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Spontaneous symmetry breaking of (1+1)-dimensional P4 theory
in light-front Beld theory. II
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We discuss spontaneous symmetry breaking of (1+1)-dimensional P theory in light-front Beld
theory using a Tamm-Dancoff truncation. We show that, even though light-front field theory has a
simple vacuum state which is an eigenstate of the full Harniltonian, the field can develop a nonzero
vacuum expectation value. This occurs because the zero mode of the field must satisfy an operator-
valued constraint equation. In the context of (1+1)-dimensional P theory we present solutions to
the constraint equation using a Tamm-Dancoff truncation to a finite number of particles and modes.
We study the behavior of the zero mode as a function of coupling and Fock space truncation. The
zero mode introduces new interactions into the Hamiltonian which breaks the Zz symmetry of the
theory when the coupling is stronger than the critical coupling. We investigate the energy spectrum
in the symmetric and broken phases, show that the theory does not break down in the vicinity of the
critical coupling, and discuss the connection to perturbation theory. Finally, we study the spectrum
of the field P and show that, in the broken phase, the field is localized away from P = 0 as one would
expect from equal-time calculations. We explicitly show that tunneling occurs.

PACS number(s): 11.10.Ef, 11.30.+c

I. INTRODUCTION

Two fundamentally different phenomenological pic-
tures of hadronic matter have developed over the past
twenty years. One is the constituent quark model where
hadrons are pictured as being made of a few heavy quarks
bound by a confining potential. Here, Zweig's rule im-
plies that very little of a hadron's momentum is carried
by gluons. The other is the quark-parton model which is
valid at higher energy scales. In this picture, a hadron
is composed of an indefinite number of light quarks and
most of the hadron momentum is carried by gluons. We
believe that the underlying theory for both of these dis-
parate pictures is the non-Abelian gauge theory quantum
chromodynamics (/CD). It is believed that the light-
front formulation of /CD is our best hope of joining
the constituent quark model with the parton model and
/CD. In this elegant approach the field theory is quan-
tized on the null plane surface z+ = (x + z )/v 2 = 0
instead of the usual equal-time surface z = 0. This
formulation avoids many of the difficult problems that
appear in the equal-time formulation of Geld theory.

In the light-&ont formalism the energy operator does
not have a square root operator, and, consequently, the
vacuum structure is relatively simple. Dirac [1], in 1949,
showed that a maximum number of Poincare generators
become independent of the dynamics in the "&ont form"
formulation, including certain Lorentz boosts. The eigen-
states of the light-front Hamiltonian have Lorentz scalars
M = I as eigenvalues and describe bound states of ar-
bitrary four-momentum and invariant mass M, allowing
easy computation of scattering amplitudes and other dy-
narnical quantities. However, the most remarkable fea-
ture of this formalism is the apparent simplicity of the

vacuum. The Fock space vacuum is an eigenstate of the
full Hamiltonian. In other words, the bare vacuum is
the physical vacuum. More detail is given in a recent
review [2].

For the past several years an increasingly large group
of physicists has attempted to combine Tamm-Dancoff [3]
procedures with light-front quantization in order to per-
form nonperturbative calculations in quantum field the-
ory. The assumptions, consistent with the constituent
quark model picture, are that a hadron is well approx-
imated by only a few particles and that adding more
particles only refines this initial approximation. This is
in stark contrast to the equal-time formulation of /CD
where an infinite number of gluons are essential to con-
struct even the vacuum [2]. If these efforts are success-
ful, they could lead to procedures for calculating not only
the hadron mass spectrum but all the quantities which
depend on hadron wave functions: structure functions,
&agmentation functions, etc.

The origin of this remarkably simple vacuum in the
light-&ont formalism is that conservation of P+ requires

P, k,+ = 0. However, k+ ) 0 for massive particles,
and the total light-&ont Hamiltonian annihilates the per-
turbative vacuum. In contrast, the physical vacuum in
equal-time quantization is a highly complex composite of
pair fluctuations which is believed to produce all phenom-
ena that require long range order: color confinement, chi-
ral symmetry breaking, the Goldstone pion, etc. How can
one obtain such nontrivial properties in the light-&ont
formulation of field theory? These phenomena occur in
light-&ont Beld theory because the field includes a zero
mode operator [4] which is not an independent degree
of &eedom. This mode is a complicated operator-valued
function of all other modes in the theory and, since it
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carries zero momentum, it can provide long range order.
This problem has recently been attacked from several

directions. The question of whether boundary condi-
tions can be consistently defined in light-front quantiza-
tion has been discussed by McCartor and Robertson [5]
and Lenz [6]. They have shown that for massive theo-
ries the energy and momentum derived from light-front
quantization are conserved and are equivalent to the en-

ergy and momentum one would normally write down in
an equal-time theory. In the analyses of Lenz et al. [6]
and Hornbostel [7] one traces the fate of the equal-time
vacuum in the limit P ~ oo and equivalently in the
limit 8 —i vr/2 when rotating the evolution parameter
w = z coso+ z sin8 &om the equal-time kame to the
light-front frame. Heinzl et at. [8] have considered P
theory in 1+1 dimensions and solved the zero mode con-
straint equation by truncating the equation to one par-
ticle and retaining all modes. They implicitly retain a
two particle contribution in order to obtain finite results.
(We will discuss this in detail later. ) They find a critical
coupling for the onset of spontaneous symmetry break-
ing. Other authors [9, 10] find that, for theories allowing
spontaneous symmetry breaking, there is a degeneracy
of light-&ont vacua and the true vacuum state can differ
from the perturbative vacuum through the addition of
zero mode quanta. In addition to these approaches there
are many others [11—13].

