paper, for simplicity, we will discuss the quantum theo
of the gauge fields only in the presence of the ordinary Dir
fermions~2.24!.

III. PATH-INTEGRAL QUANTIZATION

We define the quantum theory through the Feynman p
integral and the Faddeev-Popovansatzfor the gauge fixing.
It is convenient to use the background field formalism@7#
a

ge

ey

h
he

n
ry
ac

ath

whereby the fields are split into background fields
(Am ,A5 ,Bm) and quantum fields (am ,a5 ,bm). The classical
action ~2.19! is then invariant under the transformation

d~A51a5!52
1

e
f8, ~3.1!

d~Am1am!52
1

e
]mf, ~3.2!

d~Bm1bm!52
1

g
]mL1

ke

g E f8~Am1am!

2
k

2gE f8~]mf!. ~3.3!

The action with given background fields is still invariant
under a gauge transformation of the quantum fields alon
These quantum gauge transformations are deduced by del
ing the classical fields on the left-hand side of~3.1!–~3.3!:

dQa552
1

e
f8, ~3.4!

dQam52
1

e
]mf, ~3.5!

dQbm52
1

g
]mL1

ke

g E f8~Am1am!2
k

2gE f8~]mf!.

~3.6!

Hence to define the background field path integra
Z@Am ,A5 ,Bm#, the quantum gauge fields must be gauge
fixed and an infinite group volume factored out. However
the gauge-fixed action is required to be invariant under back
ground field transformations which are of the same form a
the classical gauge invariance. That is,

dBA552
1

e
f8, ~3.7!

dBAm52
1

e
]mf, ~3.8!

dBBm52
1

g
]mL1

ke

g E f8~Am!2
k

2gE f8~]mf!, ~3.9!

dBbm5
ke

g E amf8, ~3.10!

dBa55dBam50. ~3.11!

A gauge-fixing term for theam andbm fields which is invari-
ant under~3.7!–~3.11! is

d~]mam!dS ]mbm1
ke2

g E Am8am2cmD , ~3.12!

with cm(x) an arbitrary function. To see the invariance of the
Dirac-d-function constraints in Eq.~3.12!, consider the
variation of the argument of the second term,
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dBS ]mbm1
ke2

g E Am8am2cmD5]mdBbm1
ke2

g E ~amdBAm8 1Am8 dBam!5]mS ke

g E amf8D1
ke2

g E ~2]mf8!

e
am

5
ke

g E f8]mam50,

where in obtaining the last line we used that, from Eq.~3.12!, ]mam50. Also, the constraint on theam field in Eq. ~3.12! is
trivially invariant under Eq.~3.11!. When the gauge-fixing equation~3.12! is implemented in the path integral, the constrain
on thebm field may be exponentiated as usual by averaging over thecm variable with a Gaussian weight. However, as note
above, it is crucial for the invariance of Eq.~3.12! that theam field be in the strict Landau gauge. We now show that th
Faddeev-Popov ghosts due to the above gauge fixing are noninteracting. LetDFP be the Faddeev-Popov determinant corre
sponding to the insertion of identity into the path integral:

1[DFPE @DLDf#d~]mam
Q!dS ]mbm

Q1
ke2

g E Am8am
Q2cmD . ~3.13!

The superscriptQ on the quantum fields in the above equation denotes the gauge transform of the fields according
variations given in~3.4!–~3.6!. Thus,

DFP
215E @DLDf#dS 2

1

e
]2f1]mamD dS 2

1

g
]2L1]mbm1V~Am ,am ,f! D ~3.14!

5E @Df#dS 2
1

e
]2f1]mamD E @DL̄#d~L̄!det21F]S 2

1

g
]2L1••• D Y ]LG

5det21S 2
1

g
]2D E @Df#dS 2

1

e
]2f1]mamD

5det21S 2
1

g
]2Ddet21S 2

1

e
]2D . ~3.15!
-

-

-

In Eq. ~3.14! we have denoted byV some terms which are
independent of the gauge parameterL. Then in the next line
we carried out first the*@DL# integral which gave an in-
verse determinant of a Laplacian~free field propagator!. Fi-
nally the*@Df# integral was done to give another free fie
determinant, showing thatDFP represents free ghost fields
Notice that the above demonstration was simple becaus
the order in which the gauge-parameter integrals were do
If, however, one integrated in Eq.~3.14! first over thef
field, one would have obtained a nontrivial Jacobian wh
becomes trivial only after theL integral is done.

Therefore we may ignore~except for gravity or nonzero
temperature! the ghosts and write the gauge-fixed action,
cluding external sourcesJm , Km , andL, as

S5 lim
a→0

E ddxHL~A51a5 ,Am1am ,Bm1bm!

1
1

2aE ~]mam!2J 1E ddxH 1

2h S ]mbm1
ke2

g E Am8amD 2
1E Jmam1E La51KmbmJ , ~3.16!

with the LagrangianL given by Eqs.~2.19! and ~2.20! and
the limit a→0 enforcing the Landau gauge condition fo
ld
.
e of
ne.

ich

in-

r

am . This action is invariant under the background transfor
mation~3.7!–~3.11! plus the following transformation for the
sources,

dBJm52
ke

g
Kmf8, ~3.17!

dBKm5dBL50, ~3.18!

and therefore the quantum field theory, defined by the back
ground path integral

Z@Am ,A5 ,Bm ,Jm ,K,Lm#5E @DamDa5Dbm#e2Seff,

~3.19!

is invariant under the transformations~3.7!–~3.11! and~3.17!
and~3.18!. The one-particle-irreducible~1PI! effective action
of the ‘‘vacuum’’ theory~that is without background fields!
can be obtained by computing, using Eq.~3.19!, 1PI graphs
with no external quantum fields@7#, and by identifying the
background fields in Eq.~3.19! with the fields appearing in
the 1PI action. This 1PI action is invariant under the Kac
Moody gauge transformations~3.7!–~3.9!.
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For a one-loop calculation we only need to expand E
~3.16! up to second order in the quantum fields. Terms line
in the quantum fields may be ignored as they do not cont
ute to the 1PI effective action@7#. Therefore the part of Eq
~3.16! relevant for this paper is given by
q.
ar
rib-
.

