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We discuss the wormhole effective interactions in string theory, thought of as a sum over two-
dimensional field theories on different world sheets. The effective interactions are calculated in the “di-
lute wormhole approximation,” initially by considering the Green’s functions on higher-genus Riemann
surfaces, and then by calculating the effect of a complete basis of wave functions on scattering ampli-
tudes for a surface with a boundary. The sum over wormholes is equivalent to having a world sheet of
trivial topology and summing over different space-time and matter-field backgrounds. To leading order
these consist of the massless fluctuations, since the tachyon cancels out when a sum is done over different
spin structures going through the wormhole. In this way we recover quantized general relativity as an
effective theory, from a sum over field theories on higher-genus Riemann surfaces.

I. INTRODUCTION

It has been widely suggested that manifolds with non-
trivial topology might play a role in quantum gravity
[1-6]. Most work on this has concentrated on
wormholes, which are like handles connecting two large
flat regions of space-time. They have been shown to have
dramatic effects on the apparent coupling constants of
low-energy physics. The ability of wormholes to shift
coupling constants has led to a mechanism by which the
cosmological constant can naturally be forced to zero [4].
However, such calculations are currenlty plagued with
problems. The main problem is that the work done so far
is based on a path integral for Euclidean quantum gravity
which does not converge, even naively, because the Eu-
clidean action is unbounded from below. This sickness
(and others) has led many worker to doubt the validity of
the “wormhole calculus.” The purpose of this article is
to show that one can calculate the effective interactions
associated with wormholes in a much simpler theory, also
based on a Euclidean path integral over geometries, but
which is much better defined than the path integral for
Euclidean quantum gravity. This is within the Polyakov
approach to string theory [7].

One can regard string-theory wormbholes as providing a
toy model for wormholes in full quantum gravity. They
might reveal new ways of investigating some of the prob-
lems with the arguments in the four-dimensional case [8].
However, we shall pursue a different motivation here.
We propose that the problems with Euclidean quantum
gravity, such as the unboundedness of the action, are so
bad that it is likely that Euclidean quantum gravity is just
an effective theory which is a low-energy approximation
to something more fundamental, such as superstrings. In
this case it is important to see how Euclidean quantum
gravity emerges, in a low-energy limit, from superstrings.

4

Wormbholes in two dimensions can provide an explana-
tion, the first to our knowledge, of how this comes about
[9]. The metric and matter fields in four-dimensional
space-time would emerge as a set of Coleman a parame-
ters for the two-dimensional wormholes. It is this idea
which we shall have in mind in the following develop-
ment.

Wormhole effects should be present in any quantum
theory defined on manifolds of nontrivial topology [9,10].
By a wormhole effect we mean the replacement of han-
dles by bilocal effective interactions, on a manifold with
the handles removed. In [10] the wormhole effective in-
teractions are found for bosonic field theory on a torus.
The calculations can be done explicitly as the Green’s
functions are known. However, the connection between
effective field-theory interactions and string-theory states
was not made explicit. It was not shown, for instance,
how the mass-shell condition appears. Also, higher-
genus surfaces were not included. This is needed, since
string theory is given (in perturbation theory) by a sum of
field theories on different Riemann surfaces [7]. It is the
sum over wormholes which enables one to exponentiate
the bilocal interaction, and turn it into an effective addi-
tion to the action in flat space.

In this paper we shall investigate the wormholes which
appear in string theory in more detail. In particular, we
shall obtain the effective interactions using two ap-
proaches.

The first uses the Green’s functions, and is an extension
of the approach of [10]. We generalize the results ob-
tained there, first to arbitrary n-point functions (Sec. II),
and then to arbitrary-genus Riemann surfaces in the
Schottky parametrization (Sec. III). We shall see that
the mass-shell conditions for the string states appear as
poles when we integrate over the moduli parameters of
the Riemann surface. We shall also compare the effective
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interactions for a surface of genus g with the gth power of
the bilocal interactions associated with a single
wormhole. In this way, the exponentiating of the bilocal
interaction can be checked explicitly.

The second approach is closer to that in [1,11,12], ex-
cept that it has the advantage that it can be done exactly,
without resorting to the semiclassical approximation.
We start by cutting the Riemann surface across each of
the wormholes. This produces a surface with each
wormhole replaced by two boundaries. The correlation
functions on the original surface can be obtained from
those on the cut surface by inserting & functions (which
ensure that the fields take the same values on each bound-
ary) and then integrating over the boundary values [9].
The 8 functions can be expanded in a complete basis of
wave functions on the boundaries. We shall take a basis
which consists of eigenfunctions of the world-sheet Ham-
iltonian, Ly+L,—2. This is the world-sheet analogue of
the Wheeler-DeWitt operator. These basis wave func-
tions can be interpreted as corresponding to wormholes
containing different numbers of “particles” in each mode,
just as in [1,11,12]. The effect of the wormhole basis
states is then studied, in the dilute wormhole approxima-
tion, by calculating correlation functions in the region ex-
terior to a disk [13,14]. We obtain in this way an effective
interaction for each wormhole basis state. The mass-shell
conditions for the wormhole states appear as poles when
we integrate over the radius of the wormhole end. This
“wave-function approach” to world-sheet wormholes is
the subject of Sec. IV. An important point is that the
wave functions for wormholes need not satisfy the Hamil-
tonian constraint; i.e. they need not be “on-shell.” This
contrasts with the approach of [1,15] in which only solu-
tions of the Wheeler-DeWitt equation are allowed.

