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One loop multiphoton helicity amplitudes
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We use the solutions to the recursion relations for double-off-shell fermion currents to compute
helicity amplitudes for n-photon scattering and electron-positron annihilation to photons in the
massless limit of QED. The form of these solutions is simple enough to allow all of the integrations
to be performed explicitly. For n-photon scattering, we find that unless n = 4 the amplitudes for
the helicity configurations (+++---+) and (—++---+) vanish to one-loop order.

PACS number(s): 11.80.Cr, 12.20.Ds, 13.10.+q

I. INTRODUCTION

Much progress has been made during the last decade
or so in the evaluation of tree-level processes containing
multiple gauge bosons, both in QCD and the high en-
ergy limit of the Weinberg-Salam-Glashow model. Three
major techniques have aided this progress. First, the
multispinor representation of a gauge field [1-6] allows
us to treat the gauge bosons in a theory on equal footing
with the fermions by replacing the single Lorentz index
on the polarization vectors with a pair of spinor indices.
With the proper choice of basis, the gauge boson polar-
izations factorize on these indices, allowing long strings
of Dirac matrices to be written as several short ones. Sec-
ond, the color factorization of QCD amplitudes [7] helps
to organize the many terms in a calculation into gauge-
invariant subgroups, each proportional to a different color
structure. A final ingredient is the introduction of cur-
rents and the recursion relations that they satisfy [8-11].
The currents are defined to be the sum of all tree graphs
containing exactly n gauge bosons (and possibly a single
scalar or spinor line) with one off-shell particle. These
currents satisfy relatively simple recursion relations, al-
lowing expressions involving many gauge bosons to be
built from those involving fewer. Tree-level amplitudes
may be obtained from the currents either by putting the
off-shell particle on shell, or by combining two or more
currents using the vertices of the theory in question. Of
note is the existence of explicit closed-form solutions for
these currents for certain special helicity configurations.

Recently, recursion relations for currents with two off-
shell particles have been obtained [10,12,13]. With the
presence of a second off-shell particle, the possibility of
forming a one-loop amplitude from tree-level currents ex-
ists. The purpose of this paper is to pursue that idea in
the case of massless QED. Application of this method to
QCD will be discussed elsewhere [14].

The processes we will consider are
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and

ete™ 5 yy---q. (2)
The Feynman diagrams describing both (1) and (2) may
be built from a double-off-shell fermion current: that is,
a fermion line which radiates n photons all possible ways
and has both ends off shell. We have been able to solve
the recursion relation for this current in the case of like-
helicity photons. As a result, we can compute the one-
loop amplitudes for (1) involving the helicity configura-
tions (+ + +---++) and (— + +--- + +). For (2) we
are able to obtain amplitudes for either helicity of the
fermion line, with n like-helicity photons.

The processes listed above are especially well suited to
be starting points in an investigation of how to extend
the use of recursive calculations from tree level to one-
loop processes. In the indicated helicity configurations,
both processes vanish at tree level. As a consequence,
both processes must be ultraviolet and infrared finite at
the one-loop level. Furthermore, it follows from the van-
ishing of (2) at the tree level for like-helicity photons,
plus the Cutkosky rules, that these particular one-loop
diagrams do not possess any cuts. Thus, the results for
these diagrams should be relatively simple. One might
hope that the steps required to reach this simple end
point could be made similarly simple, in contrast with
the intermediate steps involved in a conventional calcu-
lation which contain logarithmic terms that ultimately
cancel. Indeed, we shall see that this is the case.

Our discussion is organized as follows. In Sec. IT we
review the double-off-shell fermion currents of Ref. [12].
These currents form the basis of the loop amplitudes
presented in this paper. Of special note is the solution
for the current containing n like-helicity photons. We
examine the one-loop n-photon scattering amplitude in
Sec. III. Because of the favorable form of the double-off-
shell fermion current appearing in this amplitude, we are
able to evaluate the integrals exactly for arbitrary n. We
find the surprising result that all of the photon-photon
scattering amplitudes vanish for n > 5 in the two helic-
ity configurations we are able to evaluate. The one-loop
contribution to (2) is the topic of Sec. IV. Once again,
we find that the relatively simple form of the double-
off-shell fermion current allows us to perform all of the
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integrations exactly, producing a fairly compact result
for arbitrary n. We conclude with a few closing remarks
in Sec. V.

II. THE DOUBLE-OFF-SHELL FERMION
CURRENTS

In this section we will review the recursion relations
and solutions for the double-off-shell fermion currents
presented in Ref. [12]. A summary of our conventions
and notation for the Weyl-van der Waerden spinors used
in this discussion may be found in Ref. [11].

We define the n-particle double off-shell fermion cur-
rent to consist of the sum of all tree graphs containing
exactly n photons attached to a single fermion line all
possible ways. Both ends of the fermion line are off shell.
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All momenta are directed inward. We will denote the
momenta of the photons by ki, ks,...,k,. The off-shell
positron has momentum P, while the momentum of the
off-shell electron is @. Momentum conservation relates
the momenta via

Ptki+ke+ - +k,+Q=P+k(l,n)+Q=0. (3)

Since the helicity of the fermion is conserved in the mass-
less limit, we have two different (but related) double off-
shell fermion currents. Let us denote the left-handed cur-
rent by ¥os(P;1,...,n; Q) and the right-handed current
by ¥**(P;1,...,n;Q). Because of (3), the argument
lists are overspecified. When convenient, we will suppress
either P or Q. Because of the way we have defined these
currents, the order of the photon arguments is irrelevant.