S5S01S2 , ~3.20!

where S0 is the classical action corresponding to the La-
grangian~2.19! and
S25E ddx
1

4 H f̃ mn1lE ds~am8An1Am8an1Fmna51F̃mnA5!J 21E ddx
l

2
GmnE ds~am8an1F̃mna5!1E ddx

1

2h S ]mbm

1lE dsAm8amD 21E ddxE dsds8S 14 F̃mn~s!h~s2s8!F̃mn~s8!1
1

2
F̃m5~s! f ~s2s8!F̃m5~s8! D . ~3.21!
Where there is no ambiguity we have suppressed thex and
s dependence of some of the fields in the above equatio
The tensorsFmn , f mn , andGmn were defined in Sec. II and
correspond to the background fields while the tilde deno
the same tensors but now formed from the quantum fiel
that is, f̃ mn5]mbn2]nbm , and so forth.

The free propagators~see Fig. 1! for the quantum gauge
fields are given in momentum space by~for simplicity we
choose the Feynman gaugeh51 for thebm field!

~bmbn![Dmn~p!5
dmn

p2
, ~3.22!

~aman![Dmn~P!5S dmn2
pmpn

p2 D 1

f npn
21hnp

2 , ~3.23!

~a5a5![S~P!5
1

f np
2 , ~3.24!

~ama5!50, ~3.25!

where P[(pm ,pn), pn52pn/R, p5(pm
2 )1/2, and f n and

hn are the Fourier coefficients ofh(s) and f (s) @see Eq.
~2.22!#. Note that because of the strict Landau gauge con
tion on theam field, there is no mixed (ama5) propagator at
the tree level.

From S2 one obtains by inspection the interaction vert
ces. Then using Wick’s theorem together with the propag
tors given above the various contributions to the one-lo
1PI action can be written down. In Appendix B we us
equivalent functional methods to obtain specific one-lo
contributions necessary for theb-function calculation in the
next section. We remark that as both theb-function calcula-
tion and the renormalizability of the theory can be discuss
economically by studying the 1PI action, it is unnecessary
first determine explicit Feynman rules for the vertices a
then reconstruct diagrams from those rules. Nevertheless
Sec. V when we discuss the renormalizability of the theo
we draw Feynman diagrams as a convenient shorthand
illustrate the variousN-point Green’s functions contained in
the one-loop 1PI action. Finally note that the fermionic a
tion ~2.24!, being conventional, can be incorporated in th
above analysis in the usual way@7#.
ns.

tes
ds,

di-

i-
a-
op
e
op

ed
to
nd
, in
ry
to

c-
e

IV. b FUNCTION

A. General

The tree-level action~3.16! has been written in terms of
‘‘bare’’ quantum and background fields, and bare coupling
constantsl and e. When the quantum fields are integrated
out in the path integral~3.19! to generate the full 1PI effec-
tive action, UV divergences will be present in the new terms
which have been added to the classical action. As the full 1PI
action is guaranteed to be gauge invariant in the background
gauge~when a gauge-invariant regulator is used!, the diver-
gences will take a gauge-invariant form@7#. If the theory is
renormalizable, which we show below to be the case at one
loop, the divergences can be removed by rescaling the fields
and couplings in the bare classical Lagrangian so that the
new Lagrangian, and hence the physical partition function, is
finite when written in terms of finite ‘‘renormalized’’ quan-
tities. Consider the one-loop UV-divergent correctionDGmn

2

to Gmn
2 . Then we want to write

Gmn
2 1DGmn

2 [Gmn
~r !2 , ~4.1!

by renormalizing the bare tensor~we employ dimensional
regularization withd5322e)

Gmn5]mBn2]nBm1m0
eAR l̄E ds~Am8An1FmnA5!,

~4.2!

wherem0 is some fixed mass scale~such asR), into the
renormalized tensor

Gmn
r 5]mBn

r 2]nBm
r 1meAR l̄rE ds~Am

r8An
r 1Fmn

r A5
r !,

~4.3!

defined at the new mass scalem. The bare quantities in Eq.
~4.2! are related to the renormalized ones in Eq.~4.3! by the
Z factors:

Bm5AZBBm
r , ~4.4!

Am5AZAAm
r , ~4.5!

A55AZ5A5
r , ~4.6!
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and

l̄5Zll̄r S m

m0
D e

. ~4.7!

@We are implicitly assuming that the theory is multiplica
tively renormalizable, a fact which we will verify to one loop
by explicit calculations. Therefore the discussion of reno
malization here is sufficient. We defer to future investig
tions details~see Abbott@7#! which manifest themselves a
higher orders.# As the Kac-Moody gauge invariance~3.7!–
~3.9! of the 1PI action is maintained in the backgroun
gauge, the renormalizations~4.4!–~4.7! imply certain rela-
tions among theZ factors. Substituting Eqs.~4.4!–~4.7! into
Eq. ~4.2! we obtain

Gmn5AZBS ]mBn
r 2]nBm

r 1meAR l̄rz1E ds~Am
r8An

r

1z2Fmn
r A5

r ! D , ~4.8!

where

z1[
ZAZl

AZB
, ~4.9!

z2[S Z5ZAD
1/2

. ~4.10!

By definition, the object in large parentheses in Eq.~4.8! is
thefinite renormalized tensorGmn

r , Eq.~4.3!, and so one must
have

z15z251. ~4.11!

Therefore one obtains the background gauge Ward identi
~compare the case of Yang-Mills theory in@7#!

Z55ZA ~4.12!

and

Zl5
AZB
Z5

. ~4.13!

Hence

l̄5
AZB
Z5

S m

m0
D e

l̄r , ~4.14!

from which the beta functionbl5m]l̄r /]m can be deter-
mined by differentiating both sides of Eq.~4.14! with respect
to m and takinge→0. It should be noted that the relation
~4.12! also follows consistently from the renormalization o
the gauge-invaraint tensorFm5, and that Eq.~4.13! is the
analogue of the relationZg

YM51/AZA for Yang-Mills theory
in the background gauge@7#. In Appendix A, we reobtain the
identities ~4.12! and ~4.13! by considering the renormaliza-
tion of the gauge-transformation rules~2.5!, ~2.6!, and
~2.14!, and also derive some identities for two-point func
tions of the theory.
-

r-
a-
t

d

ties

f

-

In Secs. IV B and IV C, we determine the wave function
renormalization factors required in Eq.~4.14! to one-loop
order in the pure gauge theory. Note that thoughZ5 andZA
are equal from Eq.~4.12!, we have used the former in Eq.
~4.14! as it is easier to determine directly~only two diagrams
need be analyzed!. In Sec. IV D we will discuss how includ-
ing the Dirac fermions~2.24! changes the number of inde-
pendent couplings, and also compute the new one-loopb
functions.

