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tor corresponds to the Neveu-Schwarz model.
There are several obvious flaws in our picture.
First, the ground-state “pion” is a tachyon. Sec-
ond, baryon states which do not decouple from the
spurious ground-state scalar have not yet been
identified. On the plus side there exists in this
model a well-defined procedure of identifying the
vector and axial-vector current operators and thus
calculating electromagnetic and weak form factors
and amplitudes. This of course would involve the
solution of the gauge-invariance problem, which
we have not dealt with in this paper. There is the
further problem of extending this type of model to

include isospin and chirality. A model which in-
cludes parton isospin but no chirality constraints
will be presented elsewhere. We wish to end with
a conjecture that chiral and isospin constraints to-
gether may be the ingredient needed to generate a
more physical spectrum.

Note added in proof. The problem of coupling
photons has been solved and it has been proved that
a deep-inelastic photon couples only through trans-
verse components, in contrast to the usual model
where it couples only through longitudinal compo-
nents.
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Starting from the Lippmann-Schwinger equation the off-energy-shell generalizations of the
Glauber amplitude and the Blankenbecler-Goldberger amplitude are derived for potential
scattering. The Lippmann-Schwinger equation for partial waves treated as a Fredholm
equation is solved and the high-energy limit studied.

I. INTRODUCTION

The eikonal approximation of Glauber! has been
extensively used in analyzing data involving high-
energy scattering. An alternative form for the
scattering amplitude at high energies was pro-
posed by Blankenbecler and Goldberger.? A great
deal of theoretical work has recently been done on
the formal aspects of these impact-parameter re-
presentations of scattering amplitudes in potential
scattering.’** In a recent paper Lévy and Sucher®
derived the Glauber amplitude in potential scatter-
ing (and relativistic scattering) for the on-energy -
shell case using the “eikonal approximation” for
the propagators. In the present work we have
studied the high-energy scattering and derived

both the Blankenbecler-Goldberger amplitude and
the Glauber amplitude in the potential scattering
for the off-energy-shell scattering. The transi-
tion to the on-energy-shell case is trivial. Our
study makes clear the set of approximations one
has to make to get one or the other amplitude.

II. DERIVATION OF BLANKENBECLER -
GOLDBERGER AND GLAUBER AMPLITUDES
FOR OFF -ENERGY -SHELL SCATTERING

In this section we derive the Blankenbecler-
Goldberger (B-G) amplitude and the Glauber (G)
amplitude for off-energy-shell scattering. Our:
starting point is the Lippmann-Schwinger® equa-
tion,
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where D and ' are the initial and final center -of -
mass momenta and in general |P|# |D/|. We
choose the coordinate system such that P is along
the z axis and
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where
P’ -G=cosy=cos8 cosd’ +sinfsind’ cos(¢p — ¢’) .

To carry out the angular integration let us define

I= f AR, T(2pD Sins6')J,(2gb" sindy).  (2.5)

Now using the integral
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where
x=2b""q sin6 cos36’
and
y=2b"'q cos36 sinz6’ ,

and a well-known integral of Sonine,” we get
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A. Blankenbecler-Goldberger Amplitude

In the high-energy limit it can be shown that?
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We define two new functions H and B as follows:

T(p, 9,b") = f bdbI2pbYH (P, 0,p)  (2.2)

and

V(5,9,00= [ bdbTs2p00)B(p, 5.,  (2.3)
o

where y=sinz6. Substituting Egs. (2.2) and (2.3)
into Eq. (2.1) we get

f b’db’f b''db"’'B(p, b’,9)H(q,b"", p") J-quJo(2pb’ sin36)J,(2gb"’ sinzy),
()

(2.4)

—
where
BE=p2b"% +4%b' " — 2pqb’b’! cOS36 COSP .

