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A generalization of the magnetic monopole has been derived in the context of the Yang-Mills
field. This is achieved through the observation that the quantization of the ordinary magnetic
monopole derives from closure of the angular momentum and magnetic field components on
the Lie algebra of the Euclidean group E(3) and the fact that the Yang-Mills field is the gen-
eralization of the Maxwell field obtained by replacing the ordinary derivative by a covariant
derivative, This leads to defining equations for the generalized monopole which are explicitly
solved for the case when SU(2) is the gauge group of the field, The resulting system, referred
to as the spin monopole, is investigated in some detail.

I. INTRODUCTION

A conviction in the existence of a symmetry be-
tween the electric and magnetic fields leads to the
adoption of the magnetic monopole as the funda-
mental unit of magnetic matter. As first shown by
Dirac,’ the existence of such an entity requires
the quantization of the product of the electric and
magnetic pole strengths. It has long been sup-
posed that this quantization is somehow responsible
for the existence of the unit of charge, though the
search for magnetic monopoles has as yet proved
entirely unfruitful.? Recently Schiff® has revived
this belief in an attempt to use the monopole
quantization to explain the failure of quarks to
appear as free individuals, though his method has
not gone without criticism.* In a different spirit,
but with a similar objective, Schwinger® has fur-
ther suggested that the particle which carries the
magnetic monopole is at the same time a manifes-
tation of the elusive quark itself.

It is our present objective to develop the notion
of a fundamental unit of matter which is capable
of producing a charge quantization in the spirit of
Dirac’s monopole and at the same time carries the
SU(3) internal quantum numbers of the hadrons in
the spirit of Schwinger’s quark. For this purpose

we seek a theory which embraces this internal
symmetry and yet retains the structure of the
Maxwell equations as expressed through the prop-
erties of the exterior derivative and Poincaré in-
variance.

A particularly pleasing example of such a theory
is provided by the Yang-Mills field.® From a phys-
ical standpoint it may be regarded - and indeed
was first developed in this fashion® - as the natural
generalization of the Maxwell field accommodating
a noncommutative gauge group. We may choose
this gauge group to be SU(3) and in so doing effect
an interplay between the internal hadron symmetry
and the field equations. Mathematically, the
Yang-Mills field represents the generalization of
the Maxwell field obtained by replacing the ordi-
nary derivative by a covariant derivative. This
structural resemblance to the Maxwell field proves
a useful asset in its analysis.

In the following we shall derive a form of mag-
netic monopole from the Yang-Mills field by ex-
ploiting its relationship with the Maxwell field and
-then investigate the properties of this new system.
More specifically, we first develop the quantization
of the magnetic monopole through certain algebraic
identities which lead to the Lie algebra of the
Euclidean group E(3) and the requirement that the



314 A. JOSEPH

representations of this group be unitary. We then
replace the Maxwell field by the Yang-Mills field
and require closure under the same Lie algebra,
defining the generalized magnetic monopole to be
the solution of the resulting equations. It turns out
that these equations are nonlinear and cannot read-
ily be solved for an arbitrary gauge group, in par-
ticular for the interesting case of SU(3). However
for SU(2) some simplification is possible owing to
the fact that the structure constants for the alge-
bra are also present in the Lie algebra of the
Poincaré group itself. As a consequence we are
able to obtain a nontrivial solution which we refer
to as the magnetic spin monopole. It is shown that
this has a corresponding electric-spin-monopole
counterpart and the nonrelativistic Schridinger
equation is solved for the combined system.

- For the ordinary monopole the quantization can
also be regarded as a requirement necessary to
remove an inconsistency arising from the fact that
the curl of the vector potential differs from the
magnetic field by an infinite dipole string.™® This
approach has no obvious relationship with the above
use of the Euclidean group. However we argue
that the former point of view is intimately con-
nected with the requirement that the momentum
operator be self-adjoint in the strict sense. This
establishes a connection with the Euclidean-group
approach since self-adjointness is implicitly as-
sumed in selecting unitary representations.