B. ZB

Two terms fromS2, Eq. ~3.21!, contribute to the one-loop
correctionDGmn

2 and these determineZB . ~In terms of two-
point functions these contributions correspond to the tw
Feynman diagrams in Fig. 2.! We obtain~see Appendix B!

DGmn
2 ~x!524T Gmn

2 ~x!, ~4.15!

where

T5
2l̄2R

8
~42d!S~d!E ddq

~2p!d
1

q2~q211!

1convergent terms asd→3 ~4.16!

and

S~d![m0
2eS 2p

R D d22

(
n

unud22

hn
d/2 f n

~d24!/2 . ~4.17!

Since thed-dimensional loop momentum integral is ultravio-
let ~UV! finite for d<3, the only possible ultraviolet~UV!
divergence asd→3 comes from the sum overn. To evaluate
Eq. ~4.17! we have to specify the functionsf n andhn . We
choose~see below!

hn5c1unu1c18 , ~4.18!

f n5c2unu1c28 . ~4.19!

For the boundedness of the path integral we require the co
stantsci andci8 to be non-negative. If either ofc1 or c2 were
zero, then, since the Riemann zeta functionz(s)5(1

`1/ns

has a pole only fors51 @specificallyz(s→1)→1/(s21)],
the sum~4.17! would be finite asd→3. For the choice~4.18!
and ~4.19! with c1 andc2 nonzero, and ase→0,

S~d5322e!→
2p

R

1

Ac13c2
1

e
1O~e0!. ~4.20!

Hence, using the minimal subtraction scheme

FIG. 1. Theam propagator~wavy line!, thea5 propagator~curly
line!, thebm propagator~dashed line!, and the Dirac fermion propa-
gator ~solid line!.
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DGmn
2 ~x!5

l̄2

4e

1

Ac13c2
Gmn
2 ~x! ~4.21!

and sinceGmn
2 1DGmn

2 [Gmn
(r )25ZB

21Gmn
2 this implies

ZB
21511

l̄2

4e

1

Ac13c2
. ~4.22!

As l5l r1O(l r
3), therefore

ZB512
l̄r
2

4e

1

Ac13c2
. ~4.23!

To motivate the choice~4.18! and ~4.19!, let us assume
that hn and f n , for largen, have the powerlike asymptotic
forms

hn→csunus, ~4.24!

f n→ctunu t. ~4.25!

For integrals,t.0, the sum~4.17! for largen is then

;(
n

unud22unu t[ ~d24!/2]unu2sd/2. ~4.26!

From the properties of the Riemannz function, asd→3, this
has a divergence only if

3s1t54. ~4.27!

The only positive integral solution to Eq.~4.27! is s5t51.
If the condition~4.27! is not satisfied, then then sum is finite
as d→3 and we would obtainZB51. Furthermore, as
Z551 ~see next subsection! independent off n andhn , this
implies that the one-loopb function for l is zero for the
ansatz~4.24! and ~4.25! unlesss5t51. Thus our choice
~4.18! and ~4.19!, and any others equivalent to it at largen,
would give a running coupling while other choices ofhn and
f n with asymptotic forms~4.24! and~4.25! would give a UV
finite theory at one loop.

FIG. 2. Diagrams contributing toZB .
C. Z5

The one-loop contribution to the 1PI effective action
which is quadratic inA5 determinesZ5 ~see Appendix B for
details!. Equivalently, Z5 is determined by two diagrams
contributing to the self-energy of theA5 field: The tadpole
and nontadpole diagrams shown in Fig. 3. Neither of thes
involves an internaln summation. Since theam propagator is
massive, the tadpole digram has a potential UV divergenc
but this divergence is linear and vanishes in dimensiona
regularization: Recall that in dimensional regularization
~DR! the scaleless integral (d.2)

E ddq

q2
50, ~4.28!

so that

E ddq

q21m2 5E ddqS 1

q21m22
1

q2D5E ddq~2m2!

q2~q21m2!
~4.29!

is finite asd→3. Similarly a potential linear UV divergence
in the other diagram is removed in DR. HenceZ551 at
one-loop order. As a cross-check, we have verified, by look
ing at the (AmAn) and (AmA5) self-energies, that they are
also finite neard53 so thatZ55ZAm

51 as required by
gauge invariance in the background gauge. Furthermore, t
fact that the divergence in theBm field two-point function
could be renormalized by a wave function renormalization
and that theAm andA5 two-point functions are finite justifies
a posterioriour assumption in the last subsection of multi-
plicative renormalizability of the two-point functions at one
loop. Thus it follows from Eq.~4.14!, Eq. ~4.23!, and
Z551 that

bl5
2l̄r

3

4Ac13c2
. ~4.30!

The four-dimensional pure Uˆ (1) Kac-Moody gauge theory is
asymptotically free.

To date, the known renormalizable and asymptotically
free theories in four dimensions are of the Yang-Mills@9#

FIG. 3. Gauge field diagrams contributing to theA5 self-energy.
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type: These are based on a non-Abelian Lie group@10,11#.
The result of this paper shows that the four-dimensio
Û(1) gauge theory, which is nonlocal in one spatial coor
nate, can also be asymptotically free. Furthermore, as
show in Sec. V, this theory is at least one-loop renorma
able. Whether the theory is renormalizable to all orders is
interesting open question.

Physically, it has been understood@12# that the crucial
ingredient responsible for asymptotic freedom in Yang-Mi
theory is the self-interaction of spin one~vector! fields which
makes the vacuum of Yang-Mills theory behave like a pa
magnetic medium@13#. As the Û(1) Kac-Moody gauge
theory also has self-interacting vector fields, asymptotic fr
dom in this case probably has a similar physical interpre
tion. However, we remind the reader that unlike Yang-Mi
theory, the (311)-dimensional Kac-Moody gauge theory
nonlocal or, equivalently, it may be interpreted as a lo
theory but with an infinite set of noncommuting charges.

