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Static, spherically symmetric solutions of the field equations for a particular dimensional con-
tinuation of general relativity with a negative cosmological constant are studied. The action is, in
odd dimensions, the Chem-Simons form for the anti —de Sitter group and, in even dimensions, the
Euler density constructed with the Lorentz part of the anti —de Sitter curvature tensor. Both actions
are special cases of the Lovelock action, and they reduce to the Hilbert action (with a negative
cosmological constant) in the lower dimensional cases 17 = 3 and 17 = 4. Exact black hole solutions
characterized by mass (M) and electric charge (Q) are found. In odd dimensions a negative cosmo-
logical constant is necessary to obtain a black hole, while in even dimensions both asymptotically Sat
and asymptotically anti —de Sitter black holes exist. The causal structure is analyzed and the Penrose
diagrams are exhibited. The curvature tensor is singular at the origin for all dimensions greater than
three. In dimensions of the form B = 4A:, 4k —1, the number of horizons may be zero, one, or two,
depending on the relative values of M and Q, while for a negative mass there is no horizon for any
real value of Q. In the other cases, 'D = 4k + 1,4k + 2, both naked and dressed singularities with a
positive mass exist. As in three dimensions, in all odd dimensions anti —de Sitter space appears as
a "bound state" of mass M = —1, separated from the continuous spectrum (M ) 0) by a gap of
naked curvature singularities. In even dimensions anti —de Sitter space has zero mass. The analysis
is Hamiltonian throughout, considerably simplifying the discussion of the boundary terms in the
action and the thermodynamics. The Euclidean black hole has the topology IR x S . Evaluation
of the Euclidean action gives explicit expressions for all the relevant thermodynamical parameters of
the system. The entropy, defined as a surface term in the action coming from the horizon, is shown
to be a monotonically increasing function of the black hole radius, different from the area for 17 ) 4.

PACS number(s): 97.60.Lf, 04.20.Jb

I. INTRODUCTION

The black hole is a central element of general relativ-
ity, but its properties, especially at the quantum level,
are far &om being completely understood. It is of inter-
est, therefore, to search for black holes in the extension of
Einstein s gravitation theory to higher and lower dimen-
sions. Here we consider traditional black-hole solutions
with gravitational and electromagnetic fields only. Other
systems, including two-dimensional (2D) black holes with
a dilaton 6eld, and string-inspired holes, are not consid-
ered [1].

The most general extension to higher dimensions of
general relativity, which keeps the 6eld equations for the
metric of second order, is the so-called Lovelock action

'Electronic address: cecsphyOlascar. puc. cl

[2] which may be regarded as formed by the dimensional
continuation of the Euler characteristics of lower dimen-
sions [3]. Although very similar in content and structure
to the usual theory, the Lovelock theory has some un-
wanted features. First, for B & 4, the time evolution of
the Gelds appears to be nonunique: given an initial value
surface at soxne time t = to, the 6elds at t & to are not
completely determined by the equations of motion. This
is due to the presence of high powers of the velocities in
the Lagrangian [3, 4]. Second, in addition to Newton's
constant and the cosmological constant, the action has
n = [(D + I)/2] arbitrary dimensionful parameters [5].
This arbitrariness makes the analysis of the black hole
properties rather complicated.

In this work, we will deal neither with the pathological
time evolution problexn nor with the most general set of
coeKcients. Instead, we will assume &om the very be-
gining a static metric and we will, in what we believe is
a natural manner, restrict the coeKcients to a subfam-
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ily of two parameters related to Newton's constant and
to the cosmological constant. The chosen action is not
the Hilbert action with a cosmological constant, but it
reduces to it in the lower dimensional cases D = 3 and
'V = 4. %'e will deal only with a negative cosmological
constant related to a length scale l by A = —a/ where a
is a positive number. (Most of the results remain valid for
positive A by the replacement l +i/. In that case, how-
ever, the spatial sections of spacetime are closed, and no
conserved quantities such as mass and electric charge can
be defined. ) The construction of the action is carried out
in Sec. II.

Static spherically symmetric solutions for the Lovelock
action have been studied by several authors [6—8]. How-

ever, in those references no choice of the Lovelock coef-
Bcients is made, making it dificult to extract physical
information &om the solution. This is so because the
metric components g„„and goo are the roots of a poly-
nomial of degree n —1 which cannot be solved explicitly.
Apart from the problem of solving this algebraic equa-
tion, some physical consequences of a generic choice of
the coeKcients should be remarked: (i) There exist up
to n 1 differe—nt solutions, (ii) all of them may have hori-
zons for both signs of the energy, and (iii) the entropy
is not a monotonically increasing polynomial of the hori-
zon radius r+, so that the second law of thermodynamics
does not hold. All of this suggests that a special choice
of the arbitrary coefEcients should be made. The choice
proposed here produces a unique solution for the metric
with a dressed singularity only for positive masses, and
the entropy is a monotonically increasing function of r+.

