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The CP ' model is quantized in the generalized canonical formalism of Batalin and Tyutin by con-
verting the original second-class system to first class. Operator-ordering ambiguities present in the con-
ventional quantization scheme of Dirac are thereby avoided. The first-class constraints, the involutive
Hamiltonian, and the BRST charge are explicitly computed. The partition function is defined and evalu-
ated in the unitary gauge.
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I. INTRODUCTION

The quantization of systems with second-class con-
straints has always been a challenging problem. One pos-
sible way is to employ the pioneering work of Dirac [1].
Another possibility is to interpret one-half of the second-
class constraints as first class, and consider the other half
as gauge-fixing conditions [2]. A more recent approach is
the generalized canonical formalism developed by Batalin
and Fradkin [3] and Batalin and Tyutin (BT) [4].

The object of this paper is to discuss the quantization
of the CP ' model in the BT [4] formalism. It ought to
be emphasized that the quantization of this model (which
is an example of a second-class system) has been per-
formed earlier, both by using the method of Dirac [5] as
well as by splitting the second-class constraints into first-
class constraints and gauge conditions [6,7]. In both
these treatments, however, there are unpleasant features.
The Dirac brackets, as computed in [5], are highly non-
trivial. They are field dependent and also have a nonpo-
lynomial structure. Consequently transition to the quan-
tum theory is riddled with operator-ordering ambiguities.
In the other treatment [6,7], on the other hand, there is
an ambiguity in the splitting of constraints leading to a
nonunique Hamiltonian. Moreover explicit computa-
tions [6,7] reveal that the modified Hamiltonian is nonlo
col. All these bothersome features are bypassed in our
analysis. Following BT [4] we convert the original
second-class system into first class by introducing new
fields in an extended phase space. The first-class con-
straints, the unitarizing Hamiltonian, and the Becchi-
Rouet-Stora-Tyutin (BRST) charge are explicitly con-
structed. The phase-space partition function is defined.

It is explicitly computed in the unitary gauge [3]by doing
the relevant momentum integrations. The original action
(corresponding to the second-class theory) is reproduced
in this gauge, but the measure is nontrivial. The connec-
tion of our results for an analogus computation done by
us [8] in the case of the 0(Ã) nonlinear o model is also
discussed.

We mention that the basic idea of Batalin and Fradkin
[3] or Batalin and Tyutin [4] of converting second-class
systems to first class has been employed previously to
quantize chiral gauge theories [9—11], the chiral boson
theory [12],the massive Maxwell theory [10],the massive
Yang-Mills theory [13], and the unitary gauge Abelian
Higgs model [14]. Most of these examples, however, can
be simply quantized by the conventional formulation of
Dirac [1],since relevant Dirac brackets are simple and do
not involve operator ordering ambiguities. The same, as
we stressed earlier, is not true in the case of CP ' mod-
el. Furthermore, the quantization discussed in Ref. [10]
is not a systematic application of the Batalin-Fradkin [3]
or Batalin- Tyutin [4) method. Our analysis clearly
demonstrates the necessity of a systematic approach, par-
ticularly when the algebra of constraints is field depen-
dent as it is in the case of the CP ' model. Indeed the
construction of the involutive Hamiltonian requires some
involved algebra. Contrary to all previous computations
[9—14], it contains an infinite number of terms. By
proceeding systematically we find a remarkable series of
cancellations which allows us to express this infinite
series as an exponential. We feel that the insight gained
from our analysis would be useful in quantizing other
types of nonlinear models with a more involved con-
straint algebra.

The next section discusses the quantization of the rnod-
e1 while our conclusions are presented in Sec. III.
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II. QUANTl&ATION

In order to implement the generalized canonical quant-
ization scheme of BT, it is necessary to specify the Ham-
iltonian together with its set of constraints. This is done

by first considering the familiar form of the Lagrangian
of the CP ' model,

a 2ga=a„z:5 z.—g(z.'a z.)(z,a„zP—~ z.'z.—,

which, along with the constraints T2, T3, T4, are the
basic inputs. The Poisson algebra of constraints

{T,T ]=2I zI 5(x—y),
with all other brackets being zero, reveals that T2 and T4
are second-class constraints while T3 is first class. We
now convert the second-class constraints into first class
by following the systematic procedure of Ref. [4].

