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This comment considers the high-energy behavior of a particle of arbitrary spin interact-
ing with Rn extexTial potentiRl A if ~ ~, if (&) by n1eRns of R el Aif ~ p (&) lntelactionq where
J"~ " is a function of the fields and their derivatives. It is shown that in the eikonal ap-
proximation, "exponentiation" occurs when the light-cone commutation relations satisfy

f dx J dy [J'+' ' '+(x), Z' ' '+(y))„+ D--O.

It has become apparent that the knowledge of cur-
rent commutators on the light cone provides useful
theoretical and experimental information about the
high-energy behavior. The structure of light-cone
commutators of currents in various model. field
theories has been exposed by Cornwall and Jackiw, '
Fritzsch and Gell-Mann, ' and Gross and Treiman, s

and many applications of the theory have already
been given.

In this comment we wish to indicate a new area of
applicability of light-cone techniques —the study of
the eikonal approximation. This approximation has
become a useful method in calculating high-energy
scattering amplitudes in various model theories. "

That there should be a connection between the
light-cone approach and the eikonal approximation
can be seen in various ways. For example, the
natural variables in the eikonal methods are the +
and —components familiar from the light cone.
Also, the work of Gross and Treiman3 abounds in
eikonal-type exponentials in their light-cone for-
mulas. More specifically, Lee' and Chang'abave
related "exponentiation" of the eikonal approxima-

tion in quantum electrodynamics to the properties
of current commutators on the light cone.

Recently, %einberg" has shown for the scatter-
ing of a fast particle of arbitrary spin in an exter-
nal electromagnetic field that expon6ntiation occur~
provided that the anomalous magnetic moment
obeys a generalized Drell-Hearn sum rule. " The
Drell-Hearn sum rule can be related to the light-
cone commutation relations. ' Thus there is a gen-
eral relation between the exponentiation of the ei-
konal approximation and light-cone commutators.
In this comment that relationship is dix ectly ob-
tained. It is found that for a particle of arbitrary
spin [field P(x)] interacting with an arbitrary ex-
ternal potential A"„~:::„~(x)by the interaction
8„"".'. '. o""„A"„&."..'"„„(x), exponentiation of the eikonal
approximation to the wave function 4 (x; p, X, n; A)
=—(0 out ( P(x) ~ p, X, a in) is valid provided that

Js,""s„(0yi, y )]=o.
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In order to obtain this relation one considers the
Lagrangian for a spin-j (Iuantum field (()) with an ex-
ternal potential A"„,'.".'.

~& (x), where o.„.. . ,n are
indices associated with internal quantum numbers
of the field [e.g., isospin, SU(3)] and (u„. . . ,p„
are Lorentz indices. %e assume that A. is a scalar
in spinor space; thus under a pure Lorentz trans-
formation A,

~(x}—A, )(z ~ ~ ~ A, )'nAag" 'naz(A -lx)
tj

& ~ o ~ p& Py1 n
&n &y"' &n

The Lagrangian is given by

S(P(x), (t)t(x), x}=C„(P(x),P (x)3

+J)(l' )n"AO(1'''0(m(x)
aj."'cfm Py "&n

Consider the wave function 4 for a particle that
at t- -~ was a free particle of momentum j))'
= (p+, OA, m'/2p'}, helicity A, and other internal
quantum numbers denoted by z. Qne may write

e(x; p Z a A)= (deci)p(xl)p X ale)=(0 7( 0 (x)ezp i Jl d z A(z) 0 ) a)

0 T, x exp i d'z Jl„"&...'" z A.„j.".'. „z P & o'~
~

For simplicity, the indices n„.. . ,n are suppressed and n is set equal to 1. The argument is exactly
the same in the general case. Thus, one considers

e(x;p, z, a A)=(0 p(p (x)ezp i f 'dzd(zdz) A(z)z) p, z, a).

Making use of the translation operator, one obtains

e(x;p, z, a!A)=(0 p( 0( )0z'a*exp if d zd,"'(z —x)A„(z) ) 0 x a)

0 T I 0 e '~ "exp i d'zJlj-z A.„,x+z p, ~, ~

In the limit p+ —~, p' = m' one would expect 4 to take the eikonal form One .can choose ( p, A, n)
= e ' e ' "3

( po, A, n), where po" = (m/W2, OA, m/W2), and e ' "3 is a boost along the +z direction with rapid-
ity 5. So the relationship between P and Po is P' =e P~, p~ =p», and P =e Po. The phase which removes
the effect of the boost on the helicity A. is e ' . Thus

lim 4(x; P, X, a;A)
P+~~'P ~=m2

=lim 0 e" » r0 exp i dzJ~i'z~p x+z e '~ 3 p gn e ~~'e ~ex

-mt
=lim —0 T' i d4z8 ~ e'~ 0 J~(z)e '~«sA (x+z) e+«3Q (0)z (('«s

~~ n~O m=0
.„fg

-z'-z-xT' i d'ze e( «3 J'"&(z)e ' «&A (x+z)
n-mt

p y -fP'

where

P;(A(x)O(P))=-e('* ' ' '* ' ' '(~A(x)O(P)ee " "*' '" * ' )0(,)A(x)
2

Now to leading order in e",
e+«& 'J( )ez( '=e J,'(z'e &zApz e )g"&

Thus E(I. (I) becomes to leading order
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7l

lim C(x;p, J(., n;A)=iim —e "'"e "'
P ~oo;P2=Nt2 h~oo

ea)

e Jr'z'e, z, z e A, x+z e' r 0 e '
2 '