In Ref. [12] we find that the left-handed double-off-shell

fermion current satisfies the recursion relation

|
1 5 [P+£(1,n)]s
Voa(Pil,...,n) = —eV/2 T_s(P;1,...,n-1)éP(n) 2L 4
(P n) efp(lz: No=y ap n—1)é?”(n) Prr(l,n)? (4)
The notation P(1,...,n) indicates a sum over all permutations of the n photons. The zero-photon current is just a
propagator for the fermion:
_iPad iQad
Toa(PiQ) =~ = S (5)

(This is one expression in which it is important to include both P and Q in the argument list to avoid ambiguity.)

The right-handed current satisfies the recursion relation

(n—=1)!

It is closely related to the left-handed current via the
crossing relation

Je(Pi1,.. ., n; Q)

= (—1)" PP (Q51, . P). (T)

In Ref. [12], we were able to obtain a solution for the
left-handed current in the case where all of the photons
have the same helicity. In this situation, the photon po-
larizations may be written as [8]

- 1 ..
T (Pi1,...,n) = —eV2 Z B(Pia,. ..
P(1,...,n)

[P+E(1,n))P=

Prr(L ) (6)

yn—1)egs(n)

-

for the jth photon. In Eq. (8) g is an arbitrary null
momentum, partially reflecting the gauge freedom asso-
ciated with QED. The choice of g does not affect any
physics result. In general, a different value of g may be
chosen for each photon; however, the choice of Eq. (8)
leads to the useful property

e (M )eaa(t™) = 0 (9)

for any pair of positive helicity polarization spinors.

coa(iT) = ua(g)ta(k;) 8) The solution to the recursion relation given in Eq. (4)
adld )= (k g) using the gauge choice (8) was found in Ref. [12] to be
J
. n u® P+ k(1,1)]aa — .
(@) ¥aa(P;17,...,n") = —i(—eV2) z (SZJ[’I (n|g))} Zuﬁ(g)ﬂg“’(P,l,...,])uv(g), (10)
P(1,...,n) e j=1

where

kjﬁﬂ'[’p + R(Li“”]‘”

(11)

H@’Y('P,l,...,j) =

[P+ k(1,i=1)2[P + s(1,5)]*
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Note that the zero-photon current (5) does not fit into the form (10). Also, although the combination u*(g)¥ .4 takes
a convenient form, we have not been able to find a similarly compact expression for ¥, itself. Usually, this is not a

serious problem.

From the left-handed current given in (10) and the crossing relation (7), it is not hard to see that

g (p;1t,

—i(—eV2)" Z

P(1,..

conNug(g) =

III. PHOTON-PHOTON SCATTERING

We begin the application of the double-off-shell cur-
rent to loop processes with a discussion of photon-photon
scattering. Photon-photon interactions have long been of
theoretical interest, the first complete computation for
four photons being performed by Karplus and Neuman
[15]. Helicity-projected amplitudes, including finite mass
effects for the electron, were first obtained by Costantini,
De Tollis, and Pistoni [16]. Gastmans and Wu [4] use
this process to illustrate the use of spinor helicity meth-
ods at loop level, presenting the limit where the electron
mass may be ignored. In this section, we will not only
reproduce the massless limit results, but we will present
amplitudes involving more than four photons, albeit for
a restricted set of helicity configurations.

A. Preliminaries

Figure 1 illustrates how to utilize the double-off-shell
fermion current in the amplitude for the self-interaction
of n photons. If we sum over all permutations of the n
photons, we overcount by a factor of n (the n cyclic per-
mutations of the photons do not produce distinct Feyn-
man diagrams, as may be seen by shifting the loop mo-
mentum). For our purposes, it is convenient circumvent
this problem by excluding the nth photon from the per-
mutation sum, rather than including it and dividing by
n. Applying the QED Feynman rules to Fig. 1 we obtain

4
A(L,...,n) = (C;T’,;A(l,...,n), (13)
where
A(l,...,n) = —ie Tr[¢(n)¥(P;1,...,n—-1)]. (14)

In order to write (14) in spinor form, we break the trace
into left- and right-handed contributions by inserting 1 =
3(147s5) + (1 — v5). Thus, we obtain

n) = —ieV2 [e*(n)¥as(P; 1,...,n—1)
+€aa(n)T*(P;1,..., n—1)].
(15)

AL...,

Equation (15) is valid for any combination of pho-
ton helicities. We need only know the expressions for
the currents appearing on the right-hand side. We

Ppa ua(g u o
) {l1,- Ig>Z 9)Ip™(P:1,.

-1 J)uy(9)- (12)

now focus on the two amplitudes that our knowledge of
¥(P;1%,...,nt) allows us to obtain. Our first option
is to use Eq. (8) for all of the photons and so compute
A(1%,...,nt). Note that this gauge choice leaves g as
an arbitrary parameter which must cancel in the final
result. Our other option is to write

- Ua (kn)8s ()

ai = — 16

caaln”) = 2 (16)
for the nth photon, and set g = k,, in the other polariza-
tions [8]. This gives us access to A(1%,...,(n—1)",n7).
The indicated gauge choice has the virtue of satisfying
not only (9), but also

&% (5 )eqa(n™) = 0. 17

The arbitrary null vector h should not appear in
the final result. We will concentrate our dis-

cussion on A(lt,...,nT). The computation of
A(1%,...,(n—1)%,n") proceeds in essentially the same
manner.