The Poisson brackets (PB) among the second-class con-
straints is compactly expressed as

The canonical momenta are

=0,

=M pzp, (2)

b,j(x,y ) = {8;(x ),81(y)]
= —2e;, Iz I25{x—y)

(i,j =1,2) (e' = —e,2=1), (10)

where we have made a change of notation,

8(( )=T2( ), e2( )=T4(x) .

The first-class constraints e,' are then given by

where

za e,'(. ll y')= y e'"' 8'")-(y)"
n=0

(12)

eM a=5~i)— z~zir (3)

subject to the boundary condition

e,""=e,'(z. , 11.,0)=e, , (13)

is a noninvertible matrix. The primary constraints of the
theory are, therefore, given by

where P' are the new dynamical variables in the extended
phase space (z, II )$(P') with the basic Poisson algebra
[5]

~p —+Ha+IIaZa =0,
r, =O~a —rraza' =0 .

The canonical Hamiltonian is

a, =f rr:11.—a, z:a'z

(4)
{P'(x),P(y)] =~"(x,y )

and co is an antisymmetric invertible matrix,

co'J(x,y ) = —aP(y, x ) .

After (13), the next term in the series (12) is

8", "(x)=f dy X; (x,y)P(y),

{14)

(15)

+ g(:5'.)(.,5,';)+~
2g

(5) where

fdz dz'[X J(x,z )ro "(z,z')Xk((z', y )]= —5,&(x,y ) (17)
Tine-conserving the primary constraints leads to the fa-
miliar CP ' model constraint

T4 = Iz I—N
2g

and fixes A, in (5) as
co'J(x,y ) =2e'i5(x —y ),

1 0
X;,(x y)=

I

5(» —y) .0 —
~z

with 6;&(x,y) defined in (10).
An intelligent choice for ro'i(x, y) and XJ(x,y), which

considerably simplifies the algebra, satisfying (15) and
(17) is

No further constraints are generated by this iterative
scheme. Since the T& constraint does not involve any
dynamical variable, we henceforth ignore it. Moreover
inserting the value of A, from (7) in (5) we find

I,= f (z.'z. )(ll.'ll. )
—2a,.z.'a'z 1 —~IzI'

Consequently,

8'(()—4,
1 8 (1)— Iz I2$2

The other terms (n ) 1) in the series (12), which are ob-
tained by a recursion relation, vanish. Hence the first-
class constraints are

{z'(}'z )(zI)B;zi) ) z z —3
8', =8,+y', e,'=e, —IzI'y',

which are strongly involutive,

(20)
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[e;(x),e,'(y) j =0. (21) subject to the initial condition

Having found the first-class constraints we now com-
pute the corresponding first-class Hamiltonian. This is
given by

H'(z n y')= pa'"' H'")-(y)" (22)
n=0

H' '=H'(z, II,O) =Hc .

The general expression for H'"'is given in Ref. [4]:

(23)

H'"+"=— f dx dy dz[P'( x)co J(x,y)XJ"(y,z)Gk"'(z)] (n ~0),1

n+1 (24)

where co;, (x,y) and XJ (y, z) are the inverse matrices of co'J(x, y) and X,„(y,z) respectively, defined in (18). The generat-
ing functional Gk"' has a very simple form:

G„''=[6k,Hcj, G„'"'=[O'„'",H'" "j(, „)+[B„,H'"'j(, „) (n 1), (25)

which is a consequence of the judicious choice (18) so that the series (13) comprises only two terms 8, and 8,"".The
remarkable algebraic simplification achieved in (25) can be appreciated by looking at the general structure for Gk"'

given in Eq. (2.54) of [4]. The symbol [, j(, n ) appearing in (25) means that the relevant PB's have to be computed

with respect to those variables. Using (18}—(25} all the terms in the series (24} may be evaluated. Interestingly, in con-
trast with (12},it turns out to be an infinite series. We find, however, that a remarkable sequence of cancellations occurs
leading to the result

a =a, g —
fdxg ized 82+ fdxPP(~z~ )+ g H(~),

N 2N
(26)

where

H = dx dx '''de1 2

( I@1 P' 1 P' 1
X — (x, ) 6(x, ),— (x ) 8(x ), . . . ,

—
p) 2 z2 '2 z2 (x) 62(x), HOz'

p-fold

(27)

and

a, =a, 'g f dx~. ~'—ll'll (28)

is a function of z fields only. A compact way to express (27) is to use the functional Schrodinger representation

