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the generalization to an arbitrary symmetry group.
~2J. Grodnik (priva, te communication),
~3For the purpose of arriving at an expression for the

IIamiltonian as a function of the local currents, one
may ignore such terms as the 5(0), which technically
ought to appear in the last equality for p, =0; this was
already assumed in the defining equation (3.2). - The
justification for the Hamiltonian expression obtained in
this manner lies in the fact that it can be shown to sa,tisfy

the desired continuity equation and Schwlnger condition
using the current eommutators.

~4The Sugawara constant c in Eqs. (4.36) and (4.38) for
the case n =1 is one-fourth the constant c in Eq. (2.14),
since we have defined J „=~j„.

5Thls result differs from an analogous statement in
a slightly different context by Y. Freundlich and D. Lurie,
Phys. Rev. D 1, 1660 (1970).

~68ee Freundlich and Lurie (Ref. 15).
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The effect of a field redefinition on the dilatation transformation is considered, It is pro-
posed that the generator of the dilatation transformation is modified if the divergence of the
dilatation current can be expressed in the form of the divergence of a local current as a con-
sequence of field equations. The notion of the dimensional transformation is introduced to
generalize the case when the dilatation current does not satisfy the above condition. The
dimensional transformation is worked out in detail in the case of a massive neutral scalar
field.

I. INTRODUCI'ION

In this paper an attempt is made to clarify some
fundamental points with regard to the definition of
the dilatation transformation, and also to show ex-
plicitly a close relation between the dilatation
transformation and dimensional analysis.

The first problem arises in the following situa-
tion. We consider some dynamical system de-
scribed by field variables Q (x) (K= 1~ 2, . . . ) and
some constants such as the mass and the coupli. ng
constant with some dimension. In the dilatation
transformation, the field variables Q~"~ are trans-
formed according to their dimension whereas the
dimensional constants are held fixed. ' Hence, the
appearance of the dimensional constants results in
the violation of invariance under the dilatation
transformati. on in the dimensionally consistent the-
ory. Let us suppose, however, that the dimension-
al constants can be eliminated by a field redefini-
tion. In terms of new field variables thus intro-
duced, we now have a dilatation-invariant theory.
Which of the two dilatation transformations, in
terms of the oM or new variables, is the legitimate
one'P Or, can we define the dilatation transforma-
tion irrespective of the choice of field variables'

We shall discuss this point in the following two
sections. The argument presented is further gen-
eralized in Sec. IV to clarify the relation between
the dilatation transformation and the dimensional
analysis. For this purpose, we intx oduce the no-
tion of the Qfsesstoplcl ftQ'Nsfot'tarot'Lon, associated
with dimensional invaxiance. Dimensional invari-
ance can never be violated in the sense that any di-
mensionally consistent theory must be invariant
under the dimensional transformation.

It may be admitted that the above generalization
looks trivial at a glance. Indeed, the dimensional
transformation does not provide us with anything
new except to show that our theory is dimensionally
consistent. We point out, however, that the dimen-
sional transformation plays a vital role in the dis-
cussion of the spontaneous breakdown of the dilata-
tion transformation. This will be the subject of a
subsequent paper, in which we shall show that the
dilatation transformation of Heisenberg operators
turns into the dimensional transformation at the
level of physical (or asymptotic) fields.

Our argument makes use of the following five re-
lations.

2ilelatiog P). For a spatially closed function E,
it holds t at



tO

Ii do„a„E(x)=
I do„a„Z{x).

dop xp(5»a~XQ ayXy) —
i dog Xp (1 2)

The proof of this formula can be found in Ref. 2.
Aezation (2). For a spatially closed vector X„,

by the aid of Euler's relation. ' '- Here, the dimen-
sion of p(")(x), m("), and f; is assumed to be

Proof:

I

doux~(5»a)X) —a~X~) (2 4)

l
dopxpaPk 8 dopa@(xvXg)+'f d&pX~

4

d(T~xpayX), —
g

~
dopa~(AX~)+ s, .

~

dcpX~

For the purpose of constructing the usual dilatation
transforIQation ' lt 18 convenient to introduce

r'„,(x)=T„,+ 5„„a),QL(") - (,) y("){x)
aa y(K){x)

j
do'~x~,

4

where (1.1) has been used.
Aelatson (3).

I
3 II doux„5qp asap -—X —

I dopa' ~X ~

The proof is similar to that of (1.2).
Relation (4).