Our choice may not be the only one that has these
properties. But, as shown in Sec. II, it is somewhat nat-
ural in that it is the Euler-Chem-Simons form in odd
dimensions, and it may be regarded as the gravitational
analogue of the Born-Infeld electrodynamics in even di-
mensions.

In Sec. III, the equations of motion are solved and
explicit expressions for the metric are obtained. It
is observed that two branches of black holes emerge:
one for even dimensions, with strong similarities to the
Schwarzschild metric in 3+1 dimensions, and another for
odd dimensions, with many features in common with the
2+1 black hole [9, 10]. The Penrose diagrams displaying
the causal structure are exhibited.

In Sec. IV the black hole thermodynamics is analyzed.
It is shown that the entropy is a surface term in the action
coming from the horizon [11],while the internal energy
and electric charge are given by Aux integrals at infinity.
The Hamiltonian method allows us to compute the en-
tropy by direct evaluation of the Euclidean action with
an automatic regularization. As was previously noted
in the four-dimensional case [12], the Hamiltonian sym-
plectic structure is preserved by the thermodynamical
description of the higher dimensional black holes. That
is, conjugate variables in the sense of mechanics are also
thermodynamical conjugates.

The immersion of the Lorentz Lie algebra in the anti-
de Sitter algebra is reviewed in Appendix A. The Hamil-
tonian structure of the Lovelock action is worked out in
Ref. [3] and it is reviewed in Appendix B.

ii. ACTiON

A. Lovelock action

The most general action that generalizes Einstein's
gravity, while keeping the same degrees of freedom when
spacetime has a dimension 'V& 3, is a sum of the dimen-
sionally continued Euler characteristics of all dimensions
below 17 [2, 3, 13]. The action takes the form

n

I = r. ) o.pI~
p=o

with

RG1G2 Rats 1G2p &a2J +1 &GD
p G1 GD A ' ' ' A A A ' ' A

(2)

Here e is the local frame one-form, R b
——d& g+ 4P A(AJ

is the curvature two-form, and w
&

is the spin connec-
tion, a, = (0, 1, ..., 'D —1). The coefficients o„rae ar-

bitrary constants with dimensions [length] l~ zi'l and K

has units of action.
For even 17, the last term in the sum (p = 'D/2) is

the Euler characteristic and does not contribute to the
equations of motion. In quantum theory, however, this
term assigns diferent phases to di8'erent topologies.

Varying (1) with respect to e yields the field equa-
tions, which are more complicated than Einstein s equa-
tions, involving high powers of the curvature (they are
nonlinear in the velocities and accelerations). These
equations, however, are still second order in the metric
and the system has a standard constrained Hamiltonian
formulation [3]. The variation with respect to the spin
connection u vanishes identically by the assumption of
zero torsion.

In the standard metric formulation, the action (1) is
constructed by the same requirements as in 17 = 4 [2]:
general covariance and second-order field equations for
the metric. In the language of forms, (1) can be ob-
tained by the requirement that the Lagrangian be a lo-
cal Lorentz invariant Z)-form (up to closed forms), con-
structed entirely out of e, u, and their exterior deriva-
tives, without using the Hodge dual (* operation). This
is equivalent, in turn, to defining the action by dimen-
sional continuation of topological invariants (characteris-
tic classes) of lower dimensions [14, 15].

These demands, however, do not restrict the values of
the coefficients o.p. In order to select these coefficients
we will consider embedding the Lorentz group SO(j7—
1, 1) into a larger group. Since we are interested in open
spaces, the minimal extension for SO('D —1, 1) is the
anti —de Sitter group SO(17 —1, 2).

In odd dimensions it is possible to construct a La-
grangian invariant under the anti —de Sitter group by
making a certain choice of the Lovelock coe%cients. That
Lagrangian is the Chem-Simons form associated with the
Euler density for one dimension above B. In even dimen-
sions, on the other hand, it is not possible to construct a
nontrivial action principle invariant under SO(27 —1, 2)
and it is necessary to break the symmetry down to the
Lorentz group. This symmetry breaking is similar to that
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used by MacDowell and Mansouri in four dimensions [16].
In what follows, we will consider a particular choice of

the Lovelock coefficients n„ in (1) given by

For later convenience, the units are chosen so that

lr=, (17 odd),

~l- +'~, V=2n —1, (aa)
2&E & )

I
l ++2 'L) = 2n, (Sb). &&)

where / is a length. As we will see in the next sections,
this choice provides an action principle with the above
properties.

B. Action in odd dimensions

In order to construct the action for B = 2n —1, we
consider the Euler density in one dimension above B.
This density is an exact form and can be written as R =R +1 2e~e, (6)

where A~ q is the area of the (17 —2) unit sphere.
The curvature tensor R is constructed with the

SO(1) —1, 2) connection W++ and the capital Latin in-
dices run Rom 0 to 2n (see Appendix A). The form E'q„
cannot be used as a Lagrangian in 2n dimensions since it
is a total derivative, but Z2„q is a Lagrangian in 2n —1
dimensions. In analogy with the Chem-Simons forms
constructed from the Pontryagin classes, we call Z2„
the Euler-Chem-Simons (2n —1)-form.