In contrast to the ordinary monopole we find that
no infinite strings of dipoles are involved in the
present system. At the same time the quantiza-
tion is only an apparent one, as it derives merely
from the requirement of closure of the algebra and
not through the unitarity of the representations.

As a consequence, arbitrary values of the pole
strength are admissible, though they lead to a

loss of rotational invariance as expressed through
the failure of an angular momentum vector to be
conserved. Unlike the ordinary monopole this does
not lead to any inconsistency because the field it-
self has a directionality induced through the cou-
pling of space-time with SU(2) space. On the other
hand loss of rotational invariance does lead to a
symmetry-breaking effect in the energy spectrum.

We have not tackled the delicate question of the
covariance of the magnetic spin monopole in the
context of a field theory though we anticipate less
difficulty® than with the ordinary monopole owing
to the absence of infinite strings. On the other
hand we may replace the nonrelativistic Schddinger
equation by the Dirac equation to describe the
relativistic dynamics of the monopole as in the
case of the ordinary Coulomb potential. The prob-
lem of covariance is, even without quantization, a
difficulty inherent in any system of point charges.”

|

II. THE YANG-MILLS FIELD

We outline below the salient properties of the
Yang-Mills field indicating its proper differentio-
geometric setting. This will help us to develop the
analogy between the Maxwell and Yang-Mills field
which will in turn lead to a construction of the gen-
eralized monopole.

Starting from the wave equation for a particle in
an electromagnetic field it is easily checked that
a phase change in wave function is equivalent to a
gauge transformation of the vector potential. More
generally for an n-component wave function ¢ the
unitary transformation

=3 =0y (2.1)

is equivalent to the (non-Abelian) gauge transfor-
mation®

- i
A=A =UTA U+ U™ U (2.2)

on the matrix-valued function A,. These are the
quantities that form the components of the vector
potential of the Yang-Mills theory.

It can be shown that (2.2) is a generalization of
the transformation law of the Christoffel symbols
of general relativity.!' Indeed in the language of
differential geometry (2.1) is really a transforma-
tion on sections of a vector bundle over a differ-
entiable manifold M, where M is identified with
space-time (which need not be assumed flat). The
Christoffel symbols arise in the special case when
the vector bundle is the tangent bundle, the sec-
tions are vector fields, and the matrix U is the
Jacobian.'? This formalism enables one to con-
struct quantities which transform covariantly with

.respect to the transformation on . Thus from the

vector potential A,, which does not itself trans-
form covariantly owing to the inhomogeneous term
U™ ,U in (2.2), we may construct the analog of the
Riemann-Christoffel tensor. It turns out that this
is just the Yang-Mills field itself whose compo-
nents B,, take the form

B,,=9,A,-9,A, +ie[A,,A,). (2.3)

The stated covariance of the field may be veri-
fied directly by substitution of (2.2) into (2.3). This
gives

ww=U"'B,,U (2.4)

as required.

To preserve covariance under differentiation we
must apply the covariant derivative of differential
geometry. Translated to the present situation this
becomes the operator D, whose action on the wave
function is given by

D,p=8,0—ieA,b, (2.5)
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and on an arbitrary matrix V in the space of the
% components by

D,V=0,V-ielA,,V]. (2.6)

This last expression is the one usually given for
the Yang-Mills covariant derivative. Applied to
the field B, we obtain

D)«BuV+DVB>\p+DuBU)\=0’ (2.7)

which is just the generalization of the Bianchi
identities.

It is useful to think of the Yang-Mills field as
the extension of the Maxwell field obtained by a
replacement of 3, by D,. For example, (2.7) can
be derived following this prescription. On the
other hand By, is nof given, as such an argument
might lead us to expect, by the expression D A,
-D,A,, though we do have the useful identity

ie[B,,, V1=[D,, DV, - (2.8)

where V is an arbitrary matrix as above. We can
think of this as due to the fact that, as the vector
potential is not itself covariant, we do not neces-
sarily obtain covariant quantities by applying D, to
it. Again the conservation of the vector potential
of the Maxwell field which is expressed through the
relation 8"A,=0 cannot be translated into D¥A,=0
(or even 9" A, =0) because with respect to gauge
transformations neither of these latter quantities
is a scalar.