B. The momentum integral

It would seem that all we have to do at this stage is
to insert the expressions for the polarizations and the
currents and perform the momentum integration. How-
ever, this is not quite correct. A naive application of the
solutions to the recursion relations to (15) yields

Y(P;1,...,n—1)

k1

FIG. 1. The basic diagram for n-photon scattering. The
blob represents the sum of all possible tree graphs with n — 1
photons attached to a fermion line.



2200 GREGORY MAHLON 49

A(1T,.

2t (kn) P ua(g)

n—1

uP (9)k;55[P+R(1,5)P 1y (g)

,nt) = (—e\/i)" Z

P(1,...n—1) (91,...,n=1|g)(n g)

the factor of 2 resulting from equal contributions by the
left- and right-handed fermion lines. If this expression
were inserted into (13), power counting would indicate
a superficial quadratic divergence. Actually, the diver-
gence is only logarithmic, as the coefficient of the highest
power of P is proportional to (g g), which vanishes. Since
it is well known that the amplitude for light-by-light scat-
tering is finite, any divergences apparently present were
introduced in the intermediate steps. In order to cancel
these divergences and obtain the correct finite result, we
must first examine their origin. The process of reducing
the double-off-shell current into the form given in (10)
involves repeated use of identities such as

kj =[P +r(1,7)] = [P+ £(1,5-1)] (19)

to convert the expression inside the permutation sum
from one with a single term and n — 1 propagators into
one with n — 1 terms and two propagators. The two
terms on the right-hand side of (19) each contain one

L.

[P+r(1,5-1)P[P+r(1,5)2 (18)

7=1

more power of P than the one on the right-hand side. If
the integral corresponding to the left-hand side of (19) is
finite, then the combination of the two integrals on the
right is also finite. However, it is possible that both terms
on the right diverge when considered separately, a finite
quantity being obtained only from their combination. In
that case, to obtain the correct result from the right hand
side, we must treat the two pieces in an identical manner.
In particular, shifts of the integration momentum in one
term relative to the other term are forbidden. Because of
the way the “fragments” from (19) recombine to form the
final result (10) [see the discussion following Eq. (29)], a
straightforward integration of (18) involves such forbid-
den shifts. Thus, simply regulating the integral obtained
from (18) does not give the correct result.

Instead, we must turn to the recursion relation to let
us “back-up” one stage in the reduction. That is, we
use (4) and (6) to write the integrand (15) in terms of
the (n—2)-photon current instead of the (n—1)-photon
current. The result of this procedure is

204 (kn) Po%ua(g) @5(kn—1)[P + R(1,7n~1)]%us(g)

.,nt) = (—e\/i)" Z

n—2

x>
i=1

Power counting of Eq. (20) implies a possible linear diver-
gence; however, the coefficients of both the linearly and
logarithmically divergent pieces are proportional to (g g)
and thus vanish. The expression is actually convergent.

Since (20) converges, we may impose a regulator on it,
and then carry out the reduction to two denominators
on the regulated expression. We should like to employ
dimensional regularization, and so must consider how to
continue (20) to d dimensions. Fortunately, it is suffi-
cient to extend only the internal momentum P, leaving
the external momenta and polarization vectors in four
dimensions [17]. It is not possible to translate an ob-
ject like P%* into d dimensions, as it corresponds to
3(1475) P3(1—~s). However, note that every occurrence
of P4 in (20) may be rewritten as a Lorentz dot product
with a polarization, forming P - e(£*) with various values
of £. We may extend this form to d dimensions.

To facilitate a quick return to multispinor notation,
we decompose the d-dimensional vector P into a four-
dimensional piece P and a (d—4)-dimensional piece
m [18]:

P, n-1) (g/1,...,n=2|g)(n g)

u? (g)k; 5[ P+7(1, 7)) uy (g)

(n—1 g)[P + k(1,n—1))?

[P+r(1,7-1)]2[P+k(1,5)]?

(20)

P=P+m. (21)

Only the usual four space-time components of P are
nonzero, while only the “extra” components of m are
nonzero. Hence, m dotted into any four-dimensional vec-
tor vanishes. We set m? = —p?, and adopt u as the radial
integration variable in the (d—4)-dimensional subspace.
The integration measure appearing in (13) is replaced by

P _ d*P —e(4m) [ 2\ —1—e
(2m)d _/(277)4 F(l—e)/g du® (p?) . (22)

Since every occurrence of P in the numerator of (20)
is as P - ¢(£*), the continuation to d dimensions simply
implies

P.e(£t) = P-e(f). (23)

Furthermore, the denominators simply pick up an extra
term, —p?. Thus, we obtain
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MG ) = (e 3 2al)Puale) Tha n)[P + R n L) (o)

pa oy (911 n=2lg)(n ) (n=1 g{[P + K(1,n—1)]2—p?}

P (g)k; 5[ P+R(1,7)PTuy (g)
% Z P+ 2 (24)

(1= -2 H{[P+x(1, )P -2}

We now attempt to reduce (24) to a form containing just two propagators, such as (18).
We begin by multiplying by (n—2 n—1)/(n—2 n—1) and writing

(n—2 n—1)(g j) = (n—2 g)(n—1j) — (n—1 g)(n—-2 j) (25)

(the Schouten identity) to obtain

A(1+,...,n+) = 2(—6\/5)" E ﬁd(kn)Pdaua(g)