We present here a discussion of the zero mode con-
straint equation for (1+1)-dimensional P4 field theory
[(P4) ] with symmetric boundary conditions and show

how spontaneous symmetry breaking occurs within the
context of this model. This work builds upon the investi-
gation of the one-mode case by Bender, Pinsky, and van
de Sande in Ref. [14]. Our basic approach is to apply
a Tamm-Dancoff truncation to the Fock space. We re-
strict the number of particles and the number of modes
to be less than some finite limit. This means that we can
represent any operator by a finite matrix and solve the
operator-valued constraint equation numerically. The
truncation assumes that states with a large number of
particles or large momentum do not have an important
contribution to the zero mode.

We find the following general behavior: for small cou-

pling (large g, where g oc 1/coupling) the constraint
equation has a single solution and the field has no vac-
uum expectation value (VEV). As we increase the cou-

pling (decrease g) to what we will call the "critical cou-
pling" g„;t,-, ~, two additional solutions which give the
Geld a nonzero VEV appear. These solutions differ only
infinitesimally kom the first solution near the critical
coupling, indicating the presence of a second-order phase
transition. Above the critical coupling (g & g„;t;,i),
there are three solutions: one with zero VEV, the "un-
broken phase, " and two with nonzero VEV, the "broken
phase. " As shown in Fig. 1, one can plot the VEV as a
function of g. We will call these the "critical curves. '"'

In the weak coupling limit (g large) the solution to
the constraint equation can be obtained in perturbation
theory. This solution does not break the Z2 symmetry
and is believed to simply insert the missing zero mo-
mentum contributions into internal propagators. This
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FIG. 1. fs ——~4m(0~/~0} vs g = 24vrp /A in the one-mode
case. The solid curves are the critical curves obtained from
numerical solution of Eq. (3.3) with N = 10. The dashed
curve is the critical curve obtained from the Brst-order b ex-
pansion.

must happen if light-&ont perturbation theory is to agree
with equal-time perturbation theory [15]. This has been
shown for Ps theory in 1+1-dimensions [16] and we be-
lieve that it happens here as well.

Since the vacuum in this theory is trivial, all of the
long range properties must occur in the operator struc-
ture of the Hamiltonian. Above the critical coupling

(g & g„;„,i) quantum oscillations spontaneously break
the Z2 symmetry of the theory. In a loose analogy with a
symmetric double well potential, we have two new Hamil-
tonians for the broken phase, each producing states local-
ized in one of the wells. The structure of the two Hamil-
tonians is determined from the broken phase solutions
of the zero mode constraint equation. We find that the
two Hamiltonians have equivalent spectra. In a discrete
theory without zero modes it is well known that, if one in-

creases the coupling sufficiently, quantum correction will

generate tachyons causing the theory to break down near
the critical coupling. Here the zero mode generates new

interactions that prevent tachyons from developing. In
effect, what happens is that, while quantum corrections
attempt to drive the mass negative, they also change the
vacuum energy through the zero mode and the diving
mass eigenvalue can never catch the vacuum eigenvalue.
Thus, tachyons never appear in our spectra.

Another way to investigate the zero mode is to study
the spectrum of the field operator P. Here we find a pic-
ture that agrees with the symmetric double well potential
analogy. In the broken phase, the field is localized in one
of the minima of the potential and there is tunneling to
the other minimum.

In Sec. II we discuss the derivation of the zero mode
constraint equation and the formal operator constraint
equation that relates the zero mode to all the other modes
in the problem. In Sec. III we apply a truncation allow-

ing only the first nonzero mode and many particles. In
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Sec. IV we examine the truncation where we allow many
modes and only one particle. Next, in Sec. V, truncations
with several particles and several modes are examined. In
Sec. VI, we examine the spectrum of the field operator
/4vrg. Finally, in Sec. VII we discuss our results and the
remaining work needed on this problem.

II. QUANTIZATION

as, ai, =a q, k/0,t
4~ k

(2.3)

which satisfy the usual commutation relations

space or difFerentiating the Hamiltonian with respect to
the zero mode [14].

