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It has already been recognized that if the scattering amplitude is known only along a limited
part of the cuts and with a limited accuracy, its analytic continuation to other points of its
domain of holomorphy is not only nonunique but also unstable. The latter is a crucial fact
both for the phenomenological analyses and for the theory unless we are in the fortunate po-
sition to have a theory which predicts the amplitude at all energies at once. Indeed, as a con-
sequence of the finiteness of the energy range, it is always possible to set up an infinite set
of holomorphic functions inside the error corridor, no matter how narrow it is, which are
such that they differ by an arbitrary amount at any other point of the holomorphy domain.
However, it is a remarkable mathematical fact that the maxima of the moduli of all these
functions have to be greater than a certain lower bound which is uniquely determined and
which can be computed numerically from the data function and its errors. This number can
be used as a sensitive device for the location of the singularities as well as the zeros of the
scattering amplitudes in a way which avoids the false particles that might be produced by
specific parametrizations (e.g. , Breit-Wigner form). The paper exemplifies the extreme
sensitivity of this bias-free method to two model amplitudes, one of which exhibits a pole
and the other a zero in the complex energy plane.

I. INTRODUCTION

The object of this paper is to describe a mathe-
matically correct method of determining the loca-
tion of zeros or poles of a function which is known
to be analytic in a certain domain, using its error-
affected values on some part of the boundary. The
method can be used for determining, in a most un-
biased way, bound, antibound, or resonant states
of the. S matrix, zeros of the form factors, etc.

As is well known, one usually looks for the de-
tection of resonances by fitting the parameters of
a certain formula, e.g., of the Breit-signer type,
to the experimental data. However, it has been
lately emphasized that this approach contains an
unjustified bias, and it can in principle predict
properties of particles which might not even exist.
Indeed, one can find a set of values of the "pol.e"
parameters, even if the pole does not exist.'

The method to be described below is based in-
stead upon a global study of the whole set of pos-
sible functions, analytic in the cut plane and con-
sistent with the experimental data within the known
experimental errors.

Suppose the data are given on some limited range
r, of the cut in the complex energy or momentum
plane, under the form of a complex function ("the
histogram") H(z), with nonvanishing experimental
errors e(z). For simplicity, we treat first the
case of a constant-error channel and we relegate
the variable-error case to the end of this paper.

The correctly posed problem would be to find the
set of all functions F(z) analytic in the cut plane
and satisfying

sup IF(z) -H(z) I
& e . (1)

a e I"g

For what follows it is essential to remark' that in
this set of possible amplitudes there exists a func-
tion Fo(z) which is minimal in the sense that it has
the smallest maximum of modulus on the remain-
ing part I 2 of the cuts. More exactly,

Mo= sup UFO(z)i,

which depends on e, is least among all I 's con-
sistent with (1), i.e., it is also below the maximum

M„„,= sup iF„„,(z)i
I2

corresponding to the true physical amplitude.
The clue to the method is the remark that if the

complex function H given on 1", is not the boundary
value of a holomorphic function, then, at least for
small e, it would be very hard to slip a holo-
morphic function inside the error corridors This
means that even the minimal admissible amplitude
Fp will have a very high modulus maximum Mp.
This should be transparent from the fact that for
vanishing error c, H completely defines an analy-
tic function, together with its singularities, and
no finite M, can be found satisfying (2), with
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Suppose we now forget everything about where the
zero of the true amplitude is situated, and regard
zo in (2) as a parameter at our disposal. If z, ac-
tually coincides with the zero of the true ampli-
tude, we may state that H/B, is the limiting value
(error-affected) of a holomorphic function, since
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holomorphic function I,.
To locate the zeros (poles) from the experi-

mental data, one reasons as follows: Assume that
the true amplitude has a zero at some point z, in-
side the cut plane and denote the histogram cor-
responding to it by H(z). Then E can be written
as E(z) =B, (z)f(z), where f(z) is holomorphic
and B,,(z) is the function (uniquely determined,
see below), which is unimodular on the cuts, holo-
morphic inside the cut plane, and has a simple
zero at the point zp The-problem then comes to
looldng for f 's having no other constraints but

