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Using the most general form for the null-plane commutator of the electromagnetic current,
sum rules are derived for electroproduction in the deep-inelastic region. The structure of
these sum rules is discussed and a free, massless, fermion model is considered as an illus-
tration.

I. INTRODUCTION II. COMPTON AMPLITUDE

The observation' that Bjorken scaling' may be
interpreted in terms of the behavior of current
commutators on the light cone has revived interest
in commutators restricted to a null plane. " In
particular, Dicus, Jackiw, and Teplitz4 have
shown that null-plane current commutators can be
used to derive improved fixed-mass sum rules as
well as deep-inelastic sum rules. A crucial issue
in the use of null-plane commutators is their mod-
el dependence; for they seem to be much more
model-dependent than equal-time commutators.
While this dependence presents an opportunity for
testing various models experimentally, it does not
always permit one to easily recognize aspects of a
problem which are the result of more general con-
siderations such as covariance and causality. In
this paper we determine those characteristics of
deep-inelastic electroproduction sum rules which
are independent of any particular model for the
null-plane commutators of the electromagnetic
current. The complete set of sum rules is derived
by assuming the most general form for the null-
plane commutators. As an example of how particu-
lar models may be examined, we consider a free,
massless, fermion model. It is shown that the
condition for finite electromagnetic self-masses
found by Pagelss is satisfied in this model.

After presenting several preliminaries related
to the Compton amplitude in Sec. II, the sum rules
are derived in Sec. III. In Sec. IV the fermion
model is considered.

The forward virtual Compton amplitude for pho-
tons of mass squared q' scattering from an unpo-
larized hadronic target having momentum p is'

T „(p, q) = i d 'x e'"(p
l
Tg V„(x), V„(0))l p)

=A'„„T,(q', v)+Ai~„Ti(qm, v), (2.1)

(2.2a)

L 2
A)) v

= -Z)v+ q))) q v iq (2.2b)

For q' spacelike, we assume' T, satisfies an un-
subtracted dispersion relation in v and TL obeys
a once-subtracted dispersion relation

q( . „) it d„.. .(q', ')
0

(2.3a)

(2)+(Qp)v' I'"dv" 1m'�(q', v')

(2.2b)
Introducing the dimensionless functions

E,(q', sr) = ImT, (q', v), (2.4a)

where V„ is the hadronic electromagnetic current,
v= p ~ q, )If is the hadron's mass, and the hadronic
state is normalized according to
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Fi(q', (u) =—ImTi(q', v),
M

where (u= -q'/v, Eqs. (2.3) become

MQP "'d(u" FQ(q (o )
~ J 0

Tg(q ~ (o)= Tg(Q' ~
™) ' d(o (Q

0

(2.4b}

(2.5a)

where

"d(u FQ((u')
P ((u&=co2 ~ ~ s i2 +2+ Z

d(o'Q GQ((u )

and

Fi((u')
5'i((o) = s — d(o'

CO —CtP + SE

(2.9a)

(2.9b)

(2.10a)

(2.5b)

We will assume a smooth approach to scaling
(i=2, I }:

2 M2 2

F, (q', (o) =F,((o)+, G,((o)+, H,.((u)+ ~

Bi((u) = t — d(u" G~((u')

*, Hi((o')
Ki((u) = u — d(o"

M —(d + ZC

(2.10b)

(2.10c)

M MMTi(q', ~) = s+ t+
q

2
q

2 Q+'' '
) (2.7)

where s, t, and u are dimensionless numbers.
With Eqs. (2.5)-(2.7) we have

2 M2 2

MT, (q', (u) =, (o8:,((u)+, (oB,((u) + ~ ~

q
'

q
(2.8a)

M' M' '
MT, (q', ~) = &i(~)+ . Bi(~}+ ~ 30 (~)+" 'L q2

(2.8b)

(2.6)
Here the quantities F, are the celebrated scaling
functions' and G,. and II, characterize first and sec-
ond-order corrections to scaling. The functions
F, , G, , H,. will collectively be referred to as struc-
ture functions. W'e also write

so that vFQ((u) =-Im5:Q((u), wFi((u) =+Im5'z((o), etc.
The reason for keeping terms through order (1/q')'
in Eqs. (2.8) will become clear. If it should turn
out that the subtraction assumption is incorrect,
then almost all of the following analysis remains
unchanged if F„.. . , XL are suitably redefined.