In Sec. V we use the wave-function approach to discuss
the tachyon effective interactions in superstring theories.
We shall use the Ramond-Neveu-Schwarz (RNS) [16,17]
formulation of the superstring, in which there are world-
sheet fermions present. As in Sec. IV, the wave functions
are taken to be eigenfunctions of the world-sheet Hamil-
tonian, which now includes fermions as well as bosons.
For the fermionic modes, one must sum over different
spin structures going through the wormhole in order to
have invariance under the “large diffeomorphism” on the
world sheet (the diffemorphisms which are not connected
to the identity). This leads to the tachyonic interactions
being projected out [18]. The dominant effective interac-
tions will then be associated with massless space-time
particles, and gravitons. In Sec. VI we describe how
quantum gravity could emerge as an effective theory,
from a ‘“wormhole resummation” [19]. The effective
theory is a string theory (at the tree level) interacting
with a background of free massless quantum fields, in-
cluding gravitons. A treatment beyond the dilute
wormhole approximation would give an effective in-
teracting background. We cannot answer the question of
whether the effective background geometries themselves
have wormholes. To do this one would need to go
beyond the dilute wormhole approximation. Finally, we
summarize our conclusions in Sec. VII, and provide
some results on prime forms, Green’s functions, and
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period matrices (in the Schottky parametrization) in an
appendix. These results are used in Sec. III.

II. THE SINGLE WORMHOLE

We start with an investigation of the effect of a single
wormhole on the n-point functions of a free field theory
in two dimensions. We shall first describe the underlying
space. In general, oriented Riemann surfaces can be ob-
tained by identifying part of the complex plane under a
finitely generated subgroup G of SL(2,C) called the
Schottky group. In the single-handle case the Schottky
group consists of powers of a single element T which can
be written in the form

Tz—z z—z4

(2.1)

Tz—z_ z—z_

where |g| <1 is a complex parameter called the “multi-
plier,” and z are the two fixed points. Here, the param-
eters z.,q are related to the standard parameters a,b,c,d
(where ad —bc = 1) of the SL(2,C) transformation

az +b
i\ 2.2
Yk @2)
via
a=Az,—qz_), b=Az_z (¢—1),
* " 2.3)

c=A(1—gq), d=Agz, —2z_),

where A™!'=Vg(z, —z_).

Every element of G has the same two fixed points z
and the multiplier of T"€ G is given by ¢"”. The funda-
mental region F of the Schottky group is the region out-
side two isometric circles. The transformation T
identifies one circle with the other (see Fig. 1). No two
points in F are related by an element of G, but every
point in the complex plane can be obtained from a point
in F by an element of G. We shall be interested in the
limit of small |g| in which the “ends” of the wormhole
are roughly the points z,, while the ‘“radius” of the
wormbhole is roughly V'g| |z, —z_|. The argument of ¢
gives the amount of relative ‘“twist” between the
wormhole ends before they are “glued together.” This
construction can be straightforwardly generalized to the
case where there is more than one handle, where there
would be a generator Ty for each handle and the funda-
mental region would consist of the part of the complex
plane outside an even number of circles, which are
isometric in pairs.

It is well known that the different conformal structures
on a torus are parametrized by a single complex parame-
ter 7. Here, however, there seem to be three parameters
z, and q. How is this apparent paradox resolved? The
answer is that, in the extended Schottky parametrization,

FIG. 1. The Schottky parametrization of the torus.
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one still has the remaining freedom to do an overall
SL(2,C) transformation on the extended complex plane.
Such a transformation does not change the conformal
structure, but can be used to move any three points to ar-
bitrary positions. There is therefore a redundancy in the
description of moduli space by three complex numbers.
In the calculation of string amplitudes the overall SL(2,C)
has to be gauge fixed in some way. The points z. can be
moved to standard placed on the complex plane (e.g., O
and 1). Then there is still an additional U(1)XU(1)
redundancy. This is usually fixed (in the case of calculat-
ing scattering amplitudes) by moving an external vertex
operator to a standard place (e.g., the point at infinity).
One is left with just one [SL(2,C)-invariant] parameter g,
which corresponds to 7, via ¢ =e?™". This resolves the
apparent discrepancy in the dimension of moduli space.
However, in the calculation of Green’s functions we shall
not do any gauge fixing of SL(2,C). It is not necessary,
except in the calculation of scattering amplitudes, to do
this. Thus we shall describe the wormhole with all three
parameters z.,q.

Now we consider the case of small |g|. The Green’s
function for a free massless bosonic field on this space can
be obtained to leading order in |g| by solving the Laplace
equation with a 8-function source. If the point at infinity
is removed then the solution is completely unambiguous,
up to the addition of a constant. It can be obtained by
the method of images. To leading order, it is sufficient to
put image charges at the points z,.. The Green’s function
takes the asymptotic form

G(z,w)~—In|z—w|?