Quantizing, we define creation and annihilation oper-
ators a& and ak byt

2=8+$8 P ——P
P 2 A 4

4/
(2.1)

The details of the Dirac-Bergmann prescription and
its application to the system considered in this paper
are discussed elsewhere in the literature [4, 8, 14, 17].
In this section, we will summarize those results and in-
troduce our notation. We define light-&ont coordinates

(xo + zi) /~2. For a classical field the (P )
Lagrangian is

[a., «] =0, t t
a&, a& ——0,

d
qp

—— —ap .4'
It is useful to define the quantity,

ai„a& ——b& &, k, l & 0.
Likewise, we define the zero mode operator

(2.4)

(2.5)

~(*) = ).g (* )e
d

(2 2)

We put the system in a box of length d and impose peri-
odic boundary conditions. For most of our discussion we
work in momentum space. We define qg by

1Z„=—
n! i] pig i ~ ~ it~ &0

b
:a;,a;, a;

aI+Cg+ "+en)P
~1&2 ' &n

(2.6)

where k+ = 2mn/d and summations run over all integers
unless otherwise noted. Following the Dirac-Bergmann
prescription, we can identify first-class constraints which
define the conjugate momenta and a secondary constraint
which determines the "zero mode" qp in terms of the
other modes in the theory. This result can also be ob-
tained by integrating the equations of motion in position

General arguments suggest that the Hamiltonian should
be symmetrically ordered [18]. However, it is not clear
how one should treat the zero mode since it is not a
dynamical field. As an ansatz we will treat ap as an
ordinary field operator when symmetrically ordering the
Hamiltonian.

Rescaling P, the quantum Hamiltonian is [14]

96Vr g 2 aPH = & = +0+ +g~2+ 6~4
Ad 2' 4

1 1 2 2 2+— —aoa„a „+a„a„ao+a„aoa „+a„aoa „ao+aoa„aoa „+aoa„a „ao—3ao
4 n

ngO

'4+1+m, O+— '
(aoa&a&a + a&aoa&a + a&a&aoa + ai, aia ao) —C . (2.7)

where g = 247rpz/A. We have removed tadpoles from the symmetrically ordered Hamiltonian by normal ordering the
third and fourth terms and subtracting:

3 2 1——ap ; in/
(2.8)

In addition, we have subtracted a constant C so that the VEV of H is zero. Note that this renormalization prescription
is equivalent to a conventional mass renormalization and does not introduce any new operators (aside from the
constant) into the Hamiltonian. The constraint equation for the zero mode can be obtained by taking a derivative of
P with respect to ap. Consequently, we symmetrically order the constraint equation:

0 = gao+ao+ ) —
~

aoa a + a a ao+a aoa —
~

+6Z3.
2 )

(2.9)

Using the constraint equation, we can rewrite H as:

+p 1 1 2 i ~k+l+tn 0
4

H = gZ2+ 6Z4 ——+ —) —(a„aoa „—aoa„a „ao)+ — ) ' (aqaoaia + ai, aiaoa ) —C . (2.10)4 4„,lnl 4„,
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It is clear from the general structure of (2.9) that ao
as a function of the other modes is not necessarily odd
under the transform ai ~ —ai„kg 0 associated with
the Z2 symmetry of the system. Consequently, the zero
mode can induce Z2 symmetry breaking in the Hamilto-
nian. Along with the zero mode and the Hamiltonian, E„
commutes with the longitudinal momentum operator:

II, p+] = o, [z„,p+] = o. (2.11)

(.')" (.')"
Ini, n2, . . . , nM) =

gni I n2!

(")
V'nM'

(2.12)

where nq + n2 + . + nM & N. Thus, for example,

2xP+ Ini, n2, . . . , nM) = —(ni + 2n2 + + MnM)

Inl ~ n2~ ~ ~
~ nM) 1

nq nq nM
~2 Inl ) n21) ) nM) = —+ —+ . +

1
x Ini, n2, . . . , nM) .

(2.13)

(2.14)

In matrix form, ao is real and symmetric. Moreover, it is
block diagonal in states of equal P+ eigenvalue. Because

of the Fock space truncation, the commutator ag, a& is

somewhat different than its full Fock space counterpart.
We will use the full Fock space commutators to move

creation operators to the left as much as possible in a
product before performing any matrix multiplications.

III. ONE MODE, MANY PARTICLES

In this section we review the results of Ref. [14]. Con-
sider the case of one mode M = ?. and many particles. In
this case, the zero mode is diagonal and can be written
as

In order to render the problem tractable, we impose
a Tamm-Dancoff truncation on the Fock space. Define
M to be the number of nonzero modes and N to be the
maximum number of allowed particles. Thus, each state
in the truncated Fock space can be represented by a vec-
tor of length 9 = (M + N)!/ (M!N!) and operators can
be represented by S x S matrices. One can define the
usual Fock space basis,

0 = gf + f„+(4n —1)f + (n+1) f„+i+nf„
(3.3)

f-+i+4f +f
There are two solutions to this equation:

(3.4)

y. (as+ ~)" . (3.5)

We reject the plus solution because it grows with n.
Dropping the cubic term from Eq. (3.3) we define the
generating function

F(z) =) f„z".
n=o

(3.6)

If f„goeslike (~3 —2) then the radius of convergence

of F(z) is 2 + v 3 and we expect F(z) to be singular at

IzI = 2 + v 3. Similarly, if f„(~3+2), then we

expect F( z) to be singular at
I

z
I

=- 2 —v 3.
The function F(z) satisfies a differential equation

whose solution is

where n ( N, and we define f~+i to be unknown. Con-
sequently, (fi, f2, . . . , f~+i) is uniquely determined by
a given choice of g and fs In. particular, if fo: 0 all
the fI, 's are zero independent of g. This is the unbroken
phase.

