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This comment considers the high-energy behavior of a particle of arbitrary spin interact-
mg w1th an external potential A, ..., (¥) by means of a J Bye « o Hng RET (x) interaction, where
JH° I 45 a function of the fields and their derivatives. It is shown that in the eikonal ap-
proximation, “exponentiation” occurs when the light-cone commutation relations satisfy

fw dx"ffdy"[J*' TR, IR (9) ey 420 =0.

It has become apparent that the knowledge of cur-
rent commutators on the light cone provides useful
theoretical and experimental information about the
high-energy behavior. The structure of light-cone
commutators of currents in various model field
theories has been exposed by Cornwall and Jackiw,?!
Fritzsch and Gell-Mann,? and Gross and Treiman,?
and many applications of the theory have already
been given.*™®

In this comment we wish to indicate a new area of
applicability of light-cone techniques —the study of
the eikonal approximation. This approximation has
become a useful method in calculating high-energy
scattering amplitudes in various model theories.”®

That there should be a connection between the
light-cone approach and the eikonal approximation
can be seen in various ways. For example, the
natural variables in the eikonal methods are the +
and - components familiar from the light cone.
Also, the work of Gross and Treiman® abounds in
eikonal -type exponentials in their light-cone for-
mulas. More specifically, Lee® and Chang'® have
related “exponentiation” of the eikonal approxima-

tion in quantum electrodynamics to the properties
of current commutators on the light cone.
Recently, Weinberg!! has shown for the scatter-
ing of a fast particle of arbitrary spin in an exter-
nal electromagnetic field that exponéntiation occurs
provided that the anomalous magnetic moment
obeys a generalized Drell-Hearn sum rule.* The
Drell-Hearn sum rule can be related to the light-
cone commutation relations.® Thus there is a gen-
eral relation between the exponentiation of the ei-
konal approximation and light-cone commutators.
In this comment that relationship is directly ob-
tained. It is found that for a particle of arbitrary
spin [field ¢(x)] interacting with an arbitrary ex-
ternal potential A{1:1!{m(x) by the interaction
JolllEn AT m(x), exponentiation of the eikonal
approximation to the wave function & (x; p, A, a; A)
=(0out|¢(x)| p, A, @ in) is valid provided that

f dx‘f dy~[J

B a0, %, 2),

Jg;::tﬂm(o’ -37.1.) y—)] =
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In order to obtain this relation one considers the The Lagrangian is given by

Lagrangian for a spin-j quantum field ¢ with an ex- + _ +

ternal potential Af1.::(™(x), where a,, ... ,a, are £(9(x), ¢ (x), 2= L 9 (x), 07 (x))

mdices'assocmted' with'mternal quantum numbers ST AL ()

of the field [e.g., isospin, SU(3)]and p,, ... ,u, ogeeromfipyee iy

are Lorentz indices. We assume that A is a scalar . . .

in spinor space; thus under a pure Lorentz trans- Consider the wave function & for a particle that

formation A, . at /~ —o was a free particle of momentum p*

=(p*, 0., m?/2p*), helicity A, and other internal

A’E_._ﬁ',"(xk Apygtree Ay tn ATLT I Gm(A “1x). quantum numbers denoted by . One may write

1

®(x; p, A, a; A)=(0out|p(x)|p, 7\,ain)=<0|T<¢,(x)exp[ifd“z,(:,(z)])lp,h,a>

=<o

For simplicity, the indices a,, ... ,a, are suppressed and # is set equal to 1. The argument is exactly
the same in the general case. Thus, one considers

T<<;b,(x)exp[i fd‘*zJ,gxltiig‘,;'n(z)Agi:::f;:'(z)]) l PN a> .

®(x; p, A,a;A)=<0 T<¢,(x)exp[i fd4zJ§1(z)Au1(z)])|p, A,a>.

Making use of the translation operator, one obtains

20 2,3, 0. 0=(0| 7 (6,00 emp s [ %2 0c =00, @] ) [ 22 )

= < Ol T <¢,(O)e-ip.xexp[i fd‘*zJ‘,’l(z)Aul(x +z)] ) l Dy A, a> .