When considering commutators restricted to a
null plane, it is advantageous to use a basis con-
sisting of the four numerical vectors n', n, n';
n+, n are lightlike, while n' are spacelike.
Therefore, with g =n n, we can have (i,j =1, 2)

g
-

1 go

The components of a four-vector x in this basis
are x" =x ~ n" (a=+, —,1, 2), so that x' =x, . We
will also use the notation x = (x', xQ).

In Sec. III, sum rules are derived by considering
the q -~ limit of T„„(p,q). In this limit

&(o*, )-- -&, &.( .),~ B.( .) 2u P.~ [ ((.(~-)] .("& ~ [,~*(~)]--e.'~ ((( .)),M M M 1 d d

(2.1la}

(s )-~(.(,( ',.) ~ -,~ — (),( .) ~ z(.O .'~ ((,( .) ('e. .~ (), ( .) ~ e, ' r, ( .))

d 1 2
d'

( ~,).~ —
q (),( .) 2(,( . q ~ [ ((,( .)])-
d 1 1 d d

( p+)QM M
d BI (~Q) + 2P+P-(uQd ~0d L(~ )Qq P (C70 000 600 400

, (P. q.) «' q.'(P. q, ) d d (q.'}' 1 d'
(q p') M «u d(o i Q

( p')QM 2 d(u

(2.11b)
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where here, and in what follows, we have defined

(u, = —2q'/'p'. (2.12)

III. SUM RULES

The basic ingredient in the derivation of the following sum rules is a generalization by Cornwall and

Jackiw' of the Bjorken-Johnson-Low theorem'

T „(p, q} ~ (polynomial in q ) ——
J

d xe'"6(x')(p~ [V„(x), V„(0)]~p)+
q ~OO

(3.1)

Equation (3.1) may be interpreted in the following way': If one considers a noncovariant, T-ordered pro-
duct

T '( V„(x)V„(0))=6(x') V„(x)V„(0)+ 8(-x') V„(0)V„(x), (3 2)

then

2i d4xe"" p T' V„x V„O ) p ~ —— — d4xe""5 x' P 8," V„x, V, 0 P,a--- (3.3)

provided the commutators exist. The difference between the covariant ordered product and this noncovari-
ant r-ordered product is an object which can be shown, in general, to be expressible in terms of a 5 func-
tion in x' and a finite number of derivatives of such a 5 function. Therefore, with

T+(V„(x)V,(0))=6,„„(x,0)+ T'(V„( )xV„(0)),

we have

(3.4)

3„,(q) =—i d~x e""(p
~
6 „„(x,0) ~p) = polynomial in q

v'
(3.5)

Equation (3.1) follows immediately from Eq. (2.1) and Eqs. (3.3)-(3.5). The difference 6„„,which plays a
role analogous to the role played by the seagull term, can be constructed algebraically if one assumes
some model for the commutators [V (x), V„(0)]6(x').

By causality, the commutator [V„(x), V„(0)]vanishes for x' =2x+x —x~2& 0. Therefore, on the plane
x'=0, the commutator has support concentrated at x„=0 and hence must be representable in terms of a 5
function in x~ and a finite number of derivatives of such a 5 function. We can therefore generally write

(3.6)[V„(x), V„(0)]6(x')= g p C„'&„"' (x )S~*i~ ~ ~ ei*l6i"(x,)6(x'),
n=0 k~ =1,2

where the 4 s depend only on x and the number of terms in the sum over n is finite. The quantity 4 k&'"kn

(which is symmetric in k, ~ ~ k„) will be said to be of order n. We will use the notation
r+~

p~g" n(~) ~n-i d&e-inn/R p @kj''k„p
p P P I/ P+

so that

(3.7)

fO ~ ~ ~

d'«"*6(x'}(pl [V„(x),V.(0)] Ip) =Q ' . " 0'&"'"(~.) . (3.8)
n=O

The powers of 3f have been chosen so that the (II)'s are dimensionless. The dependence of the (t)'s on p has
not been explicitly indicated.