~(K)
Bg

v ~~ (K)

w'hi. ch satisfies

a„T'„.(x) = 0,

(2.5)

—,
'

I~ do„(5»a„X),—a„X„)=0. (1.4)

(1 5)

ReLation (5).

3 II dop 5»- Spa~ —X=O.

Relations (4) and (5) follow directly from (1.1).

It can be shown' that (2..5) may be interpreted as
the canonical. energy-momentum tensor corre-
sponding to the new I agrangian

Let us consider a system consisting of several
fields P(")(x) (((= 1, 2, . . .). Let all the masses and
coupling constants involved in this system be m~" ~

and f, (i =1, 2, . . . ), respectively. We shall write
the LRgx'RnglRn of this system Rs

S =Z((((")(x), a„@(")(x),m("), f,). (2.1)

8Z
T„„(x)=Q („), , a,y(")(x) —5„„g.

The canonical energy. -momentum tensor is defined
by

y(K)(x) y(e) [y(e)(x) (K) f j

To prove this statement, we make use of

a (x)
a„()(")(x)=Q, („.) a„y("'(x).

K

Hence

(ILK)(x) a(1)(&)

y(K )(x) 'PU ay(K ) '

(2 9)

Let us note hex'e that the canonical energy-mo-
rnentum tensor is invariant under the field redefi-
nltlon

Its tx'Rce cRn be wx'itten Rs

(rc)T„„(x)=~ („)( ) a„p "(x)—4Z
8g

T„„(x)= Q („)( )
a„()("){x)—5„,8

aa) 0'"'(x)
a (.) „y(a')(~) aa y(x){ ) A (x) pv
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Sg atiix'&(x)
(X') ~ g (f{:)~ u + @II

e, y'"'(x) —5„,Z . (2.11}

This implies that the right-hand side of (2.3) is al-
so invariant under the field redefinition of the type
(2.8). However, the right-hand side of (2.7) is ob-
viously not invariant,

If we define the generator of the dilatation trans-
formation in the usual manner by' '

T'„„(x)= S„X„(x).

In this case it is natural to define

2'„"„(x)= T'„,(x) ,'—6—.„„Si,X„(x)+ p B„X,„(x),
-which satisfies

B„Tp,(x,) =0,

Tp'p(x) =0.

(3.1)

{3.3)

(3.4)

On account of {1.4), the energy-momentum vector

D(tT) =
~ der„(x)T'„„(x}x„,

the scale deficiency

(2.12) 4

=-; dtT), Tl„(x)

= s „[T'„,(x)x„]
6tT x

= T'„„(x)

=- dtTiTx, (x)

However, the dilatation generator becomes

D =
I

d(Tp Tp„{x.)xp

(3.5)

(2.13)
= ' dtT„[T„'„(x)x,—y.„(x)] (3 6)

is not invariant under the field redefinition. Then,
the violation of the dilatation invariance has no ab-
solute significance. Indeed, as will be seen in the
next section, the right-hand side of (2.13) can be
made zero by a field redefinition in some cases.

It is easy to show that the dilatation generator
D{ttT) defined by (2.12) satlsf les the commutation
relation' '

[D(iT), Pp] = —Q'p —i dtTpe), Sg(x), (2.14)

[D(tT), M„,] =i dtT„x,s), ST {x)—i d(T,x„si,S„(x),
4

(2.15)

where P„and M&, are the generators of the Poin-
care groups and

by the aid of (1.2). This generator is evidently
conserved:

5D

( )
= s„[T'„,(x)x„)—s„X„(x)

= T„'„{x)—a„X„(x)= 0 (3.7)

-isp&x(x) = [&~,(x), &„], (3.10)

because of (3.1). The quantity (3.6) is certainly
more convenient than (2.12), since the commutator
%'1th I ~ and Mph ls simply

[D, I'„]= -iP„, (3.8)

[D, M„,]=0t. (3.9)

The proof of (3.8) and (3.9) involves only the Hei-
senberg equation of motion,

Si,(x)=—T'„,(x)x„;

consequently

(2.16)

+ Q Tl,.f, . (2.17)
i ' explicit

which is vahd for any local operator, and the for-
mula (1.1).