In the limit p* ~ o, p2=m? one would expect & to take the eikonal form. One can choose [p, A, o)
=e~t%%e~®Xs|p A a), where pi=(m/VZ ,0,, m/V2 ), and e~**¥s is a boost along the +z direction with rapid-
ity 6. So the relationship between p and p, is p* =e5p;, P =Dy, and p~ =e‘5po‘. The phase which removes
the effect of the boost on the helicity A is e=*9*. Thus

lim  &(x; p, A\, @3 A)

pt—>o0; p 2=m2

=1lim (0

S0

=1im i "Z :—'<0

8-w e m=0

e+'6K3T<¢,(O) exp [z fd“z Jz)A,, (x +z)] )e ~i6k3

po’ )\, a >e‘-lﬂ'xe-i ex

. 4 27427\ sk By "\ sk -i5K
T41 |4 dze—\/z——e 3J1(z)e 3A‘,I(x+z) K3, (0)e~*Ks

po, )\’ a>e—iﬁ‘xe—le)\’
(1)

XT’&([i fd4z e(%:)eiél{sJll‘l(z)e-hSKsAul(x+Z)}n-m)

where

+ _ a+), 0 AL ¥ 1 * At VoS ()8
Ts(A<x)B(y)>se((" Lleltle =y de >A(x)B(y)+G((y e )B(y)A(x>.

Now to leading order in e?,

e®Ks Jh(z)e P 3= g5 (2% e™%, 5, 2 edgh . (2)

Thus Eq. (1) becomes to leading order



Jon

EIKONAL APPROXIMATION AND THE LIGHT CONE 1049

lim  &(x; p, A, @; A)=lim Z Z 1 e'“""e“‘e"

pto0;p2=m2 8- p=g m=0

{0l

(l: fd4ze< > Szt e '6,2“z-es)A,,(x+z):|m)e‘5"3¢,(0)e“5x3

ng([ fd zG( — ) SJi(z%e 'G,El,z'e‘s)A+(x+z)]n_m) Pos a>.

Changing variables z'e'sfz' and then dropping terms®® of order e~®relative to terms of order 1, one ob-
tains

lim <I>(x Dy A oy A) = hm Z E e~itx p=iOA

ptow;p2=m
X <0

m
Tg’< [z fd‘*z O(zMA(x" +2*,2,+%, x7) I H(z*e 3, Z,, z")] >e’5"3¢,(0)e"5’{3

n=-m
xT@'([ fd"z@(-—z“)AJx +24, X, +%,, % )J*(z" '5,2“2')] > Dos x,a>,

where

TH(AX)B(») =0((x" = y*)el+(x~ =y NAX)B(y) +6((v* = xMe’+(y™ = x7)NB(y) Alx)

and z*e~% has not been set equal to zero in order to make T4 well defined.
Considering
")

(

for any physical state |N) with momentum p, we have

<0 ‘ f dz-J;(er-ﬁ, Z,,27) N>=<O ' f =" eip?,pz'J;(Z+e_5, Z,, 0)e~?o%"

f dz"J}(z*e%,%8,,27)

")
=276(p*X0|J}(z*e~5,%,, 0)|N).

But p*=0 implies p%2<0, so no physical state contributes. (The vacuum does not contribute, since J7j is
assumed to be a normal-ordered operator.) Therefore,

(0

Thus

f dz=J ¥z e™%,8,,27)=0.

lim 2<I>(x; D, a, 2y A)

pHooo;p2om
=lim <0
5—'00

(o]
e3¢ (0)e~1Ks Tg’<exp[if dz* fdzzlA+(x*+z*,§l+El, x7)

f dz=Jj(z*e™? El,z')}>

Do N a>e"“"" et
Now the assumption is made that
[Cax [Cay30, %0, 57, 750, 7., 57]=0
This assumption means all T4 orderings are the same, so that
lim 2ti)v(x; D, A, ay A) ={Sii1:1°<0 'd),(O)e"“‘Ksexp[i L:dz*fdzzlAJsz*, X, +Z,, %)

proreip2=m
xf dz=J7(0,%,, z')]

po’ )\, a>e—lp'xe-{9)\ .
(3)
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Equation (3) is an operator form of the eikonal approximation to the wave function. To obtain the more
familiar form one assumes a general form for the current J}x

