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Quantization and Density of States of Electromagnetic Waves in a Half-Space Dielectric
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We quantize the electromagnetic field in a half-space dielectric bounded by conducting
planes parallel to the interface. The density of states is obtained for both the propagating
and evanescent modes. We show that this density is appropriate for any boundary conditions
and hence is applicable to the modes given by Carniglia and Mandel.

, Recently, "there has been considerable interest
in the properties of evanescent waves. Carniglia
and Mandel' have quantized the evanescent modes
of the electromagnetic field that can exist through-
out a space consisting of a left half-space filled
with a homogeneous passive dielectric separated
by a plane interface from a right half-space vac-
uum. They chose the dielectric constant to be real
and frequency-independent' and the permeability to
be that of the vacuum.

In many problems, e.g. , calculations of cross
sections, the density of states is required. The
latter is not given in Ref. 2, and furthermore the
modes obtained there do not directly lend them-
selves to a counting procedure because they are
not discrete. One can obtain discrete modes by
considering the waves in a finite enclosure subject
to appropriate boundary conditions. Because of
the asymmetry between left (dielectric) and right
(vacuum) half-spaces, periodic boundary condi-
tions are not convenient. In order to obtain an ex-
pression for the density of states, we quantize the
set of modes which arise when the entire space is
bounded by conducting planes parallel to the inter-
face. We then show that this density of states will
be the appropriate one for the modes of Ref. 2 as
well. We also prove that doubly evanescent waves
(i.e. , those that damp exponentially on both sides
of the interface) cannot exist.

Let x, = 0 be the interface, x, = +L be the conduct-
ing walls, and n =& e be the real, constant index of
refraction of the nonmagnetic dielectric in the left

[a,(k), a, , (q)] = 5„,5-, - .

The mode functions 8 are obtained by applying the
appropriate boundary conditions at the conducting
walls and the dielectric-vacuum interface. The
component k~ of the wave-number vector perpen-
dicular to the x, direction is the same on both
side s of the interf ace. The components in the x,
direction are related by

[/&y &y(yP l)jp ~]~&2 (4)

where the primed and unprimed quantities refer to
the dielectric and vacuum, respectively. With this
notation, the frequency is &o= c(k, '+k~')'~'.

The mode functions for the transverse electric
(TE) modes are'

half-space ( —f. (x, (0). The right half-space is a
vacuum. Periodic boundary conditions at +L in the
x, and x, directions are employed. As usual, the
Hermitian electric and magnetic field operators
E and B are related to the vector operator A by

1 BAE= —
~

B= cull A,c ~~

where A is given by

A=+ [Ct,(k;r, t)a, (k)+8*, (k;r, t)a, (k)]. (2)
k, s

Here, s indicates the polarization and k represents
the allowed wave numbers. The Fock-space oper-
ators a, satisfy
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S „(k;,I)=(r (k, k)—,(k, x,)s' '' "' e(x) ' ' s' k,(*,—I)+e(—,)s' k'(x, +L)), (il
2 (dL ' k, cosk, L

where to order L ',

k i2 cos2k tL -1/2
ATE(kL, ) = n' y-

k3' cos'k, L

The allowed k quantities are given by the conditions

exp(2ik, L) = 1 = exp(2ik, L),
(k, + k,') sin[(k, + k,')L J = (k, —k,') sin[(k, —k,')L] .

The mode functions for the transverse magnetic (TM) modes are'

c 5 '~' - - c cosk,'L „
QT~[(k; r, t) = &TM(k, L)

2 L, e'[ j.' ' — e(x, ) k' [x,k cosk, (x, —L) —k, ik, sink, (x, —L)]' cosk3L

(8)

+e( —x,)s '[x,k, cosk,'(x, +l. )
—k, tk', s ok', (x, ~ L)])', (k)

where to, order L ',
cos k'L

f)]'y),[(k I L) = 1 +
cos k3L,

The allowed values of k, are given by the condition

(k,'+ n'k, ) sin[(k, + k,')L] = (k,' —n'k, ) sin[(k, —k,')L],

where k, and k, again satisfy Eq. (7).
In the preceding, the quantities k, and k, range

over both positive and negative values. However,
to avoid double counting, k,', k3~ 0 when k,', k, are
real, and Imk,', Imk, ~ 0 when they are pure imag-
inary' (the ease of evanescent waves). The nor-
malization of the mode functions has been chosen
so that the energy is
—' tdsx(E D+B H)=Q ah(k)[a, (k)a, (k)+a, (k)at(k)J.