Let us now investigate the condition under which
Etl. (3.1) holds. We assume that all the masses
and the dimensional coupling constants are elimi-
nated by the field redefinition of the type (2.8), or
only the dimensionless combination of these con-
stants survives after the field redefinition. Then,
in terms of new variables P~"'(x), we have

III. MODIFIED DILATATION TRANSFORMATION

It may 'happen that the trace (2.17) turns out to be
a divergence of a local vector tluantity X„(x}, say,
as a consequenc. e of field equations, .namely,

(3.11)

where k~", ~ is the dimension of g ". Since the left-
hand side of (3.11) is invariant under the field re-
definition, we obtain, from (3.11) and (2.3),
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and also that, after the field redefinition

B(x)-B(x) —l1'/g,

the Lagrangian becomes

(8.20)

—g)'(") („) ()(")():)), (8.)2)

which is of the form (3.1}. Summarizing, whenev-
er all the dimensional constants can be eliminated
by the field redefinition, the trace of T„'„can be
written as a divergence of a local vector X„(x).
(However, it is not clear whether the converse is
true. } In such a case, it is appropriate to define
the dilatation generator by (3.6).

29-„$(x)S„$(x)—,'S„—B(x)S„B(x)

--~, B'(x}y'(x).
2 p.

(3.21)

Here the combination g'/p. ' is,dimensionless.

Example 2

%e next consider the system in vrhich a massless
scalar field interacts with several matter fields.
The Lagrangian is

2=-7))(y 8+m)y —c(y s+l1)c —2s„y—s„y
+g(pcc +mgp)Q. {8.22)

Take a Lagrangian

2 = -2[&„P(x)&„P(x)+ p,'P(x))i)(x) j —2& „B(x)9 „B(x)

g 2
———,B'(x}y'(x)+gB(x)y'(x) . (8.18)

The field equation for B(x) is

The equation for ))t) is

y(x) = -g[l1C (x)C (x) + )n y(x)q(x)].

The scale deficiency is, therefore,

8„S„(x)= m P(x))4l(x) + le@(x)@(x)

(3.23)

(3.24)
g2

B(x)=—,B(x)g'(x) —gP.'(x) .
p.

The scale deficiency is, therefore,

Hence, me take

(3.14)

(3.15)

The modified current is

S„(x)= T'„„(x)x„+-s„p(x) . (3

It is not difficult to see that the transformation

x„-x'„=(1+e)x„,
)C)(x)- P'(x') = (1 —2e)g(x),

e(x)- e'(x') = (1 ——.'~)C (x),

P(x)- P'(x') = (1 —e)P(x)+ —e

T„"„(x)= T„,(x) + ,'5„,—C—lB(x)———8, 9„B(x).
p2

(3.17)
Obviously,

T'„'„(x)=T„„(x)+—B(x)

is generated by

D = doer(x)S), (x)

and also that the field redefinition

y(x)- ))))(x) —I/g (8.28)
p2

= y, 'P'(x) —gB(x))3))'{x)+ —B(x)

(3.18)

because of (3.14).
We note that the Lagrangian (3.13) is changed by

-4&2 under

y(x)- y'(x') = (1 —e))t)(x),
(3.19)

. 2

B(x)-B'(x') = (1 —e)B(x)——

eliminates p, and m.
As is seell 1n tile LRgl'RIlglR11 (3.22), 'tile mass-

less field )t)(x) interacts universally with the mass
density. It is interesting to speculate that the ap-
parent scale noninvariance of massive fields may
be due to the negligibility of the gravitational in-
teraction.

Returning to the definition of the dilatation trans-
formation, there are a number of generators lying
in between D(o) in (2.12) and D in (3.6). Namely,
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by the use of the field equations, the scale defi-
ciency (2.13) may be transformed partly in the di-
vergence form, which can always be amalgamated
into the generator. .Since we find no advantage in
doing so, we shall not elaborate on this point any
further.

IV. INFINITESIMAL DIMENSIONAL

TRANSFORMATION

In the modification of the dllatRtlon curreQt dis-
cussed in the preceding section, one of the basic
requirements was the locality. Namely, the vec-
tor current X&(x) must be local. Otherwise the
Heisenberg equation (3.10) does not necessarily
hold and consequently the commutation relations
between D, P„, and M„, would possibly change.
Nevertheless, let us relax the restriction Rnd al-
low the nonlocality.