I (z)=: ,T(z)l"”1¢,(z): .
Then

J =) |7, 8y, BY= E Z f @7 )3 = m2)O(s%)|'s, &, B2)(s, Oy B2 |T1(2) |7, 6y BY

and

-/;eodz (s, 0y B2 IJ;(O; Z,,27) ' 7y Oy B1> =278(r" - s*)e -i?l.(?l_rlks’ 0, 32"];(0)]7’ 0y, B1>;

thus
3 d pl 1 ={Kqa 8| o4+ =4,
,Jm e ai4)-lm 3 3 J G5 0l 010 o 5 B3 0 )

1 d%r, (d%s,
2mEJ 2n)?

0
x<[’g’ Pis g 0y exp[if ar fd231A+(x++T’ X, +Z,, x-)

3 et T ETTO(p 5 5 6y, Byl T 0 08 Fus O BB Bus Oay Ba)

81,65 B, By

X<P;, T; by, 311]

o 6].; A a>e-ip-ze-:ex’
where the normalization of states is
(D5 B1; 035 Bzl b5y T3 0y, By = 2m* (212 6%(F ~5.1)85 5,0, 5, -
Noting that
1612(0I¢,(0)e"5"3lp3,§1; 2 az>={sig1°<0|¢z(0)lif, DL Ay, ap)e! 2 tii<ﬂl¢;(0)lp*,5l; Npy ap) €'22
and letting
VZmf(p, % @)=(0]9,0)|p*,0,5,.0),

one obtains
lim <i>(x DA, a;A)= 11m2 Zf(p, 25 Qg)e 1P =160 22)
prorewip2=m2 TS
d? aspi 1 d’ry (d®s.

0
Gr7 <p0,pl,)\2,a2 exp[ lwdz+fdzzLA+(x++T,xl+zl,x')2m2 @nr ) Gy

x 3 3 et G pr 5 56, B, [T HO) 53, Fy; 6y, B DY, B 6y, Ba)
51,05 B1. By

X{p5,Ty1; 0y, B |:|

pL, 05N, a>.
Now by Eq. (2)
11m<po, Sy3 0, 32,J+(0)e gh” ‘Po’ r;; 0, B1> hm(,bo, Sy; 0y, Bz’eisKsJul(O)e-iéKslPo; T ; 0, Bl>

500
= ljm (p*,8,; O leJ;III(O |p*, Ty ; 5 Bl> e!01785),
pT—e0
By performing a boost to the rest frame of the state |p*, ¥, ; §,, 8,) it is clear that one can write'* to lead-
ing order '

lim (P+: E.L; %, B2 IJ;III(O) |P+, T,; 0y, Bl) et %6178 = lim
pt—roo pt—eo m

P2

- > - 6 -
F(3,~F,, 0,, 0, By, Bp)gh et ¥01783)
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so that

hm(po: S,; 6y leeéJ+(0)’po: T,; 0y, 31> llmx/_—F(sl—r_L, 8,,0,, B, Bz)e£9(81~52) .

8§00
Defining the matrix F(5,-T1,) by
[5(‘§l-—fl)k52.ﬂz):(5l,81) = F(g.l._‘fl, 61 ’ 62 ’ B]) Bz),
one can write

lim  ®(x;p, r, a3 A)
proooip2=m2

= lim
proosp2=m2

= lim
proveo;p2=m

where

> ;f(p, 3, B)e‘“”"{eXP[i [La |

0 545 o) [ B, aTiTigs ]
—ibex 4 2 + + =1z lug:
Zé: za:f(p’ 5, Ble {exp[f_wdz zfd 2, At +2, X 42, x )f(z,”)ze (4 }(5.3);0&.00

d? gL iX1-dy + Lt - =~ ]}
a,(x*+z x7)F(-q.)
@m . Qo #7)5(=0, (&)

a,(x*+2*,§,,x7) Ef d”zle'al'?lA+(x*+z+, Z,x7).
This result is the eikonal approximation for the wave function. In the general case this result becomes