D. Including Dirac fermions

The Dirac fermionsc(x,s) and c̄(x,s) couple only to
the gauge fieldsAm andA5 as indicated in Eq.~2.24!, and the
resulting theory with gauge fields and Dirac fermions h
two independent coupling constantsl ande. The wave func-
tion renormalization constantZA now obtains a quantum
electrodynamic-like contribution@8# from the fermion-loop
diagram of Fig. 4,

Z55ZA512
e2N

12p2e
, ~4.31!

whereN is the number of fermion flavors. The divergenc
which Eq. ~4.31! absorbs~through a rescaling of the bar
fieldsAm andA5) is that in the loop correction to the usua
kinetic terms 1

4 Fmn
2 and 1

2 Fm5
2 , that is, Eq. ~2.19! with

h(s2s8)5 f (s2s8)5d(s2s8). Therefore with Dirac
fermions present, the renormalizability of the theory see
to restrict the choice ~4.18! and ~4.19! further to
hn5 f n51. However, as we argue below, it is still possib
to choose the more general form

hn5 f n511cunu. ~4.32!

With Eq. ~4.32!, the kinetic terms for theAm andA5 fields in
Eq. ~2.19! are now split into two pieces each: The 1 in E
~4.32! gives rise to the conventional kinetic term which
renormalized by Eq.~4.31! while thecunu part gives rise to
another kinetic term. Since at one loop there is no ultravio
divergence corresponding to the latter kinetic term, con
tency demands thatc may be nonzero only if it renormalize

FIG. 4. Fermion loop contributing toZ5.
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inversely to Eq.~4.31!, so that the unconventional kinetic
term is unrenormalized. That is, we require

ZcZA51, ~4.33!

where the bare parameterc is related to the renormalized
parametercr by

c5Zccr . ~4.34!

~Actually what is being renormalized is a mass paramet
c/R.)

Now the dimensionless bare chargee is related to the
renormalized dimensionless chargeer by

e5S m

m0
D e

Zeer . ~4.35!

Since from Eq.~2.24! and gauge invariance in the back-
ground gauge~compare with the discussion in the last sec
tion!

Ze5
1

AZA
5

1

AZ5
, ~4.36!

therefore@8#

be5m
]er
]m

52ere1
er
3N

12p2 , ~4.37!

as in quantum electrodynamics~QED!. ~We have kept the
term of ordere in be as it is needed below.! Then one ob-
tains

gc[m
]cr
]m

5
crer

2N

6p2 . ~4.38!

Note that there is no term of ordere on the right-hand side of
the last equation because, as mentioned before,c/R is a mass
parameter of fixed mass dimension 1, so that no compens
ing mass parameterme enters in its dimensional continua-
tion.

Using the values ofbe , gc , andZ5 above, andZb from
Eq. ~4.23! with c15c25c, we obtain, from Eq.~4.14!,

bl52
l̄r
3

4cr
2 1

l̄rer
2N

6p2 ~4.39!

to lowest order. The contribution of the fermions is of oppo
site sign to that of the gauge fields just as in quantum chr
modynamics~QCD!. However, unlike QCD, we have two
independent coupling constants appearing in Eq.~4.39! so
that bl can be arranged to have a nontrivial zero in wea
coupling: Forer small,bl vanishes at

l̄r
!5er

2cr
p SN6 D 1/2. ~4.40!

Sincel̄r
!;O(er) even forcr of order 1 andN not too large,

the result~4.40! is self-consistent as it is within the pertur-
bative regime forboth l̄r ander . Thus, starting from short
distances~but er still small!, l̄r tends to increase at longer
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distances, but before it can become too large the ferm
coupling drives it tol̄r

! . This point is infrared stable since
bl8(l̄r

!).0. However,l̄r
! is not a fixed point of the whole

system sinceer continues to run.

V. RENORMALIZABILITY

We want to show that the theory as defined by Eq.~3.16!
is at least one-loop renormalizable. That is, the UV dive
gences in all terms in the one-loop 1PI effective action c
be absorbed by rescaling the terms in the tree Lagrang
~2.19!. Note that since the tensorsGmn , Fmn , Fm5 are indi-
vidually gauge invariant, radiative corrections could in prin
ciple generate more gauge-invariant terms than are in
Lagrangian~2.19!, such as

DL5E $a1~]mFmn!Fn51a2GmnFmn1a3Fmn]2Fmn1•••%.

~5.1!

In this section we show that, remarkably, all the one-loo
UV divergences have the same form as the minimal L
grangian~2.19! so that no extra terms such as Eq.~5.1! are
needed for renormalization. This is also fortunate becau
some of the terms in Eq.~5.1! are not positive definite and so
unsuitable for inclusion in the tree-level Lagrangian~see Fig.
4!. More specifically, we will sketch renormalizability of the
theory for the case

hn5c1unu1c18 ,

~5.2!

f n5c2unu1c28 ,

discussed in the last section@for Eqs.~4.24! and~4.25! with
s,t.1 the theory is even more convergent#. The possible
terms such as Eq.~5.1! in the 1PI action correspond to con
tributions from variousN-point 1PI diagrams formed from
the vertices in Eq. ~3.21! with the quantum fields
(am ,bm ,a5) along the internal lines and the backgroun
fields (Am ,Bm ,A5) on the external legs@7#. In the next sub-
section we analyze subsets of such diagrams in the p
gauge theory and in Sec. V C we consider fermions~2.24!.
For the purpose of determining the UV degree of divergen
of the one-loop diagrams, it is sufficient to consider th
large-n limit in which case we can treat the discrete sum as
continuous integral by making the replacements

n

R
→kz and

1

R(
n
E d3k→E dkzd

3k. ~5.3!

Thus according to Eq.~5.2!, in a power-counting analysis the
propagators~3.23! and~3.24! for theam anda5 fields have a
cubic decay (;1/upu3) at large momenta in contrast to th
usual quadratic form of propagators such as Eq.~3.22!.