Unlike the Maxwell field, the Yang-Mills field
is not itself gauge-invariant. However with the
help of (2.4) gauge-invariant quantities are easily
constructed. Thus the term in the Lagrangian

£, =trB,,B"",

where the trace is over the space of components
of ¢, gives rise to the analog of the electromag-
netic energy density.® Again the term

£, =(D")(D )
gives rise to the momentum operator
P,=-id,—eA, (2.9)
acting on the y field.

III. THE ROLE OF THE EUCLIDEAN GROUP
IN THE QUANTIZATION OF THE
MAGNETIC MONOPOLE

In the following we develop the quantization of the
magnetic monopole through certain algebraic iden-
tities’® satisfied by the angular momentum and
magnetic field vectors. Then the requirement
that the Yang-Mills field yields the same identities
leads to an equation which will determine the form
of the generalized monopole. As the Maxwell field

is a special case of the Yang-Mills field we may
analyze both simultaneously.

From the momentum operator given in (2.9) we
define angular momentum components M, through
the relation

M, =x,Py—x,P,. (3.1)

With the help of (2.8) it is easy to verify that P,
and M, are generators for the Poincaré group if
and only if B,,=0, that is, for a free field. More
generally we may study their commutation rela-
tions for a less trivial choice of B,,. Here we
consider the case when the magnetic component
has a source term. To this end we set (using
Latin letters for the space indices)

Jrn:%emi]Mij’ Bm=%€mijBij, (3.2)

where €,;; is a totally antisymmetric tensor and
the summation convention holds. Then J is the
three-space angular momentum vector and B the
magnetic field. Independent of the form of B the
commutation relations of the J, have the simple
expression

([T s T) =E€ (T +T) (3.3)
where
T,=ex,t-B. (3.4)

Since, in addition,
[T T4l=0, (3.5)

there remains to determine the commutator of the
components of J with T. These depend on the ex-
plicit form of B and in general a simple Lie alge-
braic structure is not obtained. On the other hand,
we may select a commutation relation for these
operators and impose it as a condition on the form
of B,,. The simplest choice and the one we shall
adopt here is

[T s Tl =9€ puue T - (3.6)

This holds in particular for a magnetic mono-
pole. More generally, for any Yang-Mills field
(3.2), (3.4), and (3.6) imply

(I, T B]=0, (3.7)

form=1,2,3. Conversely, when (3.7) holds the
components of J and T close on the Lie algebra of
E(3). In this it is convenient to replace J by the
vector

K=3+T (3.8)

to convert these commutation relations to a more
familiar form. Moreover it is K rather than J
which behaves like an angular momentum vector
and which, in the nonrelativistic dynamics, is
conserved.
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In terms of K and T the Casimir invariants of
the algebra are given by

,=K-T, 1,=T-T. (3.9)

Since the components of K and T are self-adjoint
operators, their spectral properties are deter-
mined through the unitary representations of E(3).
From the catalog of representations given for the
group by Miller** we may set, in an irreducible
representation,

L=ws, I,=0®, (3.10)

where w is an arbitrary real constant and 2s is a
non-negative integer. Substituting for I/, and I,
from (3.9) we obtain

e (F - B = &2 (3.11)

This is the relationship which determines the
quantization. For the magnetic monopole we set

B, =gx,./'rs ’

where g is the monopole strength. Then (3.7) holds
trivially and from (3.11) we obtain

- 1
eg=0,x3,+1,...,

which on identifying e with the electric charge
yields Dirac’s' quantization.

