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tor corresponds to the Neveu-Schwarz model.
There are several obvious flaws in our picture.

First, the ground-state "pion" is a tachyon. Sec-
ond, baryon states which do not decouple from the
spurious ground-state scalar have not yet been
identified. On the plus side there exists in this
model a welL-defined procedure of identifying the
vector and axial-vector current operators and thus
calculating electromagnetic and weak form factors
and amplitudes. This of course would involve the
solution of the gauge-invariance problem, which
we have not dealt with in this paper. There is the
further problem of extending this type of model to

include isospin and chirality. A model which in-
cludes parton isospin but no chirality constraints
will be presented elsewhere. We wish to end with
a conjecture that chiral and isospin constraints to-
gether may be the ingredient needed to generate a
more physical spectrum.

Note added in proof. The problem of coupling
photons has been solved and it has been proved that
a deep-inelastic photon couples only through trans-
verse components, in contrast to the usual model
where it couples only through longitudinal compo-
nents.
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Starting from the Lippmann-Schwinger equation the off-energy-shell generalizations of the
Glauber amplitude and the Blankenbecler-Goldberger amplitude are derived for potential
scattering. The Lippmann-Schwinger equation for partial waves treated as a Fredholm
equation is solved and the high-energy limit studied.

I. INTRODUCTION

The eikonal approximation of Glauber' has been
extensively used in analyzing data involving high-
energy scattering. An alternative form for the
scattering amplitude at high energies was pro-
posed by Blankenbecler and Goldberger. ' A great
deal of theoretical work has recently been done on
the formal aspects of these impact-parameter re-
presentations of scattering amplitudes in potential
scattering. ' In a recent paper Levy and Sucher'
derived the Glauber amplitude in potential scatter-
ing (and relativistic scattering) for the on-energy-
shell case using the "eikonal approximation" for
the propagators. In the present work we have
studied the high-energy scattering and derived

both the Blankenbecler-Goldberger amplitude and
the Glauber amplitude in the potential scattering
for the off-energy-shell scattering. The transi-
tion to the on-energy-shell case is trivial. Our
study makes clear the set of approximations one
has to make to get one or the other amplitude.

II. DERIVATION OF BLANKENBECLER-

GOLDBERGER AND GLAUBER AMPLITUDES

FOR OFF -ENERGY- SHELL SCATTERING

In this section we derive the Blankenbecler-
Goldberger (B-G) amplitude and the Glauber (G)
amplitude for off -energy -shell scattering. Our.
starting point is the Lippmann-Schwinger' equa-
tion,
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&(f, f')=&(f, F)+, f~C, ', , T'(Kf'),
%'e define two new functions 0 and B as follows:

(2.1)

where p and p are the initial and final center-of-
mass momenta and in general (p[c )p'(. We
choose the coordinate system such that p is along
the z axis and

and

r(p, y, p') = bdb J (2pby)H(p, b, p')

V(P, y, P') = jt bdb J,(2Pby)B(P, b, P'),

(2.2)

(2.3)

p'=(p', 8, e),
q=(q, 8', Q')

where y = sin~8. Substituting Eqs. (2.2) and (2.3)
into Eq. (2.1) we get

40
bdb J.(2pby)[If (p, b, p') -B(p, b, p') j

b'db' b "db "B(p,b', q)fI(q, b",p') dQ J0(2pb' 'sin28) Jo(2qb" sin2y),
0

(2.4)

where

p' ~ q —= cosy = cos 8 cos8'+ sin8 sin 8' cos(Q —(t(') .
To carry out the angular integration let us define

where

p =p'b" +q'b'" —2pqb'b" cos28 cos(p.