A. Case A: diagrams containing at least one externalBµ line

~i! Exactly twoBm lines. We have already shown~in Sec.
IV B ! that diagrams contributing to the one-loop correctio
ion

r-
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-
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p
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d

ure
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e
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e

n

of Gmn
2 have a UV divergence which is removed by wave

function renormalization, and that no other divergences re
main in those diagrams.

~ii ! At least twoBm and some other external lines. Since
the diagrams in case A~i! were logarithmically divergent,
adding any more external vertices makes the diagrams U
convergent.

~iii ! OneBm and some other external lines. From the ver-
tices in Eq. ~3.21!, one sees that at one-loop no gauge
invariant term in the 1PI action can be formed from exactly
oneG and oneFmn ~or Fm5). So consider possible terms of
the formG(F)n, n>2 ~we have used a symbolic notation:
indices and possible derivatives have been suppresed, a
F here denotesFmn or Fm5). Consider firstn52; some of
the diagrams with one externalB line and two externalA
lines ~see Fig. 5! actually contribute toDGmn

2 and by gauge
invariance their UV divergence is related to the wave func
tion renormalization of theBm field already discussed in case
A~i! above. There are also diagrams which are not part o
corrections toGmn

2 and so must be part of corrections to
G(F)2 ~see, e.g., Fig. 6!. We wish to show that the net con-
tribution of diagrams such as in Fig. 6 toG(F)2 is only a
finite renormalization. Note that superficially Fig. 6 is loga-
rithmically UV divergent but gauge invariance demands tha
the externalA5 vertex must eventually~either after doing the
detailed calculation or after adding other similar diagrams!
become a]mA5. This then makes the diagram UV conver-
gent.

With the above effective power counting@that is, Eq.~5.3!
plus gauge invariance#, one can show that all diagrams con-

FIG. 5. UV-divergent diagrams contained in the one-loop cor
rection toGmn

2 .

FIG. 6. A diagram not contained inDGmn
2 . The curly external

line is A5, and the wavy external line isAm8 , while the dashed
external line is]mBt .
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tributing to G(F)2 are convergent. Then it follows tha
G(F)n(n>2), radiative contributions to the 1PI action a
one-loop order are UV finite.

B. Case B: diagramsnot containing an externalBµ line

~i! Terms of the form (F)2n11, n>1, in the 1PI action. It
is impossible to form such terms at one-loop order as it
quires an odd number ofA2b2a vertices which cannot be
contracted since thebm field must occur in pairs.

~ii ! Terms of the form (F)4 in the 1PI action. Some of the
diagrams containing four externalA lines ~see, e.g., Fig. 7!
contribute toDGmn

2 and therefore their UV divergence is a
before related to the wave function renormalization of th
Bm field. Here we need to consider those fourA diagrams
which contribute toF4. Consider for example the diagram o
Fig. 8. There is no internaln sum because of thebm propa-
gator, and so superficially the UV degree of divergence
that of the integral*d3qq3/q6 which is logarithmic. More
explicitly integrals of the form

E ddqqmqsqa

q4@m21~p2q!2#
~5.4!

appear but these are finite asd→3 because in an expansion
aroundp50, the first term is zero by symmetry and the re
are finite. Thus the superficially divergent diagram is actua
UV finite.

~iii ! Terms of the formF2n, n>3, in the 1PI action. Since
the n52 diagrams in case B~ii ! were only ~superficially!
logarithmically divergent, then>3 diagrams are therefore
convergent by the effective power counting rules discuss
above.

FIG. 7. A diagram contained in the one-loop correction
Gmn
2 .

FIG. 8. A superficially UV-divergent diagram not contained i
the one-loop correction toGmn

2 . It is UV finite.
t
t

re-
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e
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is
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C. Case C: diagrams with Dirac fermion lines

Since the fermionic part of the action~2.24! looks like
QED, all theone-loopdiagrams are the same as there. As
QED, there is only one UV-divergent diagram with a close
fermion loop, Fig. 4. However, unlike QED, the fermion
self-energy diagram and the vertex diagram in Fig. 9 are U
finite for d53 because theam propagator is more damped
@see Eq.~3.23!# than the photon in normal QED. Thus the
vertex renormalization factorZv and the fermion wave func-
tion renormalization factorZc corresponding to Fig. 9 equal
identity.

VI. CONCLUSION

We have studied in this paper the quantization of Ka
Moody gauge-field theory introduced in Ref.@2#. Although
such a theory had been written in@2# for the case of the
Kac-Moody groupĜ with G non-Abelian, we considered
here the Abelian limitG5U(1) which still retained the in-
teresting features of nonlinerality, nonlocality, and spati
asymmetry. The last two features are a result of interpreti
the internal Kac-Moody space as a compact spatial coor
nate.

We quantized the pure Uˆ (1) Kac-Moody gauge theory
~2.19! using the path-integral formulation in a backgroun
field and showed that in 311 dimensions it was one loop
renormalizable. Indeed, at one-loop, we found that becau
of the unusual propagators for theam and a5 fields, the
theory was UV finite within dimensional regularization for a
wide choice of the functionshn and f n appearing in the clas-
sical theory. However, forhn and f n behaving likeunu for
large n, we found that the dimensionless couplingl̄r was
asymptotically free. When Dirac fermions~2.24! were added,
the theory gained another coupling constant,e. At first sight,
renormalizability and gauge invariance now seemed to d
mand that the functionshn and f n took the form~4.32! with
c50. However, by keepingc nonzero, we obtained a more
interesting structure for theb functions: This could be done
by promotingc from a fixed quantity to a masslike paramete
which was allowed to be renormalized according to E
~4.33!. In this way the constraints of gauge invariance an
renormalizability could be satisfied and the beta functio
bl obtained two terms of opposing sign~4.39!. The cou-

to

n

FIG. 9. Fermion self-energy and vertex-correction diagrams
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plings er and l̄r could be chosen in the perturbative regim
to makebl vanish.

If the theory is to be regarded as a fundamental theo
then its renormalizability should in the future be studied
all orders. It would also be interesting to quantize the theo
by including the Kac-Moody fermions~2.26!. We only note
here from the actions~2.19!, ~2.24!, and~2.26! that the par-
tition function for the full theory comprising gauge fields an
Kac-Moody fermions has the intriguing property of appa
ently being sensitive to the sign of the parameterk appearing
in the Kac-Moody algebra~2.1!.