It should be appreciated from the outset that
this remarkable result is of a rather unusual na-
ture in that we have succeeded in quantizing a
parameter of the theory, namely eg, which is not
itself an eigenvalue of any self-adjoint operator.
The origin of this phenomenon might be thought to
lie in the simultaneous use of curl A and div(1/7)
for the magnetic field B. Thus strictly speaking
B has an additional term B’ which, if we set®

A 7_(1, +Z) ( y: x;,o), (3-12)
takes the form
B’ =41g(0,0, 5(x)6(y)6(-2)), (3.13)

where 6 is the step function. This term, which
corresponds to the infinite dipole string, spoils
the rotational invariance of B. Consequently (3.7)
and hence (3.6) no longer holds in the whole of
three-space. However this does not in fact upset
the Lie algebraic argument as we need only re-
quire these relations to hold in a simply connected
open subset of three-space.’® Yet there is an ad-
ditional difficulty introduced by the dipole string
which arises from the condition that the operators
K, and T, are self-adjoint in the strict sense.'®
Indeed what the above analysis essentially shows
is that these operators can be self-adjoint only for
certain values of eg and it is this which provides
the quantization. This may also be demonstrated

in a more elementary fashion by explicit solution
in polar coordinates of the eigenvalue equation for
K% A complete set of solutions of this equation is
found only for the quantized values of eg and hence
K? is self-adjoint only when this holds.'” We may
regard the failure of P, (and hence K, and K®) to
be self-adjoint as a consequence of the line singu-
larity in the vector potential A,. This singularity
effectively restricts the class of functions on which
P, can act, so that it may fail to have a suitable
domain.'® Indeed if § is to be in the domain of P,
then it must be a differentiable function and Py
must be square-integrable. Now in estimating the
contribution from this integral in the region of the
line singularity of A,, we can perform a gauge
transformation on A, to shift this singularity to a
different region of space. This is effected through
a phase transformation in the wave function y and
we may adopt precisely Dirac’s quantization argu-
ment to show that this procedure is well defined
(i.e., p remains single-valued) only if eg is
quantized. We remark that whereas the gauge func-
tion ¢ is not itself well defined (because it is mul-
tivalued) the phase factor e¢'® is well defined for
those values of eg. Dirac applied this result to
show that whereas the lack of rotational invariance
introduced by the dipole string (3.13) was unavoid-
able in classical mechanics, it could be eliminated
in quantum mechanics by quantization of eg. Here
we apply this same result in a different way though
to the same ultimate end. This question does not
arise in the case of the spin monopole, which we
discuss in Sec. V, owing to the absence of the
infinite line singularity in A, and correspondingly
the quantization need not be imposed.

Before turning to the Yang-Mills field itself we
determine the most general solution that the Max-
well field admits to (3.7). In this case (3.7) re-
duces to the statement

r(E-B)=f(r),

where f is a function of the radial coordinate 7.
In addition, since B= curlA, we have

div B=0.

For f(r) nonzero, we may show through Gauss’s
theorem that these relations cannot both hold in
the whole of three-space. On the other hand if we
require only that they hold in a simply connected
open region of three-space, then simple vector
manipulations'show that their most general solution
takes the form

B=acurlfh +BFXE), (3.14)

where h is a vector satisfying

curl h=%/»°
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in the specified region and g is a vector satisfying
div(fxg)=0. For f a constant (and §=0) we ob-
tain the monopole solution. Otherwise we obtain a
generalization which requires a quantization of ».
This solution is probably unphysical, though not
otherwise inconsistent. It may be excluded by re-
quiring the angular momentum vector K to be con-
served. This puts an additional constraint on the
form of B which we determine below and which we
shall further impose on the form of the generalized
monopole.

IV. THE DYNAMICS OF THE MONOPOLE

We shall for the moment restrict the dynamical
picture to a nonrelativistic setting. The natural
choice for the Hamiltonian is then

H=P,P,+A,, (4.1)

where the P; are the momentum operators defined
in (2.9).

We shall show that for the ordinary magnetic
monopole the angular momentum vector K defined
in (3.8) and the quantity »(¥- B), which is quantized
through (3.11), are constants of the motion. In the
spirit of the preceding paragraph we then go on to
develop equations which determine the most gen-
eral Yang-Mills field with this property.