Our first objective is to determine which solutions of
the recursion relation are consistent with the Tamm-
Dancoff truncation. Iff„is large for large n then the high
energy levels will be strongly affected. The paradigm for
spontaneous symmetry breaking is the symmetric dou-
ble well potential in ordinary quantum mechanics which
has a ground state centered in either well rather than at
the symmetry point. This paradigm indicates that the
behavior of the system is unaffected by the barrier for en-

ergies far above the barrier separating the wells. Hence,
we only seek solutions where f„is small for large n. We
caution here that this paradigm does not translate en-

tirely to the light-front formulation since the symmetry
breaking occurs in the Hamiltonian and the vacuum itself
is unaffected.

We begin our analysis of Eq. (3.3) by dropping the
cubic term and finding solutions to the resulting linear
system. Assume for now that N = oo and that

If„is
decreasing with n. For large n, the terms linear in n
dominate, and Eq. (3.3) becomes

a, = f, lo) (ol + ) f~ Ik) (kI . (3.1)

Note that ao in (3.1) is even under ag ~ —ai„kg 0
and any nonzero solution breaks the Z2 symmetry of the
original Hamiltonian. The VEV is given by

F(z)
F(o)

&z+ 2 —~3)
)

v~S+&—

f +2+v3&

, 2+~3
&

(3 7)

1 1
(01&10) = (0I« Io& = ~fo .

4vr &~4~
(3 2)

Substituting (3.1) into the constraint equation (2.9) and
sandwiching the constraint equation between Fock states,
we get a recursion relation for (f„):

Note that this solution for F(z) has singularities at the
expected values of z. If we want f„to have the asymp-

totic behavior (+3 —2) for large n, then we must elimi-

nate the branch point of F(z) at IzI = 2 —y 3. This gives

the condition
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=K, K=0, 1, 2, . . . .
2~3

(3.8)

gcriticai = 3 (3.9)

or

A„;,;„|= 4m
~

3+ &3) p~ —60'~, (3.10)

Concentrating on the K = 0 case, we find a critical cou-
pling

,, tt

I, I i i i&('ih'«50'i9VV,
llllllllli ii'iii'i'i&&('ih'i&'i'iQVAM9,

~iiiiii&&'ih'ih'ihhNNMKXXXX

0.3 0.2 0. 1
fp

0

0

g= 2 — 3 1+ ln 2+ 3 -ln,'. (3.12)

consistent with equal-time calculations [19].
The solution to the linearized equation is an approxi-

mate solution to the full equation (3.3) for fo sufficiently
small. We need to determine solutions of the full non-
linear equation which converge for large n. We will use
both the b expansion and numerical methods to do this.

The h expansion is a powerful perturbative technique
for linearizing nonlinear problems. It has been shown to
be an accurate technique for solving problems in differ-
ential equations, quantum mechanics, and quantum field
theory [20].

We rewrite Eq. (3.3) as

(g —1+4n) f„+f„+ + (n + 1) f„+i+ nf„
(3.11)

Setting h = 0 gives the linear finite difference equation
which is the zeroth-order approximation in the b expan-
sion. One then expands in powers of h about h = 0. One
recovers the problem of interest at b = 1.

We find to first order the critical curve for b = 1:

FIG. 2. ~if„~ vs n and fo for g = 1.2 using Eq. (3.3).

that, as n becomes large, all the ~f„]increase and as fo
approaches the critical curve, which is at fo —0.2700 for

g = 1.2, all the ~f„~'sdecrease rapidly. As fo increases
beyond the critical curve the

~
f„~i'sincrease rapidly once

again. The fact that
i f„~increases rapidly on both sides

of the critical curve is a manifestation of the nonlinearity
in (3.3).

In Fig. 3 we extend the critical curves to the negative g
region. This region corresponds to negative values of p~
in the Hamiltonian. We have not studied the spectrum
for pz ( 0 (g ( 0); however, it is easy to see from the
figures that nothing unusual happens, at least for small
g. As predicted by Eq. (3.8), there are additional solu-
tions near the critical curve for the unbroken phase. The
curves shown are independent of N for N large. It is not
clear how to interpret these solutions.

We can also study the eigenvalues of the Hamiltonian
for the one-mode case. The Hamiltonian is diagonal for
this Fock space truncation and,

These results are plotted as the dashed curve in Fig. 1.
The expansion behaves badly near fo = 0 because of the
ln foz term in the expansion. The b-expansion analysis
clearly shows that there is a critical curve and not merely
a critical point.

We can also study the critical curves by looking for
numerical solutions to Eq. (3.3). The method used here
is to find values of fo and g such that f~+i ——0. Since
we seek a solution where f„is decreasing with n, this
is a good approximation. We find that for g ) 3 —~3
the only real solution is f„=0 for all n. For g less
than 3 —~3 there are two additional solutions. Near the
critical point

~ fo~ is small and

2n+ 1

4 Tl

2. 5.

go 1.5.

f=3
(n~ H ~n) = —n(n —1) + ng ——"—

2 4
n+1 ~ n+

4 frL+1 +
4 fn 1—(3.15)

(3.13)

g 3 —v 3 —0.9177f o. (3.14)

The critical curves are indicated by the solid lines in
Fig. 1. These solutions converge quite rapidly with N.
The critical curve for the broken phase is approximately
parabolic in shape:

0.5.