DI
Prre0ip=me g B

0 2 - >
8 {exp[i(p+)n_l j;no dz+ f?Z:rI); e‘XL'qlag-l::«;am(x++z+, a.l.; x-) ":Fal"‘am(_al):l}

lim <I>(x,p,>«,a A= - lim

pHroo; s p2= m2

’
(8,8)i(\ex)

where
1
f(p’ 6; B)= &—‘m <0]¢,(O)’P, 6) ﬁ>:

V2
[Fery e am (@] (82.890:08,.89 (p)

and

“51'52)9=<P;, d,;90,, BzIJ;.;'l.f--am(o)lp;’ 059, 31>(95)" as p*-,

.
asryomxt+2", 4, x')Efdzzle'“'“Af.l.'.'{“'"(x*ﬂ*,iux ).

It has thus been shown that the “exponentiation” of the eikonal approximation occurs provided that

f dx~ | ay[J}

am0 %Kiy x7), 3700, (0,7, y7)] =0.
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Using Schwinger’s formulation of the Green’s function and the assumption that the covari-
ant propagator is equal to the time-ordered Green’s function, we derive Iwasaki’s covariant

propagators from Lagrangians introduced by Chang.

I. INTRODUCTION

Iwasaki*? has recently shown that high-spin
covariant propagators satisfy certain symmetry
and consistency conditions. He writes down ex-
pressions which satisfy these constraints, but he
claims that his propagators cannot be derived
from a Lagrangian.

It seemed to us an unsatisfactory situation that
Iwasaki’s covariant propagators should not be de-
rivable from field theory, so we critically ex-
amined the basis for his claim. We found that im-
plicit in his claim are the following two assump-
tions: (i) In field theory the covariant propagator
is given by the time-ordered Green’s function, and
(ii) the Green’s function is given by the Takahashi-
Umezawa (T-U) prescription.® Using Schwinger’s
formulation of the Green’s function* we show below
that the T-U Green’s function follows from a spe-
cific choice of the form for the free-field Lagran-
gian and that Iwasaki’s covariant propagator is
identical to the Green’s function corresponding to
a different but equally valid type of free-field La-
grangian introduced by Chang.?

II. LAGRANGIANS, GREEN’S FUNCTIONS,
AND COVARIANT PROPAGATORS

A. Free-Field Lagrangians

Massive spin-S systems with definite parity can
be described by a covariant tensor or tensor-
spinor ¢ satisfying certain differential equations
of motion as well as certain nondifferential con-
straints. All the equations to be satisfied by ¢
can be summarized in a single equation of the
form3:¢

Ayiv g =0, (1)

where A is a local differential operator of second
order for S an integer (first order for S+3 an in-
teger). Equation (1) is the Euler-Lagrange equa-
tion for the following Lagrangian density’:

£,=1gAg, @)

where A =1 unless ¢,... =¢L ..., in which case A =13.
We will see below that the T-U prescription for
determining the Green’s function is only applicable
when the free-field Lagrangian density is of the
form given in Eq. (2).

All the nonderivative constraint equations satis-
fied by ¢ can be summarized by an equation of the
form

$=29¢, ‘ (3)

where Z =2 is an orthogonal covariant projec-
tion operator.® Chang® has introduced a type of £,
in which Eq. (3) is assumed to hold in advance so
that only the differential equations of motion follow
from the Euler-Lagrange equations. For Z#/
Chang’s £,’s contain auxiliary fields as well as ¢
and hence are not of the form given in Eq. (2).
Chang’s Lagrangians can be modified so that they
contain complete information about the system by
treating Eq. (3) as a holonomic constraint and in-
troducing a Lagrange multiplier.

It is often possible to write down Lagrangians in
which some of the symmetry conditions are as-
sumed while others are derived along with the dif-
ferential equations of motion from the Euler-La-
grange equations.® As with the Chang Lagrangians,
the assumed symmetry constraints can be derived
from the Lagrangian by introducing Lagrange
multipliers.