Using the decomposition of W into Lorentz rota-
tions and "inner translation" described in Appendix A
which expresses the anti —de Sitter curvature form R in
terms of the Lorentz curvature R as

~2n ——]ceA ...A R ' ' R '"-' '" = dnd2n
"A A "A A (4)

the following expression for Z2„q as a function on the
spin connection zo ~ and the local kame e is obtained:

n —1

Z2& —] K Qp'Ez& ~ .z~ R ' ' R '& ' '& e '&+' e
p=0

where n„ is given in (3a).
Under SO(1)—1, 2) gauge transformations, the density

l:2„q is changed by the addition of a closed form. This
makes its integral invariant under gauge transformations
that do not change the boundary data.

The construction given here for the action in odd di-
mensions is very similar to the Chem-Simons action in
three dimensions. One may ask whether the equiva-
lence between local gauge transformations and difFeomor-
phisms in three dimensions is also valid here. The an-
swer is in the negative because this equivalence requires
the curvature two-form to vanish as a consequence of the
equations of motion, which is true in three dimensions
only (see Sec. IID).

Note that in the limit l ~ oo (zero cosmological con-
stant), only the last term p = n —1, and not the Hilbert
term, in the sum (7) contributes to the action.

C. Action in even dimensions

WRAC Ag RASA4 RA~ g A~ ~2' A n ~ n, ~AqAq. ..A~ )

(8)

where Qg, ~, ...~~ is a tensor of rank 1) under the group
and B is the anti —de Sitter curvature [see Eq. (A3)
and (A5)]. For later convenience, we choose the units so
that

E2

m(V -2)!n. , (

which reproduces the standard units used in V=4 and
provides a convenient normalization for the black hole
mass in higher dimensions.

If we choose Q~, ~, ...~~ as an invariant tensor of the
anti —de Sitter group then, by virtue of the Bianchi iden-
tity, the Lagrangian (8) gives no equations of motion. If,
instead, Q~, ~, ...~~ is chosen as an invariant tensor under
the Lorentz group only, namely,

Now the situation is di6'erent: there is no analogue of
the Chem-Simons action, invariant under the enlarged
gauge group up to surface terms. It is necessary to break
the full anti —de Sitter symmetry in order to produce a
nontrivial action principle [16].

For 'V = 2n the Lagrangian must be of the form

0 otherwise

then (8) becomes

(10)
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Eq„——KPf[R + t e e ], (12)

where Pf denotes the Pfaffian (a multilinear function
whose square is the determinant) in the exterior prod-
uct.

which corresponds to the Lagrangian in (1) with the
choice (IIAb). This Lagrangian may be regarded as
the gravitational analogue of the Born-Infeld Lagrangian
[17]. The analogy is more clearly brought out by rewrit-
ting (11) as

In the limit l —+ oo, the only nonvanishing contribu-
tions to the Lagrangian are the Euler density and the
term with the second highest power in the curvature ten-
sor (R" ). The Euler density (R"), which does not
contribute to the field equations, acquires in this limit
an in6nite coupling constant.

D. Equations of motion

The equations of motion derived from the Lagrangians
(7) and (11) are

(
ga1G2 + t

—2&G1 &aq l (gain 3aqn —2 + t
—2&aqn —3 &ann —& h~ pA gA ' ' '

Ay J G1 G2 ' ' 'G2n (13)

in odd dimensions (D = 2n —1), and

(
(gain —3 2n —2 + )

—2 G2n —3 2n —2 ) aan —1 0A gA
' ' '

Ay A gA G1G2'''G2 (14)

in even dimensions (17 = 2n).
As we will see later, the factorized form of these equa-

tions, which is a consequence of the particular choice of
the coeKcients, leads to a considerable simplification in
the study of the physical properties of its solutions.

Equation (13) represents the extension of the Chern-
Simons equation to higher dimensions. For 'V & 3 and
t g 0 the curvature tensor does not necessarly vanish as
a consequence of the equation of motion. That means
that the anti —de Sitter connection is not pure gauge. Of
course B = RG~ + t e Ae = 0 is a solution in both
cases and it is locally anti —de Sitter space.

~[ ( )]
2r 1 + (r/t) —g (r)
1+ (rlt)' —g'(r)

27=2n
27 = 2n —1.

The equations of motion derived f'rom (16) are

dN dF
dr

'
d,

Here I3 is a surface term that will be adjusted below,
the prime denotes derivative with respect to the radial
coordinate r, and the function F[r, g(r)] is given by

III. SPHERICALLY SYMMETRIC SOLUTIONS having the solutions

A. Reduced action and equations of motion N(r) = N = const, F[r, g(r)] = C = const. (19)

Consider 6rst the case of zero electric charge. Spheri-
cally symmetric solutions for the Einstein-Lovelock equa-
tions have been studied by several authors [6—8]. Our
goal here is the study of those solutions in the special-
ized case in which the Lovelock coefEcients are chosen as
in (3). For our purpose here it is enough to consider a
reduced action principle where the allowed metrics are
static and spherically symmetric. In an appropiate coor-
dinate system the metric can be written as

ds = N(r)g (r)dt—+ g (r)dr + r dB, (15)

where d02 = p ~de dT is the metric on the (17 —2)
unit sphere [we will also use later on the notation p =
det(p „)],and N(r) and g(r) are functions to be varied.

