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The unitarity equation for elastic partial-wave amplitudes is considered. Defining helic-
ity-total-flip elastic amplitudes as those in which both helicities change sign, it is ob-
served that the unitarity equation strongly suggests that the imaginary part of the helicity-
total-flip partial-wave amplitude is much smaller than that of the nonQip amplitude at high
energies. Appealing to a plausibility argument, the ratio of helicity-total-flip to helicity-
nonflip partial-wave amplitudes is estimated to be (1/s)li or smaller. The implications
of this result for the full amplitude, the possibility of extending the result to other ampli-
tudes if factorization is true, and the implications for Regge theory are discussed.

I. INTRODUCTION

Following the discovery by Ballam et al. ' that
s-channel helicity is conserved in p photoproduc-
tion up to t = -0.4 GeV', it was suggested by Gil-
man et al. ' that s-channel helicity conservation
(SCHC} might be a general property of all Pomer-
anchukon-exchange processes. The experimental
evidence, however, indicates that although SCHC
does hold in wN elastic scattering'' and in p photo-
production' (which to some degree of approxima-
tion may be similar to pP elastic scattering), it
does not hold for diffractive processes' like mP

& l p There have been a number of theoretical
papers on the implications of SCHC, but little
model-independent work has been done on its ori-
gins. '

In this paper we will suggest that a limited form
of SCHC should be expected to hold for elastic
processes as a constraint of unitarity and parity
conservation. We will deal with partial-wave he-
licity amplitudes so that the well-known kinematic
factor that requires the total s-channel helicity
to be conserved in the forward direction (angular
momentum conservation) has already been factored
out. The physical basis for our argument is that
the helicity-nonflip partial-wave amplitude is
truly elastic; the initial and final states are the
same. Other helicity amplitudes are in some
sense inelastic; the initial and final states are dif-
ferent and the amplitude is not simply related to
a total cross section.

In Sec. II we will express this idea by means of
the partial-wave unitarity equation. The imagi-
nary part of the nonflip amplitude is the sum of
the absolute squares of production amplitudes. It
is essentially the partial-wave total cross section.

The other helicity amplitudes are not the sums
of absolute squares. Intuitively we might expect

cancellations between the terms, but since we
know neither the magnitudes of the terms (com-
pared with the corresponding terms in the nonflip
sums) nor their relative phases, little can be
said concretely. We will see, however, that the
helicity-total-flip amplitude (in which both helic-
ities change sign) is again built up from the abso-
lute squares of production amplitudes, the same
amplitudes that appear in the nonflip case. Now,
however, the positive- and negative-parity inter-
mediate states enter the sum with opposite sign.
Since the intermediate states have a great many
degrees of freedom at high energy, we will argue
that there is probably a large cancellation, and
therefore that the total-Qip amplitude should be
much smaller than the nonf lip.

After mentioning the possibility of extending this
result to other amplitudes if high-energy elastic
scattering is dominated by the exchange of a fac-
torizable Pomeranchukon, we conclude Sec. II
with a brief discussion of the implications for the
full amplitudes.

In Sec. III we make some additional dynamical
assumptions but do not restrict ourselves to any
single model. From these we estimate that the
ratio of the helicity-total-Qip to the helicity-non-
flip partial-wave amplitudes is (1/s}"' or smaller
(s is measured in GeV').

Section IV is devoted to a brief discussion of the
constraints placed on t-channel Regge residues by
approximate SCHC (and therefore by unitarity).

II. UNITARITY FOR HELICITY PARTIAL-WAVE
AMPLITUDES

The basic argument is extremely simple. The
partial-wave unitarity equation for an elastic two-
body process is
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In writing down a unitarity equation any complete
orthonormal set of intermediate states can be
used. We have chosen states of definite total an-
gular momentum J, z component M =A, Xy A.2,
and parity P. The label q represents all the other
variables needed to describe the state completely
(number and kinds of particles, internal orbital
angular momenta, sp ns, subenergies, etc.). The
parity P is actually determined by the other vari-
ables. Also, p, is a positive definite kinematic
factor. For two-body intermediate states p, = 2k,j
(s)'", where k, is the center-of-mass momentum
of the state. Equation (1) can be derived by writ-
ing down the ordinary (linear momentum) unitarity
equation, choosing intermediate states as de-
scribed above, and expanding the initial and final
two-body states in terms of angular momentum
states. '

There are four special cases of (1).
Case (i): Helicity nonflip. Th-is is the case in

which X, =X, and X, =X,. Equation (1) becomes

1m&),).I&'(s)
I &,),& =E p. l & &i) 2I&'(s) ldM)'q& I',

(2)
a sum of positive terms.