sup lf(z) -H(z)/B. ,(z) I& e. (~)
ff & lg

the artificial pole produced by B, is exactly can-
celed. Then, according to the previous discussion,
Mo(zo) is small, as it is certainly below Mt, of
the true amplitude. But, as soon as z, is moved
away from the position of the zero, the histogram
H(z)/B, ,(z) no longer comes from a holomorphic
function, and we expect the corresponding M, (zp)
to be very high, at least for small enough e.
Therefore, if one draws a graph of Mo as a function
of z„one should find a sharp drop of Mo around
the zero of the true amplitude. If the true ampli-
tude has a pole, the above reasoning proceeds
similarly; of course, one has now to multiply the
histogram by the function B, (z) so that the pole
will survive until the parameter z, coincides with
its position.

- Actual calculations on test functions, done on a
computer, show a spectacular narrow dip around
the zero (pole) of the chosen amplitude. In our
examples, E, (z) =[1 —(4 -z)'"]/[1+ (4 -z)'"] (for
Fig. 1) and E,(z) =1/E, (z) (for Pig. 2) have only
one zero (pole) on the real axis, at z =3. Although

E, (z) and E,(z) have only a right-hand cut, the do-
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main of holomorphy of the admissible amplitudes
was bounded by two "cuts" along Re real axis,
from 4 to ~ as well as from -~ to 0. The "data"
were given from z =4 to 30; 5% and l% random er-
rors were added. The maxima of the moduli on
the boundaries are M~, =& for &, (z) and Mt, =3
for E,(s), the latter being attained on the left-hand
boundary.

II. COMPUTATION OF No

The computation of M, is most easily performed
lf one first maps the cut 8 plane onto Re unit disk
in the & plane, ' in such a way that the region of
the data co~es onto the right semicircle. In this
variable the B function assumes the simple form
(Blaschke factor)

B@g)= ", where &,=&(s,).

Now suppose there exist functions f(g) satisfying
apart from (3) a boundedness condition

sup If(a) l&M. (4)
g e j". 2

5 we multiply these functions by the so-called'
Garleman function Co(g), holomorphic inside the
unit disk and of modulus I on I"1 and e/M on I'2, it
1S 8Rsy 'to see that colldi'tlolls (3) Rlld (4) II181'ge 11Ito

sup if(&) -h(&)l « ~ (5)
g & I'1 U I"2

Here f=fCo and h is equal to g B&,)C, on I; and 0
on I"2. Denote by ~, the mlnlmum of the left-hand
side of (5) over the class of all holomorphic func-
tions f(g). It is essential that an explicit formula
has been found for the computation of e, . This is
described in Ref. 2, where it is shown that eo is
the square root of the largest eigenvalue of the in-
finite matrix A4~, with

being constructed from the negative-frequency
Fourier coefficients' of the Carleman weighted
histogram (H/BI }C;

"" a(e)
-" 2v „„B,(e)

i M 8x exp --ln —lntan —-- d8.
W 4 2

One can easily see that ~0 depends in a monotoni-
cally decreasing way on the ratio M/e, so that if
one increases the parameter M (e is fixed and
given by the experimental data) there will be a

value of M at which ro gets smaller than the error
Th'at value of M for which e,(M/e) = e is then

the required minimal Mo.
When performing this on a computer, one has to

treat properly' the peculiar behavior of the Carle-
man function near e = av /2, which is apparent in
(V). In practice, one has also to replace (6) by a
finite™order matrix, obtained by setting c „=0 for
k bigger than a certain ¹8

III CONCLUSIONS

(I) If one decreases e (this corresponds to more
accurate data) the graphs have to move upwards.
At the position of the zero (pole), M, goes up very
slowly as compared to the rest of the graph, since
it is bounded here by the maximum Mt, of the
true amplitude. This has the effect of a dramatic
narrowing of the dip towards smaQ e. On the other
hand, the graphs are completely stable against
the noise compatible with a given e (i.e., random
choice of histograms inside the error corridor).