For the moment we set A;=0 in (4.1). From the
requirement that K be a constant of the motion we
obtain after a little manipulation

i%,B,=x,[P;, T+ Bl. (4.2)
Defining
C(F)=r(¥-B), (4.3)

it is easily shown that (4.2) is equivalent to the
relations

B,=(x,/7)C, (4.4)
[P,,C]=0. (4.5)

These equations imply (3.7) and in addition show
that the quantity C is a constant of the motion. Re-
calling that —-%/#° is the gradient of a Green’s
function for the Laplacian we further obtain

D, B, = -475(F)C . (4.6)

The left-hand side of (4.6) is precisely the gen-
eralized divergence of B. Hence we may inter-
pret the right-hand side as the source term of the
field which, as we see, is concentrated at a single
point. This justifies the term monopole to describe
the solution of (4.4) and (4.5) above. Should the
representation (2.3) for the field hold in all of
three-space then by (2.7) this source term must
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vanish. Clearly this leads to a trivial theory. In
order to avoid this difficulty we require only that
(2.3) hold in a simply connected open subset of
three-space. With this convention the solution to
the Maxwell field reduces to the magnetic mono- -
pole, the additional terms in (3.14) being excluded.
Indeed (4.5) implies that C is a constant which
may be identified with the pole strength. At the
same time the two expressions (2.3) and (4.4) for
B differ by an infinite dipole string which may, as
in (3.13), be chosen to lie along the negative z
axis.

For the Yang-Mills field the solution to (4.5) is
less trivial, as the vector potential A need not com-
mute with C. It is apparently not easy to obtain the
general solution to this problem, partly on account
of the essential nonlinearity of the theory. How-
ever, in the special case when the gauge group is
SU(2), some simplification is possible owing to the
fact that the structure constants for the Lie alge-
bra also appear in the expression for B. This en-
ables us to obtain a nontrivial solution, the details
of which we describe below.

V. THE SPIN MONOPOLE

We set out below the equations which must be
solved if we are to obtain a generalization of the
magnetic monopole according to the prescription
outlined in Secs. III and IV. These are

Bn = en{j(ajA{ +ieA‘A,) N (5.1)
B,=(x,/7%)C, (5.2)
D,CEajC—ie[Aj,C]=0. (5.3)

It will be noticed immediately that these equa-
tions are nonlinear in the vector potential A and
so it is hardly surprising that some simplification
is needed to obtain a solution. We cannot do this
at the expense of losing the nonlinearity since this
is essentially the new and interesting feature intro-
duced by the Yang-Mills field. Instead we restrict
the gauge group down to SU(2), or what amounts to
the same thing, choose the A; to be 2X2 matrices.
As we have already noted this, by coincidence,
leads to a simplification. Since our present objec-
tive is merely to demonstrate the existence of at
least one nontrivial solution, we shall not attempt
an exhaustive analysis of the above example, but
proceed through an intuitive derivation.

As we remarked in Sec. IV, the magnetic mono-
pole arises as the solution to (4.5) obtained by set-
ting C equal to a constant. Since, strictly speak-
ing, it is C® rather than C which appears in the
quantization condition (3.11), we might expect to
find a solution as long as C? is a constant. In the
context of SU(2) this can be achieved (nontrivially)
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by setting
C=a6-7, (5.4)

where « is a constant, G is the spin vector, and 7
a unit vector in the T direction. This does indeed
admit a solution as we shall now demonstrate.

Starting from (5.4), we solve (5.3) for the vec-
tor potential K, taking its components to be arbi-
trary 2x2 matrices. Ignoring terms which are
multiples of the identity matrix (these correspond
to the ordinary monopole) we obtain

A-- -2% GxF). (5.5)

Substituting (5.5) back into (5.1) gives

'1§,=21—e (%%) E. (5.6)

