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A clearer picture is provided by the energy-de-
pendent absorptive modification method" of the
Born amplitude. This method can in principle be
applied to any Born amplitude, also to the compli-
cated amplitudes of Secs. II and III. The question
of whether this method has also some predictive
power depends on whether a universaL energy-de-
pendent cutoff radius can.".iso be found for periph-
eral photoproduction processes.

As already noted, the reactions dealt with in
Secs. 0 and III possess no free coupling constants.
Modifying the corresponding Born amplitudes by

the absorption model and comparing with experi-
ment will therefore show whether the same radius
function applies to both processes. The situation
will be even more interesting if this radius will
turn out to equal the one required in simple had-
ronic processes. "
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%e investigate the relationship between the linear models and nonlinear models of ehiral
symmetry in the presence of electromagnetic interaction. It is shown that the minimally
coupled linear models and the nonlinear models are related by the same nonlinearization
procedure as that in the case without electromagnetic interaction. Therefore, any results
involving low-energy photons and pions obtained from these models should be uniquely
related.

Recently, calculations have been made on re-
actions involving low-energy photons and pions by
using the linear o model and nonlinear chiral La-
grangian models. ' lt has been shown that, ' in the
absence of the electromagnetic interaction, the

nonlinear models are related to the linear v model
in the limit of infinite o mass. In the presence of
the electromagnetic interaction, one may ask
whether these models are still similarly related.
If so, then calculations from these different mod-
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els should give unique results which can serve as
an effective-Lagrangian realization of the current
algebra involving both low-energy photons and

pions. Since the answer has not readily existed in
the literature, we investigate in this note the re-
lationship among these models. with minimal cou-
pling. Following the procedure of Ref. 2,' it can be
straightforwardly shown that the minimally cou-
pled nonlinear madel is indeed the infinite-o-mass
limit of the minimally coupled linear 0 model. In

other words, the minimal coupling and nonlineari-
zation procedures are commutative. A more gen-
eral proof of this relationship is also given.

To proceed, we at first follow Weinberg's nan-

linearization procedure' of the chiral SU(2)SSU(2)
g model, "
8=-N[y"8„+m„o-Go(o+iF Fry, )]N

,'(8„w—&"w+ m„'Tr') - ,'(&„o&"—o+m„'o')

Slgp 2 PÃ~p

A chiral-symmetric nonlinearization can be
achieved by defining a new nucleon field N' via a
chiral transformation

N=(1+(') 'i'(1+iy, T $)N',

with $ chosen as

$ = Gom(mgo Goo'+ [(m„o Goo) + Go v ]

(2)

(3)

m =2mqog/Go,

m„.—G,o =-[(m,.—G.o)'+ G,'5']'",
(4)

then the Lagrangian (1) can be written in a form
such that the chiral scalar field o' may be dropped
everywhere in the limit ~ p

~ The resulting
nonlinear model is

so that the nonderivative Ny, 7 wN and crf' inter-
actions are transformed away. This transforma-
tion replaces the p dependence of 2 with a ( depen-
dence. If one defines a new pion field g and a chi-
ral scalar field 0' by

m~p m~p
(6)

To incorporate an electromagnetic interaction
via minimal coupling, replacements on the deriva-
tives of the nucleon and pion fields are made by

B~ N (Bp —ieApq)N,

B„v (s„-i'„Q)v,
(7)

(6)

For the commutator we have

where q and Q are, respectively, the charge matri-
ces for the nucleon and pion fields. In terms of
the two- and three-dimensional representations of
the isospin matrices z, and T„ the charge matri-
ces can be written as q= —,'(1+ ~,) and Q= T,. The

nucleon part of the Lagrangian (1) thus should ob-

tain an additional term ieNy"A„qN. Under the
transformation (2), this term becomes

ieNy"A„qN

=ieN'(1+iy, 7'$)y" qA (1+iy,7' ~)(1+ $') 'N'

=ie[N'y"A„qN'

+-,'iN'y A„(1+)') '[T $, ~,](1+iy,7" ()N').

[7 (, ~,]=2iT,(„s]~=2T (Q(),

since ig„, is just the charge-matrix element Q„
= (T,)„. Using the identity

(T a)(7'b)=a b+ir (a &&b)

and the fact that

t ~ (Q~) =i~...~.t, =o,

it is straightforward to show that

ieNy"A„qN =ieN'(y" A„q

(12)

+iy"(1 P'+) '[y, T (Q~)+ 7 h x(Q~)]fN .

(13)
The first term on the right-hand side of Eq. (13)
is the term needed for the minimal coupling to the
new nucleon field N'. Under the definition of the
new pion field (4), the other two terms in Eq. (13)
are indeed the terms needed for the minimal cou-
pling to the new pion field m in the pion-nucleon
interaction terms of the nonlinear Lagrangian (6).
For the meson part of the Lagrangian (1), a term

e'A „A"(Qw) ~ (Qv)
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should be added to incorporate minimal coupling.
Inverting Eqs. (3)-(5), we can express w in terms
of g' and 0'-as

(14)

The minimal-coupling term can therefore be writ-
ten as

e'A„A&(q 7) (q~v)

Lagrangian (17), we make the substitution given by
Eqs. (7) and (8). Under the chiral transformation
(18), we have

(8„-ieA„q)N= u(~) B„N'+ (B„u)N' —ieA„qu($)N'

= u(~)(8„- ieA„q)N'

+ {B„u(t)—ie[q, u(~)]] N' . (21)

Since u($) is a two-dimensional chiral transforma-
tion matrix, it can in general be written as

G ) G u = u(iy, 7' () . (22)

(15)

2= X(4, $, BqC, 8„),N, BqN}.