The sum rules are now obtained"'by expanding T„„{p,q) as q -~, using Eqs. (2.1), (2.2), and (2.11),
and comparing with Eq. (3.1), where the polynomial in q is expressed in terms of 6„„,and the null-plane
commutator in terms of the p's [Eqs. (3.5) and (3.8)]. The results are (p„=p„/M)

(3.9a)

(3.9b)

(3.9c}
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1 d 1
q ((d) =P P,--&—&L((d)+ &2(»

1 d 1(' t~)=g,
g g &,t ) ~ —&.(~)),

p",'((d)= &'„'
d [»L(~)],

5,-~ 1 d 1 d
(„(~)=E'At(( ) ~—"[~t},( )-t}(~)] t) ill- g g ]»(~)l-&(~)-

g &~ &,4)),

('i( )=8' t}„+g,tt„)—&.t~) t),it, ~g —&.(~) —&,(~)),1 d 1

d 1 1
j(g)g((g)) +egg (}glg %2((gg) 3L((tg) + (5 gg5$ g

+ 5gg [ggg } FL ((tg)

(P„((u}==,
3p,p d

[(u3'2((o)]+ 3'2((o) —~ 82((u)

(Pgg((d) =, —„F2(&u)+=,
'

2%2((u)+ (d' —„FL((d) —~ BL((d)
pgp d [)gg p.p- d

p 240

1 - - d &gg Pg d 1g!l'(~)=g-, (t),A ~ &, l') „&,4)+ —., d— —&( )),2p' d& ~ p' d(o

1 d 1(',""(z)= g, (tt„ t), , +t)„ t), , ~ It„ t), , )——g' (a}),

y,.(a}= .. .X (w} — &, , 4(},(w) ' —2 (a) ~—,, d' ~[ g (v)] 8& [aF,(a))),

g" ( )=- -, .—
g t},( ) ~ -.'. g~ [ t), ( )] g~ &( )),Pg 1 d PgP+P 1 d2 d

&gg P,P" d' d 1
0++ ( (p+)2 g~ g 3 (p+)2 dg [ L( ] 3(p+)2 dg L( ) d 2( )

2

0++ (+) 3(p+)2 ( lll2Pl2 lll2P]2+ l2!2Pll}gt
2 L(» &

(3.9d)

(3.9e}

(3.9f}

(3 9g)

(3.9b)

(3.9i)

(3.9j)

(3.9k)

(3.91)

(3.9m)

(3.9n)

(3.9o)

(3.9p)

(3.9q)

1 d~ 1(„'' "' ( )= 2, , (t)...,tt, , t), , tt, , +t),,, t),„),—tt, ( )), (3.9r)

and (p„=p„/M, q„=q„/M)

(q) =~,(q) =0,

(q) =-
&M

&L(~.),

&„(g)=M(t), ( .)- —t).(~ )),M co

(3.10a}

(3.10b)

(3.10c)

&.g(q) = —-,
M [qg&L(~,)+P, &,( )],2g+g p+~+ g L O (3.10d}

& (S)=-g~ —&,( .)-,=,„I t},(~) ~((t}»( .)+2 .' -&,-(a,))d, d 1~ t}. l.~.g g (~.) ~ l' .g
—&,( .))d(oo dhlo 4)o

(3.10e)



MODE L-INDEPENDENT DEEP -INE LASTIC E LE CTROPRODUCTION. . . 25V9

(++)m(+i) m " ~(-i) m(- -),(-+)
(~i )

(3.11)

indicating that covariance alone determines all the

With the aid of Eqs. (3.9}, we have listed in

Table I combinations of the structure functions and
their derivatives which are determined from a
given term in the null-plane commutators. We

note the following characteristics:
(A) If terms represented by a zero in the table

and terms of order greater than 4 are present in

the null-plane commutators, they cannot contrib-
ute to the matrix element we are considering.