Noting the identity

by the aid of (1.3). For the relation (1.3) to be
valid, the integrand must tend to zero sufficiently
rapidly. To ensure this, we consider T'„„(x}multi-
plied by a spatially closed function to be put equal
to unity at the end of the calculation. The integra-
tion (4.2) must also be defined, strictly speaking,
by

X„(x)= lim s„ ll
d'x'D"')(x —»')T~~{»')e ''[.

f ~+0
(4..12)

Let us now see how the commutator of D and P„
ls modlf led:

[D, Z„]= -i ' du, e„rp,{x)»„

+ g
~

dg [) d4»)D(&e )(»»t}SI r) («I) e[t'I
p

= t ll d(T pry~(»}
r;„(«)= spa(x}

X (x) =[) d'x'a""{x-x')T' (x')

we proceed as before to define

(4.1)

(4 2)

tO

f ll do s ll
d'x 1)~"')(x «')T' (x')s'

(4.13)
However, the nondiagonal terms in the second
term vanish, whereas the diagonal terms survive
at the limit e- 0. %8 then have

])v( ) T]))Ax) 3 5](lie gX ]((x)+ 3 s)) X [)(x)

Evidently,

(4.3)
( ~ diagonal

[» 1'),1= -'&p —fl «pr'), ),(x) (4.14)

B„r„„(x)=0,

T„„(x)= T'„„(x)- [)~X„(»)= 0.
It is convenient to introduce the symbol

r„„(„)-=ll d „D-e(„)r„()

which enables us to write (4.3) as

r„„(x)= T„'„(x)--,'l 6„„—s„s„—T'pp{x) ., (
pp p v

If we now define the dilatation current by

S„(x)= T„,(x)x„
it is easy to see that it is conserved:

s„S„(x)= T„„(x)= 0

because of (4.5). The generator
1~

D= ll do„(x)S„(x)

can be cast into the form

13 = ' do „(x)[T'„„(x)x„X„(x)]-

=
l~ de„(x)(F„(x)x a„T'[q(x))'„„-—

(4.4}

(4.7)

(4.6)

(4.9)

(4.10)

{4.11)

If we use the relation

(
)diagonal

Il d~„r)„(x) I)

~ ~

s ')-gm", („) +gqf, ,
(4.15)

which was established in Ref. 4, we arrive at

[D, ])=-i( )g~'"', ,„&+gq, , ,f))„.
K S

(4.16)
A similar calculation gives

[D I ]=- -g ", &)+gqf, , )I„„.
(4.1V)

These derivatives will act on explicit as well as
implicit variables contained in what follows except
on the creation and annihilation operators by which
our Pock space is constructed. Hence, when we-
calculate matrix elements, the state vectors can
be freely inserted under these derivatives. This
is the reason why the right-hand side of (4.16) or
(4.1V) does not vanish identically because of the
dimensional reason.

From (4.16), we have
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a'~M) =-M'(M),

we obtain

P'e'" ~M) = -M'e' '~M)

because of the identity

(4.19)

(4.20)

In other words, the state

)M') = '"(M) (4.22)

is also the eigenstate of P' with the same eigen-

[D, J']=-t 2 —gm'"' '(„) + Qq, f,Bm", &f;

(4.18)

For the state ~M) such that

value -I'. It is this property which guarantees
that our transformation does not contradict the ex-
istence of the discrete mass spectrum.

As can be seen above, any theory is invariant
under the transformation generated by the D, as
long as it is dimensionally correct. This is due
to the fact that D induces scale changes of all the
dimensional quantities. We shall call this the
dimensional transformation, and the D its gener-
ator.

The dimensional invariance does not restrict the
physics beyond the dimensional consistency which
states, for example, that-the 8 matrix is a function
of dimensionless ratios made up of m~"~ and f;,
etc.

It may sound that the dimensional invariance is a
trivial concept. We shall see in a separate paper,
however, that this very concept plays an important
role in the spontaneous breakdown of the dilatation
invariance.

V. MASSIVE SCALAR FIELD

As an example of the dimensional transformation, we shall discuss the massive scalar field in detail.
From the Lagrangian

S = --,'[a „y(x)s „y(x)+ m'y(x) y(x)]

we can derive

7( )x= s„y(x)-e„y(x)+,'5„„[a„y-(x)s,y(x)+ m'y( x)y( x)] ,' 5„„a,[-s-„y( x)y(x)] +-,
' s[ s„y( x)y( x)]

= -s„y(x)s„y(x)+-',5„,[s,y(x)s, y(x)+ m'y(x)y(x)] —~~(a5„,—s„s„)y'(x),

which agrees with the Callan-Coleman-Jackiw tensor. ' A short calculation gives

r'„„(x)= m'y'(x) .
If we use the expression

(5.1)

(5.2)