Defining

2 ™
G(p,q; b, 0" b):%f 46’ sing' J,(2pb sins6’)
0
T J1(2B)
x [ ap=r2f) 2.8
J av=g (2.8)

and using the relation

f bdbJ,(2pb sins6)J,(2pb sinke’)
0
_0(sinz6 - sin30’)
=5 . 1.
4p® sinz6 ’
2.9)

we get

1=4nf bdbJ,(206Y)G (p, 43 ', 573 8) . (2.10)
0

Substituting Eq. (2.10) into Eq. (2.4) we get

27 © o0
__q_ﬂ__ff b'db'b"'db"'B(p, b’, q)H (¢, b, p')G(p,q;b",0"';0) . (2.11)
0 Yo

and then it follows from Eq. (2.10) that

6(b =0")8(b"’ —(p/q)b")
2pqbd’ :

G(p) q; bl) b”; b)chqJ—No

(2.13)

Substituting for G from Eq. (2.13) into Eq. (2.11)
we get the integral equation for H:
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H(P, b,P'):B([), b p’)

lf dq B("’b B2 D) g, (p/a)o, 7.

(2.14)

This integral equation can be represented dia-
grammatically as a ladder summation. Notice
that the impact parameter in the intermediate
state, by angular momentum conservation, is
b =(p/q)b.

Let us define the momentum transfer at the first
rung of the ladder diagram as

k=p-q.
Then ¢% —p%=-2p -k +£2. I we now assume that the
momentum transfer is small (“eikonal approxima-
tion”) compared to the §+k term, then the denom-
inator of Eq. (2.14) is approximated by -2pk, - ic.
The physical picture we then have is that at the -
first rung of the ladder we have an almost on-en-
ergy-shell scattering and the off-energy-shell
scattering occurs through H(g, (p/9)b, p’). With
this on-energy-shell scattering at the first rung
we have dq~ —dk, and also B(p, b, q)~B(p, b, p)
and H(p, (p/q)b, p")V~H(p, b, p'). Then Eq. (2.14)
takes a particularly simple form,

H(p,b,p")=B(p, b,p")

+—B(P,b P)H (b, b, P)f m

(2.15)

In the last integral the upper limit is actually 3 b,
which we have replaced by +<« in the high-energy
limit. The same replacement will be made in all
the following derivations whenever a similar situ-
ation arises. On carrying out the integration in
Eq. (2.15) we get

B(p, b,p’)
-(i/2p)B(p, b,p)
When substituted into Eq. (2.2) this yields us the
B-G amplitude for off-energy-shell scattering.
‘The on-energy-shell case is obtained by writing
p for p’.

H(p,b,p")=7 (2.16)

B. Yukawa Potential

It is worthwhile to demonstrate the explicit form
of B both for the on-energy-shell and the off-ener-

]

gy-shell cases. This we do for the scattering of
spinless particles of mass M scattering through a
Yukawa potential,

2
V(r)=---‘i— e~™ (2.17)
r
Then
VB, 5)=V(p,y,p’)
- M 3 i(B=p’) 7
= fdrV(r)e (2.18)

For on-energy-shell scattering the vector p+p’ is
orthogonal to p —p’. We choose the z direction
along P +p’ and a 2-dimensional vector b ortho-
gonal to p+P’. Then with A =P -,

VH, D)= - 2/17 f f W(D? +22)12) ¢ 2B a2p iy

=—1‘2—4—f bdeo(Ab)f V(02 +22)2) dz .
0 = 00

(2.19)
If we define
Vo)== [ w2 az
--m(bz+z2)]-/z
=+Mg f (bz+22)1/z dz
= Mg 2K, (mb), (2.20)
then
B(p, b, p) = Mg 2K ,(mb) = V(b) . (2.21)

For off-energy-shell scattering p+p’ is not ortho-

gonal to p~p’. To get B(p, b, p’) we proceed as
follows:

V@, 5= Vi(p,p')(21+1)P;(cos )

=2 W, p)@I+D [ T80 7(8),
(2.22)

where y=sinz0. Now for the Yukawa potential,

VG, 5= [ Io(pp L@t Dy, (D5 @, 1+
Jo(BE)EdE

(p - P’)2+m2>
\4 = 1
(p,p)= pr' ( + 5P (2.23)
so that*
1 (P-P’)2+m2)
2pp’
(2.24)