(2) When we detect a zero (i.e., we produce a
moving pole in the histogram through the Blaschke
factor B, ) the graph (Fig. I) exhibits a pronounced

0
asymmetry. The fall of the graph towards the left
can be explained by the diminishing influence of
Re Rrtlficia3. pole Rs lt moves Rway Qom 11~

the other hand, the very steep wall on the right
(see Fig. I) shows how sensitive M, is to the pres-
ence of a pole close to the physical region, despite
the fact that it was created so that it does not
modify the modulus of the histogram.

(3) In the converse procedure of detecting a pole
in the true amplitude, the graph (Fig. 2} has a
symmetrical appearance. In this case, the only
thing that is changing when g, is moved along the
real axis is the residue of the pole, raRer than
its position. So the nonanalyticity of the histogram,
determined by the strength of the residue, is ex-
pected to be roughly symmetrical around the fixed
position of the pole.

(4) For nonelastic resonant states -which can-
not be identified as zeros on the first sheet -one
can perform similar extrapolations on their ap-
propriate sheets. One takes as regions for ex-
trapolation increasing patches from that sheet,
bounded by the histogram on one side. The Mo's
which can be found for each of these regions will
suddenly increase when the pole is sucked in, pro-
vided lt 18 close enough to Ule real Rxls,

(5) If tllel'8 exists sonle lndlcRtloll about Rll llp-
per bound M~, of the true amplitude, say,
Mt, ~M, the graph of Fig. I (or Fig. 2) can re-
ceive a probabilistic interpretation. Draw on the
graph the line MD=M„„, which intersects the curve
Mo($0) at g, and g, . Clearly, there is no function
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with a zero (pole) situated outside the range g, ,
For a point between g, and &„ the distance

between the line M, =Mt,„, and the graph can be
plausibly regarded as a probability density (nor-
malized to the area below the line) for the zero
(pole) to be located at that point.

(6) Mo is nothing but the L" norm of the minimal
possible amplitude on the unknown part of the cuts
I', . Another way of locating the singularities is
the study of the variation of NIO(zo), the minimum
of the L' norm on I;, of the analytic functions
close to the histogram on I; (Ref. 9).

(V) The more general case of variable error
e(z) can be easily reduced to the one above (Sec.
4 of Ref. 6) by multiplying the histogram with a
new Carleman function C, , defined as having the
modulus equal to e/e (z) on I', and e/M on I'„
where c is an arbitrary number.
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The negative-frequency part comes mainly from the
fact that h is defined as being zero on the boundary I'2,
and not from the irregularity caused by the error, as
one might believe.

YA possible way of doing this is to isolate the rapidly
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the integral via the moments of exp[(i/~) ln~/e) lne]; we
stand by the interested reader with all necessary pro-
grams.
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which lowers the value of Mo.
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The traditional identification of the slow nucleon as the spectator in deuteron-breakup col-
lisions is shown to be valid only when there is a significant difference in the speeds of the
two nucleons. When both have similar speeds, symmetrization effects cannot be ignored.
These effects wi11 be particularly important (a} for low-momentum-transfer events and (b)
for "high-momentum spectator" events. A new comparison technique free of these difficul-
ties is suggested. By studying the transverse momentum spectrum for both final-state nu-
cleons, one avoids ambiguous spectator identification. In addition, the effect of the inter-
ference in such a distribution reveals the spatial symmetry of the final two-nucleon state.
From this information it is possible to determine the relative contributions of spin-Qip
and -nonflip processes, and thereby to reconstruct the free-nucleon scattering accurately.

In this paper we consider the impulse approxi-
mation for the general deuteron disintegration
processes xd- y'PP. A traditional element of the
experimental data analysis of these reactions has
involved comparing the momentum distribution of
the slow nucleon, assumed to be the spectator,
with the deuteron momentum-space density. We
shall show that there is a non-negligible class of
events in which that simple comparison is incor-

rect because of the necessity of symmetrizing the
two-nucleon final state.

We begin from the impulse approximation in the
form

d(xd ydN)=(f Qt i), -„
where t„ is the transition matrix for the corre-
sponding free-nucleon process and (f) and ~j) are