RN W by P R (2.4)
21n|q| z—z, w—z,
This expression is equal to
Golz,w)+G(z,w;z_,z ), (2.5)
where
Gi(z,w;z_,z )=#|q|[Go(z,z_ )—Golz,z4)]
X[Golw,z_)—Gy(w,z ;)] (2.6)
is a kind of interaction term, and Gy(z,w)= —In|z —w|?

is the Green’s function on the complex plane for the free
bosonic theory. Using Wick’s theorem. the last term is
seen to be equivalent to the operator insertion
1 2

— [Pz )—d(z 2.7

4inlq| [p(z_)—¢(z)]*, (2.7)
on the complex plane, where ¢ is the bosonic field on the
wormhole space. Here we are also assuming no self-
contractions in the interaction term (i.e., normal order, or
just take the creation operator part). The combinatorics
of free field theory now tell us that the effect of the

wormhole on arbitrary n-point functions can be obtained
from the operator insertion

1 _ 2
exp Znlg] [@(z_)—¢p(z )] (2.8)
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on the complex plane. Notice that it is not replaced by a
bilocal interaction on the complex plane. One can of
course expand the exponential function as a power series
and recover an infinite sum of bilocal interactions but it is
not clear that this is necessarily a useful thing to do.
However, one can represent it in a useful way as the in-
tegral of a bilocal operator over a new variable k, by tak-
ing a Fourier transform.

Recalling the identity
172
&72'_ e —x2/2a

fdk e~k /2 ikx —
a

(2.9)

and substituting x =¢(z_)—¢(z, ) and a=—21nlq|, we
see that the operator insertion may be reexpressed as
172

ik —ik
fdk|q|k2el qS(z_)e ikd(z ) )

—lnlgl (2.10)
T

We now discuss the physical interpretation of such an ex-
pression. Firstly, the quantity & has a nice interpretation
as the scalar charge carried by the wormhole. It is the
conserved quantity corresponding to the translation sym-
metry ¢(z)—¢(z)+C in field space. Now consider the
situation in bosonic string theory with a flat Euclidean
background space-time of the critical dimension. This is
just the same, except there are now 26 free bosonic fields
X*, corresponding to the coordinates of space-time, in-
stead of just ¢. The scalar charge k, now has an inter-
pretation as the space-time momentum of the state which
is going through the wormhole. The state is generated by
e’**X acting on the Fock-space vacuum. In string theory
this is a tachyon vertex operator, which is on shell if
k*=2. We shall now see how this condition appears in
this formalism.

The wormhole parameters (being not observed) have to
be integrated over. The measure in the g integration is
known for arbitrary genus [20]. We need the integration
measure in the region |g|— 0. We are interested in the
low-|g| limit because this is what gives the poles on the
mass shell. If the external energies are low, there will be
significant contributions in the low-|g| limit only from
the massless wormhole states, if the tachyon states are
projected out by summing over spin structures (as we dis-
cuss in Sec. V).

Consider the measure in the case of a single wormhole.
This is

2
j_q( —In|g|

gt inla™

(2.11)
in the region of low |g|. But the operator insertion is

13
—In|q| fd26k|q|k2elk'X(zv)e —ikX(z,) (2.12)

We can interchange the order of integration, doing the
integration over q first. Then the factors of In|g| cancel
and the integral over |q| (near |g| =0) yields a pole
1
k?—2

(2.13)
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in the remaining integral over k. This remaining integral
over k looks like a space-time one-loop Feynman integral
where one has a propagator 1/(k2—2) and a vertex e’* %,
The wormhole has been replaced by a propagator with a
vertex at one end and the complex-conjugate vertex at
the other end. The integral, although dominated by the
on-shell tachyon at k?>=2, gets contributions from off-

shell tachyons as well. Thus a wormbhole is like a virtual
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Now let us consider the effect, on the Green’s function,
of the terms which are higher order in |g|. These come
from image charges which are not quite at the points z_. .
Before, we approximated 7z and Tw as z ., where z and
w are the two points of the Green’s function. Now we
take the next term, where we approximate 7%z and T?w
as z, . The next-order term in g in the Green’s function
can be seen to be

loop in a Feynman diagram.
J

1
(z—z  Nw—z_)

G,(z,w;z_,z,)=—2Re|q(z, —z_)? +(zow)

=—2Re{q(z; —z_)*[3G (2,2 4 )G, (w,z_ )+ (z>w)]} . (2.14)

This is in the approximation where w is close to one wormhole end and z is close to the other. In other words we are as-
suming that |¢| <<|z —z.|, [w —z+| <<|z;, —z_|, where either the upper signs or the lower signs may be taken. The
effective interaction from G, is therefore given by

gz, —z_)0X*z,)3XMz_)+c.c. (2.15)

Once again, the combinatorics of free field theory tell us that the effect on arbitrary n-point functions is obtained by ex-
ponentiating the effect on two-point functions:

explg(z, —z_)dX*z, )dXMz_)+c.c.]. (2.16)

This time, however, we have no reason to believe more than the first term in a power-series expansion of the exponen-
tial. This is because we have already neglected O(g?) terms in the Green’s function and so we can expect O(g?2) correc-
tions to this formula. We must remember, though, that eventually we shall be integrating over arg(q). Thus only terms
which depend on |g| will contribute to the wormhole. This is just like averaging over the orientation of the wormhole
end. All the O(g?) corrections to this interaction will average to zero under the integration over arg(q). Thus we can
believe the power-series expansion up to (and including) O(g?) terms, providing we assume that we are doing this

averaging. This leads to an interaction term

lgl?lz, —z_ |*0X*(z,)dX¥(z, )0X™M(z_)dX¥(z_) .