_Mg 2
‘zz)p'fo ﬁdﬁ""“”)zfo EA[(p-p'F + m2)/app" "
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Set B=2pb and £ =2p¢; then

f‘ Jo(BE)EAE _(* Jo(bt)tdg
E+[(p-p' P +m®]/4pp’ ~Jy E+(p/pN(p -p')+m?]
SLEb(p/p' V(P - p")P+mP]H?). (2.25)
Combining Eq. (2.25) with (2.24) we get
> p (" p\"?
VG, 5= Mg L f bdbJ,(2pbY)K, b(;) [(p -+ m2]72) (2.26)
(]

which gives us
B(p, b,p")=Mg* 5 Ky ( (f) [(p- p>2+m21“2) (2.27)

C. Glauber Amplitude
In deriving Glauber’s amplitude we iterate Eq. (2.14). The term of order n+1 in B is

H(M-l)(p,b’p,) ___<%r->"f(dq1 v e dqnv)B(P, b, 41)B(q1, pb/q1, qz): B(qmpb/qn,ﬂ (2.28)

(92 -p*—i€)s ++ (g7 -p° —i€)

There are n +1 equivalent ways of writing this expression:

(V) [ Bl Boppbn) . Bt 0100]

B +1y b 5 + B n, b - ’
XB(q,,pb/q“ql“)[ (G141, DB/ G141, Di+2) .. .Bln,p /Gn, P ):'.

qy4:° —p* — i€ q,: —-p* - ie

(2.29)

There are [ terms in the first bracket and » — [ in the second bracket. I no approximations are made,
then of course, the value of this expression will not depend upon how this decomposition is done. ! can
vary from 0 to n. Now we write

-

§,=p-k -k -+ -k=p-K, i=1,2,...,1

and
§j=ﬁ'+Ej +k e +E"=§'+K;, j=l+1, 1+2,.

Next we make the “eikonal approximation” to the propagators by writing
g -p®—ie=~2pK;, —ic, i=1,2,...,1

and
g7 ~p*—iex+2p'K, ~ApP —d€, j=l+1, 1+2,...,n

where Ap?=p* - p’? and K, is the projection of K in the direction p’. The essence of our next step is to as-
sume that in the first / rungs of the ladder the scattering is essentially on the energy shell. There is then
an off -energy-shell “kick” and for the remaining » — ! rungs the scattering is again on the energy shell,
albeit the energy is now different from the initial energy. Thus at high energies (p,p’ -, but p+p’) we
have ¢ 2~p® and g,2~p'>. We also have dg;~ —-dk;, and dg;~dk;,. Also for the first I rungs B(q;, pb/q;, 4;4,)

-~ B(p, b, p) and for the last n — I rungs B(q;, pb/q;,4;.,)~B(p’,pb/p’,p’). Thus we write Eq. (2.29) finally
in the form

o bk - n dk; _

(n+1) ’ 2 Ik X S 1 ’ nx
#0010 ( )f., -1 pK,zHeL,r,I“Ap Z3pK v ie (P PN B b pAB (R po/0 2]

(2.30)

Once we make the “eikonal approximation” the value of H **Y depends on the value of I. To overcome this
undesirable feature Lévy and Sucher® sum over z +1 values of / and average over n+1. Following Lévy
and Sucher, as the integrands are separately symmetric in the 2’s, we may sum over all permutations of
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k’s inside each group and divide by l!(n -~ 1)1, the total number of permutations. Thus
(n+1)
HT™D(p, b,p") = ( )n+1 Z l,( =1y B(0: 0,0 1B(p, b, D)) [B(p’, p0/p", p)]"™
- ' __dkiz f dkje
X —_—, 2.31
;Lw i=1 ZPK;z"‘Z(‘: Z o0 j= l+1 Apz_zp’Kjg“'lE ( )
where 7; means a permutation of the i’s. The use of an 1dent1ty proven by Lévy and Sucher,®
m +1Bay
:Bx "e
,IA rxtie fo e H ’
where A,=a,+a,+ -+ * * +a,, “enables us to write Eq. (2.31) in the form
B(pﬁb P ) f dk{z
(n+1) ’
H™5(p, b, p7) = ( ) n+1 Zl'(n )'[B(p,bp) HZpkiz+ze
- . 0 A =-co n o dbie(l = -2iBp'k; g
x[B(p',pb/pr, TN (=i0p?) [ aget®™* [ po o
o o j=141 - P it +1€ (2 32)