To nonlinearize the model, we make a chiral
transformation

(17)

In the limit gpss, '- ~, the chiral scalar field 0' can
be dropped everywhere and thus the right-hand
side of Eq. (4) is also just the term needed for
minimal coupling to the pion part of the nonlinear
Lagrangian (6).

Thus we have demonstrated that the minimally
coupled linear 0 model and %einberg's nonlinear
model are related by the limit m„'-~ just as they
are in the absence of the minimal coupling. This
relationship is also true for more general linear
and nonlinear chiral Lagrangian models. In gen-
eral, the Lagrangian for a linear chiral SU(2)
SSU(2) model can be written as

2= Z(P, Bqg, N, B„N), (16)

where p is the (-,', —,') representation of the chiral
SU(2)SSU(2) group and transforms as a four-vec-
tor. This four-vector g can be expressed in terms
of 4 and U(t'), where 4 is the length of the four-
vector and U($) represents a rotation which leaves
the length of a four-vector invariant. The linear
Lagrangian (16) can be rewritten as

8„(-8„( ieA„—Q) . (24)

As a result, we can see that the Lagrangian for
the minimally coupled linear model in the infinite-
4-mass limit takes the form

2 = &(g, (8„-ieA„Q)(, N, u(~)(8„- ieA„q)N'

+iu'y, T [(8„iAe„Q-)]]N') . (25)

For the new pion field w' defined by Eq. (20), we
can invert the definition as

t' = v'g(v") .
Differentiating Eq. (26) gives

(26)

B„g= (B„w')g(w")+ w'„g, v' (B„w'), (27)

while multiplying Eq. (26) by the charge matrix
gives

Using the commutation relation (10) and Eqs. (21),
(22), it is straightforward to show that

(B~- ieAqq)N =u(~)(8~- teA„q)N'

+ iu 'y, 7' (8„(—ieA „Q~)N',

(23)

where u'-=5u/5(iy, T $). For the g field, we just
make the substitution

N= u(~)N' (18}

Z = Z(g, B„t., u(~)N', (u) ~„B'N[+B„u(g)]N'),

(19)

which is a general nonlinear model with a new pion
field g' defined in terms of the $ as

&' = $fK') . (2o)

To incorporate minimal coupling into the linear

such that the nonderivative meson-nucleon coupling
term is rotated into the form ¹4¹and therefore
can be eliminated in a chiral-invariant manner.
By letting the mass of the chiral scalar field 4 go
to infinity, the 4 field can be dropped everywhere
and the Lagrangian (17) becomes

where we have used the fact that v'(Qw') =0. Thus
we have

(8„-ieA„Q)g =(8„-ieA„Q)w'g(w")

+ v'~g„v'(8„- ieA„q)v' . (29}

From Eqs. (25) and (29), it can be seen that the
Lagrangian of the linear model with minimal cou-
pling, in the limit of infinite 4 mass, does take
the form

2' = &'(w', (8„-ieA„Q)w', N', (8„-ieA„q)N'},

(30)
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which is the minimally coupled nonlinear model.
To conclude, we have shown, that the minimal-

coupling and nonlinearization procedures are com-
mutative, that is, the minimally coupled non-
linear model is indeed the infinite-chiral-scalar-
mass limit of the linear model. Therefore, just
as is the ease without the electromagnetic inter-
action, any results obtained from the linear mod-
els, independent of the chiral scalar mass, should
be uniquely related to the corresponding results

obtained from the nonlinear models. This conclu-
sion:can also be straightforwardly generalized to
models concerning the chiral SU(3)SU(3) symme-
try.
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A recent measuremerit of the branching ratio I"(g p+p, )/I (g 2y) yielded the value
(5.9+2.2) && 10 . We examine here the implication of this result on theoretical predictions
for the real part of the g p+p, decay amplitude and conclude that the branching ratio is
uncomfortably large for most of the models proposed so far. We then evaluate the g p+p
decay rate in the baryon loop modej. . Predictions are also made for the associated decays

yp, +p, , xo e e, and pro ye e

I. INTRODUCTION

Recently, measurements have been reported by
Hyams et al. ' on the decay g- p'p, and by Clark
et al. ' on the decay KL- p, 'p . Since these decays
can proceed electromagnetically through a two-
photon state it is instructive to give the experi-
mental numbers as branching ratios, i.e.,
r(q- p'p, )/r(q-2y) =(5.9+2.2) x10 ' and
r(SCO, - q'q )/r(SC', 2-y) &0.31-x10 (90% confi-
dence level). To the extent that neutral currents
are neglected the only other physical states per-
missible in these decays are 2ny, 3m, and 3ny. We
will assume for the moment that these states can
be neglected completely. Then the decay amplitudes
for g- 2y and K~- 2y are real and can be taken
from experiments. If we further assume CP in-
variance and standard quantum electrodynamics
for the muon interaction then the above branching
ratios should be almost identical because the

masses of the g and E mesons are approximately
equal. Numerically one finds' r(g- g'p )/r(g~'2y)
~ 1.07 x10 ' and' I (Ko~ - g

'
p, )/r(Ko~ - 2y)

~ 1.17&10 '. These values, the so-called "uni-
tarity bounds, "are expected to be very reliable.
There will be of course a small variation due to
interferences with other physical states in the
imaginary parts of the amplitudes. However, the
addition of the real parts of the amplitudes can
only increase the branching ratios given above.

It is obvious that the experimental results are
significantly different from the unitarity bounds.
The result for g decay is compatible with its bound
whereas the result for KL, decay is not. As regards
the latter, several attempts have been made to
explain the discrepancy by allowing interference
with other channels, i.e., the 2my, 3n, and 3ny.
Original estimates made by Martin, de Bafael,
and Smith' have been improved by Farrar and
Treiman, ' Gaillard, ' Aviv and Sawyer, ' and Adler,