PO 1) (g/1,...,n—1|g){(n g)

5 Z w3 (g)[P+r(1,n—1)];;k22 | ks 5 P+E(L,5)1P 71, (g)
{P+n(1 n—1)2—p2H{[P+~r(1, j—1)2—p? H{[P+r(1, 5)]*~p?}

a(—eva) e (kn) P*2ua(g)  T5(kn=1)[P + R(1,n—1)*us(g)

P(,...,n—1) (gll, e ,n—2|g)(n _q) {[P + n(l,n——l)]?_.,ﬂ}

i n—2 j) ag(k;)[P+R(1, )P uy (g)
(n—2 n—1) {[P+r(1, - 1) P— 2 {[P+~(L, ) P-4}

(26)

We now focus on the following portion of the first term:
N = b (g)[P+r(1,n—1)] 5552 ks PHR(1,5)1P uy(g). (27)
By clever application of identities similar to (19), we may rewrite N; as
Ny = [P + 5(1,n=1)] u® (g)k;54(P + (1, )] us(g)
_[P + K’(]ﬂj)]z ua(g)[P + K‘(Ln—l)]&é[p + R‘(laj_l)]s‘yu“/(g)
+HP + £(1,5=1)] u’ (g)[P + w(1,n—1)]g5[P + R(1,5)]*up(g)
—u*(9)[P + #(1,n—1)]558° (1+1,n=2)k;54 [P + R (1, 5)] Yy (9)- (28)

If the regulator were not present, the quadratic factors appearing in the first three terms of (28) would each produce
terms containing only two propagators. Since this is precisely what we want to occur, we add and subtract the
appropriate terms. Thus, when we combine (28) with (26) we obtain

Y — of_ o /a\n ﬁd(k )P**uq(g) u®(9)k;55[P+R(1, )Py (9)
AT, nt) =2(—eV?2) P(LZ;_I) WlL,...,n—1jg)(n g) Z {PrrL, i- )2 -2 {[P+r(1, ) ]P—n2)

—2(—e n ﬂd(kn)Pdaua(g) u (g)[P-}-n(]_,n_l)]&&
( \/5) ‘P(L%_l) (g]1,...,n—1|g){n g) {[P+r(1,n—1)]2 — p2}

PR (a) (PR uale)

{(P+w(t,i—1P—p2} ~ {[P+(L, )42}

o e/3)" s (kn) P*uq(g)  u®(g)[P+r(1,n—1)]5
eV 2 Gl neTlgin ) ([P + R(L =D~}

3 RP(j+1,n=2)k 56 PHR(L, )Py (9)

2 {P+a(T, i~ D)=} {[P+n(L, )7}

X

(o) s (kn) P3%ua(g)  B5(kn-1)[P + R(1,n—1)]"us(g)
eV D GhenTang AP+ LD
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n—3 . — 183
(n—-2 j) “ﬁ(k )[ +&(1 7.7)][”“‘7(9)
X ]z::l (n—2 n-1) {[P+k(1,7-1)12—p2}H{[P+k(1, 5)]2—n2}
—9,2(—e/2)" ts (k) P**ua(g) 1
HeV?) ,,(1:;_1) (alL,...,n=1lg)(n g) ([P + AL, n— T ~47]
(9)"’157"71(]4‘1 n— 1)“‘1(.‘])
x Z ((PH(L, j~ ) P2 {[PEr(L, ) P2} (29)

The sum on j appearing in the second term of (29) may be performed trivially, with only the end point terms surviving.
One of the resultant terms vanishes when the permutation sum is performed; the other term may be used to extend
the sum appearing in the first term to include j = n—1. This converts the first term into precisely the result that
we would have obtained by regulating (18) directly. The third and fourth terms of (29) may be shown to cancel by
writing out the implicit sum x(j+1,n~2) = kj41 + - -+ kn—2 and using the permutation sum to relabel the successive
terms thus generated [11]. The fifth term does not combine with anything else: it represents the effect of imposing
the regulator prior to reducing the integrand.
Thus, the integrals we must consider are

= _3(—eva) 5[4 T ka) P27t wb (g)k55 P+A(1, )P0y (0)
A= —H=eV) Z z_:/ @) (gL, .., n_1lg)(n g) ((Pir(l,i- )P} {(P+r(L ) P—p2}) 0
generated from the first two terms of (29), and

eV E Z/ (2n)? <g|1

,,,,, n—1) j=1

kn) PEuq(g) p
-sn—1|g)(n g) {[P + &(1,n—1)]?—p?}

o u’(9)kjs5R7 (j+1,n—1)u,y(g)
{[P+r(1,j=1)2=p2H{[P+~(1, 5)]2—p?}’

(31)

from the last term of (29).

We will begin with A4; since it is the simplest. A single
Feynman parameter is sufficient to combine the denomi-
nators, producing

Ay = (1 -2){[P +&(1,j-1)]* — 4*}
+z{[P + x(1,7)]* — p?}. (32)

Expanding and rearranging this expression, we find that

=[P + &(1,j-1) + zk;)? —p? (33)

We now apply the momentum shift implied by (33) to
the numerator of (30). Since the combination

ub(9)k;55(P+A(L, )71y (9)
- (1- :z:)uJ(g)kakf7 +(9)
=(1-z)k¥(gg) =0, (34)

appears, we conclude that the first integral vanishes.