0 .
—8 0

It is instructive to study the behavior of the constraint
equation (3.3) away from the critical curves. In Fig. 2 we
plot ]f ] as a function of n and fo for g = 1.2. We see

FIG. 3. Critical curves for a larger range of g in the one
mode case with N = 10. The curves shown are independent
of N, N) XO.
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The invariant mass eigenvalues are given by

(3.16)

Substituting this into the constraint equation (2.9) and
sandwiching the constraint equation between various
states, one obtains a system of equations for the coef-
ficients (bl, ):

In Fig. 4 the dashed lines show the first few eigenval-
ues as a function of g without the zero mode. When we
include the broken phase of the zero mode, the energy
levels shift as shown by the solid curves. For g ( g„;&,-,

~

the energy levels increase above the value they had with-
out the zero mode. The higher levels change very little,
as our paradigm would suggest, because f„is small for
large n.

IV. MANY MODES, ONE PARTICLE

M

0 = b,'+gb, +)
k=1

0= b +gb + —b
m m

~. 1 ~. (O~a agaoatga~ 10)

I +7 k

(4.2)

(4.3)

ao ——bo [0) (0] + ) b/, a„[0)(0( a/, .
k=1

(4.1)

Now, let us look at the case of one particle N = 1 and
many modes. In this case, the zero mode is diagonal and
can be written as

The last term of (4.3) couples the one and two particle
sectors of ap. Assuming that the Fock space truncation
is a good approximation, we set this term equal to zero.
Note that bk ——0, k = 0, 1, . . . , M, is always a solution
of this system of equations; this is the unbroken phase.
Evaluating the system of equations numerically, we find
the critical curves shown in Fig. 5.

Let us calculate the critical coupling. As with the one
mode case, we drop the cubic terms from (4.2) and (4.3)
and find a solution to the resulting linear system. Defin-

ing 0 = g —P& z 1jk, we find

r
rrr

bp'-= -0+4
M

0= - m(me+4)'

(4 4)

(4.5)

8

6

bl

or, in the limit of large M,

0

0.2 0. 4 0. 6 0. 8 1.2

0. 5 1 1.5 2 2. 5 3 3.5

FIG. 4. The lowest three energy eigenvalues for the one-
mode case as a function of g from the numerical solution of
Eq. (3.15) with N = 10. The dashed lines are for the unbroken
phase fs = 0 and the solid lines are for the broken phase
fo /0.

FIG. 5. bo = ~4s'(0~/~0) vs g for the one particle case.
The critical curves are obtained from numerical solution of
Eqs. (4.2) and (4.3) with M = 10. The vertical line represents
go. Note the presence of additional solutions for g small.
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48 = pa + 4 (1+4/8) + O(1/M),
(4.6)

(olaolo) = bo, (olaolo) = co,

(ola~aoa'. Io) = bs (ola~aoa'. Io) = «+"
8 = 0.626 7537. . . + O(l/M)

where p~ is Euler's constant and 4'(x) is the digamina
function. Thus, the critical coupling is logarithmically
divergent,

(olaaa(aoa(tatglo) = o,

(Ol ai, a(acacia& Io) = co+ cy + c(, k g l, (4.10)

g.„„.&
= lnM + ~E + 8 + O(1/M) . (4.7)

We compare this expression with numerical results in
Fig. 6.

Next we need to examine whether the Fock space trun-
cation is consistent, i.e., whether b converges for large
m. If we look at the linearized solutions, Eq. (4.4), we see
that b does converge near the critical coupling. Now,
examine the full nonlinear equations. From Eq. (4.3), we
see that b is independent of m if b = —bo/4. Substi-
tuting this into Eqs. (4.2) and (4.3), one can solve for g.
De6ne gp to be this value of g:

59 1"=60 &-X
k=1

(4 8)

M

ap ——cp + ckakak .
k=1

(4.9)

How does it compare with the definition in Eq. (4.1).
Let us look at some matrix elements in each case:

Note that gp & g„;q,, ~ for all M and that gp is logarith-
mically divergent in M. For g = gp, b is independent of
m. For g ( gp, b diverges with m, and, for g & gp, b

converges with m. This means that the solution to the
constraint equation is inconsistent with the Fock space
truncation for g & gp.

Elsewhere it has been suggested that one use a some-
what difFerent ansatz for the zero mode [8]:

M
= 3 .bk —bp0:b() +gbo+ )

k=1
M

o=b' +gb + b+)—
m k=1

(4.12)

(4.13)

These are equivalent to Eqs. (3.6a) and (3.6b) in Heinzl
et al. [8]. In this case, the zero mode matrix elements
along with the critical coupling converge in the limit of
large M.

How do we interpret this ansatz in terms of a Fock
space truncation? We have assumed, in essence, that
the zero mode has a contribution from the two particle
sector that cannot be neglected. Is this the correct way
to truncate the Fock space? We will answer this question
in Sec. V.

We turn our attention to the HaD1iltonian. For this
Fock space truncation the Hamiltonian is diagonal. Sub-
stituting Eq. (4.1) into Eq. (2.10) and sandwiching be-
tween states, we obtain

—
(0~~ (ao) ao (ao) ~o) = 0,

2

2
-'

(0~ (ao)*ac (a', ) ~0) = c. + 2c, .