(B) Different models for the null-plane commu-
tators are distinguished in that they predict the
vanishing of one or more of the structure functions
and/or relations between these functions. Any
model can at most give information about the five
functions F~, F2, GI„G„and Hl, . In order to ob-
tain information about higher-order corrections to
scaling, one must use a model for null-plane com-
mutators of currents and derivatives of currents.

(C) The terms in the commutators which involve
corrections to scaling and therefore should be re-
lated to the mechanism which breaks dilatation in-
variance are the most model-dependent terms P,&,

j 21'
, and y

(D) By considering little-group transformations,
one can form the chain" ((p, v) refers to [V„(x),
V„(0)]a(x ))

commutators to the right of a given commutator in
terms of that commutator. As one can see from
the table, this result is verified for the matrix el-
ement we are considering. The most model-depen-
dent commutator is the (++) commutator and the
least model-dependent is the (- -) one, Although
the commutators (-+) and (ij) cannot be trans-
formed into one another, and they both determine
the (-i}and (- -) commutators, (ij) is somewhat
more model-dependent (e.g. , p,~ determines sep-
arately F, and dF~/dry, whereas P determines
only a combination of F2 and dE~/dm) Thi.s is rea-
sonable, for the (-+) commutator can be directly
related to the charge operator, ' whereas the (ij)
commutator cannot.

(E) With the exception of P,~, Q„, and Q, all
the terms in the commutators can be determined
from the relatively model-independent (-p, } com-
mutators. This is an example of a more general
result' which follows solely from covariance.

(F) Finally, from Eqs. (3.10), we see the dif
ference between the covariant and 7-ordered prod-
uct, n, „„, can be determined from the (-p, ) com-
mutators. This also is an example of a more gen-
eral result.

IV. MASSLESS FERMION MODEL

We now consider the sum rules which result from
a particular model for the null-plane commutators,
namely, the free, massless, fermion model. ~ In

TABLE I. The combinations of the structure functions and their derivatives which are determined from a given term
in the null-plane commutators. The symbol (pv) refers to the commutator [V&(x), V, (0)jb(x+), and the order of a term
in a commutator is the number of derivatives of the two-dimensional, spatial 6 function associated with that term.

(p v)
Order

(—+)

E

Gl )

2 de
de

(AjF +E

p ~p dFI F—
d~ d

—„(~+i)

(+ i)

(++)

dF~
d(d

~GL+ G2

G2s

+2E2dF,

2 dGg -4G
d(d

2 (coEi) -8—((dE2)

2

dF2
dec)

2 dF~
d(d

dG~
dc'
d dE22"„„2("i)-

" -"-(='.)
dEI,
d(d

-'-(-'- )
d 1 d2—Gl ' d~' (+FAN)

I
(

2

)
d
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such a model the current is given by

V„(x)= (j (x)y „q(j(x),

where Q is the charge matrix. The null-plane
commutators can be expressed in terms of a sin-
gle, vector, bilocal operator 'U„(xl 0)":

[V„(x), V, (0)]5(x') = -2i5(x')s~b, (x; 0)g '(xl 0)s„„~,,
(4.1)

~ jf P X 7' 8 jf Xg P 7 ++jf 7 g V X. +jf Vg X. 7' y

where A(x; 0) is the odd, invariant solution to the
massless Klein-Gordon equation, normalized so
that

sp(x; 0) I, , = —6"'(» ) .