[II ~( —)5/5z, ] so that

(29)

where 5L is the left derivative. Combining (29) with (26) yields the final Hamiltonian

H'= f~z~ ~II~
——fP ~z~ Bz+ fag(~z~ )+ fexp f z +z'

2X
Ho (30)

which is strongly involutive with the constraints e,': [T3,6,'] =0 (32)

[H', 8'; j =0. (31)

We have thus converted the second-class system (with
constraints ei, Bz and Hamiltonian Hc) to first class
(with constraints 8'„82, and Hamiltonian H').

Now we have to include the original first-class con-
straint T3 (4) into our analysis. It is simple to see that the
first-class nature of T3 is preserved with respect to the
new constraints 6&, e,':

which is a consequence of the fact that the new con-
straints 8,' differ from the old one 6, by fields (p', p }

which have vanishing PB s with T3. It is also found that
new Hamiltonian H is in involution with T3. This is not
obvious, but can be verified by an explicit calculation:

[H', T j= — 5' 1+ (z*B,z)8', . (33)
X
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This completes the operatorial conversion of the original
second-class theory to first class. Making a change of no-
tation T3~83, we can combine (21) and (32) as well as
(31) and (33), to write the complete involution algebra as

P=fdx[P q +Cy ], (42)

where y is the Hermitian gauge-fixing function with the
identical Grassmann parity as e and satisfies

Ie', 8&] =0, a,P=1,2,3,
IH', e.'] = f dy V~(x,y )B~(y),

where

(34}

(35)

(43)

The complete unitarizing Hamiltonian HU is now defined

by

1+ (z'a, z) (y)5@5,a„'5(x y—) .z'
J

(36)

HU=HiiRsT+ [Q, Q] .

We next rename the variables P' and P as

(44)

(45)

Iq (x),p&(y)] =5 P(x —y) .

Finally, the physical Hilbert space is defined by

Qlphys)=0, lphys)XQl ) .

(40)

(41)

This completes the operator formation of the model. We
now turn our attention to the partition function. Let us
first define the gauge fermion operator g given in Ref. [3],

I

The above equations clearly illuminate the first-class na-
ture of the system.

We next construct the BRST invariant Hamiltonian

HaRsT and charge Q, which are given by

HBRsT=H'+ fdx P (x) V3(x,y )Ct(y), (37)

Q =f dx [C (x)8' (x)+p (x)P (x)], a=1,2, 3, (38)

where (C,P&) and (P, C&) form a pair of canonical
ghost (antighost) having the opposite Grassmann parity
as e',
IC (x),P&(y)] = [P (x), C&(y)] =5 P(x—y) (39)

while (p, q } is a canonical multiplier set with the same
Grassmann parity as e,

so that (II&,P) may be considered as a canonically conju-
gate pair by virtue of (14) and (18). Then the partition
function Z is given by

Z= f [dp, ]e's,

where

(46)

+P C +p~q HU], — (47)

X =e, X =e, X =z, +z', . (48)

Making the change of variables y ~y /p, p ~pp,
C~~pC~ whose (super) Jacobian is unity, and then tak-
ing the limit p~0 [16],we obtain

where the measure [dp] includes all the variables appear-
ing in the action. Different choices for the gauge func-
tion f can be done to explicitly evaluate the partition
function. The final result for Z is, however, gauge in-
dependent by the Fradkin-Vilkovisky theorem [15,16].