One might wonder about the theory in other dimension
d11Þ4. We found that already at one loop the theo
~3.16! was not renormalizable ford54: For example, a di-
vergence of the formp4R2/(d24) appeared in the self-
energy of theA5 field and such a term could not be absorbe
by wave function renormalization. Ford51 andd52 the
pure gauge theory is free.

Instead of treating the (311)-dimensional theory as fun-
damental, it might be profitable to treat it as an effectiv
theory in the sense of Wilson. Since the Lagrangian~2.19! is
naturally asymmetric, one is tempted then to associate it w
a description of high-temperature superconductors~HTS’s!,
which are anisotropic systems.~At nonzero temperature the
Kac-Moody gauge theory would be defined o
S13Rd213S1.! It has been argued@14# that the non-Fermi-
liquid behavior of the normal state of HTS’s requires for i
explanation a planar dynamical gauge field in the effecti
low-energy theory. This role in the Lagrangian~2.19! could
be played byBm(x), while Am(x,s), A5(x,s), and the fer-
mions would describe some other fields~perhaps the effec-
tive electromagnetic fields and fermionic quasiparticles,
spectively!. Of course detailed calculations are required
see if our proposal of Eq.~2.19! has indeed the required
properties to describe the properties of HTS in the norm
state, and if it has a phase transition at nonzero tempera
to a superconducting state. In any case, regardless of a
ticular application, it would be interesting to study how th
infrared dynamics of Eq.~2.19! depends on the anisotropy
scaleR, and what physical consequences issue from the K
Moody symmetry of the system.
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APPENDIX A: WARD IDENTITIES

1. Renormalization constants

The main advantage of the background gauge is that
quantum 1PI effective action has the same gauge symm
as the classical action@7#. One consequence of this is th
simple relation among the renormalization constants deriv
in Sec. IV by considering the renormalization of gaug
invariant tensors. Here we show how those relations a
follow consistently from the renormalization of the gauge
transformation rules~2.5!, ~2.6!, and ~2.14!. Recall that by
definition, under the rescalings~4.4!–~4.6!, the bare tensor
Gmn becomes proportional to the renormalized tensorGmn
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which is of the same form as the bare tensor but now writte
in terms of renormalized fields and couplings. Therefor
gauge invariance will be maintained only if the gauge varia
tions ~2.5!, ~2.6! and~2.14! for the bare fields also transform,
under the same rescalings, into identical relations for th
renormalized fields.

This alternative approach to the Ward identities~4.12!
and~4.13! to be discussed here is instructive because it hig
lights an interesting feature of the theory. Notice that th
transformations~2.5!, ~2.6!, and ~2.14! depend on various
combinations of two couplings (e andg) and the parameter
k, but in the Lagrangian~2.19! these combine into a single
effective coupling

l5ke2/g. ~A1!

For the pure gauge theory we could of course scale our fiel
so that only one parameter appears in both the gauge tra
formations and the Lagrangian. However this would not b
possible when matter is coupled so let us examine Eqs.~2.5!,
~2.6!, and ~2.14! as they are under the renormalization
~4.4!–~4.6!, and also define the separate renormalizations

e5Zeer , ~A2!

g5Zggr . ~A3!

@In Eqs.~A2! and ~A3! we have not extracted the factors of
me andm0

e so the couplings are dimensionful.# Then from
Eq. ~4.7! we have

Zl[
Ze
2

Zg
. ~A4!

Now Eq. ~2.14! remains form invariant; that is, it goes
into

dA5
r ~x,s!52

1

er
f r8~x,s!, ~A5!

under renormalization, only if

Zf5ZeAZ5, ~A6!

wheref5Zff r . Then from Eq.~2.5! we obtain

dAm
r ~x,s!52

1

er
AZ5

ZA
]mf r~x,s!, ~A7!

which implies

Z55ZA ~A8!

for form invaraince to hold. Thus we have rederived the firs
identity ~4.12! of Sec. IV. Next, definingL5ZLL r , the
gauge transformation in Eq.~2.6! renormalizes to
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ZgAZBdBm
r ~x!52

ZL

gr
]mL r~x!

1ZeZfAZA
ker
gr

E f r8~x,s!Am
r ~x,s!

2Zf
2 k

2gr
E f r8~x,s!]mf r~x,s!. ~A9!

To maintain form ~gauge! invariance we must choose
ZL5ZgAZB. Then Eq.~A9! goes into the renormalized ver
sion of the bare transformation only if in addition two equal
ties are satisfied:

ZgAZB5ZeZfAZA5Zf
2 . ~A10!

Using Eqs.~A6! and ~A8! these last constraints yield, fo
Zl in Eq. ~A4!,

Zl[
Ze
2

Zg
~A11!

5AZB
Z5
, ~A12!

which is precisely the second Ward identity~4.13! of Sec.
IV.

When Dirac fermions are coupled to the theory we ha
the Ward identity~4.36!,

Ze5
1

AZA
5

1

AZ5
, ~A13!

which imposes a constraint on the above analysis carried
for the pure gauge theory. Indeed Eqs.~A6! and~A13! imply

Zf51. ~A14!

This is exactly what is required for the bare gauge transf
mation law for the fermions

dc5~e2 if21!c ~A15!

to go into a renormalized transformation of the same form

dc r5~e2 ifr21!c r , ~A16!

with c5Zcc r . Alternatively, continuing in the spirit of the
discussion prior to this paragraph, demanding that Eq.~A16!
hold gives Eq.~A14! which in turn implies the Ward identity
~A13! when combined with Eqs.~A6! and ~A8!.

2. Self-energies

LetA denote the 1PI effective action of the bare but reg
larized theory in the background gauge. The manifest sy
metry of this action meansdBA50 where the gauge varia-
tion is given in Eqs.~3.7!–~3.9!. For infinitesimal gauge
transformations we obtain
-
i-

r

ve

out

or-

:

u-
m-

E ddxdsF2
1

e
@]mf~x,s!#

dA
d Am~x,s!

2
1

e
f8~x,s!

dA
d A5~x,s!G1E ddxS 2

1

g
]mL~x!

1lE f8~x,s!Am~x,s! D dA
d Bm~x!

50. ~A17!