J

Changing variables z e"-z and then dropping terms" of order e relative to terms of order 1, one ob-
tains

lllll 4( xip) i() n)iA) =11III Q Q 8 8"~ n=o m=Q

x 0 7&' i d ze z'A, x'+z', ~ +x, x Jrz'e, z, z e' ~
~ 0e '

where

x)*),' i 1'zi)(-z')A, (x'+z', x,+z„x )z,'(z'e ~, z„z ) p„i,a),

Tg'(A(x)B(y)) -=e((x' —y')e + (x —y ))A(x)B(y) +e((y' —x')e'+ (y —x ))B(y)A(x)

and z'e ~ has not been set equal to zero in order to make Tz' mell defined.
Considering

for any physical state iN) with momentum p, we have

( z «JI z e &zj&z Pf = 0 dz e ~I' JI z e ~ 0e o~ Pf

=2w5(P')(OiZI(z'e, zI, 0) iN) .
But P'=0 implies P'~0, so no physical state contributes. (The vacuum does not contribute, since JI is
assumed to be a normal-ordered operator. ) Therefore,

llIII C) (x ' p o) J). ' A)
P+~ oo a P 2~ 2

Q

=lim 0 e' ~3
~ 0 e ' ~37&' exp i dg' dmz~A, x'+z', x~+z~, x

dz JI z e, zgyz P(p ~y N

Now the assumption is made that

dx dp JI Oy ZJ y x y Jg 0y JJJ y g 0 e

This assumption means all Tq' orderings are the same, so that

0
lim C(x; p, J(., n;A) =lim 0 t( ()) 0'e"&exp i dz' d'z~A, (x'+z', x~+z~, x )

p+~~.p 2- ~ 2 $~co oo

x .dz J'Oz„z P„Xn e-""e "'.
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Equation (3) is an operator form of the eikonal approximation to the wave function. To obtain the more
familiar form one assumes a general form for the current J,"j'

Z»(x) =:y,'(s)r»y, (e): .

Then

d4s
Jl»(s) Ir, 6„p,&= g Q J( 2 '), 6(s' —m')e(s')

I sp 6» p,&&sp 6» p, Iz,"~(e)Ir, 6» p,&

83

and

thus

2 1

lim 4(x; p, X, n;A)=lim g g 2, &GI&t&,(0)e '"' Ip,', p', & n», &

p+~„.p2 ~R,~ ~ 7I 2 m
Cg 2

0 2 2
+ + i d x& d s&x p, p~h2z, exp i d7 d z Ax+Tx +z, x

x Q Q e "' "&po, s,; 62p p~Iz,'(0)lpo, r~' 6u pi&Ipo s '
62 p~&

bg, ~2 Byp 82

x&p,', r;, O„p, ~ p,', O„r, e)e "'*e "',
where the normalization of states is

&pa, s~; 6„p, Ipo, r~; 6„p,) =2m'(2v)'6'(r —s,)6„&; 6«, 8, .

Noting that

»m &0 I &p(o)e ""
I Po p pi p

~ s nm&™&014 z(0) I
P'p p'; &s na& e""' = »m &o I 4 p(0) IP'p o. ; &„n,) e""'

and letting

&2m f ( Pp Xp n) =—(0 I y~(0) I
P', 0~ p A, n),

one obtains

lim 4(x; pr X p n; A) = lim g g f(pp X„n,)e 'p'x e-'e&& &2&

P ~oo'P2=m $~oo
A2

d pJ. ~ + 2 + - ~ dt'j. d sj.
(2 )

Po p' i &„n, exp 8 dz' d'z A, (x'+T, x +z,x )

" Z Z e '"'" '"&g s6„p, l&,'(0)Ip.', r6„p,&I&.', s6. , p.)
~j. &2

x&p;, r, ; o„p, I
p', , O; r, e) .

Now by Eq. (2)

»m&Po si; 62p plm& (p)0eg»Ipopr» 6„p,&=lim&po, s~; 62, pzIe&'r~gp&'&(0)e ''rsIp+, r, ; 6, p)
$ -moo

= 'm&f" s~' 62 paI~p~'(0)IP', ri; 6„p,&e""& '2'.
p+~

By performing a boost to the rest frame of the state I p, r, ; 6„p,) it is clear that one can write'4 to lead-
ing order

lim & p', s» 6„p, I Jp»(0) I p', r~; 6„p ) e' ~~& ~2~ = lim F(s~- r~, 6„6,, p„p,)g» e" &~o

P+~oo P+~oo Pl



EIKONAL AP PROXIMATION AND THE LIGHT CONE 1051

so that

lim(p', , s» 6» p, le J,'(0)lp,', r~; 5„p,&= limv2 E—(si r—~, 5„5„p„p,)e'e&"1 ~«&.