Working in Hamiltonian form, it is a simple matter
to evaluate the action for the metric (15). By direct
application of the results of Ref. [3] one finds, for the
reduced action (see Appendix B),

The two parameters C and N are the constants of
integration of the problem. By adjusting the time scale,
N can be set equal to one, but it will be conveniently
kept as an independent parameter for the analysis of the
energy and the thermodynamical properties of the solu-
tion. The parameter C is, up to an additive constant,
the black hole mass:

(20)

(see Sec. III F). We will fix the constant Cs in Sec. III B.

B. Black holes

From (17) and (19) we can express the metric coeffi-
cient g (r) as a function of the mass M and r as

(OF, OF'iI=(t, —t, )fdN~ g'+ ~+B
i, Og Or j

= (t2 —ti) drNF'+ B . (16)

1 —(2M/r) --~ + (r/l)2, 17 = 2n,g'( ) =
1 —(M + 1) "-' + (r/l)2, 17 = 2n —1.1

Choosing N = 1 the metric takes the form

(21)
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r2
ds = — 1 —(2M/r) "-' + (r/l) dt + +r dO

1 —(2M/r) --i + (r/l)'
(22)

for even dimensions, and

dr2
ds = — 1 —(M + 1) -~ + (r/l) dt + r2d02

1 —(M+1)-- +(r/l)'
(23)

for odd dimensions.
Note that for even 17 the mass has dimensions of length

whereas for odd 17, it is dimensionless. This is because in
the even case the constant e in the action has dimensions
of length squared [Eq. (9)) whereas in the odd case it is
a length to the first power [Eq. (5)].

The criterion we adopt here to fix Cs is that for zero
energy the horizon should disappear. This yields

C — 0, B=2n,
0 1, Z)=2 (24)

The usual cases V=4 and 17=3 are obtained from (22)
and (23) in the special case n = 2.

The metrics (22) and (23) describe a black hole if the
function g2(r) has at least one root for a real positive
value r+..

g (r+)=0, r+)0. (25)

'V =4k —1 =3,7, 11,...,
B = 4k = 4, 8, 12, ... .

C. Causal structure in even dimensions

From (21) it follows that for odd n ('D = 4k+1, 4k+2),
the following happens: (i) there is a sign ambiguity in
the (n —1)th root that appears in g and (ii) the mass
M must be positive in order to have a real solution. If
the plus sign is chosen, then the solution has an event
horizon. If the minus sign is chosen, the solution has
a naked singularity. Note that one could have a naked
singularity with positive mass in this case.

For even n (17 = 4k —1, 4k), there is no sign ambiguity
and it is a simple matter to check that a horizon exists
if and only if the mass is positive.

We will take as a fundamental requirement that there
should be no naked singularities with positive mass. This
is a form of cosmic censorship. Hence we will exclude odd
n &om the physical spectrum and we are only left with
the spacetime dimensions

geodesics end. The horizon is drawn as 45' lines.
In the case of zero mass one obtains anti —de Sitter

space [Fig. 1(b)]. The points i+ and i represents future
and past infinity and are disjoint points in the figure.
Further properties of that space can be found in Ref.

D. Causal structure in odd dimensions

The higher dimensional black hole in odd dimensions
has a strong resemblance with the 2+1 black hole solu-
tion [9]. However, for 17 ) 3 the curvature tensor is no
longer constant as in 'V = 3 and, therefore, those solu-
tions cannot be obtained from anti —de Sitter space by an
identification process [10]. The nonvanishing components
of the curvature tensor are

R,'„"
Rom

On
R1'fFL

R77Ly fAg
TEQAQ

(26)

where the antisymmetrized b function is normalized by
Si~- -", = g —2)(V —3).

The scalar curvature is

17(17 —1) (M + 1) --~ (17 —2) (17 —3)R r2

(17 = 2n —1). (27)

As we showed before, for negative values of M there
are no horizons and a naked singularity is obtained. How-
ever, when one reaches the point M = —1 the singularity
in the curvature tensor vanishes and the geometry is reg-
ular; the space obtained has constant negative curvature
(anti —de Sitter space). This is quite similar to the lower
dimensional case of the black hole in three dimensions.
In that case, a naked conical singularity develops for neg-
ative masses, but when one reaches M = —1 the singu-

) =0 )'+ ~

The metric (22) for 17 = 4k represents a natural exten-
sion of the Schwarzschild geometry to higher dimensions.
The metric diverges at the origin as r»- j and the curva-
ture tensor is also singular there. The asymptotic region,
on the other hand, approaches anti —de Sitter space. The
Penrose diagram of that solution does not depend on 'V,
and it is shown in Fig. 1(a). There are two asymptot-
ically anti —de Sitter regions (vertical lines) and two sin-
gularities, past and future (horizontal lines), where the

r=0

) ~

(i) M &0 (b) 3I = 0

FIG. 1. Penrose diagrams for 'V = 2n.
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larity disappears and the solution also becomes anti —de
Sitter space. In this sense anti —de Sitter space emerges
as a "bound state" in the mass spectrum [9].