Taking appropriate derivatives of this equation generat
various Ward identities. We will derive those for the two
point functions of the theory. Putf50, applyd/dBn to Eq.
~A17! and then set the fields to zero to obtain

E ddx]mL~x!
d2A

d Bm~x!dBn~y!
U
A55Am5Bm50

50.

~A18!

Fourier transforming to momentum space and introducin
the 1PI self-energy for theB field Pmn

BB(p), we obtain

pm@~p2dmn2pmpn!1Pmn
BB~p!#50, ~A19!

which gives the QED-like transversality condition

pmPmn
BB~p!50. ~A20!

Note that in Eq.~A19! the tree-level tensor is manifestly
transverse because the background field isnot gauge fixed.
The identity~A20! is verified at one loop in Appendix B.

Similarly settingL50 in Eq. ~A17! and applying either
d/dA5 or d/dAn to Eq. ~A17! gives, respectively,

pm@ f npmpn1Pm5
A ~P!#1pn@~p

2f n1P55~P!#50
~A21!

and

pm@ f npn
2dmn1Pmn

AA~P!#1pn@ f npnpn1P5n
A ~P!#50,

~A22!

where the notation is fairly obvious. These last two War
identities for the self-energies of theAm andA5 fields are
more complicated than that for theB field because of the
anisotropic appearance of the former fields in the action. B
taking either thepm50 or pn50 limit of the relations~A21!
and ~A22! we obtain the more useful identities

P55~p50,pnÞ0!50, ~A23!

P5n
A ~p50,pnÞ0!50, ~A24!

pmPmn
AA~p,pn50!50, ~A25!

pmPm5
A ~p,pn50!50. ~A26!

The identity~A23! is tested to one-loop order in Appendix B
The last condition~A26! can be simplified by using the
d-dimensional Lorentz invariance to give

Pm5
A ~pÞ0,pn50!50, ~A27!

which is complementary to Eq.~A24!.
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APPENDIX B: THE EFFECTIVE ACTION

1. General

Functionally, the 1PI effective actionA(Am ,Bm ,A5) at
one loop is determined from the generating functional~3.19!
evaluated at zero external sources@7,8# and using Eqs.~3.20!
and ~3.21!,

e2A~C!5Z2@C#[e2ScE @DQ#e2S2~C,Q!, ~B1!

where we have symbolically denoted all the quantum fiel
by Q and the classical fields byC. SinceS2 is quadratic in
the quantum fields, the path integral may be evaluated f
mally to give a determinant and the correction toSc is then
given by the well-known expression lnDet@G(C)#
5Trln@G(C)# with G(C) the propagator for theQ field in the
C background. Particular one-loop 1PIN-point Green’s
functions can be obtained by expanding the Trln perturb
tively.

We have chosen another standard way to obtain spec
contributions toA. Introduce sourcesj ~one for each quan-
tum field! in Z2@C#,

Z2@C, j #5e2ScE @DQ#expS 2S2~C,Q!1E jQ D ~B2!

5e2ScexpF2E LI SC, d

d j D GZ0@ j # ~B3!

5e2ScH 12E LI SC, d

d j D1•••J Z0@ j #, ~B4!

whereLI(C,Q) is the interaction part of the Lagrangian in
Eq. ~4.25!, and, explicitly,

lnZ0@ j #5
1

2E ddxddyH E dsds8@Jm~x,s!Dmn~x,s;y,s8!

3Jn~y,s8!1L~x,s!S~x,s;y,s8!L~y,s8!#

1Km~x!Dmn~x;y!Kn~y!J ~B5!

or, in momentum space,

lnZ0@ j #5
1

2E ddp

~2p!dH 1R(
n

@Jm~2P!Dmn~P!Jn~P!

1L~2P!S~P!L~P!#1Km~2p!Dmn~p!Kn~p!J ,
~B6!

where the propagators are those defined in Eq.~3.22!–~3.24!.
From Eqs.~B4! and~B6! one calculates straightforwardly

perturbative contributions toZ2@C#5Z2@C, j50# and hence
to Sc . ~Those readers conversant with Wick’s theorem m
obtain the same results as below almost by inspection.!
ds

or-

a-

ific

ay

2. ZB

Consider now the the one-loop correctionW1 to the piece

2 1
4 *ddxGmn

2 (x) in the classical part (2Sc) of Eq. ~B4!.
Noting the appropriate vertices in Eq.~4.25!, one obtains,
after some algebra,

W15S 2
1

4D
2 4l2m0

2e

2 E ddp

~2p!d
Gmn~p!Gst~2p!$!%,

~B7!

where we have defined

$!%[E ddk

~2p!d(n @22kn
2Dsn~P2K !Dtm~K !

14kmksS~P2K !Dtn~K !#, ~B8!

and where in the last linekn52pn/R and pn50. The two
diagrams for theBm-field self-energy shown in Fig. 2 corre-
spond to the two terms in Eq.~B8!. We are interested in the
UV divergent part ofW1 as it will determine the renormal-
ization constantZB discussed in Sec. IV. Thus one can pe
form a Taylor expansion aboutp50 of the expression~B8!.
By power counting one sees that only the leading (p50)
term gives a potentially divergent contribution. Droppin
also some other terms which vanish when Lorentz indic
are contracted in Eq.~B7!, we obtain

$!%p505E ddk

~2p!d(n H 4dtnkmks

f nk
2~ f nkn

21hnk
2!

1
22kn

2~dtmdsn22dtmkskn /k
2!

~ f nkn
21hnk

2!2 J . ~B9!

Simplifying the tensor structure above and performing
change of variables gives

W15m0
2e l2

8 E ddp

~2p!d
Gmn~p!Gmn~2p!$!!%1finite terms,

~B10!

where

$!!%5
4

d(n
1

f nhn
S f nhnD

~d22!/2

~kn!
d22E ddq

~2p!d
1

11q2

~B11!

12S 12
2

dD(n 1

hn
2 S f nhnD

~d24!/2

~kn!
d22

3E ddq

~2p!d
1

~11q2!2
. ~B12!