Case (ii): Helici ty -total flip. This mea-ns that
A, y A, 3 and A., = —A, . The unitarity equation is

1m& -z, -z,
I
a'(s)

I ),x, )

We have used the assumption of parity conserva-
tion and the fact that (with the phase conventions
of Ref. 6)

)., I@M-), -),, ) =q,q, (-1)'-'~-&IMAM), q) .
(4)

Of course, g; and s; are the intrinsic parity and
spin of particle i, and P

p is the reflection oper-
ator. Comparing (2) and (3), we see that the
imaginary part of the helicity-nonf lip (total-flip)
partial-wave amplitude is the sum (difference) of
positive contributions from the positive- and
negative-parity intermediate states. At high en-
ergies the intermediate states are extremely com-
plicated and have very many degrees of freedom.
Not only are we summing over the number and
type of particles, but also over many internal or-
bital angular momenta. It is difficult to imagine

how either the positive- or negative-parity states
could dominate at very high energies. Hence, we
believe that the helicity-total-flip amplitude should
be much smaller than the nonflip for large s.' A
specific mechanism for the cancellation will be
suggested later in the paper.

Cases (i) and (ii) exhaust the possibilities for
mN elastic scattering. For more complicated spin
structures, such as the hypothetical pP- pP reac-
tion, there are two more possibilities.

Case (iii): Helicity parti-al flip -Thi. s means
that A., = -X, or A.,= -A4. Nothing can be said di-
rectly from unitarity about this amplitude. If we
make the additional assumption that high-energy
elastic scattering is dominated by the exchange of
a Pomeranchukon trajectory with factorizable res-
idues, we can argue that this amplitude should al-
so be small. For example, by first considering
pm and mp scattering, we can conclude that the f-
channel Pomeranchukon residues must be such as
to prevent the s-channel helicities of the p or the
P from changing sign in any diffractive reaction,
including pp elastic scattering.

Case (iv). This includes all other amplitudes.
Nothing can be said rigorously from unitarity.

We will now state our definition of SCHC: For
very high-energy elastic scattering, the imagi-
nary parts of the helicity-total-flip partial-wave
amplitudes are much smaller than those of the non-
flip. If factorization holds, the result can be ex-
tended to partial-flip amplitudes. Of course, high-
energy diffractive amplitudes are expected to be
largely imaginary. Applicable reactions include
mN, KN, pp, yp, pp, pn, pp, etc. For pp we mean
that a final proton should maintain the helicity of
the initial proton with which it has a small momen-
tum transfer. The result should also hold for p
photoproduction to the extent that the amplitudes,
including the spin structure in the center-of-mass
frame, are the same as for pp elastic scattering.
However, we have found no reason for amplitudes
like

included in case (iv), to be small.
Our results cannot be generalized to inelastic

diffractive processes because even for case (i) the
unitarity sum would not be a sum of positive terms.
From factorization, however, we expect that the
proton helicity should be conserved in processes
like wp-A, p.