The important point is that this ansatz makes very dif-
ferent assumptions about the two particle sector. If we
identify bp with cp and bk with cp+ck, it would be equiv-
alent to a difFerent choice for the last term in Eq. (4.3):

(ol a ar, aoat&a~ Io) & bi, —bo & 1

k
+ bmg

k=1 k=1 k=1

(4.11)

Using this assumption for the two particle sector gives us
a different system of equations for the coefBcients,

3.5-
1 .bk —b bp

(0IHIO) = —) " ———c,
4 - kk=1

(4.14)

2. 5- (ola IIa Io) = ——-g b

m

b2
2 ]. b2—+

2m k 4mk=1

(4.15)

1.5-

10

FIG. 6. g„;t,-
I vs M in the one particle case. The solid

curve is &om Eq. (4.7) and the points are from numerical
solution of (4.2) and (4.3). The dashed curve is go from (4.8).

We choose C such that the VEV of H is zero and plot a
spectrum in Fig. 7. Note the vertical line representing the
value of gp. Presumably, to the left of this line, the Fock
space truncation breaks down. Also, note that states
with larger energy have smaller longitudinal momentum
P+. Clearly, the zero mode has a large effect on the
spectrum.
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(~l«l&) = »f {~l&l~) —{&]~I&&is even (5 2)

~0r ~~4 ~gyAr ~ ~

0, %AC
%%%%%alaalaa

0 0.5 1.5 2. 5 3. 5

FIG. 7. Eigenvalues as a function of g in the one particle
case using Eq. (4.15) with M = 10. The solid lines are for
the broken phase and the dashed lines are for the unbroken

phase. The vertical line represents go.

V. MANY MODES AND MANY PARTICLES

We turn our attention to the more general case of many
modes and many particles. Many of the features that
were seen in the one-mode and one particle cases remain.
Plotting the VEV vs g, one finds that the critical curves
have the same form with an unbroken phase, a broken

phase, and a critical coupling. There is rapid convergence
as one increases N and a logarithmic divergence as one
increases M. However, now one can have more than one
state of a given momentum. Thus, K and ao are no

longer strictly diagonal and Z3 is nonzero.
Consequently, the zero mode for the unbroken phase

is no longer zero. We can use Eq. (2.9) and solve for the
unbroken phase of ao perturbatively in A or, equivalently,
ln 1 g:

6 6|'
« = ——~s + —,

l
2~z~s + 2~s~2

M t
+

.agZsa& + a&Xsam —Es ) +O(1 g

P+ =0. io, o, o);

P+=1
q . i1, 0, 0);

~0, 1, 0);d

~2, 0, 0&;

P+ =3~: IG 0 1)

11, 1, 0);

i3, 0, 0);

(5.3)

where N is the number operator and ~a) and ~P) are Fock
space basis states. In particular, the diagonal matrix el-
ements of ao are zero. It is important to note that, as
expected, this expansion does not produce the broken
phase [10]. When substituted into the Hamiltonian, the
perturbative expansion of the zero mode produces new
interactions in perturbation theory. It is generally be-
lieved that equal-time and light-&ont perturbation the-
ories are equivalent [15] and that the zero modes will

change the internal propagator to be the full propagator
that one would have if there were a dynamical zero mode.
Maeno has, in fact, shown that this is true for Ps theory
in 1+1-dimensions [16].

In order to calculate the zero mode for a given value
of g one converts the constraint equation (2.9) into an
S x S matrix equation in the truncated Fock space. This
becomes a set of S coupled cubic equations and one
can solve for the matrix elements of «numerically [21].
Considerable simplification occurs because ap is symmet-
ric and is block diagonal in states of equal momentum.
For example, in the case M = 3, N = 3, the number of
coupled equations is 34 instead of S = 400. In order to
find the critical coupling, we take {O~ap~0) as given and g
as unknown and solve the constraint equation for g and
the other matrix elements of ao in the limit of small but
nonzero {0~«[0). Critical coupling as a function of M
and X is shown in Fig. 8. We see that the solution seems
to be consistent with our earlier results: there is quick
convergence as N increases and a logarithmic divergence
as M increases.

Thus, we believe that the ansatz introduced in

Eq. (4.9) produces misleading results. If one were to ex-
tend the ansatz to include more particles, the convergent
result for the critical coupling would disappear.

As an example, let us examine some matrix elements
of ao for the truncation M = 3 and N = 3. In this case,
S = 20 and we restrict our attention to states with P+ &

3(27r) jd (numerical calculations are performed with all 20
states). Arrange the basis states in the following order:

For each order in 1/g, one can see that « is odd under
the transform ug M —ag, k g 0. Consequently,

Given g = 2.8 above the critical coupling g„;t,-, ~
——2.301,

we solve the constraint equation,
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0 —0.287
—0.287 0

0 —0.281 0
—0.281 0 —0.458

0 —0.458 0

(5 4)

which leads to a Z2 symmetric Hamiltonian. Now, we lower the coupling to g = 1.8. The solution for the unbroken

phase is now

ao ——

0 —0.318
—0 318 0

0 —0 315 0
—0.315 0 —0.499

0 —0.499 0

In addition, we have two solutions for the broken phase. There is a solution with {O~ao~0) ) 0,