Defining

I = dQ, Jo(2pb' sin28') J'o(2qb" sin2 y}. (2.5) G(p, q; b', b"; b) =— d8' sin8' Jo(2pb sin 28')
0

Now using the integral

t 21f

d(p' J,([x' —2xy cos((p —(p') + y' j'")

= 2~J,(x)J,(y),

(2.6)

and using the relation

bdb J,(2pb sin28) J,(2pb sin28')
Jp

(2.8)

where

x =2b "q sin28 cos 26)'

and

y =2b "q cos 20 sin28', we get

6(sin-,'8 —sin-,'8')
4p sin&8

(2.9)

and a well-known integral of Sonine, ' we get

v=4
o P

(2 7)

I =4g bdb J,(2pby)G(p, q; b', b"; b) .
0

Substituting Eq. (2.10) into Eq. (2.4) we get

(2.10)

oo oo

If(P, b, P')=B(P, b, P')+ —~, . b'db'b "db"B(P, b', q)H(q, b",P')G(P, q; b', b"; b). (2.11}
W p q P 26 0

A. Blankenbecler-Goldberger Amplitude

In the high-energy limit it can be shown that'

and then it follows from Eq. (2.10) that

I gl, b ~ 6(b b )b(b (p/q)b )G p, q;b', b";b ~~~

2w „.g 6(b" —(p jq)b')
pq

(2.12)

(2.13)

Substituting for G from Eq. (2.13} into Eq. (2.11}
we get the integral equation for Il:
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H(p, b, p') =B(p, b, p )

+— t dq, ', '
. H(q, (p/q)b, p').

(2.14)

This integral equation can be represented dia-
grammatically as a ladder summation. Notice
that the impact parameter in the intermediate
state, by angular momentum conservation, is
b' =(P/q)b

Let us define the momentum transfer at the first
rung of the ladder diagram as

k=p-q.
Then q'-p2=-2p k+0'. If we now assume that the
momentum transfer is small ("eikonal approxima-
tion") compared to the p ~ k term, then the denom-
inator of Eq. (2.14) is approximated by -2pk, —i e.
The physical picture we then have is that at the
first rung of the ladder we have an almost on-en-
ergy-shell scattering and the off-energy-shell
scattering occurs through H(q, (p/q)b, p'). With
this on-energy-shell scattering at the first rung
we have dq = -dk, and also B(p, b, q) -B(p, b, p)
andH(p, (p/q)b, p')-H(p, b, p'). Then Eti. (2.14)
takes a particularly simple form,

H(p, b, p') =B(p, b, p')

„B(P,b, P)H-(P, b, P )
1 dk,

gy-shell cases. This we do for the scattering of
spinless particles of mass M scattering through a
Yukawa potential,

2
v(r)=- —e- ".r (2.1 l)

Then

v(p, p') = v(p, y, p')

d'r V(r)e'l('
4m'

(2.18)

U(p, p') = ——(I Jt U((b'+z')'") e'~'bd'be
4n~

M 00

bdb Z, (Eb) V((b'+ z')'") dz .
2 0 ~ oo

(2.19)

If we define

QOO

V(b) = —— V((b'+ z')"') dz
2 J

m($2 +g 2 ) l(t 2
e

+Mg
(

2 2))y2 dZ

For on-energy-shell scattering the vector p+p' is
orthogonal to p -p'. We choose the z direction
along p+p' and a 2-dimensional vector b ortho-
gonal to p+p'. Then with 6 =p —p',

(2.15) =Mg Ko(mb), (2.20)

In the last integral the upper limit is actually 2p,
which we have replaced by +~ in the high-energy
limit. The same replacement will be made in all
the following derivations whenever a similar situ-
ation arises. On carrying out the integration in
E(l. (2.15) we get

then

B(p, b, p) = Mg'K, (mb) = V(b) . (2.21)

For off-energy-shell scattering p+p' is not ortho-
gonal to p -p'. To get B(p, b, p') we proceed as
follows:

B(p, b, P')
1 —(l/2P)B(p, b, p)

' (2.16) V(p, p') =g V, (p, p')(2l+1)P, (cos8)

When substituted into E(l. (2.2) this yields us the
B-G amplitude for off-energy-shell scattering.
The on-energy-shell case is obtained by writing

p for p'.