Now consider the full amplitudes. It is well
known that the functions d»(8) (p, = X, —A, ) that ap-
pear in the partial-wave expansion carry the kine-
matic factor (sin-,'8)~" "~. This factor causes the
flip amplitudes to vanish in the forward direction,
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as required by angular momentum conservation.
The coefficient of this factor, however, is very
large; for large J it is J" /(g —X}! at 8=0 (for
g & X}. For diffractive scattering, we expect all of
the partial waves up to J near —,'b(s)"', where k= 5

GeV ', to be important. ' The reader can easily
verify that these facts imply that the ratio R of he-
licity-flip to nonflip amplitudes is

tt =f(t )(-t )!'-"!"X«1, (~)

where t is in units of GeV' in the kinematic factor,
X is the typical ratio of the corresponding partial-
wave amplitudes, and f(t) is a function that de-
pends on the details of the amplitudes but is close
to unity. For nN or KN scattering this means

Jq, mq, q

~i, «()~L

Og

= f(t)X«1, (6)
vr '

I
/

/

where A and B are the Chew-Goldberger-Low-
Nambu (CGLN) amplitudes' and m is the nucleon
mass. This, of course, suggests that A decouples
from the Pomeranchukon.

FIG. 1. Production amplitude treated formally as a
two-body amplitude.

III ~ A POSSIBLE MECHANISM FOR
CANCELLATION

Now let us discuss one possible mechanism for
the cancellation between positive- and negative-
parity intermediate states. This will require ad-
ditional dynamical assumptions, but even if this
specific calculation should turn out to be wrong,
the general argument following (4) will not be af-
fected.

For mp elastic scattering, for example, each
intermediate state will contain at least one nucle-
on. For these production amplitudes we will as-
sume that one of these nucleons is a fragment of
the initial proton, i.e., that it has an energy dis-
tribution peaked near ~(s)"' and that its angular
distribution is sharply peaked in the forward di-
rection. These assumptions are compatible with
most models (such as the multiperipheral) and
are supported by experiments on related process-
es (such as PP- p+ anything"). Under these as-
sumptions there is a forward-backward asymme-
try in mp production reactions, corresponding to
a superposition of positive- and negative-parity
states.

To estimate this effect more carefully, consider
the amplitude illustrated in Fig. 1. A m and a p in
a linear momentum state interact to produce a
single nucleon of three-momentum k and z com-

ponent of spin m, (our intermediate states are
chosen to have definite parity), and some config-
uration of other particles. In a purely formal
sense we can think of this as a two-body reaction.
The second "particle" has a definite angular mo-
mentum J„zcomponent m„and a definite parity
in its own center of mass; q describes its other
quantum numbers and subenergies. True two-
body intermediate states are a special case. Fi-
nally, the two "particles" have relative orbital
angular momentum L and z component m, . This
amplitude is
(kLm, m, ; J m, q~A (s)

~

8= p =OX~)

d 'nfl(n) Y~„(n),

(7)
where fo(n) is the angular distribution of the final
nucleon and Q represents all of the quantum num-
bers of the final state except L and m, . For fixed
Q and m, our previous assumptions guarantee that
the amplitude varies smoothly with L up to L of
the order of k (in GeV), where it cuts off. Both
even and odd values of L enter with equal impor-
tance.

If we now label the states in (2) and (3) by
~
JM&;

kLJ+„q), where J, is the sum of J, and the nucle-
on spin, we can easily show that

16w(2J+ 1)( X~ ~A (s) ) JMP; kLJ+q) = P ( J,M —m,
~ J,m, 2 m, )

myms m&

x(JM~ Lm, J„M -m, ) (8= p=0 A., ~A(s)~kLm, m, ; J' m, q) . (8)
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All of the amplitudes on the right-hand side vary
uniformly with L up to L = O(k). This at least sug-
gests that both even and odd values of L occur with
equal importance on the left-hand side for each
fixed value of J, k, J„, J„and q, although this
cannot really be proved without a detailed knowl-
edge of the m„m and m, dependence of the am-
plitudes on the right-hand side. With the other
variables fixed, the parity of the final state on the
left-hand side changes when L is changed by one
unit. Hence, when we sum over L in (2), approxi-
mately k terms of comparable magnitude add to-
gether. In (3), however, the terms cancel, and
only on the order of one term survives. We must
then integrate over the distribution of k values,
which is peaked near 2(s)'~ . Hence, we expect
the contribution of the states of a given J„, J„and
q' to the helicity-nonflip amplitude to be larger by
a factor (s)'" than the contribution to the total-
flip ampl-itude. Additional cancellations can occur
as we sum over the other variables. Although
complicated by symmetry problems, the argument
can be extended to the case in which there are sev-
eral nucleons in the intermediate state, as long as
one of them is a fragment of the initial proton and
the others have no preferred direction. Therefore,
we expect

f~~(-t) " '[ef,(&)+f,(&)/(s)'"],

where f, and f, are functions of t, and e is a very
small (possibly zero) constant generated by the
intermediate states that do not fulfill our dynami-
cal assumptions.