[nP]At large distances from r = 0, R ~ ~ —t b,
'

~i and

the spacetime approaches anti —de Sitter space.
Note also that for D = 3 the curvature singularity

disappears for any value of M, and one obtains a space
of constant negative curvature. As shown in [10], the
black-hole spacetime may then be obtained from anti —de
Sitter space through identifications. The surface r = 0
is then a singularity in the causal structure only, in that
closed timelike lines appear for r ( 0. It was argued
in [10] that the metric smoothness at r = 0 is unstable
under matter couplings. The present results show that it
is also unstable upon dimensional continuation.

The Penrose diagram in odd dimensions is shown in
Fig. 2. Three different types of states exist in this case,
Fig. 2(a) the generic case M ) 0, Fig. 2(b) the vacuum
state M = 0 and Fig. 2(c) anti —de Sitter space of mass
M = —1.

FIt . 2. Penrose diagrams for B = 2n —l.

E. Charged black holes

Electric charge can be incorporated by coupling the
electromagnetic field to the gravitational part of the ac-
tion.

The Hamiltonian action for the electromagnetic field
in a curved background is

I, = dt d 'z p'A, ——N+
~

ng '~ p'p, + F"F,, ~+pp'„+B, (28)

where P' is the momentum conjugate to the spatial com-
ponents of the gauge field A, , p = Ao, B, is a surface
term that depends on the boundary conditions, and a
may be conveniently taken to be equal to the area of the
('D —2) unit sphere. We will only be interested in so-

lutions without magnetic charge, static and spherically
symmetric, that is, N —2 21

)
2

(33)

where the function F[r, g(r)] is defined by (17) and B is

a boundary term that will be fixed in next section.

Varying the action (32) with respect to N, g, P, and p,
the following equations are found:

F,, =O
p' = (0, p', 0, .. ., 0)
A, =O=p'

(no magnetic field),
(radial field),
(static field) .

(29)
(r 'p)' = 0,

-

p' = —Np.

(34)

(35)

We may impose conditions (29) and then proceed to
vary the action. The reduced action for the Coulomb
Geld takes the form whose solutions are

(36)

I =(t, —t, )
1

dr — Nr 'p'+ (p(r —'p)' + B, (37)

(30) (38)

where N = N g„„and p is the rescaled radial compo-
nent of p'. (39)

(31)

The total reduced action of the gravitational plus elec-
tromagnetic system is then

I =Ig+ I
= (t~ —ti) dr [N(F' —~r p ) + (p(r p)']j+ B,

(32)

(40)

The parameters Q, C = M + Co, |p and N are the
integration constants of the problem; p and N are
the values of y and N at infinity and are conjugates to Q
and M, respectively (see Sec. IIIF). From (39) and (17),
choosing N =1, one can obtain the form of the metric,

ds' = —g (r)dt + g (r)dr'+r dO
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I. =O I. = 0

v=0
l =0

FIG. 3. Penrose diagram for the charged black hole

(generic case).
FIG. 4. Penrose diagram from the charged black hole (ex-

treme case).

g'(r) =
&

1
~2 2M g2

~ + i& ~ (n-3)~~-2
Q2

+~ M+

(17 = 2n),

(1r = 2n 1). —
(42)

For each of the two functions given by (42), the equa-
tion g2 = 0 has two, one, or zero solutions depending
on whether for a given mass M the squared charge is
greater, equal, or less than the extremal value Q2„t. It
is not possible to obtain an expression for Q,„t in closed
form but it may be shown to exist by a graphical analy-
sis. Thus, charged black holes only exist for Q2 ( Q2„t.
Of the two roots r~ and r that exist when Q ( Q,„t,
the greater root r+ is the black hole horizon. Both roots
coalesce when Q2 = Q2„t corresponding to the extremal
black hole.

The charged black-hole geometry has curvature singu-
larities: r = 0, and r = r, where the expression whose

(n —l)th root appears in (42) vanishes. This may be
seen by looking at the curvature scalar of the metric (41)
which reads

1 - -2 II

B = r 2(1 —g2) (43)

The curvature singularity r = r„which only exists in
the charged case, is also hidden by the horizon. Indeed
one has

as may be again verified by a graphical analysis of g2(r).
In the generic case, when two horizons are present,

the manifold splits into three different regions: region
I or outer region (r ) r+), the intermediate region II
(r ( r ( r+), and the inner region III (r ( r ). The
causal connection between these regions is shown in the
Penrose diagram in Fig. 3.

For the extreme case (one horizon), there exist only
two regions, inner (I), r ( r+ and outer (II), r ) r+,. the
Penrose diagram is shown in Fig. 4.