(2.17)

Remembering that the “radius” of the wormhole is roughly V'|g||z, —z_| it is pleasing that this gives an interaction of

the correct dimension.

Finally, putting together the G, and G, terms leads to the interactions

exp zﬁlm[xu_)—}r(zgr [1+]g2lz4 —z_ [*9X ™z, )X (2, X (z_)3X¥(z_)] .

For the mass-shell condition, the same discussion goes
through for the second term in this expression as for the
first. One can take a Fourier transform, and do the in-
tegration over |g|, at least in the small-|g| region. The
two extra powers of |g| lead to a shift in the pole from
k=2 to k?*=0. The remaining integral over k looks like
a space-time one-loop Feynman integral with a propaga-
tor 1/k? and vertex e’* X3X*3X". Thus we have the in-
terpretation of the second term in terms of virtual mass-
less states. The integral over k gets contributions from
off-shell massless states as well as on-shell ones. It should
be noticed that, unlike in the case of the space-time
wormholes discussed by Giddings and Strominger [5],
there is no relation between the “radius” of the wormhole
and the momentum (or scalar charge) flowing through.
They are both just parameters, to be integrated over.

The series expansion in g contains higher-order terms
which correspond to virtual states of positive m?2. How-

(2.18)

[

ever, for a low-energy treatment in which Iql is small, it
should be sufficient to stop at the massless states. We
shall therefore ignore the states of positive 72 in this dis-
cussion.

It is important to know the space-time tensorial struc-
ture of the states which are transmitted by wormholes.
This tells us the form of the effective interactions in
space-time. The interaction term 3dX*3X" can be ex-
pressed in a manifestly world-sheet coordinate-invariant
way as

THV=8HV4 4KV | (2.19)
where
SH=Vg g"3,X"3,X" ,
(2.20)

AP=1g €3, X 3, X" .
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Here g, is the metric on the world sheet, with deter-
minant g, and €, is the Levi-Civita tensor. This two-
form exists and is globally well defined, because our
world sheet is orientable. A4#” is responsible for the ex-
change of the antisymmetric tensor states, while S*¥
leads to graviton and dilaton states in the wormbhole.
Now consider the space-time tensor (in D dimensions)

G S,U/VSPU—DSIJ(pSO)V . (221)

pvpo =
This is symmetric and traceless on uv and po. The mass-
less bilocal wormhole interaction has the form

1

DT = A1 AR+ (8= G SPSPT) , (222)

uvpo

where S=S#" and, as is customary in flat Euclidean
space, we are sloppy about covariant and contravariant
indices. The A2 term leads to the antisymmetric tensor
interaction. The first term in parentheses corresponds to
the dilaton interaction. The last term, being symmetric
and trace-free on pairs of indices, corresponds to a sum
over all possible polarization of gravitons. Longitudinal
polarizations are included in the states going through the
wormhole. However, polarizations £*¥ which do not
satisfy the condition k,&*"=0 will decouple from physi-
cal processes, ensuring space-time gauge invariance.

We began this section by studying the effect of a single
wormbhole on n-point functions in bosonic field theory in
two dimensions. We considered the “dilute wormhole
approximation” in which the parameter |g| is small. By
considering the integrals over g, and doing a Fourier
transform in space-time, we related the resulting effective
interactions to propagators for string states. We found
that the states which dominate (apart from the tachyon)
are the dilaton, the graviton and the antisymmetric ten-
sor. The mass-shell conditions Ly+L,=2 are not
satisfied. However, there is a pole on the mass-shell in
the remaining integration over k, the space-time momen-
tum (world-sheet scalar charge) flowing through the
wormhole. Thus a world-sheet wormhole is like a propa-
gator of the low-energy field theory in space-time.

ALEX LYONS AND S. W. HAWKING
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III. MULTIWORMHOLE CONFIGURATIONS

It is known that the perturbation series for string
scattering amplitudes diverges [21]. This may signify
that a new treatment of string theory is needed which in-
cludes surfaces of arbitrarily large genus. It is possible
that such surfaces are important even at low energies.
The view taken throughout this discussion is that, at low
energies, the dominant contributions to physical process-
es come from spaces which look like a large simply con-
nected region, with thin wormholes connecting widely
separated points. This assumption means that we can
(formally) sum wup the effects of multiwormhole
configurations by exponentiating the effect of a single
wormhole. In this section we shall check whether the
multiwormhole configuration gives the correct effective
interaction for such an exponentiation to make sense.
This will make it clear whether small |gz| really does
correspond to the dilute wormhole approximation.