B. Yukawa Potential

It is worthwhile to demonstrate the explicit form
of 8 both for the on-energy-shell and the off-ener-

=g V((p) p')(2l+ 1) Jl dpJ2&+&(p) J' (py),
0

(2.22)

p(pp) Z () ( (P ))+ )-
2PP

'
2pp

(2.23)

so that4

where y = sin&8. Now for the Yukawa potential,

00 M I 3 2

V(p, p') = Zo(Py)dP Q (21+ 1)Z2(+, (P), Q, 1+,™
0

2pP' o
' 2 . e+[(p p')'+ 'I/4PP' '- (2.24)
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Set P=2Pb and $=2pg; then

J.(e&)«& „I'" ~.(b~) «~
, &'+[(p -p')'+ nP]/4pp' ~ ~

0' +(p/p')[(p -p')'+ nP]

~ K (b( p/p/)'"[(p —p')*+ nz']'")

Combining Eq. (2.25) with (2.24) we get

y(p, p') =Mg —, bdbZ (2Pby)K
~

b —, [(P -P') +lpga]"

(2.25)

which gives us

(2.2V)

C. dauber Amphtude

In deriving Glauber's amplitude we iterate Eq. (2.14). The term of order e+ I in B is

„)B(p,b, qi)B(m, Pb/qi, q~) B(q., f b/q. , P')
(2.28)

There are n+ i equivalent mays of writing this expression:

( t~(
) B(p& b& ql) B(q1&pb/ql& q2) B(ql-1» pb/ql-1& qt)

~ (a=&. j qz P &~ q2 P && qr

B(ql+ 1& Pb/qt+ && q 1+2) B(q/» pb/q»& p )
l ~ /q~ ql+

k+1

(2.29)

There are l terms in the first bracket and n —l in the second bracket. If no approximations are made,
then of course, the value of this expression miQ not depend upon horn this decomposition is done. l can
vary from 0 to n. Nom me write

q, =p-k, -k — -k =p-K,

q& =p'+k, +k,.+, + ~ ~ ~ +k„=p'+K!, j = k+1, [+2, . . . , n.

Next me make the "eikonal approximation" to the pxopagators by writing

q,.'-p'-s~=+2p'K„-ap'- ~~, y=l+1, 1+2, . . . , n

where hp'=p' —p" End K& is the projection of K in the direction p'. The essence of our next step is to as-
sume that in the fix st l rungs of the ladder the scattering is essentially on the energy shell. There is theo
an off-energy-shell "kick" and for the remaining g - l rungs the scattermg is again on the energy sheQ,
albeit the energy is now different from the initial energy. Thus at high energies (p, p -~, hut PIP ) we
have q, ' =p2 and q&' =p". We also have dq,.= -@b„anddq,.=dk,.&. Also for the first I rungs B(q„Pb/q„q,+,)
-B(P, b, P) and for the last I —I rungs B(q,, Pb/q, , q,.„)-B(p',pb/p', p'). Thus we write Eg. (2.29) finally
in the form

B'""(,b, ~)= -'"' n """. "
rr . "", . [B(f,b, I)]'B(f,b, f )[B(I,»/f, f )]-.

@ .+„;~ 2pK]~+i& +„;g+~ Ap —2p'X)~+ je
(2.30)

Once we make the "eikonal approximation" the value of H~"+" depends on the value of l. To overcome this
undesirable feature Levy and Sucher' sum over n+ 1 values of l and average over n+1. Following Levy
and Sucher, as the iritegrands are separately symmetric in the k's, we may sum over aO permutations of
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b's inside each group and divide by /!(n —l)!, the total number of permutations. Thus

H'"'"(»(', P')=(—): Q:,&(»»p')[&(p & p)]'[&(W, o&lp', (' ]]'
(=0

m y @+assay= -ix
I dP e*e"Q
0 r=i ar

~rr-,—,A,.--'
where A„=a,+a 2+ ~ ~ ~ +a„,enables us to write Eq. (2.31) in the form