Similar arguments can be made for PP, etc.
For pm scattering, we must make the additional
(questionable) assumption that there is always one
pion that can be considered a fragment of the ini-
tial p and that all of the other pions are actually
decay products of produced p's.

IV. IMPLICATIONS FOR REGGE THEORY

Let us now use our results as a constraint on
Regge residues for elastic processes. Thee s"
has shown that exact SCHC [including the vanishing
of case-(iv) amplitudes] is compatible with factor-
izable Pomeranchukon exchange only at infinite s.
This is because the elements of the helicity cross-
ing matrix can be written as a power series in I/s,
the coefficients depending on t. If we require that
the contributions of the constant terms to all of the
s-channel helicity-changing amplitudes exactly
vanish, we can uniquely determine the ratios of
the t-channel flip residues to nonflip residues. ""
These ratios being determined, the I/s and higher-
order terms can be calculated and do not vanish;
hence, the Pomeranchukon contribution to R in (5)

should decrease as 1/s. For the Pomeranchukon
part of mN or KN scattering the ratio is predicted
to be m( t-)'"/s I.f the residues do not arrange
themselves perfectly there could also be a small
energy-independent contribution to R.

For more complicated spin structures we do not
really expect the case-(iv) amplitudes to vanish;
we still have certain linear relations between the
residues, due to the constraints on the case-(~~)
and -(i») amplitudes, but we cannot determine all
of the ratios.

The residues of secondary trajectories could al-
so be arranged so as to give SCHC to first order,
but there is no special reason to expect this. "
Hence, we expect the leading contribution to the s-
channel flip amplitude to be given by the secondary
trajectories. This is smaller than the nonflip am-
plitude by s~ "=s '", where n. (t) is the difference
between the secondary and Pomeranchukon trajec-
tories. Finally, the t-channel residues must be
such as to give the (-t)~ "~ ' kinematic factor in
the s-channel amplitude. Hence, these simple
Regge arguments reproduce (9).

We can restate these conclusions if we accept
the Harari-Freund hypothesis" that the low-ener-
gy background is associated with Pomeranchukon
exchange: The flip-to-nonf lip ratio for the back-
ground should vary as 1/s. Hence, vestiges of
SCHC may persist to fairly low energies for the
background. SCHC should not hold for the low-
energy resonance amplitude, however; rather, the
helicity structure is entirely determined by the
spins and parities of the resonances.

V. CONCLUSION

We have made a plausibility argument that he-
licity-total-flip elastic amplitudes should be much
smaller than helicity-nonflip amplitudes because
of unitarity. This requirement places constraints
on the ratios of the t-channel Pomeranchukon res-
idues. If factorization is true, s-channel helicity-
partial-flip amplitudes should also be small at
high energies. These results apply only to elastic
amplitudes. Inelastic diff ractive amplitudes,
which are not subject to any simple unitarity con-
straints, are not expected to have any simple s-
channel properties except those which follow from
factorization.

ACKNOWLEDGMENTS

I would like to thank Mahiko Suzuki for many use-
ful discussions, and also G. F. Chew, M. B. Green,
J. D. Jackson, D. J. Levy, M. D. Scadron, and
Y. Zarmi for helpful comments.



2868 PAUL LANGACKER

*Work supported in part by the U. S. Atomic Energy
Commission.

)National Science Foundation Graduate Fellow.
~J. Ballam et al. , Phys. Rev. Letters 24, 960 (1970);

24, 1467(E) (1970).
2F. J. Gilman et al. , Phys. Letters 31B, 387 (1970).
3V. Barger and R. J. N. Phillips, Phys. Letters 26B,

730 (1968); H. Harari and Y. Zarmi, ibid. 32B, 291
(1970).