The Schottky parametrization easily generalizes from a
torus to a Riemann surface of higher genus. For a sur-
face of genus g we take the 3g complex parameters zg .,
gr (where |gg| <1) to describe the surface. The transfor-
mations Ty generate the Schottky group G CSL(2,C),
where

Trz —zg 4+ Z7Zp+

=q . (3.1)

Rz—zRA

Trz —zp

The complex numbers zz,,gz parametrize moduli space
up to a single SL(2,C) transformation on the z’s. Moduli
space therefore has 3g —3 complex dimensions. The rep-
resentation of the surface is given by the extended com-
plex plane, quotiented by the action of G. Details of the
properties of Riemann surfaces required for this paper
are in [20,22] and the Appendix. The Green’s function
on the surface (minus the point at infinity) specifies the
effect of the handles on the n-point functions, just as be-
fore. The Green’s function is unique up to the addition
of a constant, once the point at infinity has been removed.
In the limit where all |gg[—O0 it is obtained by putting
image charges at each of the points zz .. The explicit ex-
pression is

2
z—z w—zg_
G(zw)~—In|z —w|*+—— 3 |In | R+ S= |+ zow) |(ImQ)FS . (3.2
87 s zZ—2zp_ s —Zg
I
We shall henceforth use the summation convention on in-
dices R labeling the wormholes. Qg is the period matrix —1 (zgy—zp 4 Nzg_—2zp ) if RS
of the surface. (See the Appendix for the definition of the 27 (zs+ —2r _Nzg_—zg4) ’
period matrix.) The inverse of its imaginary part, (1m0 Jrs ~ (3.3)

(ImQ)z4, appears as a kind of interaction between
wormholes R and S. In the case of the single wormhole,
done in Sec. II, this term is the wormhole self-interaction.
Now there are, in addition, terms arising from two
different wormholes.

To order 1 in the g expansion, the imaginary part of
the period matrix is

1 .
———2~7~T'1n|qR] if R=S .

Although |gg | —0, the off-diagonal terms have to be tak-
en into account as well as the diagonal terms. We are an-
ticipating that the matrix will appear in the exponent. It
would then be incorrect, by a multiplicative order-1 fac-
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tor, to approximate the period matrix as being diagonal.
The Green’s function can be expressed in terms of the
Green’s function on the complex plane as

G(z,w)~Gy(z,w)+G(z,w;z2g+,qg ) » (3.4)
where
G232 1,4)= 5= [Golz, 27 1)~ Golz,7x )]
X [Go(w,z5 )= Go(w,z5 1) [(ImQ)gs .
(3.5)

The interaction which duplicates the term G; in the
Green’s function is, therefore,

——Sl;(ImQ)ESI[X(zR‘)~X(2R+)]-[X(zs_ ) —X(z5 )],

(3.6)

where we have now replaced the single scalar field by the
space-time coordinates X*. The effect of the wormholes
on n-point functions is given by the exponential of this
expression, using Wick’s theorem, which relates n-point
functions to Green’s functions in free field theory.

Just as in Sec. II we can convert this exponential into
an integral of local operators inserted at the points Zp ..
This is done by rewriting the interaction in the form

(2det Imﬂ)“f {HdzékR ]e‘ZVkR-kSImQRS
R

o kR 1X(zg )= X(zg )]

X (3.7

Now consider the integration over |gg|. The region of
integration is only known explicitly, in the Schottky pa-
rametrization, for low genus. However, we are only in-
terested in the behavior of the integral in the limit of
small |gg| (the so-called “nondividing limit). This re-
gion will give rise to the pole in the amplitude. Near
|gr |—0 the integration measure contains the factor

dz‘IR
lqR |4

(det ImQ)~ 13, (3.8)

II
R
This is exactly what is required to cancel out the factors
of detImQ). We note that the only gp dependence in

—2mkp, -k ImQ . .
RS \ RS comes from the diagonal terms, i.e.,

e

k . . s
I1xlgr!®, with the off-diagonal terms providing an or-
der 1 multiplicative correction. These facts ensure that
J

(X*(z)) - X"(2,)) = [ DXT] [I8(X(2)—X (Trz)X"N(z)) - - - X"7(z,)e ~IHT,
R z

where [], is a continuous product running around the
circle R _, which encloses zz _. The Schottky generator
T maps the circle R _ to the circle R . They each have
the same radius (this can always be arranged by shifting
the fundamental region of the Schottky group). The ra-
dius is
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the integrals over IqR | lead to a term of the form

1
Wa—=-

(3.9)

This term is a tachyon propagator, which occurs for each
wormhole. The final integrations remaining are over ky.
The integrand has a similar form to a tachyon scattering
amplitude at the tree level (i.e., on the sphere) where the
external tachyons, with momenta tkg, are put at the
wormhole ends z .

From the form of the interaction we can read off the
vertex operator for a wormhole end carrying momentum
k. It has space-time dependence e’*X, The normaliza-
tion factor is f(k)/V k?>—2 where f(k) also depends on
the positions and momenta of other wormhole ends in-
serted on the world sheet. The factor f(k) leads to a
spoiling of the dilute wormhole approximation, in that
the vertex operator depends on the other wormhole ends.
However f(k) is analytic, and so the pole structure of the
vertex operator is unchanged by it.