We now turn to the second integral, which contains
the entire result. Introducing three Feynman parameters
produces the denominator

Az = {[P+r(1,5-1)~p?} + y{[P+r(L, 5)]*~ 4"}
+2{[P+k(1,n—1)]>—pu?}, (35)

which may be rewritten as

Ay = [P+ (1-2)k(1,5-1) + yk; — zk,]* + K — 12,
(36)

where

K? = 2(1 - 2)[s(1,5—1) + kn]?
+2yzk; - [k(1,5—1) + k). (37)

Shifting the momentum in the manner implied by (36)
and doing the integration over the four space-time di-
mensions yields
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A(l*,...,n )_ e\/_)" Z Z ]Jvkﬁ‘Y(j-f-l,n—l)u.y(g)

oy (gll -,n—1|g)(n g)

. /Oooda: /Ooody/(;oodz §(1—z—y—2) Ga(kn)[(1=2)R(L, j—1) + vk;]*ua(9)

Leme < (W)

M-l % Ko (38)

Because an explicit factor of € appears in the numerator of (38), any pieces of the integral over u? which are finite as
€ — 0 are irrelevant. Thus, we write

e 2\—e 1
2 (,u )
A —— 4+ . 9
/ dp, K? 2 const (3 )

Inserting (39) into (38) and performing the now trivial Feynman parameter integrations yields

ALY, . .,nt) =

(—eV/2)" Z Z v’ (g)kjs3R77(j+1,n—1)u,(g)

487r2 oS (g/1,...,n—1|g){(n g)

X ﬁd(kn)[’_{'(j'{'l:n’_l) - R(l,j—l)]daua(g). (40)

All that remains at this stage is to eliminate the occurrences of the gauge momentum g.

C. Gauge invariance of the result

We begin by multiplying the expression in (40) by (n—1 1)/(n—1 1) and applying the Schouten identity to obtain

(- e\/_)" Z Z 9)kjs5R77 (J+1, n—2)uy (kn_1)

A(t,...,nt) =
P@,...n—1) j=1 (n—1J1,...,n~1|g)(n g)

482

X ad(kn)[k(j+l’n_1) - R(laj_l)]daua(g)

ud sy R (5 n—1)u,(k;
. 2( ef) Z Z (9)kjs5RY (j+1,n—1)u, (k1)

& L 1)
x @4 (ka)[£(i+1,n—1) = &(L, 1~ 1)}*ua(g). (41)
We take advantage of the permutation sum to cyclically relabel the momenta in the second term as follows:

lon-1-n-2->---52->1. (42)

This converts the second term into

. () kn )y (2 (b 1) s o
preie \/—) ’P(lzn—l) (9|n—1,1,2,...,n—2ln—1)(n g) s (kn) (1,n=2)ua(9)

( e\/_) Z Z (g)(kJ 1 JV’Q‘Y‘Y(an 2)uv(kn 1)

PO i (g|n—1,1,2,...,n=2|n—1){(n g)

Az = 482

48 2
X G (kn)[R(5,n=2) = kn1 — R(1, 1-2)]*ua(g)- (43)

A little bit of algebra allows us to rewrite this as
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i n = w8 (9)kssy R (41, n—2)uy (kno1)
Az = 2N \/E) Z Z (n—11,...,n—1|g){n g)

= u? 5o R (5 n—2)u 1 _ .
L (—eV2)" Z Z (9)kjs5 RV (j+1,n—2)uy (kn )ﬁa(kn)[%n_l]‘mua(g)
P(,...n—1) j=

48 ..... n—1) j=1 (n—=11,...,n=1|g)(n g)
2kn-1 - kn{g n—1)(n—1 n)"
- 48w 2( ALY (n—11,2,...,n—=2|n—1){(n g) (44)

P(1,...,n—1)

The first term of (44) precisely cancels A; [i.e., the first term of (41)]. We apply the useful identity [19]
Z 1 _(rg

1., mo

P, m) (pl1, m|q) I1 (lilg)

=1

>m—1

(45)

to see that the last term vanishes for n > 3. (We already know that the amplitude vanishes for n < 3, and so lose no
information by assuming that n > 3.) Consequently, the entire amplitude may be written as

n—3 u&( )k; ’.Y,-{ﬁV( '+1,n—2)(kn_1)_y -ﬂﬂ-(kn)
A1t o nt) = - 247r2( ev2)" Z Z ’ 6<1|2,]...,n—1|1)(ng) : 1o

for n > 4.
In order to eliminate the last occurrence of the gauge momentum g, it is necessary to reorder the terms a bit. To
this end, we introduce the identity

n—2

s iy . (£ £+1)
R7([+1,n—2)uy(kn-1) = RY7(5+1, Ouy (k) (G n—1) ————. (47)
( ) ‘1( 1) egl ( 7( 7 < ><a]|l+1>
Equation (47) is most easily proven by performing the sum on ¢ appearing on the right-hand side, noting that
(12) (2 3) _ (13) (48)
(1p2) ~ (2IP3)  (1|P[3)
a result that follows from the Schouten identity. Application of (47) to (46) produces
n—3 n—2 ¥y 8 ﬂ
R (§+1,0)u uP (k;)(kn— P (ky,
A(1+,...,n+): 2( e\/_) Z Z Z kjsy ( Juy (kj)u” (kj)( 1)/3 (kn) (49)
24m (112,...,47)(G14+1, ..., n=1{1){n g)
..... n—1) j=1 £=3+1
Let us examine the denominator of (49), which may be written
= (j|€+1,£+42,...,n~1,1,2,...,¢|7)(n g). (50)
Since j < £, we may express (50) in the form
= (G+1,6+2,...,n—1,1,2,. .., =15 (F|7+1,.. ., £7){n g). (51)
Because the numerator of (49) is symmetric under permutations of {j+1,...,£}, we may use (45) to deduce that the
permutation sum causes every term in the sum over ¢ to vanish except for £ = j+1. Thus,
3 k)22 Jug(k;
AW n) = i 5 otk it \h) B oo )
24 ~ o J|J+2 J+3 con=11,2, 0 =15 (Gl 115) (n g)
- (= 6\/—) Z Z )kjs+ J+1u7(kj+2) ﬁg‘(kn)kfeluﬁ(kj) (52)
T 24n? (7 7+2)(1]2,3,...,n—1|1)(n g) ’