( 0.787
—0.246

—0.251 —0.314
—0.314 0.072

ao —— —0.270 —0.310 0.005
—0.310 0.070 —0.499
0.005 —0.499 —0.019

along with the {O~ao~0) & 0 solution,

( -0.787
0.246

0.251 —0.314
—0.314 —0.072

0.270 -0.310 —0.005
—0.310 —0.070 —0.499
—0.005 -0.499 0.019

(5.7)

%hen we substitute the solutions for the broken phase
of ao into the Hamiltonian (2.10) we get two Hamilto-
nians H+ and H corresponding to the two signs of
{O~ao~0) and the two branches of the curve in Fig. 1. This
is the new paradigm for spontaneous symmetry breaking:
multiple vacua are replaced by multiple Hamiltonians.
Picking the Hamiltonian defines the theory in the same
sense that picking the vacuum defines the theory in the
equal-time paradigm. The two solutions for ao are re-
lated to each other in a very specific way. Let II be the
unitary operator associated with the Z2 symmetry of the
system; Ilagllt = —ag, k g 0. We break up ao into an
even part IIao IIt = a& and an odd part IIa IIt = —a
The even part a&@ breaks the Z2 symmetry of the the-
ory. For g ( g„;t,,-, ~, the three solutions of the constraint
equation are the unbroken phase solution, az + ao+ cor- FIG. 8. Critical coupling vs M and ¹

tical
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responding to the (O~ao~0) ) 0 solution, and ao+ —af for
the (O~ao~0) ( 0 solution. Thus, the two Hamiltonians
are

statement will have to await a fully renormalized treat-
ment.

and

H+ = H (a~, a, + a, )

H (ai„ao)= H (—at, —ao)

H = H (ag, ao ao )

where H has the property

(5.8)

(5.9)

(5.10)

VI. SPECTRUM OF THE FIELD OPERATOR

So far we have examined the zero mode and its ef-
fect on the spectrum of the Hamiltonian. How does the
zero mode affect the field itself? Since P is a Hermitian
operator it is an observable of the system and one can
measure P for a given state ~n). The result is given by
simple quantum mechanics. Let us de6ne the eigenvalues

P, and eigenvectors ~y, ) of ~4xP:
and aA, represents the nonzero modes. Since II is a uni-

tary operator, if ~4') is an eigenvector of H with eigen-
value E then Ii~ill) is an eigenvalue of IIHIIt with eigen-
value E. Since

IIH II =IIH (ai„ao —ao ) IIt = H (
—ai„—ao —ao)

=H(ai„a, +ao~) = H+, (5.11)

H+ and H have the same eigenvalues.
Using the M = 3, N = 3 case as an example, let us

examine the spectrum of H. Removing the zero mode
entirely, the rescaled Hamiltonian, Eq. (2.10), is

P = exp —— d
Q2x7- I,

2~ )
(6.2)

The probability of obtaining P; as the result of a mea-
surement of ~4xP for the state ~n) is ~(y;~o. )~

In the limit of large N, the probability distribution
becomes continuous. If we ignore the zero mode, the
probability of obtaining P as the result of a measurement
of ~4vrg for the vacuum state is

0 3+2g

0 3+ ~3,

~2 0 9+3g

(5.12)

where 7 = g& i 1/k. The probability distribution comes
&om the ground state wave function of the harmonic os-
cillator where we identify P with the position operator.
This is just the Gaussian Quctuation of a &ee field. Note
that the width of the Gaussian diverges logarithmically in
M. When N is 6nite, the distribution becomes discrete
as shown in Fig. 10.

In general, there are N + 1 eigenvalues such that
(g, ~O) g 0, independent of M. Thus if we want to ex-
amine the spectrum of the Beld operator for the vacuum
state, it is better to choose Fock space truncations where
N is large. With this in mind, we examine the N = 50
and M = 1 case as a function of g in Fig. 11. Note that
near the critical point, Fig. 11(a), the distribution is ap-
proximately equal to the &ee 6eld case shown in Fig. 10.
There is no symmetry breaking and the 6eld is symmet-
ric about zero. As we move away &om the critical point,
Figs. 11(b)—11(d), the distribution becomes increasingly

For large g the eigenvalues are obviously: 0, g, g/2, 2g,
g/3, 3g/2, and 3g. However, as we decrease g, one of
the last three eigenvalues will be driven negative. This
signals the breakdown of the theory near the critical cou-
pling when the zero mode is not included.

Including the zero mode 6xes this problem. Figure 9
shows the spectrum for the three lowest nonzero momen-
tum sectors. This spectrum illustrates several character-
istics which seem to hold generally (at least for trunca-
tions we have examined, N + M & 6). For the broken
phase, the vacuum is the lowest energy state, there are
no level crossings as a function of g, and the theory does
not break down in the vicinity of the critical point. None
of these are true for the spectrum with the zero mode re-
moved or for the unbroken phase below the critical cou-
pling. The lowest eigenvalue has a minimum at or near
the critical point and the minimum appears to decrease
with the number of modes and particles. A more precise

0.35..
0.3-

~ 0.25.

0 0-15
Q. j '

0.05.
0—

Eigenvalue

FIG. 10. Probability distribution of eigenvalues of v4sg
for the vacuum with M = 1, N = 10, and no zero mode. Also
shown is the in6nite N limit from Eq. (6.2).
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narrow with a peak located at the VEV of what would
be the minimum of the symmetric double well potential
in the equal-time paradigm. In addition, there is a small
peak corresponding to minus the VEV. In the language

of the equal-time paradigm, there is tunneling between
the two minima of the potential.