Comparing (5.2), (5.4), and (5.6) we see that
(5.4) holds if @ =1/2e. This defines the spin mono-
pole. It should be noted that there is no choice of
scale here as compared to the ordinary monopole.
This is to some extent a consequence of the non-
linearity of the theory. It means that the quantiza-
tion implied by (3.11) with 2s=+1 is no more than
the statement that & - # has eigenvalues +1. Other
choices of the constant o, which correspond to
different multiples of K, still admit a Yang-Mills
field of the form given in (5.6) but do not satisfy
the condition (5.3) of translation invariance. This
in turn means that K is no longer a constant of the
motion and that it fails to close with T under the
Euclidean group E(3). Consequently, the quantiza-
tion obtained here is merely a requirement of
closure under E(3). This may be thought a rather
more artificial form of quantization compared to
that of the ordinary monopole. Yet, as we have
already noted, even the latter is somewhat arti-
ficial in that it derives from the requirement that
the momentum operator, which contains the scal-
ing factor eg in question, be self-adjoint. This
difficulty does not arise in the case of the spin
monopole owing to the absence of any line singular-
ities in the vector potential. As a consequence,
different scaling factors of the field are physically
acceptable though they lead to a breakdown of rota-
tional invariance in the sense that K fails to be a
constant of the motion. By contrast with the ordi-
nary monopole this does not lead to any contradic-
tion, a circumstance which may be regarded as a
consequence of the coupling of space with spin
space through the term &+ T in the field B.

Though we have used only the spin operators in
(5.4)-(5.6) above, this restriction is not essential
within the context of SU(2). Indeed, since we have
used only the commutativity of the spin operators
in establishing these relations, we may replace &

5
by Zf, where T, has components which close on
SU(2). That is

[Li, L) =ieyynL,. (5.7)
With this choice we obtain
C=(1/e)#- L). (5.8)

The different quantized values of s given in (3.11)
correspond exactly to the eigenvalues of this
operator.

Finally, we remark that when the vector poten-
tial takes the general form

A=(@2p/er’)(LxT), (5.9)

where p is an arbitrary real constant, then the
field Bis given by

-]§=—41~1(M+1) (L-r) 3

y = (5.10)

From (5.10) we see that in general two distinct
values of u give rise to the same field. These
may be related through a gauge transformation
(2.2) with U given by

U=expin(L-7). (5.11)

This acting on (5.9) sends u into — — 1. The field
itself is invariant under the gauge transformation
because it commutes with U[see Eq. (2.4)]. From
this it follows that for a nonzero value of u to
satisfy the constraint relation (5.3) it must be in-
variant under the above gauge transformation. The
only admissible solution is u=-3 and this agrees
with the value previously obtained by explicit com-
putation.

V1. THE ELECTRIC SPIN MONOPOLE

We recall that the original motivation for in-
vestigating the magnetic monopole was a belief in
the existence of a symmetry between the electric
and magnetic fields. Now that we have obtained a
generalization of the monopole it is an obvious
step to go back and look for its electric field ana-
log. This will enable us to identify e with a gen-
eralized electric charge. As before, the calcula-
tion is straightforward. We set

e (6-F
Ap==3 (_,r'é"‘), (6.1)
choosing A to be given by (5.5). Then from (2.3)
making the identification By =F;, we obtain

= e (G-T\.
E=§ (7—>r, ) (6.2)
which is the expression corresponding to (5.6). It
should be noted that in contrast to the Maxwell field
an expression of this form is obtained from (6.1)
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only if the magnetic-spin-monopole term is
present. As we have not used in Sec. V the anti-
commutativity properties of the spin vector in
establishing this result, we may for greater gen-
erality replace § in (5.4)~(5.6), (6.1), and (6.2) by
2T where L is defined through (5.7).

If we replace -7 by either of its eigenvalues +1
in (6.1), then A, becomes the potential for a Cou-
lomb field of strength +3e. Furthermore (6.1) gives
rise to a point source in the electric field E as
may be verified by application of the generalized
Laplacian operator DD,. Thus

D'D,A,=D;D;A,=—41ed(F)35 - 7,

as required. Though it does not affect the present
discussion, we mention for the sake of further ap-
plication that the quantity &« 75(f) cannot be re-
garded as a distribution. This is because § -7
fails to be smooth in the region where 8(F) gives
its contribution to the integral.

The difficulties encountered through the require-
ment of Lorentz covariance with this model can
be expressed through the fact that A, as given by
(5.5) and (6.1) is not a Lorentz vector. In particu-
lar A*A |, which is easily shown to be given by

AYA =%(e® - e ?)r 2,

is not a Lorentz scalar (except when e=1, but then
Au is still not a Lorentz vector). On the other
hand, it is rotationally invariant, which is one
degree better than the ordinary magnetic mono-
pole. Indeed for the latter we obtain from (3.12),
setting A,=e/7,

wa =[,2_ 2fY=2\],.-2
AfA, [e g(r+z>:|r

which is not even rotationally invariant. Though
for certain values of eg a gauge transformation
can be introduced to restore rotational invariance
(this being the basis of Dirac’s quantization) the
validity of this procedure has been challenged in
the context of field theory,? where the question of
covariance is most deeply felt.