Before concluding this section we shall work out Z in
the "unitary gauge" [3,5], which amounts to choosing
two of the gauge conditions to be the original second-
class constraints:

Z= f [nz.@II'.'SII:nymn, ]5(e,)5(e,)5(z, +z', )5(y)5(11,)5(e )detlz& le" (49)

with

(50)

s=a z.'a„z.—g(z a z)(za„z )
2g

while the measure is

(52)

We next perform the momentum integrations. The II&
integral is trivial. The 5 functions involving the original
constraints are expressed by their corresponding Fourier
transforms. Then the integrals over II,II' are done.
This yields, for the action,

s=a~z a z — (z az)(za. z )+

+2gzz *+ vi
2g

(51)

where g and r) are the Fourier variables. The integral
over ri is a trivial Gaussian. Finally the g integration is
done to yield

[dp] =5(z, +z f )5 lz l

— detlz, l2)z 2)z' .
2g

(53)

We have systematically applied the generalized canoni-
cal formalism [3,4] to quantize the CP~ ' model, which

The expression for the original (classical) action (1) is
seen to be reproduced. The term involving the Lagrange
multiplier A, in (1) is manifested here through the 5 func-
tion 5(lzl —N/2g) appearing in the measure (49). Other
forms of action with corresponding measures can be ob-
tained by other choices of gauges.

III. CONCLUSION
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is an example of a second-class theory. The quantization
of second-class systems, it may be recalled, is usually
done by the method of Dirac [1]. In this particular case,
however, the Dirac brackets are known [5] to be extreme-
ly complicated. They are field dependent and have a non-
polynomical structure. Consequently transition to the
quantum theory is plagued with severe operator ordering
ambiguities. All these problems are bypassed here since
the brackets are canonical. Moreover by converting the
original second-class system to first class in an extended
phase space, the quantization program simplifies since
there already exists a well-established generalized canoni-
cal scheme [15,16] for quantizing such systems.

It is worthwhile to point out the difference of our re-
sults with other (non-Dirac) approaches, notably those
presented in Refs. [6,7]. In these papers the pair of
second-class constraints is interpreted as a combination
of a first-class constraint and a gauge-fixing constraint.
The Hamiltonian, consequently, gets modified. In fact, it
turns out to be nonlocal. Our involutive Hamiltonian, on
the contrary, is local. Moreover there is an arbitrariness
in the decomposition of the second-class constraints into
a first-class constraint and a gauge constraint, so that the
corresponding Hamiltonian is not unique. The involutive
Hamiltonian in our treatment is determined uniquely
once the matrices co;. and X'J (18) have been chosen. Al-
though there is a "natural arbitrariness" in the choice of
these matrices, these correspond to canonical transforma-
tion [4] in the extended phase space. Thus two involutive
Hamiltonians resulting from a different choice of ma-
trices co;,I' are canonically equivalent.

The general philosophy of Batalin and Fradkin [3] and

Batalin and Tyutin [4] of converting second-class systems
into first class ones has been used previously to discuss
the quantization of the Proca model [10] and the chiral
Schwinger model [9,10]. However these analyses are un-
systematic and could be carried through principally be-
cause the algebra of constraints was very simple. In the
present example where this algebra becomes field depen-
dent, such an approach would be untenable. The con-
struction of the involutive Hamiltonian drives home this
point. This Hamiltonian comprises an infinite number of
terms and only a systematic series of cancellations (whose
origin is contained in the intelligent choice of co'1 and X;1)
could enable us to express it as a closed (exponential)
form.

Finally, we would like to make a connection of our re-
sult to those obtained previously by us [8] concerning the
O(N)-invariant nonlinear o model. Following the BT
prescription we had shown that there the partition func-
tion in the unitary gauge had the form

Z= f dn'5(n —1)exp i f '3"n—'B„n' (54)

where n' are the 0. model fields constrained by the 5
function. For the special case of the O(3} cr model and
CP' model it can be seen from (49) and (53) that the ac-
tion in two cases becomes identical, on using the Hopf
map,

n'=z'o'z (cr are Pauli matrices} (55)

but the measure does not agree. Contrary to the O(3) ex-
ample, the Faddeev-Popov determinant (50) for the CP'
model is found to be nontrivial.
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