If(n+1(p b pg}
1 + plbip g 1

[~( b p)]g I

fZ

dbg g

ff; "+ ]=X 2P+3~+~~, + ad=i+a &~ —~P &yg+ &&

where m, means a permutation of the i' s. The use of an identity proven by Levy and Sucher, '
(2.31)

x[a(p', pb/p, p ]" '(-imp') dpe*"+~I
+" ~=]+x &&

(2 32}

Now

dk&g s 7T

2Pk3g+ i6 2P-

~ n

ff'""'(P, b, P')=„„,&(P, b, P')X", (2.33)

ff(P, b, P),ff(P', PblP', P')
X=

2p
+

2pp

Summing over n we get

(2.34}

-" u (1 e-'*"'~-) inc(p)
J+~ -2p kg( + ic 2p

where 8(P) is the usual step function. On carrying
out the il integration and summing over 1 we get

ber's form of the amplitude the ladder graph of
order n+ i was bxoken into two paxts: the first
part with / rungs and the second with g —I rungs
with the (1+1)th rung sandwiched in between. The
"eikonal approximation" was then made. This ap-
proximation distorts the value of the order-(n+ 1)
term. As Levy and Suchex -point out, the value of
the amplitude depends on which rung of the ladder
the over-all momentum conservation is imposed.
Thus one averages over the n+1 possibilities that
one has for the term of order n+1. This averag-
ing procedure apart from the "eikonal approxima-
tion" of the propagator is an essential ingxedient
in obtaining the Qlauber fox m of the amplitude. In
deriving the B-G form, on the other hand, the
ovex -all momentum conservation is imposed at the
first rung of the ladder and there is no averaging
involved.

tX

ff(P, b, P') =&(P, b, P') (2.35) III. ALTERNATE DERIVATION OF B-6
AND G AMPLITUDES

Substltllting this m E(l. (2.2) we ge't the off-energy-
shell form of Glauber's amplitude. It is clear that
on the energy shell p'-p and one gets the famil-
iar Qlaubex' form

In this section we present an alternative deriva-
tion of the results established in Sec. II. Ne start
with the Lippmann-Schwinger equation for the par-
tial waves,

T(p, y) = ip b-db J' (2pby)(e'" —1)

and off the energy sheO one gets

p 00 ~&X

T(p, y) = -i bd». (2pby+(p, b, p')
&0

(2.36)

(2.37)

T (P, P') = V, (P, P')

+ —„'I ~ p. ..~i(P, ~)T,(e, P'),
0

(3.1)

which is obtained from E(1. (2.1) on using the par-
tial-wave expansions

Let us now look back on the set of approxima-
tions we had to make to get the Glauber or the
Blankenbecler -Goldberger form of the amplitude.
To keep the discussion simple let us consider only
the on-energy-shell scattering. In deriving Glau-

T(p, p') =Q (2l+1)P,(cos6)T, (p, p'),
(3.2)

1'(p, p') =Q (2~+1)&,(cose) l', (p, p') .
(Vve make the elkonal approxllllatlon" (f -p
= -2pk„where b, is the component of K, the mo-
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mentum transfer, along the direction of p. As be-
fore, we assume that the first rung of the ladder
results in almost an on-energy-shell scattering,
the off-energy-shell scattering coming from
T, (q, p'}. In this approximation we get, as in Sec.
II with

qdq = -pdk,

and

T (P, P')=V (P, P')- — &, . V (P, P)T (P, P')

(3.3)

sum over l into an integration together with the re-
placements

pb = l (for large l's),
P, (cos6)-J,(2 pb sin28), (3.8)

) (,)
Ma'2 (,(a a')*+~')-

l ~~ ~ 2ppi f
2pp p

one gets

T(p, cose) - Jtbdb J,(2k being&)
1

V(b)
1 — z 2pVb

(3.9)

For the off-energy-shell scattering we get

or

v (p, p')
Pv(p P)

(3.4)

Mg' $ (p -p')'+m' '"I)
(azge l'a 2pp I pp~

This is the off-energy-shell form of the partial-
wave amplitude at high energy. The on-energy-
shell form obtained by writing p for p' has the
structure of the unitarized Born approximation.