-----

where we have done some minor rearranging to obtain the last line.
The denominator appearing in (52) is very nearly symmetric under cyclic permutations of {1,2,...,n—1}. Let us
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take advantage of this near-cyclic symmetry to relabel the successive terms appearing in the sum over j so that k;
always becomes k1, kji1 becomes ko, and kjo becomes ks. The only portion of (52) Wthh has a form which varies

after such relabeling is kfJ ﬂ . In the j =1 term, lc,1 , remains unchanged. For j = 2, k , becomes k5~2, and so on

through j =n -3, in whlch kff_’ 1 becomes kfﬁ . Hence, we see that (52) is equivalent to

u (g) k155 ky Ty (ks) @ (kn)RPP (3, n—1)ug(ky)

AQt,... nt) = - 242( evV2)r Y

P(Q,...,n—1)

Momentum conservation for the scattering amplitude im-
plies that
k(3,n—1) = —ky1 — ko — kn. (54)

Utilizing this relation plus a little more spinor algebra
yields

A(1+,...,n+)=24 2( e\/_)
(g )2 1)"(n 2)°
xp(lg‘;_l) <1|3 .,n—-1|1)<n g)'
(55)

Because the numerator of (55) is symmetric under per-
mutations of {3,...,n—1}, we may conclude from (45)
that the permutation sum will cause the amplitude to
vanish unless n = 4:

J

(4 2)°

(53)

(13)(1]2,3,...,n—1|1)(n g)

A(1t,...,nt) =0, n>5. (56)
Thus, we obtain the extraordinary result that the only
nonvanishing n-photon amplitude in the case of like he-
licities is the set of n = 4 box diagrams. We will comment
further on this result in Sec. IIID.

Although we have finished the derivation for n > 4, we
still have not proven that the amplitude is independent
of g when n = 4. We shall now do so. For n = 4, Eq. (55)
reads

ie* 1)(2 1)* (4 2)*
AT 2RI =5 > Toehs

Since the denominator is symmetric under the inter-
change 1 & 3, we may easily reduce the sum over all
permutations of {1,2,3} to a sum over only cyclic per-
mutations of {1,2,3} :

A0 =55 3 T

c(123)

Momentum conservation and the Weyl equation allows
us to rewrite the combination in the square brackets as

u®(g) (k1 + k3)aat®(k2) = —u*(g)ksac@®(k2)
= (4 g)(2 4)". (59)

Inserting (59) into (58) produces the g-independent ex-
pression

ie? 4 2)*(2 4)*
A(1F,27,3%,4%) = mcé) %)—Eﬁ (60)

Further judicious use of momentum conservation and the
Weyl equation reveals that the three terms of (60) are ac-
tually equal to each other. Thus, with a bit more algebra,
we may write

iet (12)*(3 4)*

AQT,27,3%,4%) = o a2)(34)

(61)

In this form it is clear that the square of the amplitude is
constant (up to an unobservable phase), and agrees with

( >[(9 1)(21)" + (g 3)(2 3)7]. (58)

[

the result for a massless fermion loop given by Gastmans
and Wu [4].

A similar calculation for A(1%,...,(n—1)%,n7) yields
ie* (12)*(23)*(3 1)

AT 203 = S e B 1)

(62a)

A(1t,...,(n=1)",n7) =0, n>5. (62b)

D. Discussion

We now turn to a brief discussion of the surprising
results in Egs. (56) and (62b). Our first observation is
that we do not expect all of the photon-photon helicity
amplitudes to vanish for n > 5, unless n is odd (Furry’s
theorem). When there are two or more negative helic-
ity photons present in the diagram, it is possible to cut
the diagram in such a way so as to make the factors cor-
responding to each piece nonzero. Then, the Cutkosky
rules imply the existence of a nonvanishing imaginary
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(a)

(b)
FIG. 2. Two of the two-loop diagrams for vy — yyv~.

part, unless some special symmetry intervenes. For ex-
ample, in the case of the photon-photon amplitudes for
odd n, charge conjugation symmetry forces such a can-
cellation. For even n, no such symmetry is obvious.