VII. DISCUSSION

~ O. 15

Q. ].
0

0.05

0.25

Q. 2.

&~ O. i5-

C4

0.05

. )Il
-7.5 —5 -2. 5 0 2. 5 5 7. 5

Eigenvalue

0. 4 (C)

& 0.3

q3 0.2.
0

0.1.

0 .. I I 4 I l I I
—7. 5 —5 —2. 5 0

Eigenvalue

7. 5

al-7.5 -5 -2. 5 0 2. 5 5 7.5
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In the context of (P ) on the light front, the vacuum1+1
of the full theory is always the perturbative vacuum. The
zero mode, which satisfies an operator-valued constraint
equation, produces the long range physics of the theory
including spontaneous breaking of the Z2 symmetry. We
have found that the constraint equation can be solved us-
ing a Tamm-Dancoff truncation of the Fock space. Even
for the one-mode truncation, we find a critical coupling
consistent with the best equal-time calculations. Increas-
ing the Tamm-DancofF truncation, we fi.nd rapid conver-
gence with the total number of particles N. This is to be
contrasted with the equal-time approach where an infi-
nite number of particles are required to produce a critical
point. In the weak coupling limit, the zero mode ensures
that light-&ont perturbation theory agrees with equal-
time perturbation theory. Above the critical coupling
the zero mode develops a contribution that breaks the
Z2 symmetry of the theory. There are two such solutions
to the constraint equation: one with (0~/~0) ) 0 and one
with (0~/~0) ( 0. This, in turn, gives rise to two Hamil-
tonians which have the same spectrum. The spectrum
has the expected behavior: the Fock vacuum is the state
of lowest energy and the lowest eigenvalue has a mini-
mum at the critical coupling. Closer inspection of the
field shows that tunneling occurs between positive and
negative eigenvalues in the broken phase.

In this work, we apply a simple mass renormalization
to the symmetric ordered Hamiltonian. This prescrip-
tion removes tadpoles from ordinary interaction terms
and would properly renormalize the theory if the zero
mode mere removed. However, inclusion of the zero mode
produces logarithmic divergences in the constraint equa-
tion and in the resulting Hamiltonian. This can be seen
from Figs. 6 and 8 where g„;t,, ~ grows with the number
of modes. The number of modes is equivalent to a large
P cutoH' in a standard discretized light-front quantiza-
tion calculation. We therefore believe that this behavior
is a renormalization eÃect related to the fact that the
new interactions are not normal ordered. To a very good
accuracy,

& 0.3-

0-2
0
~ o. i

0. ~ ~ l ~ ~ ~ all . ~

—7. 5 —5 —2. 5 0 2. 5 5 7. 5

Eigenvalue

FIG. 11. Probability distribution of eigenvalues of +4sg
for the vacuum with couplings (a) g = 1, (b) g = 0, (c)
g = —1, and (d) g = —2. M = 1, N = 50, and the positive
VEV soLution to the constraint equation is used.

1
gcritical mm=1

This type of logarithmic growth indicates that the system
needs further renormalization. The most direct approach
would be to find some nonperturbative method of normal
ordering the resulting Hamiltonian. Another approach is
to add a constant to g and multiply A by a constant so
that logarithmic divergences are removed. In the one
particle case, this will work. However, it is unclear if
we can successfully extend it to the more general case
1V ) 1. Another possibility is to add more operators to
the Hamiltonian. For instance, if we add a term of the
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form f dx dy P(x)P(y), we can remove the logarithmic
divergence in the constraint equation.

For (P ) we believe that a vanishing of the mass

gap is associated with the critical coupling [9]. In Fig. 7
we see that the gap between the vacuum and the lowest
energy excited state is minimized at the critical coupling.
One could imagine that, in the limit of large M, the gap
between the vacuum and the first excited state goes to
zero at the critical coupling. However, the first excited
state is the one with the largest longitudinal momentum
and is always at the "edge" of our Fock space truncation
in M. Thus, our Fock space truncation may not be par-
ticularly well suited for an investigation of the vanishing
of the mass gap.

We chose (P4) as a model for its simplicity. One
problem with this choice is that the scalar field P is di-
mensionless. Power counting arguments suggest that ar-
bitrary powers of P are allowed in the Hamiltonian. Con-
sequently, the zero mode can be a very complicated ob-
ject for this model. In contrast, for P4 theory in 3+1 di-
mensions the only allowed local operators are gP, n & 4.
For physically interesting theories like /CD, the opera-

tors that are allowed by power counting arguments are
much more restricted [22]. However, they still allow a
very large set of operators and are therefore in some
sense similar to the (P4) example. Solution of the
zero mode problem for the model we chose may be con-
ceptually more diKcult.

In theories like /CD we expect to have, in addition,
zero modes that are dynamical degrees of &eedom. A
recent study of pure glue /CD in 1+1 dimensions shows
that the zero mode of A+ has this property [13,23]. Thus,
in /CD, we expect to have dynamical as well as nondy-
namical zero modes making the problem quite compli-
cated.
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