The analysis of this section can be repeated to next or-
der in lqR |. One obtains similar results; the tachyon
operator is replaced by the graviton, dilaton and antisym-
metric tensor vertex operators. In this case the factor
f (k) corresponds to the tree-level scattering amplitude of
these massless states. In superstring theories, in which
the Gliozzi-Scherk-Olive (GSO) projection has been per-
formed, the tachyon is absent [23,24]. The leading-order
effects should then come from wormholes carrying mass-
less states. We shall check this explicitly in Sec. V.

IV. WORMHOLE STATES
AND WORLD-SHEET PATH INTEGRALS

A. The wormhole basis states

As an alternative approach to calculating the effects of
two-dimensional (2D) wormholes one can cut the
wormholes around the circles which were originally
identified by the Schottky group generators Ty (see Fig.
2). One can describe the wormhole states more easily in
this way than by calculating Green’s functions directly in
a nonsimply connected space [9].

Consider the region of the complex plane exterior to 2g
discs, where g is the genus of the original surface. The
n-point functions on the original surface may be obtained
by a functional integral over X on this space, with § func-
tions to ensure that X takes the same value on disks
which were originally identified. Schematically, we have

4.1)
_Mael
R |1—qR| R— R+
N\/Tq—R| |ZR——ZR+1 , 4.2)

in the limit as |gg | —O.
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FIG. 2. An arbitrary-genus surface is cut around each of the
wormhole ends.

In the small-|gg | limit we can take Zz, to lie at the
centers of the circles. The & function on the circles can
then be expanded in a complete set of modes as follows.
First the field X on the circles R ;. is expanded as

X(2)=3 XFen?, 4.3)
n

where 0=arg(z —zp1)/(zg+ —zg+). Then the & func-
tion becomes a product of & functions in each of the X,,:

[18(X(2)—X(Trz))=[[ 8(X, —e™X*,), 4.4

where ¢z =arg(qg) is the twist angle between the
wormhole ends. The relative minus sign between X, and
X7+, is needed in order to make an orientable surface
when the handles are glued together.

We now want to find a complete set of states, described
by wave functions, in which we can expand the & func-
tion. These will be interpreted as wormhole basis states.
If the |gg | are very small then, to a first approximation,
we can treat each circle separately and consider the re-
gion of the complex plane exterior to a single disc. This
is the dilute wormhole approximation. The states can be
taken to be eigenstates of the string analogue of the
Wheeler-DeWitt, or Hamiltonian, operator. This is the
Virasoro generator L,+L,—2. We are considering the
two-dimensional analogue of the situation in [15], where
space-time wormholes are thought of as solutions to the
Wheeler-DeWitt equation. However there is a difference
with these wormhole states. Here we are not just consid-
ering zero eigenstates of L,+L,—2. This is because we
need to have a complete set of states in which to expand
the 6 function. If we had only used zero eigenstates, then
they would not have formed a complete set. However,
we shall show that the dominant contribution comes
from the zero eigenstates, when the integration over the
size of the wormhole is performed.

We are therefore led to consider the region of the com-
plex plane outside a disc of radius R. The (Euclidean) ac-
tion for the field X on this space is

. 1 oo on
I=— fdthN‘NZX +X ] .5)
where t= —In|z| /R is a new variable running from —
to 0 and O=arg(z) runs from O to 27. We are treating ¢
as the Euclidean “time” variable. Notice that, because of
conformal invariance, I has no dependence on R, unlike
the case in more than two dimensions. This action is a
(partially) gauge-fixed version of a world-sheet

ALEX LYONS AND S. W. HAWKING 44

differomorphism-invariant action. The variable N is like
a Lagrange multiplier (or lapse function) which enforces
the Hamiltonian constraint H =81 /8N =0. So far this is
all at the classical level. To consider the quantization, we
first expand X in Fourier modes as

X(£,0)= 3 X, (t)e™? . 4.6)
n

The conjugate momentum to X, (¢) is given by

P,=i8I /86X,

i
=—X_ . 4.7
N X-n 4.7)

The Hamiltonian constraint takes the form

P3+ 3 (2P,-P_,+1n’Xx,-X_,)=0. (4.8)

n>0

Canonical quantization can now proceed by letting
P,— —id/0X,, where the derivative acts on wave func-
tions (X, ). The Hamiltonian constraint is imposed on
the wave function as an operator constraint. We can di-
agonalize the term in parentheses by introducing new
variables (for n >0):
Y\V=(x,+X_,)/2,
YP=(X,—X_,)/2i . 4.9)

In these variables the Hamiltonian constraint becomes

Hy(X,, Y{")=0, (4.10)
where
2 2 .
Hz__a_2+l > -——a(.)—z-}—nZ(Y,(l’))2 (4.11)
aXo 2 n>0,i a( Ynl)

This is the string analogue of the Wheeler-DeWitt equa-
tion. H is the sum of the Hamiltonian of a free particle in
the coordinate X, and an infinite sum of harmonic oscil-
lators in the coordinates Y".