Now
J'-” dkiz _H
+ 00 Zpku+1'€ -2‘1)
and
f‘” dkj(1 - e B9 ) ing(p)
too =2p'k; +i€ 2p’

where 6(8) is the usual step function. On carrying
out the g integration and summing over ! we get

H™Y(p, b p)-( ) B(p,b,p")X", (2.33)

where
B(P,b p) B(P' po/p',p )
2 %’ (2.34)
Summing over n we get
‘ et -1
H(P, b).b’) =B(P: b;P')T . (2-35)

Substituting this in Eq. (2.2) we get the off-energy-
shell form of Glauber’s amplitude. It is clear that
on the energy shell p’—p and one gets the famil-
iar Glauber form

T(p, y)=—ip f " bdb J,@pby)et ~1),  (2.36)

‘and off the energy shell one gets

T(p, y)= =i f bdb J,(2pby)B(p, b, b

(2.37)

Let us now look back on the set of approxima-
tions we had to make to get the Glauber or the
Blankenbecler -Goldberger form of the amplitude.
To keep the discussion simple let us consider only
the on-energy-shell scattering. In deriving Glau-

r :
ber’s form of the amplitude the ladder graph of
order z+1 was broken into two parts: the first
part with / rungs and the second with » - [ rungs
with the (I+1)th rung sandwiched in between. The
“eikonal approximation” was then made. This ap-
proximation distorts the value of the order-(n +1)
term. As Lévy and Sucher point out, the value of
the amplitude depends on which rung of the ladder
the over-all momentum conservation is imposed.
Thus one averages over the n + 1 possibilities that
one has for the term of order n+1. This averag-
ing procedure apart from the “eikonal approxima-
tion” of the propagator is an essential ingredient
in obtaining the Glauber form of the amplitude. In
deriving the B-G form, on the other hand, the
over-all momentum conservation is imposed at the
first rung of the ladder and there is no averaging
involved.

IIIl. ALTERNATE DERIVATION OF B-G
AND G AMPLITUDES

In this section we present an alternative deriva-
tion of the results established in Sec. II. We start
with the Lippmann-Schwinger equation for the par-
tial waves,

Ty(p,p")=Vi(p,p")

ZJ‘ q‘gq_ ‘ V;(P,q)T (q,P),

(3.1)

which is obtained from Eq. (2.1) on using the par-
tial-wave expansions

T(,5') =25 (21 +1)P(cos ) T,(p, p"),
V(®,5) =2 (21+1)P,(cos6) Vi(p, p') .

We make the “eikonal approximation” ¢* - p?
~ -2pk,, where k, is the component of k, the mo-

(3.2)
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mentum transfer, along the direction of . As be-
fore, we assume that the first rung of the ladder
results in almost an on-energy-shell scattering,
the off-energy-shell scattering coming from

T,(q,p’). In this approximation we get, as in Sec.
I with

qdq = —pdk,
and

q=p,

1 dk .
Ti(b,0)=Vilpp) - 7 [ 25 Vi, T, )
(3.3)

or

T,(p,p") - Vi p) (3.4)

1- ZPV1(P,P) )

This is the off-energy-shell form of the partial-
wave amplitude at high energy. The on-energy-
shell form obtained by writing p for p’ has the
structure of the unitarized Born approximation.

To see the relationship of the result of Eq. (3.4)
and the result of Sec. II let us look at the structure
of the partial-wave amplitude for on-energy-shell
scattering via the Yukawa potential of (2.17). For
the scattering of particles of mass M,

e
Vi(p,p)= 0 Q < ‘2;5)
gM
l—ar_;e—;’: 21)2 K(mb) (3.5)

where bp =1 (for large I’s). Using the definition of
V(b), Eq. (2.20), we get [note that by Eq. (2.21),
V(b) =B(P, b, p)]

V(b)
large i's - 2p?