F. Surface integrals: mass and electric charge

The black-hole mass and electric charge can be iden-
ti6ed in a simple manner by using the Hamiltonian ap-
proach. The surface term B present in (32) must be cho-
sen so that the action has an extreme~~ under variations

of the 6elds with appropiate boundary conditions. One
demands that the 6elds approach the classical solutions
[Eqs. (37)—(40)] at infinity [19]. Varying the action (32),
one obtains, for the boundary term B,

bB = (t2 —ti)(—N hM —y b'Q). (44)

The term B is the conserved charge associated to the
"improper gauge transformations" produced by time evo-
lution [20]. These transformations are time displace-
ments, whose charge is the mass (M), and asympotically
constant gauge transformations of the electromagnetic
field, whose conserved charge is the electric charge (Q).
From Eq. (44) one learns that (N, M) and (p, Q)
are conjugate pairs. Therefore, if M and Q are varied,
their conjugates, N and p, must be fixed. Thus, the
boundary term is

B = (t2 —ti)(—N M —y Q)+Bo, (45)

G. Asymptotically Hat black hole in even dimensions

So far we have only dealt with asymptotically anti —de
Sitter spaces. In odd dimensions one is forced to deal
with this asymptotic form since no black hole horizons
are found in the absence of cosmological constant, even
in the presence of an electric charge [21].

In even dimensions, on the other hand, one can take
the limit l —i oo in the solution (42) obtaining the asymp-
totically Hat line element

where Bo is an arbitrary constant without variation. The
&eedom in the value of this constant was used in Secs.
IIIB and III E to 6x the zero-point energy when the hori-
zon disappears.

In asympotically anti —de Sitter spaces, the rescaled
lapse function N = N g, measures time displacements
at infinity along the Killing vector 8/Bt, instead of the
usual lapse function N . This is so because the nor-
mal vector n = N+8/Bt does not approach the Killing
vector 8/Bt at infinity since N+ diverges there. The
rescaled vector n=g N 0/Bt = NO/Bt does approach
the Killing vector up to a constant factor.
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FIG. 5. Penrose diagram of the asymptotically Bat
charged black hole in even dimensions (non-extreme case).

FIG. 6. Penrose diagram for the asymptotically Qat

charged black hole in even dimensions (extreme case).

2M
dt +

2M Q2
(17—3)

n —1
+ r2d02. (46)

In this limit, M becomes the usual mass conjugate to
asymptotic displacements in proper time.

The black hole radius is related to the mass and electric
charge by the equation

(47)

which has zero, one, or two solutions, depending on the
relative values of the mass and charge. The Penrose dia-
gram for the generic case (two horizons) is shown in Fig.
5.

The extreme case (one horizon) occurs for the value

ds = — 1— 2M
dt

dr2 +r dO
2M

„,t'2b"
a„= (2n —3)(n —1)"

gn)

For a given M two horizons exist if Q ( Q,„t. They
coalesce if Q2 = Q2„, and if Q2 ) Q2„t there is no hori-
zon.

The Penrose diagram for the extreme case is shown in
Fig. 6.

In the case of zero electric charge one obtains the
Schwarzschild-like line element

Q.'„, = a„M",

where

(48)
which has only one horizon at r+ ——2M. The Penrose
diagram for this case is shown in Fig. 7.

It should be stressed here that the metric (49) is not
an extremum for the Hilbert action but, rather, for the
action

1

4(O —2)!n2, , (50)

in which only the term with the highest nontrivial power
of the curvature tensor in the Lovelock action is retained.

IV. THERMODYNAMICS

A. Temperature

The black-hole temperature can be calculated by im-
posing regularity at the horizon of the Euclidean contin-
uation of the manifold [22]. In imaginary time & = ir, —
the black-hole metric (15) takes the form

ds~ = N (r)g (r)dr + g (r)dr'+r d&', (51)

FIG. 7. Penrose diagram for the asymptotically Bat un-

charged black hole in even dimensions.
where g2(r) is given by (21) and N(r) = N The Eu-.
clidean section is defined for r ) r+. Since g (r+) = 0,
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1 fdg2(r) )
4~~ d. (52)

the Euclidean black hole has the topology R x 8
The Euclidean coordinate 7 is periodic and one may

fix its range in the interval [0,1]. If this is done, N
represents the Euclidean time period whose inverse is the
temperature: N = P = T i. The standard formula

action is equal to the boundary term BE. The value of
BE, which is fixed by the boundary conditions, gives then
the free energy of the system [23]:

M p,.BE = —y ) —Q' —S.
T T

Let us compute BE. For r~oo, we have

relates the inverse Euclidean period with the black hole
parameters (mass and electric charge) so that no conical
singularity appears at the horizon. In the case Q = 0 one
obtains

NmN =P,
+~goo &

bFmbM,
bp -+ r ~+2bQ.

(59)

[ i+(2n —1)(r /l)
T= 4~(~—i)~+

T'+
2ml~ '

17=2n
17 = 2n —1.