k, s

In order to obtain the density of states we must
count the number of solutions of Eqs. (7), (8), and

(11) in a momentum-space volume element Ak', b, k,'

&Ak,'. (Here, the dielectric transverse wave num-
bers k,', k,' are equal to the vacuum k„k„respec-
tively. ) We may express the density as

p(k') = p, (k')(L/v)', (18)

where p, (k') is the number of allowed values of k,'

in a range Ak3'. For the situation where both k3
and k,' are real, Eqs. (8) and (11) are of the form

M, sin(1+A)k,'L =M, sin(1 A)k,'L, - (14)

where A —= ks/k, ' andM, &~M, ~. In Fig. 1 we plot the
left- and right-hand sides of Eq. (14) as a function
of k,'. Treating A as a constant over the range Ak3,
it is evident that there are two intersections in
each interval of k,'L of length 2v/(I+A). Conse-
quently, it follows that
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FIG. 1. Plot of the left- and right-hand sides of Eq.
(14) as a function of k3I . The intersections give the al-
lowed values of k3.

FIG. 2. Plot of the density of states |'for either polar-
ization) as a function of O'. The curve is drawn for
n =1.6.
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p, (k') = v 'I.(1+A) for 8' ~ 8, ,

with

A = n '[1 —(n' —1)tan'8']' '

(15)

(16)

-(L/m)', as expected, since the region in which

the modes are not identically zero occupies half
the volume of the total space. Using the relation
&e=ck'/n and Eq. (18), we obtain

where 8' is the angle between k' and the normal
(3-direction), and 8, is the critical angle
[arcsin(1/n)].

For the situation where k, is purely imaginary,
Eqs. (8) and (11) may be rewritten as

(k3) 'tank, 'L= -(tc,) 'tanhtc, L,
k,' tank,'L = n K, tanhK, L,

(6')

(11')

P, (&')=v 'L for 8'» 8 . (17)

Combining Eqs. (15) and (17), and noting that k,'~ 0
dictates that 0 & 8' & w/2, we obtain the density

p(k') =(L/v)'[(I+A)e(8, —8')+e(8'-8.)e(~/2 —8')]

(18)

for the modes of each polarization (TE or TM).
The density is plotted as a function of 8' in Fig. 2.
For n - 1, one obtains p(k') - 2(L/m)'. (The factor
of 2 appears because each of our modes contains
waves propagating in both positive and negative
3-directions. ) For n -~, the dielectric repre-
sents a conductor. In this limit, one obtains p(k')

where z, —= Imk, . Equations (8') and (11') have no

solution for k,' imaginary. Hence there are no dou-
bly evanescent waves. For k,' real and k, imagi-
nary (i.e. , 8' ~ 8,), a plot of the relevant functions
in Eq. (8') or (11') shows that there is one solution
in each interval of k,'L of length m. Thus, we ob-
tain

p(&u)de = p(k')k"dk'dQ'

= (») '(n/c)'(2L)'

x (I +n '[I- (n' —1)"'8,) ju'd~

for the density of states in a given range of fre-
quencies d& for each polarization.

Von Laue has shown' that the density of states
for the normal modes of radiation in a cavity is in-
dependent of boundary conditions for wavelengths
lesS than the dimensions of the enclosed region.
Therefore, when L - ~, the density of states that
we have obtained is independent of our assumed
boundary conditions. Consequently, this density
of states is appropriate for the modes of Ref. 2

when one takes account of the fact that two of those
propagating modes (+k,) are equivalent to our
single propagating mode (k, ~ 0).

If one employs our modes to calculate transition
probabilities, the results will be L-dependent even
though the L' factors in p and in the 8's cancel.
However, in a physical problem where L effective-
ly becomes infinite, k, is spread over a range
large compared with L ' and the rapidly oscillating
functions that appear will average to yield an L-
independent re suit.
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