VII. ENERGY SPECTRUM FOR A COMBINED
ELECTRIC - AND MAGNETIC- SPIN - MONOPOLE FIELD

It is a simple matter to verify that the Hamil-
tonian (4.1) with A, given by (5_._5) and (6.1) admits
the angular momentum vector K and C as constants
of the motion. We may use this fact to determine
the energy spectrum of this system.

From the relations

K?=J2+e**(F- B)?,
) (7.1)
JE=pp? — (B D +iT D,
we obtain the following Schrddinger equation for
the Hamiltonian (4.1):

32 29 1 57
[-(——ayz e (K"‘-@ +§ —orzr]qu\If.
(7.2)

Since K behaves as an angular momentum vec-
tor and is a constant of the motion we may re-
place it in (7.2) by its eigenvalues k(2 +1); 2k is a
positive integer. [The eigenvalue £=0 is excluded
through (7.1) and the positivity of J2.] Likewise
we may replace G- # by its eigenvalues +1. Then
(7.2) reduces to the pair of uncoupled radial equa-
tions

[—(a——zg +%_a__%[k(k+1)—ﬂ>i Ze_r] 0.0 =E,0,(r).
(7.3)

The plus sign in (7.3) gives rise to a positive
continuous energy spectrum. The minus sign also
gives a continuous spectrum for positive energies;
but in addition there is a discrete spectrum for
negative energies given by'®

_==4e(2p+1) +[ (2R +1)2 —1]2/2} 2

where p is a positive integer.

It is quite straightforward to extend the above
analysis to include a contribution from ordinary
electric- and magnetic-monopole terms. Again
there is no special difficulty involved in treating
the spin monopole in the context of the relativistic
Cirac equation. Identical results are obtained as
in the case of the ordinary monopole'® so that we
do not need to repeat the details here.

Finally we remark that when a as defined by
(5.4) does not take the value of 1/2e, then K both
fails to behave as an angular momentum vector
and to be a constant of the motion. This produces
a symmetry-breaking effect in the Hamiltonian.
We have not attempted to work out the details of
this because, apart from being rather difficult,
it is the case of SU(3) which is physically more
interesting and where experimental comparison is
possible. Though our present model is rather
simple, we hope that it serves to indicate a pro-
gram for future development.
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Quantum concepts can be applied to space-time processes to make a quantum (q) theory
that is free of the possibility of divergencies inherent in classical continuum theories, yet
causal, Lorentz-invariant, and asymptotically Poincaré-invariant for large times. A gener-
al technique, algebraic quantization, is provided for going from classical (c) paradigms,
typically discrete logical structures, to q analogs. Applied to the two-dimensional ¢ checker-
board, algebraic quantization gives a q theory of time and space asymptotic to the four-di-
mensional Minkowski ¢ theory in the limit of large time. Applied to the simplest dynamics
on such a checkerboard, a piece that makes the same move again and again, algebraic quan-
tization gives a q dynamics asymptotic to a massless spin-} two-component dynamics in the
same limit. The quantum of time, if it exists, must have spin 1. Some features of general
relativity such as curvature seem plausible consequences of a quantum theory of space-time

processes.

1. INTRODUCTION

We turn now from quantum geometry to quantum
dynamics.! The development of physics, if we see
it right, looks like

ceeCoesCqee-q.

The c period was the epoch of Newton, Faraday,

Maxwell, Einstein. In it, time and matter were
both classical systems.

The cq period is now, the time of Heisenberg,
Dirac, Tomonoga, Schwinger, and Feynman; a
brief interregnum during which vigorous hybrids
of ¢ (classical) time and space with ¢ (quantum)
matter have been created. In the cq period we
have learned to specify the kinematics of matter M