The coordinates X, Y.”, which are real in the classical
theory, become Hermitian in the quantum theory, pro-
vided the standard inner product f $¢v is taken, with the
contour of integration along the real axis. One then ob-

tains a complete set of wave functions by taking products
of

ik -X,
Ye(Xg)=e" ° 4.12)
with harmonic-oscillator wave functions in the Y\":
n v — o)
d’nmz W e " Hm(\/n Ynl ). (413)

We could have expanded the 6 functions in any complete
basis, but the effective interactions will have a particular-
ly simple form if we choose a basis of eigenstates of H.
We regard the expansion in terms of these eigenfunctions
as a sum of products of wormhole states. Each wormhole
state has a wave function that is the product of e "% and
harmonic-oscillator wave functions in the Y!".
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The non-negative integers m/') give the occupation
number of the mode n,u,i. The eigenfunction for the
n=0 mode is labeled by k. The eigenvalue of the
wormbhole state is

h=k2+ 3 3 nmM? |

n>0 u,i

(4.14)

if the zero-point energies are subtracted.

B. Wave functions and effective interactions

We shall now calculate the effective interactions associ-
ated with the wormhole wave functions of the previous
section. This will be done in the dilute wormhole approx-
imation. This means that we shall calculate scattering
amplitudes outside a single disk on the complex plane.
The wave functions are defined on the boundary of this
disk. We shall, for simplicity, consider tachyon ampli-
tudes only. As in the analogous calculation of [1], this
proceeds in two steps.

First, we calculate the path integral

DX, X,3p,)= [ [dX ]e TV, . (4.15)
J

ip,-X(z,)
Here, V;=« f d sz :?7"%1"; are M on-shell tachyon ver-

tex operators (p j2=2). They are inserted in the region ex-
terior to the disk with center z, and radius r. The fields
X are required to satisfy Dirichlet boundary conditions

Xlapy=3 X,e™?, (4.16)
n

on the boundary of the disk, where 0 =arg(z —z,). There
is an integration over z, and r, as well as the positions of
the vertex operators. The measure for these integrations
can be found by the requirement of SL(2, C) invariance.
This invariance is present because D(X,,X,;p;) arises
from a diffeomorphism- and Weyl-invariant path integral,
which is then partially gauge fixed. The SL(2, C) invari-
ance of the integrand leads to a divergence proportional
to Vol[SL(2, C)], just as for amplitudes on the sphere.
This has to be removed by the Faddeev-Popov gauge-
fixing procedure. On the sphere it is usually done by
fixing the positions of three of the vertex operators. In

this case one can fix any three out of r,z,,z;, where z;,
J

1

M
fD(XO,X,,;pj)—_—KMexp iXo- 3 p;— >
1

n>0

2 nX, X_, ]f

where

ipj~x(zl.)'

M
DOspssz)= [ [dx]le T e (4.21)
1

is performed with vanishing Dirichlet boundary condi-
tions. D(0;p;;z;) can be computed exactly, using the Dir-

M
3d’z;
2
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j=1,...,M are the positions of the vertex operators.
[Fixing r leads to a residual U(1) invariance, with finite
volume equal to 27.]

The second step in the calculation is to compute the
effect of the wormhole wave function ¥ on tachyon am-
plitudes. This is given by

Dpy)= [ dx, (] dX,dX _,

n>0

X'/}(XO’Yr(ll))Z)(XO’Xn;Pj) . 4.17)
The basis wave functions are plane waves in X,, multi-
plied by harmonic oscillator wave functions in the Y.".
We are particularly interested in the limit in which » —0.
If the radius is held fixed then this is the limit where all
the vertex operators are very far from the boundary. The
advantage of using the basis wave functions is that they
are an orthogonal set. This means that if the function
D(Xy,X,;p;) is expanded as a power series in X,,X_,,
then terms which are of lower order than the level of the
harmonic-oscillator wave function give a vanishing con-
tribution. This is very similar to the situation in [1]. It
turns out that this expansion is also a power series in the
radius 7, so that it is useful in the limit » —O0.

We shall now calculate D(X,,X,;p;) with the gauge-
fixing conditions » =1 and z,=0. One vertex operator z,
is fixed at infinity. The measure takes the simplest form if
r,zy and one vertex operator are fixed in this manner.
We shall then transform integration variables, so as to ex-
amine the limit of ‘“‘small” r, with z, and two vertex
operators fixed. First, it is convenient to shift X by the
harmonic function which satisfies the required boundary
conditions. We write

X=X+x, (4.18)
where
X=X+ 3 (X_,z7"+X,z ") (4.19)

n>0

is regular outside the wormhole. The path integral is
now over x, with x =0 on the boundary. We find

M
exp |i 3 X p;o(X_,z; "+X,Z; ")

n>0j=1

(4.20)

f

ichlet Green’s function outside the unit disk. This is

2
zZ—w

G(z,w)=—In (4.22)

1—zw

To define G(z,z), one must subtract the corresponding
Green’s function on the complex plane [14]
G(z,w)c=—In|z —w|?, and then take the limit w-—z.
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This gives