To see the relationship of the result of Eq. (3.4)
and the result of Sec. H let us look at the structure
of the partial-wave amplitude for on-energy-shel1.
scattering via the Yukawa potential of (2.17). For
the scattering of particles of mass M,

V, (p, p)=, . ~ 1.2P.

[(P-p)" ']'"b I.

vl(P, P'),„„,;—, 2pg &(P, b, P')
1

(3.11)

Substituting Eq. (3.11) and Eq. (3.6) in Eq. (3.4) we
get

(3.10)

Using the definition of B(p, b, p ) given in Eq. (2.27)
we find

g M, SC,(mb), (3.5)
1 B(p, b, p')

'~ge" 2P' 1-(i/2P)&(P) bap)
(3.12)

where bp = l (for large l's). Using the definition of
V(b), Eq. (2.20), we get [note that by Eq. (2.21),
v(b) =II(P, b, P)]

Using Eq. (3.12) together with Eq.(3.8) in Eq. (3.2)
and converting the sum into an integral we get the
off-energy-shell form of the B-G amplitude

v(b)
v, (p, p'),„...;—, (3.6) T(p, p') =

~

bdb Z, &2bp sin-2'6)
4p

Substituting Eq. (3.6} into Eq. (3.4) one gets for on-
energy-shell scattering and large l's

&(p, b, p')
1-(i/2P)~(p, b, p)

' (3.13)

1 V(b)
(~gal a 2p 1 —(i/2P)V(b)

' (3.7)

Finally, putting this in Eq. (3.2} and converting the

To derive the off-energy-shell Glauber ampli-
tude we iterate Eq. (3.1). The term of order V,""
has the form which we can write in n+1 equiva-
lent ways, as explained in Sec. II,

( )( ) rr . 2d l(p ql) Vl(ql q2), , Vl( -qlqll) Vp p = — LQ'~ q~ 2 2 .. ~ 2, ' ' '
2 2 . g(qg q) )y

vl(ql+la qltg) Vl(qn)P )
q) -P —2C q„-P—2& (3.14)

We make the "eikonal approximation" as in Sec.
II. We also assume that the first l rings of the
ladder give almost on-energy -shell scatterings

with an off-energy-shell "kick" at the (l+ 1)th rung
followed by n —l on-energy-shell scatterings
though at a different energy. We go through exact-
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ly the same approximations, permutations, and
averaging procedures described in detail in Sec. II
and finally get

&'"'"(~,f ') =„„,V, (~,P') and

~(P ~) g ff P) 4) ''') $m

e 4

x 42d4 g dg (4.5)

x [PV (P, P)+I'V (P', f')j" (3.16)

This is the analog of Eq. (2.33). To see the cor-
respondence we simply recall that [Eqs. (3.6) and
(3.11)j

f V, (P, J),...,;, —, ~(—~,f, f)

~ (~) ),p (-)) }(~(). , )
)

"4d4' ' ' ( 'd5

where K is defined as the determinant

(4.6)

~(P, ~) ~(f, &,) ~ ~ ~ ~(f, &.}

ff(&„4 ~(4, 4) ~ ~ ~ f~(~„~.)

Substituting Eq. (3.16) in Eq. (3.15) we get

~ 21

T(g+l}(h ~P)' lP) ) P I n (3 j l7))~«" (n+1}! 2}))'

with y defined in Eq. (2.34}. Using Eq. (3.1V) in
Eq. (3.2), converting the sum over f into integra-
tion, and using the small-angle approximation for
P, (cos8) we get the same amplitude as that derived
in Eq. (2.3V}.