$ -moo p+~ m

Defining the matrix 8:(si-ri) by

l. &(si-r )/g, ,s,)(~,, 8,)=&(si-ri &1 ~2 Pl Pm)

one can write

lim 4(x; p, X, a;A)
p+~oe«p 2 yP

0
lim g g f(p, 5, p)e '~ *ex'p de'i d'siA, (x'+z', xi+xi, x ) 2, e "'~iS(g,)

p+~oe«p 2—m2 8
~OO (5,8);(X,a)

lim g g f(p, 6, p)e '~ *ex'p i dz'
2

e'"~'"ia,( x' +s', g, x )F(-g )
p+~'p = m2

where

e,(x'ez', j,x )-=f rr z e'z ' A, (x+ez+, z, x ).

This result is the eikonal approximation for the wave function. In the general case this result becomes

lim C(x;p, A, n;A)= lim g gf(p, &, p)e ' '
p+~ee; p2= m p+~oe«p 2 gg2 ~ 8

0
x exp i p+" i dz e "~q~a, i «~™x+z,q, x

~pe r' (5,5):(&,a)

where

+ n..(4".)l(s, s,&(s, e,,) ,
e"" "&"=(po 4. '~2~ pal~sri '"n.(0)lpo o» ~xi px&(e')" as p'-"~

and

e, ".,' (x' ez', q, x ) —=f d z e' z ' a, .::; (x' ex', x, x ) .

It has thus been shown that the "exponentiation" of the eikonal approximation occurs provided that

I wish to thank Professor R. Jackiw for suggesting this research and for his many helpful ideas. I also
wish to thank Professor S. Weinberg for presenting his results to me.
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Using Schwinger's formulation of the Green's function and the assumption that the covari-
ant propagator is equal to the time-ordexed Green's function, @re derive hvasaki's covariant
propagators from Lagrangians introduced by Chang.

I. INTRODUCTION

Iwasaki" has recently shown that high-spin
covariant propagators satisfy certain symmetry
and consistency conditions. He writes down ex-
pressions which satisfy these constraints, but he
claims that his propagators cannot be derived
from a Lagrangian.

It seemed to us an unsatisfactory situation that
Iwasaki's covariant propagators should not be de-
rivable from field theory, so we critically ex-
amined the basis for his claim. We found that im-
plicit in his claim are the following two assump-
tions: (i) In field theory the covariant propagator
is given by the time-ordered Green's function, and

(ii) the Green' s function is given by the TatuLhashi-

Umezawa (T-U) prescription. ' Using Schwinger's
formulation of the Green's function4 we show below
that the T-U Green's function follows from a spe-
cific choice of the form for the free-field Lagran-
gian and that Iwasaki's eovariant propagator is
identical to the Green's function corresponding to
a different but equally valid type of free-field La-
grangian introduced by Chang. '

II. I.AGRANGIANS, GREEN'S FUNCTIONS,

AND COVARIANT PROPAGATORS

A. Free-Field I.agrangians

Massive spin-8 systems with definite parity ean
be described by a eovariant tensor or tensor-
spinor Q satisfying certain differential equations
of motion as well as certain nondifferential con-
straints. All the equations to be satisfied by P
can be summarized in a single equation of the
form3'

Aq. .. „...Q~'"=0,

whex'e A is a local differential operator of second
order for S an integer (first order for S+-,' an in-
teger}. Equation (1) is the Euler-Lagrange equa-
tion for the following Lagrangian density':

where X = 1 unless P„...= Qt„..., in which case A. =-,'.
We will see below that the T-U prescription for
determining the Green's function is only applicable
when the free-field I agrangian density is of the
form given in Eq. (2).

All the nonderivative constra. int equations satis-
fied by Q can be summarized by an equation of the
form

whexe Z = Z~s~ is an orthogonal covariant projec-
tion operator. ' Chang' has introduced a type of Z,
in which Eq. (3) is assumed to hold in advance so
that only the differential equations of motion follow
from the Euler-Lagrange equations. For Z 4I
Chang's 2,'s contain auxiliary fields as well as P
and hence are not of the form given in Eq. (2).
Chang's Lagrangians can be modified so that they
contain complete information about the system by
treating Eq. (3}as a holonomic constraint and in-
troducing a Lagrange multiplier.

It is often possible to write down Lagrangians in
which some of the symmetry conditions are as-
sumed while others are derived along with the dif-
ferential equations of motion from the Euler-La-
grange equations. 9 As with the Chang Lagrangi. ans,
the assumed symmetry constraints can be dexived
from the Lagrangian by introducing Lagrange
multiplier s.