In terms of the fermion fields,

2i'U„(xl o) = (j)(x)y„Q'(j)(0) $—(0)y„g (j)(»), (4.2)

so thati4

v„(ol o) =o. (4 3)

(pl~„(»l o) lp} =—"v, (x', p. x)+»„iaaf v, (x', p x) .

(4 4)
If the expressions obtained for the P's from Eqs.
(3.7), (3.8), (4.1), and (4.4) are substituted into
Eqs. (3.9), one finds the following sum rules:

ri((d) =0,

5,( )=-,' fd ''"~' (a)V(0, ),

(4.5a)

(4.5b)

g ((d) =-(u'
~ dae '~"~'lal V, (0, a), (4.5c)

Bilocal form factors are defined by the expression

g, (~) = ~ g, (~) +-~' ——&,(~) +
4 d(d (d M

(4.6a)

and

K (: )=—aF '() (~ ) ——z'V, ( ) —,due '"' 'c(tM)u', )4 de) L 2 2 M2 X «2 0
(4.6b)

g~((())+2i(d dae ' ~ 2e(a)V2(0, a)=(d$~((d). (4.6c)

Equations (4.5) are the sum rules of Dicus, Jackiw, and Teplitz. Equation (4.6c) is particularly interest-
ing because it leads to a relation between g~ and S2. Technically, it results from a comparison of the ex-
pressions for g~ and g2 which follow from Eqs. (3.9d), (3.9g), and (3.9j). Its ultimate origin, however, is
current conservation. For, using current conservation and the Jacobi identity, it is straightforward to
show that

i[i'„, [V (x), V„(0)]5(»')]={I.(",&+ »,.e,j[V (x), V„(0)]5(x )

+ g, „[V (x), V, (0)]5(x') —g, „[V (x), V„(0)]5(x')

—s,I», [V,(x), V, (0)]5(x')j+ 8 [x,. [V, (x}, V„(0)]5(x')), (4 7)

where hg„„are the usual infinitesimal generators of the Lorentz group and I.„",' =x„8,—x„8„. Substituting
Eq. (4.1) into Eq. (4.7) yields

e(x )5"'(x,)5(x')[s,'U~(»l 0) —s,v, (»I 0)]=0,

lx I5i2)(x, )5(x')[6, '0 (xl 0) —s u~(»IO)]=0,

e(» )5'll(x. )5(»') [s,~ (» I o)+ s ~,(» I o) —s,~,(xl o)] = o,
for v=i and

E'(x )5"'(x,)5(x')[s,u,.(xl o) —&, u, ( lox)] = o,
lx-15('&(x,}5(x')[s,v, (xlo) —2s ~,(»lo)]=0,

for v=+. Equations (4.8c) and (4.9a) combined give Eq. (4.6c) and the relation

g~((d) =, dae '~" 'Ial ', ' + —(u5:,((u).
2i(() (~~)2 8 V~(x, a) 1

Bx «2=0

(4.8a)

(4.8b)

(4.8c)

(4.9a)

(4.9b)

(4.10)

Equation (4.10) was not obtained from the sum rules. Equations (4.8a), (4.8b) yield trivial identities, and
Eq. (4.9b) gives nothing additional.
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We see that Eqs. (4.6a), (4.6c), and (4.10) yield the differential equations""
d 3,((u)

28, ((u) =3(u gi((u) —uPS, ((u)+ —&u' (4.11)

dgi((u), d S,((u)
&d —2gi((d) = (d (4.12)

Substituting Eqs. (2.9a) and (2.10b) into Eq. (4.12) and letting &u-~ gives

t+ d&uF2(e) = 0.
40

(4.13)

This relation, which relates an integral over the scaling function F, to a piece of the subtraction constant
in the dispersion relation for T~, is interesting because it is precisely the relation that Pagels found must
hold if electromagnetic self-masses of hadrons are to be finite. " The validity of Eq. (4.13) in a massless
fermion model is consistent with the analysis of Bjorken based on equal-time current commutators in the
quark model.
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