4Aachen-Berlin-Bonn-C ERN-Cracow-Heidelberg-
London-Vienna Collaboration, J. V. Beaupre et al. ,
Phys. Letters 34B, 160 (1971).

For a detailed review of the subject as of April 1971
see H. J. W. Muller, Munich report (unpublished).

6M. Jacob and G. C. Wick, Ann. Phys. (N.Y.) 7, 404
(1959).

YA similar argument could be made that the t = 0
amplitude for m p charge-exchange scattering vanishes
at high energy relative to the elastic amplitude because

the former Patter) is the difference (sum) of positive
contributions from I =

~ and I =
2 intermediate states.

An analysis of high-energy mN scattering in terms of
partial waves is given by S. Y. Chu and A. W. Hendry,
Phys. Rev. Letters 25, 313 (1970); Phys. Rev. D 4,
2743 (1971).

9G. F.Chew et al. , Phys. Rev. 106, 1337 (1957).
See, for example, C. W. Akerlof etal. , Phys. Rev.

D 3, 645 (1971).
I R. L. Thews, Phys. Rev. D 3, 250 (1971).

M. L. Blackmon et al. , Phys. Rev. D 4, 559 (1971).
There have been recent suggestions that the helicity

couplings of the Pomeranchukon may be correlated with
those of the P' and even the cu. See Y. Zarmi, Phys.
Rev. D 4, 3455 (1971); R. Carlitz et al. , Phys. Rev.
Letters 26, 1515 (1971).

~4H. Harari, Phys. Rev. Letters 20, 1395 (1968);
P. G. O. Freund, ibid. 20, 235 (1968).

PHYSICAL RE VIEW D VOLUME 5, NUMBER 11 1 JUNE 1972

Spectral Representations and Their Application to Inclusive Processes*

John M. Cornwallis
DePartment of Physics, University of CaLifornia, Los Argeles, California 90024

(Received 28 January 1972)

We give a representation for the product of two currents sandwiched between two-particle
states, akin to the Deser-Gilbert-Sudarshan representation of commutators. In this case,
arguments based on causality are not available for the two-particle matrix element. It is
shown that in the process pp- p+p, +anything, the cross section cannot decrease rapidly in
q~ (the perpendicular momentum transfer) for q~ «q (q is the p, 'p momentum), unless it
decreases extremely rapidly in q2. An application of the free-quark model to the product
of two pion currents yields Feynman scaling for the process PP —~+anything, when proper
account is taken of the rapid decrease in q~ of this cross section.

I. INTRODUCTION (P,P, inlJ(x)J(0)IP, P, in&, (2)

The Deser-Gilbert-Sudarshan (DGS) represen-
tation" (a specialized version of the Jost-Leh-
mann-Dyson representation), based on causality
and spectrum conditions, has been of great value
in the investigation of deep-inelastic electropro-
duction and neutrino production. ' For these semi-
leptonic inclusive reactions, matrix elements of
the type

& p I [J„(x),J.(o)j I p&

(where
I p) is a single-hadron state) determine

the cross sections. Thus the commutator, with
its causal structure, is directly accessible exper-
imentally.

The situation is different for hadronically in-
duced inclusive processes, such as pP- p, ')Ll,

+anythiag or PP- n +anything. Cross sections for
these processes depend on matrix elements of the
type

which are of a different character from (1) for
several reasons. First, the experiments measure
the ordinary (Wightman) product, not the commu-
tator, so that conventional causality arguments
are not available for constructing a spectral rep-
resentation for (2). Second, the two-particle
states

I p, p, in) behave very much like an unsta-
ble single-particle state would, and this leads to
some nontrivial technical compl. ications with the
spectrum conditions. Third, one must distinguish
between in and out states in (2), while this is irrel-
evant for (1). This is of no consequence for the
general nature of the spectral representations we
shall give for matrix elements of the type (2), ex-
cept for certain reality properties.

In this paper, we give a spectral representation
for matrix elements such as (2), based on a
straightforward generalization of the conventional
DGS representation for (1). The needed general-