(53a)
(53b)

At the horizon, we impose the regularity condition of no
conical singularities (52),

This last relation shows that evaporating black holes
would behave very differently for even and odd 17. As
M ~ 0, r+ -+ 0 in both cases, whereas T ~ oo for
17 = 2n and T ~ 0 for B = 2n —1. In the limit
I ~ oo, (53a) reproduces the standard result for 17=4,
T = (Sam) i. For n -+ oo, (53a) approaches (53b).

and the condition

V(r+) =0

(60)

(61)

B. Euclidean action and entropy

A deeper insight into black-hole thermodynamics is
gained &om the identification of the Euclidean path inte-
gral in the saddle point approximation around the black-
hole solution with the partition function for a thermody-
namic ensemble [22]. In this approximation,

&ee energy
IE =

temperature
M pi i= ——S+) —Q',
T (54)

where the p; are the chemical potentials associated with
the charges Q'.

Consider the reduced action of the coupled system
(32):

I=IG+ Iq

=(tg —tl) dr N
l

F' — r'p'
~
+ p(r-p)'

This last condition is just a matter of convention. One
can assume a nonzero value of y at the horizon and im-
pose instead p(oo) = 0. The difference between these
choices is that the chemical potential associated with the
electric charge is, in the first case, the value of y at infin-
ity, while in the second case, it is minus the value of y at
the horizon. Both descriptions are, however, equivalent
[24]

Once the boundary conditions have been chosen, it re-
mains to choose BE so that it cancels all the boundary
terms that appear by partial integration in the variation
of the Euclidean action.

The variation of the Euclidean action is

bI@ = —NhF + (pr + hp „+bBg(oo) + bBg(r+)

+ terms vanishing on shell. (62)

Let us compute first the term coming &om the horizon.
As the value of y is zero there, the only contribution to
BE &om r+ is the gravitational term

+B. (55)

xIM —IE
) v =it. (56)

The Euclidean and Minkowskian actions are related by
bBa(r+) = N'(r+)(bF)„. —

The variation of I" at the horizon is given by

(63)

For the thermodynamical description of the black hole,
one needs the Euclidean action evaluated on the physical
values of the fields (i.e., those which solve the field equa-
tions with Minkowskian signature). Thus, one obtains

(bF)-=. =
I &, I

[bg'(r)].=-,
(BF)
(»').=., (64)

OO

IE dr N~ F r p ~+y(r p) +BE
)

and, from the definition of the horizon g (r~) = 0, it
follows that

where we have set v2 —v.
q

——1.
Since the volume piece of the reduced action is a linear

combination of the constraints, the on-shell value of the

[hg ]„+
( )

br+ ——0,
&dg'l

then, one finds,

(65)
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(66)

where we have used condition (60).
Let us now compute the term coming from the asym-

pototic region BE(ao). Using the boundary conditions
(59) and (62) one easily finds

bBE(oa) = phM+ p bQ. (67)

(68)

where So is a constant without variation. Comparing
(68) with (58) one learns that M is the internal energy
of the system, P is the inverse temperature and P
is the chemical potential conjugate to the electric charge.
The entropy as a function of r+ is given by

( BF
S(r+) = —4m/ dr+

~ ~

+So (69)

and the black hole radius r+ depends on the mass and
electric charge through the equation

g'(r+) = 0 i r+ ——r+(M, Q) . (70)

In even dimensions, integral (69) can be computed in
closed form obtaining

(
S(r+) = 7rl

~

1+—+
l2 )

(71)

Here, we have fixed So ———vrl so that

Thus, as the value of the boundary term BE,
BE(aa) + BE(r+) is equal to the &ee energy, one finds

('BF )
free energy = PM+ rp Q+47r dr+

~
~

—So,

other hand, r+ —+ 2M for l —+ oo.
The entropy in the higher dimensional black holes de-

scribed here is no longer proportional to the area of the
horizon. It is, however, an increasing function of r+ and
therefore the second law of thermodynamics holds. It
should be stressed nevertheless, that for a generic choice
of the Lovelock coefficients the entropy is not necessarily
a monotonically increasing function of r+ [7]. Our re-
sult for the entropy is a particular case of the expression
given in [7]. The Lagrangian method used in that ref-
erence, however, involves the substraction of a divergent
term at infinity that obscures the fact that the entropy
is associated with the horizon.

Tote added. After this paper was written we learned
that jacobson and Myers had obtained a general expres-
sion for the entropy of dimensionally continued black
holes [25]. Our results agree with their formula for the
special case of spherical symmetry.
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APPENDIX A: LORENTZ LIE ALGEBRA AS A
SUBALGEBRA OF ANTI —DE SITTER ALGEBRA

S(r+ = 0) = 0.

This provides the usual result in D=4 (n = 2) and also a
finite value for the entropy in the limit l i oo, S(r+) i
7r(n —1)r2+.