Remarkably, although the functionsf n andhn appear in very
different ways in the propagators in Eq.~B8!, and so contrib-
ute differently in general to the two diagrams in Fig. 2, the
contribution to the two terms in the UV-divergent part o
W1 is identical. Furthermore, in dimensional regularizatio
one establishes through an integration by parts the identi
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E ddq

~2p!d
1

~11q2!2
5S 12

d

2D E ddq

~2p!d
1

11q2
, ~B13!

and so one has the compact expression

$!!%5~42d!S 2p

R D d22

(
n

unud22

f n
2 S f nhnD

d/2E ddq

~2p!d
1

11q2

~B14!

52~42d!

3S 2p

R D d22

(
n

unud22

f n
2 S f nhnD

d/2E ddq

~2p!d
1

q2~11q2!
.

~B15!

We have used Eq.~4.29! in the last step. Hence

W1524T S 2
1

4E ddxGmn
2 D , ~B16!

with T defined in Eq.~4.16!, and finally

DGmn
2 ~x!524T Gmn

2 ~x!, ~B17!

as stated in Sec. IV B.
We now illustrate how the power-counting rules di

cussed in Sec. V indicate a UV logarithmic divergence in
wave function renormalization of theBm field for theansatz
~4.18! and~4.19!. Consider the first diagram of Fig. 2: From
Eq. ~4.25! one sees that each vertex in that diagram com
from l]mBn*am8an . Therefore the UV degree of divergenc
of that diagram~with external]B legs! is

(
n
E d3qn2

~nq2!~nq2!
;ELd4qq2

q3q3
; lnL. ~B18!

In the second diagram of Fig. 2 each vertex comes from
term l]mBn*F̃mna5 in Eq. ~4.25!. Thus the UV degree of
divergence is now

(
n
E d3qq2

~nq2!~nq2!
;ELd4qq2

q3q3
; lnL. ~B19!

These results agree with the explicit analysis in Sec. IV B
By taking functional derivatives with respect toBa and

Bb , one can obtain fromW1 the one-loop self-energy cor
rectionPab

BB(p) to theB field. This self-energy is automati
cally transverse because of the manifest gauge symmetr
the expression forW1. Indeed one obtains, from Eq.~B7!,

Pab
BB;~pmdna2pndma!~psdtb2ptdsb!3~rest!,

~B20!

so that

paPab
BB5pbPab

BB50, ~B21!
s-
the

es
e

the

.

-
-
y of

as required by the Ward identity~A20!.

3. Z5

Here we summarize the one-loop contribution to the 1
effective action from terms quadratic inA5. There are two
pieces and these correspond to the two diagrams shown
Fig. 3. Using the functional method described above, t
tadpole contribution to (2Sc) is obtained as

22l2m0
2e

4 E ddp

~2p!d
1

R(
pn

A5~P!A5~2P!$@%, ~B22!

where

$@%[E ddq

~2p!d
q2Dnn~Q!uqn5pn

~B23!

5
~d21!

4 E ddq

~2p!d
q2

hnq
21 f npn

2

~B24!

5
~d21!

4hn
E ddq

~2p!d
2 f npn

2

hnq
21 f npn

2

~B25!

is finite asd→3 because of Eq.~4.29!. Hence the tadpole
diagram does not contribute toZ5. Similarly the other con-
tribution to (2Sc) is determined to be

S 14D
2l2m0

2e

2
42E ddp

~2p!d
1

R(
pn

A5~P!A5~2P!$@@%,

~B26!

where

$@@%[E ddq

~2p!d
$qmqtDns~q!~p1q!s~p1q!nDtm

3~P1Q!1qmqsDnt~q!~p1q!s~p1q!m

3Dtn~P1Q!%•dqn,0 ~B27!

is easily shown by algebraic manipulations such as E
~4.29! to be finite neard53. So neither does this piece con
tribute toZ5. Note also that the tadpole contribution to th
A5 self-energy is independent ofpm and actually cancels the
pm50 part of the other self-energy diagram. This vanishin
of theA5 self-energy at zero momentumpm is in accordance
with the Ward identity~A23! ~note that in this example the
individual contributions do not satisfy the Ward identity bu
their sum does as required!.

In passing we note that ford→4, the nontadpole diagram
contribution to the self-energy of theA5 field contains a di-
vergence proportional top2 which requires wave function
renormalization, but there is also a divergence proportion
to p4 from Eq.~B27! which implies the nonrenormalizability
of the theory in 411 dimensions.
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@1# P. Goddard and D. Olive,Kac-Moody and Virasoro Algebras
~World Scientific, Singapore, 1988!.

@2# B.E. Baaquie, Phys. Lett. B271, 343 ~1991!.
@3# The ‘‘Kac-Moody group’’ we refer to here is sometimes calle

an ‘‘affine Lie group,’’ and the corresponding algebra i
known to physicists as current algebra.

@4# Following the convention of Ref.@2#, the indexm covers the
d coordinates of the Euclidean manifoldRd while 5 labels the
(d11)th coordinate inS1.

@5# Note again that the index 5 refers to the compact coordina
and sog5 has nothing to do with the usual chirality matrix.

@6# B.E. Baaquie, Phys. Rev. D53, 879 ~1996!.
@7# G. ’t Hooft, Nucl. Phys.B62, 444 ~1973!; L.F. Abbot, ibid.

B185, 189 ~1981!.
@8# L.H. Ryder, Quantum Field Theory~Cambridge University
d
s

te,

Press, Cambridge, England, 1994!.
@9# C.N. Yang and R.L. Mills, Phys. Rev.96, 191 ~1954!.

@10# D.J. Gross and F. Wilczek, Phys. Rev. Lett.30, 1343~1973!;
H.D. Politzer,ibid. 30, 1346~1973!; G. ’t Hooft, Nucl. Phys.
B254, 11 ~1985!.

@11# S. Coleman and D.J. Gross, Phys. Rev. Lett.31, 851 ~1973!;
A. Zee, Phys. Rev. D7, 3630~1973!.

@12# N.K. Nielsen, Am. J. Phys.49, 1171 ~1981!; R.J. Hughes,
Nucl. Phys.B186, 376 ~1981!.

@13# For early calculations of the beta-function of self-interacting
spin-one fields see V.S. Vanyashin and M.T. Terentyev, So
Phys. JETP21, 375 ~1965!; I.B. Khriplovich, Sov. J. Nucl.
Phys.10, 235 ~1970!.

@14# See J. Polchinski, Nucl. Phys.B422, 617 ~1994!, and refer-
ences therein.