(5.3)

(5.4)

with

|'t, = (o, = (k'+ m ')'~', (5.5)

the generator of the dilatation transformation becomes, after a straightforward but tedious calculation,

D(t)= —. dxr,'„(x)x„
2

2
= —

~~
dkk f [V~a~(k)]a(k) - a~(k)V„a(k)]+ —

I~
dk 2[a(k)a(-k)e " &' -at(k)a~(-k)e" &']

2

+t
~~

dk at(k)a(k).
(dk

(5.6)

From this result, we can compute that

i[a(k), D(t)]= —,'a(k)+k V~a(k)+ —,a (-k)e" I'+it a(k)
k k

and

(5.7)
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i[a~(k) D(t)] = «a~(k) +k V«at(k)+ — a(-k)e ""«'—it at(k).

The configuration-space version is

[y(x), D(t)] =i(x ~ ~+1)y(x)+i«(x),

[v(x), D(t)] = i(x v +2)v(x)+ it(V' —yn')y( x)

at equal time.
To see the generator of the dimensional transformation, we calculate

I
d'xs, ~~d'x d-e(x-x )T;,(x )e-""'

(5 9)

(5.10)

le

s I d D&*o(„) y (x ),- ~~'~

2
=-i l~dk, [a(k)a(-k)e " «'-at(k)a~(-k)e" «']

(dy

10 j
I dk a(k}a (k) I dk, ' ' "e '"o «&'+at(-k)a(-k)

~ db,

~ g 2
= - —'

ll dk .[a(k)a(-k)e """-a'(k)a'(-k)e""'l —t'~ dk a'(k)a(k)4 g~ GPg, (dg,

where the c-number term has been dropped. Substituting (5.6) and (5.11) into (4.11), we obtain

D= '
l~ dk k.([g, (k)] (k) (k)P, a(k)]2.

whence

i[a(k), D]=-.'a(k)+k v, a(k),

i[a'(k), 8]=,*a'(k)+k v-, a'(k).
Transforming into configuration space, we obtain

(5.11)

(5.12)

(5.13)

i[y(x), D] =-(x„e„+1)y(x)+ m y(x) . (5.15)

As was mentioned before, the derivative with respect to the mass acts only on the wave functions but not
on the creation and annihilation operators.

We can also verify the relation (4.16) directly by calculating
2

[D,H]= iH+i dk -at(k)a(k)
COg,

I —m H (5.16)

with

H =
~

d'b u&«a (k)a(k), (5.1V)

where again the derivative acts only on io« in (5.1V}.
Finally, we make a few remarks. The expression (5.12) can be generalized to a general free field with

spin s as.
88+ 1

D= -' g l~
dk k &[%,a'""(k)]a"(k)—at"&'(k)v, a&"&(k)+[V,b&"&'(k)]b&"'(k) —b&""(k)v, b&"'(k)), (5.1t'=1 ~

where bt"~(k) and bt"~t(k) are annihilation and creation operators, respectively, of antiparticles. Conse-
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quently, the relation (5.15) holds true for free fieMs with any spin, i.e.,

i[(t) "(x) D]=- x 8 + I " - m ())) "(x)
em (5.19)

(5.20)

It should also be pointed out that the relation (5.19) is true even for any c-number function of x„and m
(in this case, both sides of the equation are identically zero). Hence, for any functional F(x„, m, Q

" (x)),

;(~r.„-,(, , (.))D) , (=.„,, (
' ~(.„,-, (,«(.)),Bm

[z]=1,".
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Singularities of expansions in the symmetry-breaking parameters of chiral- and scale-
asymmetric theories are studied, in the tree approximation, in polynomia1 Lagrangian mod-
els. The singularities are related to the appearance of zero-mass scalar fields, not neces-
sarily Goldstone pa'rt101es at the rad1us of convergence of the expansion. Methods of avoid-
ing these singu1arities are presented.

I. INTRODUCTION

Analyticity of Nambu-Goldstone symmetry real-
izations' and the possibility of expansions' in sym-
metry-breaking parameters have recently been
studied in the context of pion loop diagrams' and
the solution, in the tree approximation, of specific

polynomial Lagrangian models' ' built on (3, 3*)
6 (3*,3) fields. ' In the latter approach, with which

we are concerned here, linear but spontaneously
broken realizations of chiral and scale symmetry
result in partial-conservation conditions withpseu-
doscalar masses determined quite simply by the
symmetry nature of the ground state and the form