Our second observation is that this result is confined
to the one-loop order of perturbation theory. Indeed, it is
easy to see that the two-loop correction to A(1%,...,67)
does not vanish. The two types of diagrams contributing
to this amplitude are illustrated in Fig. 2. Of the possible
diagrams containing two fermion loops, only those which
contain three photons on each loop survive [Fig. 2(a)].
Furry’s theorem causes any diagram with an odd num-
ber of photons attached to a loop to vanish. Hence, ei-
ther the photons are divided equally, as in Fig. 2(a), or
there is only one external photon on one of the loops and
five on the other. But this latter arrangement consists
of the massless vacuum polarization renormalization fac-
tor multiplied by the one-loop six-photon result: this, of
course, vanishes. The diagrams such as Fig. 2(a) may be
viewed as a pair of n = 4 photon-photon scattering dia-
grams with one off-shell photon. These diagrams do not
vanish when all of the photons are on shell; taking one of
the photons off shell cannot change this situation. Thus,
this contribution to the amplitude is nonzero. Further-
more, it should have a pole in the limit where the photon
connecting the two loops becomes soft. The only other
available diagrams are variants of Fig. 2(b). It is appar-
ent that these diagrams do not have the same pole struc-
ture. Consequently, they can not cancel the contribution
from Fig. 2(a). Hence, we expect a nonvanishing result
for the two-loop six-photon amplitude with like helicity
photons.

IV. ONE-LOOP CORRECTIONS TO
e+e‘ — YY Y

We now turn to electron-positron annihilation into
photons. The one-loop corrections to ete™ — vy have
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Y(P;j+1,....n)

lw

Wip;l,...0) Yi+l,....j5q)

FIG. 3. The light-by-light diagram for the process
+

ee = yy...7.

been known for some time [20], and helicity amplitudes
for the related process of Compton scattering are present
in the literature [21] for full QED including finite mass
effects. Helicity amplitudes for the massless limit, how-
ever, seem to be absent. We will present results for an
arbitrary number of like-helicity photons in this limit.

A. Preliminaries

There are two basic types of diagrams contributing to
the one loop corrections to electron-positron annihilation
to n photons, as illustrated in Figs. 3 and 4. We will re-
fer to Fig. 3 as the light-by-light contribution, since it
contains the light-by-light scattering process as a subdi-
agram, with one of the photons off shell. We will refer
to Fig. 4 as the “jellyfish” contribution since the off-shell
photon in Fig. 4 spans varying numbers of on-shell pho-
tons. The evaluation of these two diagrams is relatively
easy.

B. The light-by-light contribution

Figure 3 illustrates the basic structure of those Feyn-
man diagrams which contain the light-by-light scattering
process as a subdiagram. The expressions relevant to this

ke

V(p;1.... W(P;i+l,....,j) W(j+l,.,n;q)

FIG. 4. The

ete” > yy...y

“jellyfish” diagram for the process
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contribution may be generated from (14) by making the and introducing the appropriate sums to include all pos-
replacement sible divisions of the n photons into three groups as well
B as all possible permutations of the n photons. That is,
& (n) = —ied(pi1,..., ) n(i+l,...,j5q) (63) Eq. (14) becomes
|

A(p;1,...,n59) = Z Zzz'(]——z)' (n=7)! ¢(17, oo )i+l 5 ) Tr [vW (P j+1,...,n)]. (64)

P(1,.. ‘n)J—Ol 0

In Eq. (64), ¥ and 9 stand for fermion currents with only one end of the fermion line off shell. Solutions for these
objects are discussed in Refs. [8,11]. The incoming positron has momentum p, while the incoming electron has
momentum q. The incoming photons have momenta kq, ..., k, as usual. This expression is valid for all combinations
of photon and fermion helicity.

Since the known double-off-shell fermion current contains only like helicity photons, there are two helicity amplitudes
for this process which are readily accessible, corresponding to the two possible helicities of the fermion line. For
concreteness, we will discuss the amplitude containing a left-handed positron. The computation of the other amplitude
follows the same pattern. Alternatively, one may apply charge-conjugation symmetry to obtain the result.

Specializing then, to the left-handed positron case, and converting (64) to spinor form produces

A(p~;1,...,n5¢%) = — Y 2211(3_1 ) (P75 L, 9) (00)aat¥® (41, ..., 53 ¢7T)

P(1,...,n) §=0 i=0
xTr [(a”)ﬁB\Ilﬁﬁ(P;]'+1, o)+ (6%)PPU (PG, . )] (65)
Recall that the solutions for ¥ and ¥ presented in Egs. (10) and (12) require that a factor of the gauge spinor be

contracted into the undotted index. The sum on v appearing in (65) will cause the current i to appear in this
position. From Refs. [8,11] we know that

o . _ u*(p)(p g)
1/" (p 71+ ) (—6\/_ Z <p|1 (66)

o ilg)’

Thus, the natural choice for the gauge momentum is g = p. The expression in (66) vanishes for ¢ # 0 when g = p,
and reads

¥%(p7) = u*(p) (67)

for ¢ = 0.
The remaining steps in evaluating the contribution from (65) involve straightforward spinor algebra and an inte-
gration like that described in Sec. III. Therefore, we will immediately present the result

ua(p)kladfc;‘ﬁkmnﬂv(l 3)u, (p)
(112,3]1) (pl4, . . ., nlg) k3(1,3)

Ar(p751%, L ontigh) = o L (—eva) >

P(1,...,n)

(68)

The structure of Eq. (68) reflects the fact that the results obtained for photon-photon scattering [in particular,
Eq. (56)] continue to hold even when one of the photons has a nonzero mass squared [note that the structure on the
right-hand side of (63) is transverse in the gauge utilized in this calculation]. Thus, the only diagrams which actually
contribute to .4; have exactly three external photons attached to the fermion loop. For e*e™ annihilation to two
photons, A; = 0.