Vilp, )= (3.6)

Substituting Eq. (3.6) into Eq. (3.4) one gets for on-
energy-shell scattering and large I’s

1 v(b)
P ’largels 21) 1- (Z/ZP)V(b)

Ty(p, (3.7

Finally, putting this in Eq. (3.2) and converting the

sum over ! into an. integration together with the re-
placements

pb=1 (for large I’s),

P,(cos6) ~d,(2pb sinz6), (3.8)
one gets
1 V(d)
T(p,cosb) ~ fbdb Jo(2kD smgf))——————l — (i/ZpV)V(b) .
(3.9)

For the off-energy-shell scattering we get

_Mg? (p=p P +m?
Vi(p,p") zpp, <1 M Ty )

p p )2+m 1/2l
large 1’s pr ( pp’ )

“Ep‘p—K ((;4) [(p-p’)2+m2]”"‘b>-

(3.10)

Using the definition of B(p, b, p’) given in Eq. (2.27)
we find

Vl(p; ') 9n2 B(p,b P ) (3-11)

largels 21)
Substituting Eq. (3.11) and Eq. (3.6) in Eq. (3.4) we
get

B(p, b,p")
'"se's2p 1- (z/2p)B(1>,b p) "

Using Eq. (3.12) together with Eq.(3.8) in Eq. (3.2)
and converting the sum into an integral we get the
off-energy-shell form of the B-G amplitude

Ti(p,p")

(3.12)

T®, ) = f bdb J \2bp sink6)
(1]

B(p,b,p’)
1-(i/2p)B(p, b,p) *

(3.13)

To derive the off-energy-shell Glauber ampli-
tude we iterate Eq. (3.1). The term of order V,"*!
has the form which we can write in » +1 equiva-
lent ways, as explained in Sec. II,

—p*-ie qP-pi-ie

T§n+1)(p,pl)=( ) f[n qkquk< Vx(gy ql)ze q:z/x(fh, qz)
Vt(111+1, ¢Iz+z) Vi(@np")
ql+1 -p*-ie q,,z -p%—ie

We make the “eikonal approximation” as in Sec.
IO. We also assume that the first I rungs of the
ladder give almost on-energy-shell scatterings

. Vl(ql"ly qt? > Vl(q“ ql+1)

]. (3.14)

with an off-energy-shell “kick” at the (I+1)th rung
followed by # — I on-energy-shell scatterings
though at a different energy. We go through exact-
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ly the same approximations, permutations, and
averaging procedures described in detail in Sec. II
and finally get

T?"”)(P,P')=(n—:1-)—! Vi(p,p")

x [pVi(p, p)+p’'Vi(p",p")]". (3.15)

This is the analog of Eq. (2.33). To see the cor-
respondence we simply recall that [Eqgs. (3.6) and
(3.11)]

1
PVI(P)p)m '2; B(p’ b, P)
and (3.16)

1
le(p’pl)m—Z; B(P; b)p,) .

Substituting Eq. (3.16) in Eq. (3.15) we get

" B(p,b,p") »
i (p P)X

lage I (13 +1) 1 2p® , (317

TYH' 1)(1)’ pl)

with y defined in Eq. (2.34). Using Eq. (3.17) in
Eq. (3.2), converting the sum over [ into integra-
tion, and using the small-angle approximation for
P,(cos6) we get the same amplitude as that derived
in Eq. (2.37).

IV. FREDHOLM SOLUTION

In this section we present the solution of the
Lippmann-Schwinger equation for partial waves
treated as a Fredholm equation. We can write the
Lippmann-Schwinger equation [Eq. (3.1)] in the
form

T,(P,p’)=V,(p,p’)+fq2qu,'(p,q)T,(q,p’), (4.1)

where the kernel K,(p, q) is®

g V,(P, q)

ol 4.2)

K l(p ’ q) =
Notice that the propagator involves the square of
the second entry in the argument of K,(p, ¢) minus
p? (not the square of the first entry). The solution
of the Fredholm equation, Eq. (4.1), can be written
using a resolvent kernel® H,(p, q),