IV. FREDHOLM SOLUTION

In this section we present the solutibn of the
I ippmann-Schwinger equation for partial waves
treated as a Fredholm equation. %e can write the
Lippmann-Schwinger equation [Eq. (3.1}jin the
form

1

If(&„,~) ~(&., 4) ~ ~ f~(~„,&.)

(4.7)

We can write the solution given by Eq. (4.3) as

V, (p, f ')D, (f ) —je'd~~, (p, eÃ, (e, f ')

Let us now investigate the high-energy behavior
of T, (p, p') both on the energy shell and off the
energy shell.

Denominator of Eq. (4. 8). We first look at the
term with m = 1 (first order in the potential) for
scattering by a Yukawa potential. This term has
a form

&,(P, P') = V)(P, P')+ ' e'de&, (P, q)&)(e, p'), (4.1)

where the kernel K,(p, q) is'

"A(V(t, k)

m, E'-P2 —ie ' (4.9)

V, (f, ~)
&)(P, w (4.2)

Notice that the propagator involves the square of
the second entry in the argument of K,(p, (f) minus
p' (sot the square of the first entry). The solution
of the Fredholm equation, Eq. (4.1), can be written
using a resolvent kernel'ff )(p, q),

T,(f, I ') = V,(I, f ') -g~q'd~H, (I, q) V,(a I '), (4.3)

where the resolvent kernel 1s expressed 1n a Quo-
t1ent form

Mg nP
V(g, ()=2 2 Qo 1+2 2

Mg 4$ +m
ln (4.10)

"
$ d$ Vo(g, g) Mg v

)) () (3 -P' —ie 4P

while the on-shell part gives

4' m'
( )

Mg })) +nP

(4.11)

Putting Eq. (4.10) in (4.9) we find that the princi-
pal-value part of the integral yields

H, (p, q)
If)(P, e)=

D (p)
(4 4) Thus for large energies the on-shell part is larger

than the principal-part contribution. This is also
true of the ease with /= j. as one can check quite
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explicitly. Beyond /=1 one can use the recurrence
relation

(1+1)q„,(x) = (2 i+1)xq, (x) —1q, ,(x)

shell part of the denominator we get

1 (p, p)i(p p), 1,.py(p p), (4.15)

to prove that it is generally true for all angular
momenta. Thus at high enough energies one need
keep only the on-shell contribution of the term
with m =1.

One can also show that the higher-order terms
(m~ 2) go to zero faster than the terms of order
m=1. The denoininator, D(p), is therefore well
approximated at high energies by

D,(p); 1 J"-If(&, ~)A&

('d(, ~'(", ). . (4.12)
1r f,

' -p' —is
~~meretoj pf Eq. (4. 8). The dominant term of

the numerator at high energies is the product of
V, (p, p') (for both on-energy-shell and off-energy-
shell scattering) with the unity of D,(p). Thus at
high energies for both on-energy-shell and off-
energy-shell scattering one gets

2, t
~'dgV, (~, g)

-'

(4.14)

If, further, at high energies we retain only the on-

which is precisely the result of Eg. (3.4). Thus it
appears that the B-G amplitude can also be ob-
tained via the method described in this section.
We do not know, however, how the Glauber ampli-
tude could be obtained in an analogous treatment.

Rote added in proof (1).Using Eqs. (2.3) and
(2.18) and assuming a spherically symmetric po-
tential it can be shown that

&(p, b, p') = —, dz cos[z(p —p')]Mp

«((" pf'6 )"').
This exact result replaces the procedure adopted
1n Sec. II Bp which 1s some%hat 1nd1rect and ap~
proximate. For the Yukawa potential Eg. (2.27) ls
readily obtained from the above equation. (2) Re-
cently one of us (ANK) has shown that the averag-
ing procedure, Sec. II, is not necessary for de-
riving the on-energy-shell version of the Glauber
amp11tude. '
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