In odd dimensions, the integral

"+
S(r+) = 47r(n —1) dr

~

1+ —
~

+ So (72)

cannot be evaluated in closed form for arbitrary n.
Choosing So ——0 gives zero entropy for the vacuum so-

lution (r+ ——0) and one recovers the value S = 4vrr+ for
the special case D=3 [9]. Since the energy is dimension-
less for odd D, the length parameter l plays a key role in
the black hole properties. The limit l ~ oo is not well
defined due ta the dependence an l af r+ (for Q = 0).
When l ~ oo, r+ also goes to infinity and one is left only
with the black hole interior. In even dimensions on the

The anti —de Sitter group in Bdimensions is isomorphic
to the orthogonal group in D+1 dimensions SO('D —1,2).
Let @AH=diag( —1, 1, ..., 1, —l ) (A, B = 0, 1, ..., 'D) and
J~~ are the generators of the group,

[JAH lc'D] JA c"PHD+ JAD roc+ JHc'gAD JHD'9Ac' ~

(A1)
The generators J~~ can be split into rotations in B

dimensions (generated by J b) and "inner translations"
(generated by J ~ = J ). The conmutation relations of
the split generators defines the anti —de Sitter algebra

[J,Jb] = l 'J b,
[J b, J ] = J rib, —Jbrj, ,

[J b J d] — J rlbd + J d'gb + Jb %d Jbdg

Let TV be the connection one-form for the group
and D = d+ J~~W the exterior covariant derivative.
The curvature two-form is defined as usual:
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R = de +R' TV (A3)
APPENDIX B:HAMILTONIAN FORMALISM

FOR THE LOVELOCK ACTION

The connection TV can also be decomposed into the
connection under B rotations, m, and inner transla-
tions, e, in the form

(A4)

In this splitting, the curvature two-form reads

(R +t e e
0

where T = de + m &~e~ is the torsion two-form. Note
that e transforms as a vector under rotations generated
by J p, but as a connection under those generated by J .

The Hamiltonian form of the action (1) is discussed
in [3]. In that approach, the second-order formalism is

used. The torsion tensor is set to zero and the connection
is solved in terms of the local frame and their derivatives.
Just as in 17=4, the canonical coordinates are the spa-
tial components of the metric g,~, and their conjugate
momenta x'~. The time components go„are Lagrange
multipliers associated with the generators of surface de-
formations, 'R„= ('R, R;). The action (1) takes the form

(Bl)

The momenta can be explicitly given in terms of the
velocities:

1
n —1

= —-~g)
p —1

C, 6'.""".' ".R' ' R" '"K"+' K'" ',
Qp / ~ (P) [j1"'$2p—1g] 1&2 &2e —1~2@ &2s+1 ~2p —1u. s=O

(B2)

(-4)'-'
where C, (p) s'[2(p —s) «l», and +i — 2+ i/i y (B4)

21
g['1" '~]
[i1"ji]

gl
21

(B3)

The generators of reparametrizations of the surfaces
t =const,

do not depend on the action but only on the transfor-
mation laws of g;~ and m'~. Here the slash denotes co-
variant difFerentiation in the spatial metric, and x .

&,
——

pn z
n

The normal generator 'R is

n —1

( ~ g ( P) ' g!'~" &s ] R2x7a Rls24 fP&s »&~-
2P P [P1."&2p] 1&2 &3&4 '2P —1&2P

p=O

(B5)

~V

where R'~&& are the spatial components of the space-time curvature tensor. They depend on the velocities through the
Gauss-Codazzi equations

R,yi, i ——R;~xi + K;gK~i —KiiK~a, (B6)

~here R;~I,I, are the components of the intrinsic curvature tensor of the spatial sections, constructed &om g;~ and its
spatial derivatives, and K;~ = ~ (—g;~ + N;y~ + N~g, ).

In the static, spherically symmetric case one can ignore the distinction between R;~i, i and R;~i,i [see Eq. (B6)].
Also, the only nonvanishing components of the spatial curvature are

Rm1m2 f (~) gfm1 m2]
nl n2 &2 [n1n2]
R~m . f'(~) gmrn 2& n ~

(B7)

where f(r)—:1 —g""(r).
The normal generator R can be computed by direct substitution of (B7) into (B5) obtaining

'R = ('D —2)!~pg ——r ) a„(17—2p) ~

—1 d n —1 /1 —g')"
dT ) .

(B8)

Replacing in (B8) the choices (3) for the coefficients az, the expression (17) for the function I" [r, g(r)] is obtained.
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The tangential generator 'H; is identically zero for the metrics considered here.
In the transition from (B5) to (B8) the following identities between the antisymmetrized Kroneker b's are useful.

Form(p,

[i1 ...ip] ~j1gj2 pj
[$1 ~ ~ g p l &1 &2 &rn

/[41 ~ ~ -~2p] /[$122] g[J2rn —1$2rra]

[j1 .j2p] [i1i2] [i2rn —1 i2rri]

(r —p+ m)!
(r p)! [2~+x ".2g ]

2 (r —2[p —m])!
b.-+. i.p]'

(B9)

(B10)

where r is de6ned as the range of the indices.
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