T:(P’P') = Vz(P; p’) —fqquH, (p,9) Vg, ), (4.3)

where the resolvent kernel is expressed in a quo-
tient form

Ny(p,a) (4.4)

H;(P, q)= D;(P) )

with

5
T Py iyeess &
N(p,q)=- K m
(p,4) mEf (q, B ey 5,.)
X Elzdgx ct 'Emzdgm (4.5)
and
= = (_l)m K<g1! ey ‘Em)
Dz(p)—l+m2:x pooy f B eney b
XEPdE, + « - £ 2dE,,

(4.6)

where K is defined as the determinant

K(p9 q) K(P; ‘51)' .. K(P; gm)
K(El, q) K(‘il; 51) ¢ ’K(gp Em)

p:€1:~'-) gm =
K(‘I: gl:"" gm) .

K(&m @) K(Ey, &) ¢ <K(E,, £,)
4.7)
We can write the solution given by Eq. (4.3) as

Vi(p, p')D,(p) - [ 4?dg N,(p, 9)N,(q,p")
D,(p) ’

T,(P,P') =

(4.8)

Let us now investigate the high-energy behavior
of T,(p,p’) both on the energy shell and off the
energy shell.

Denominator of Eq. (4.8). We first look at the
term with m=1 (first order in the potential) for
scattering by a Yukawa potential. This term has
a form

2 f gde V(g §) (4.9)

T g2 -p?—je ’

For 1=0,
Mg? ne
Vo(gy ‘E)=?§'z— Qo (1 +§Ez‘)

_Mg? ln4§2+m2
Y m

Putting Eq. (4.10) in (4.9) we find that the princi-
pal-value part of the integral yields

(4.10)

2, (" EdEVo(E, &) _ MgPn
—ﬂP | Eopoic T 4 (4.11)
while the on-shell part gives
2 2
- o(p,p)=—i‘ip - m:mz . (4.12)

Thus for large energies the on-shell part is larger
than the principal-part contribution. This is also
true of the case with /=1 as one can check quite
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explicitly. Beyond /=1 one can use the recurrence
relation

(1+1)Q,,,(x) =(21+1)xQ,(x) = 1Q,_,(x)

to prove that it is generally true for all angular
momenta. Thus at high enough energies one need
keep only the on-shell contribution of the term
with m =1.

One can also show that the higher-order terms
(m= 2) go to zero faster than the terms of order
m=1. The denominator, D(p), is therefore well
approximated at high energies by

Dy(p) 4 1 —fK(g, £)gds

o122 [pogy Vil&8)
=1 -ﬂj& d& E_poic (4.13)
Numevator of Eq. (4.8). The dominant term of

the numerator at high energies is the product of
V,(p,p") (for both on-energy-shell and off-energy -
shell scattering) with the unity of D,(p). Thus at
high energies for both on-energy-shell and off-
energy-shell scattering one gets

2 2 -1
T(p,p") V,(p,p')<1_— £dL V(& s)> .

e mJ £-pi-ic
(4.14)

If, further, at high energies we retain only the on-

shell part of the denominator we get

N~ Vl(P,P')
Tt(p)p )p,.w 1 _lPV;(P,P) ’ (4.15)

which is precisely the result of Eq. (3.4). Thus it
appears that the B-G amplitude can also be ob-
tained via the method described in this section.
We do not know, however, how the Glauber ampli-
tude could be obtained in an analogous treatment.

Note added in proof. (1) Using Eqs. (2.3) and
(2.18) and assuming a spherically symmetric po-
tential it can be shown that

B(p,b,p")= ——;—4?- fw dz cos[z(p - p")]
X V(22 +pb2/p')3).

This exact result replaces the procedure adopted
in Sec. II B, which is somewhat indirect and ap-
proximate. For the Yukawa potential, Eq. (2.27) is
readily obtained from the above equation. (2) Re-
cently one of us (ANK) has shown that the averag-
ing procedure, Sec. II, is not necessary for de-
riving the on-energy-shell version of the Glauber
amplitude,®
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