The corresponding amplitude with a right-handed positron is given by

u®(q)krasksPhyg707 (1, 3)uy (q)
(112,3]1) (p[4, - . ., mlq) k2(1,3)

Al(p+;1+7-'-,n+;q*)_24—2( e\/—)"""" Z

P(1,...,mn)

(69)

C. The “jellyfish” contribution

Figure 4 illustrates the basic structure of this group of Feynman diagrams. The direct application of ordinary QED
Feynman rules to produces
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A2(p751,...,n;9") Z Zzl' pEn T P(p;1,...,9) 31 —4%)y”

P(1,...,n) i=0 j=1

. . . 1
x\I'(’P;z+1,...,])'y,,%(l + )Y (G+1,. .., n; q)ﬁ, (70)

where we have inserted the appropriate projection operator to describe a left-handed positron. The spanning photon
in Fig. 4 has momentum K. The momentum of the off-shell positron in ¥ is given by

P=K+p+k(l,i). (71)

We again choose g = p to ensure the desired contraction of the gauge spinor into the undotted index of ¥ or ¥. This
also reduces the three currents appearing in (70) to two. Making this gauge selection, translating to spinor notation,
and performing the sum on v yields

_ = G . 1
Ay(p751%,.. . ntigt) = —2ie* Y Z wa((1+1) et g TP, ua(p) i (T2)
P(1,...,n) 3= 0

The j = 0 term in Eq. (72) is special: it contains the fermion self-energy as a subgraph. The contribution from
this term is proportional to the tree-level result. Since the tree-level diagram vanishes for this helicity combination,
we may drop j = 0 from the sum in (72). We now insert the expressions for the currents in the remaining terms of
(72) to obtain

Az(p~;17,...ntiqt) = —(—ev2)"t? Z ZZ/ d*K P (p)[s(i+1,n)+qlsaK**ua(p)

bl ) @ Bl )l Ll

o W (P)keyy[K+P+ +&(1, 0] us(p)
KK+ ptr(L, E- D E[K+ptr(L, O]

(73)

While it is possible to do the integration at this stage, it is advantageous to simplify the integrand as much as possible
first. To this end, we perform the sum on j, producing

T R I IO I - i v et
..... .
Next, we would like to write
p+r(1,)=[K+p+r(l,0]-K (75)

in order to begin the process of canceling some of the denominators. However, this would break up a convergent
integral into divergent bits. We must regulate this expression first, as discussed in the Sec. IIIB. As was true in that
case, every occurrence of the loop momentum may be written as a Lorentz dot product with one of the polarization
vectors. Thus, Eq. (74) may be continued to d dimensions without difficulty. The subsequent algebra to actually
cancel the denominators is very similar to that performed in Egs. (27)—(31). Hence, we shall immediately quote the
result:

n+1
-1+ nt-qt —e n+2 —
A2(p 11 P 5q ) \/— p(lz Z(p‘l nlq
x / ox u® (p)ksac[K+P+RE(1, £)]*Vuy (p)
(2 )“ {(K+p+r(1,£-1)]2 — 2 H{[K+p+~r(1,£)]? — p?}

2 “ diK 1
ef+zzp|1 n(q/()[ 2~ p?]

P(1,...,n) £=2

12 u® (p)keaa[P+R(1, )]V uy (p) (76)
1,

TR = ) ([Kotp (1, OF = i)

where k,1 = q. The first integral appearing in (76) contains the same denominator structure as the integral in (30).
Since the numerator of this term contains the same factor that caused (30) to vanish [see Eq. (34)], this integral
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vanishes as well. The second integral may be evaluated with little difficulty, yielding

Ax(p~; 1+, nt q+) - E3;_7::2(_6\/5)n+2 Z i u*(p)keaalp + R(l,l)]d'yu'y(p) ) (77)

P(1,...,n) £=1

(p|1,...,n|q)

A similar calculation utilizing a right-handed positron produces

AaBHi1*, . nti07) = g ey Y Y W Ohtae PR AT, (@), (78)

P(1,...,n) £=1

(p[1,...,nlq)

The total one-loop amplitudes are, of course, given by the sums of (68) and (77) or (69) and (78) depending upon the

helicity of the fermion line.

V. CONCLUSIONS

In this paper we have seen a simple way to compute
the one-loop corrections to QED helicity amplitudes that
vanish at tree level. We know from analyticity consider-
ations that the expressions should be relatively simple:
in particular, there should be no cuts. By using the so-
lutions to the recursion relations for currents that con-
tain two off shell particles, it is possible to evaluate these
amplitudes easily, without the production of extraneous
logarithmic contributions which cancel in the end. The
amount of labor involved is essentially independent of the
number of photons.

We have obtained helicity amplitudes for n-photon
scattering as well as electron-positron annihilation to n
photons for the case of like helicity photons. We have
also obtained n-photon scattering amplitudes for the case
where one of the photon helicities is the opposite of the
rest. We find that the only nonvanishing n-photon scat-
tering amplitudes for these helicity combinations are for
n = 4. This is a new and surprising result.

In principle, the extension of these methods to more

complicated helicity combinations is straightforward, al-
though somewhat more computational labor is required.
It is likely that the quest for closed-form expressions
for arbitrary n will have to end, however. Instead, one
should focus on using the recursion relations as a power-
ful guide in simplifying the integrand as much as possible
before attacking the actual integration. Indeed, the re-
ductions illustrated here suggest that except for the most
complicated helicity configuration (i.e., equal numbers of
positive and negative helicity photons), there is much to
be learned from this point of view.
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