G(z,2)..,=In(1—|z]?)? . (4.23)

reg

The normal-ordering symbols on the tachyon vertex
operators instruct us to use the regularized Green’s func-
tions G(z,z),,, for contractions at the same point. With
this subtraction the measure in the integration over z;
(j=2,...,M)is trivial. We obtain the result

H zi ~Zj Py 'pj

1<i#j<M

M
D(0;pj3z;)= [H(l-lzj|2)2
2

1—2zz;

(4.24)

We have fixed a six parameter gauge group [SL(2,C)]
with the five (real) conditions z,=0, z;=, r=1. The
extra parameter corresponds to rotations of the disk
about the origin. It can be fixed by rotating one of the z;,

i
. _ M (] dr ——3-%(211‘117»)2
DWXo X)) =2 o J
M d’¢;
x j
fjgj”’ 1;1(|§j|2‘r2)2 1<k#I<M

Xexp

iXO-EIIij } I1exp
n>0

We have calculated the path integral with Dirichlet
boundary conditions. The next step is to weight this with
the wormhole wave function on the boundary, and in-
tegrate over boundary values. This gives us the effect of
the wave function on scattering amplitudes outside the
wormhole. We shall now do this calculation for a few ex-
amples of wave functions .

C. Examples

The effect of the basis wormhole wave functions
¥(Xo, Y?) on scattering amplitudes D(1f;p ;) can now be
calculated using (4.17), where D(X,X,,;p;) is given by
the expression (4.25). In this section we perform the in-
tegrations over the zero modes X, and the higher modes
X,,X _, (or equivalently over the Y\”). We are interest-
ed in the » —0 limit. We shall exhibit the results for the
lowest few wormhole states and then write down the gen-
eral rule for replacing each factor in the wave function
with an effective interaction.

The easiest of these integrations is the one over X,.

ik-
The e ™ factor in Y ensures that we obtain a
momentum-conserving 8 function of the form
M
2mP8 |k+ 3p; |, (4.26)
i=1

from the X, integral, where D is the dimension of space-
time. )
The integrals over each of the Y can also be done ex-
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j=2,...,M, say z,, to the real axis. However, this is
not necessary, as the additional integration over arg(z,)
just corresponds to an additional factor of 27r.

We now consider the boundary of moduli space in
which the rim of the disk corresponds to a small
wormhole end. With this choice of variables this is the
region in which all the vertex operators go out towards
infinity. It is easier to see the small wormhole end limit
by rescaling our coordinates, so that the radius of the
disk is effectively one of the integration variables. The in-
tegrals over z; (j=2,..., M) can be transformed to in-
tegrals over ; (j=3,..., M) outside the circle |§;|=r,
together with an integral over r, with an appropriate
measure. First we rotate z, to the real axis [fixing the
U(1) invariance]. Then we change from the integration
variables |z,], z; to the variables r=1/|z,|, ¢ =zj/\zz|,
where j=3,...,M We define {,=0, {;=x, §{=1.
With this change of variables we obtain

Py Py

‘ Sk =8
Ex&—r?

1

. X,,~X,,,+izypf(x_ng;wxnfj")r"] . (4.25)

N

actly, for an arbitrary wormhole basis state. We start by
rewriting each factor

M —_—
-—-1—nX,, X _,+iZp(X_, 5"+ X, 6"
1

exp >
4.27)
in (4.25), as
exp [ S[—n(Y")2/2+ir"k{0- Y] ] , (4.28)
i
where
M
k,=2 3 p;&;i’", (4.29)

j=1
and k", k!? denote the real and imaginary parts of ks
respectively. It is now clear that the integral over Y is
the Fourier transform, with respect to r”k,(,”, of

—n(y{"7

2y, (VEYDy, 4.30)

where m =m/? is the occupation number of the mode
n,u,i. Using the standard Fourier integral [25]
[ dy eV H, (p)=V m(ik)me K+, 4.31)

we see that each integral over Y.\’ contributes a factor
proportional to
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We , (4.32)

up to a (n-dependent) multiplicative constant.

The infinite product over modes has to be regularized
in some way, by including an n-dependent factor for each
mode. If this were not done there would be an infinite
factor in D(¢;p;), even in the simplest case where the
wormbhole is in the ground state in each of the oscillators.
We have chosen this factor in such a way that the

J

:Z)(tll;pj)“f)

M
2p;
0
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1, _34x2 . M
Jodrr = gim gl (I;Idzgj
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effective interaction from each mode which is in its
ground state is unity (in the r —O0 limit).

The Gaussian exponential factor in (4.32) contributes
higher-order interactions (as » —0) which we shall there-
fore ignore from now on. The important factor in (4.32)
is r"(ik\")™ which leads to the dominant effective in-
teractions. We shall now discuss this in more detail for
the lowest few wormbhole states.

For the wave function which is the ground state in
each of the Y\ oscillators, multiplied by e‘k'xo, D(;p;)
takes the form

I 1&—&l*?fr;gm)) 4.33)

0<k#I=<M

where f(r;§;;p;)—1as r—0 and , for simplicity of notation, we have defined p,=k.

There are two important features of this expression. The first is that it is clear that the integration over r, near r =0,
yields a pole at k2=2, the on-shell value of the tachyon momentum squared. This is just like in Sec. II where this pole
appeared in the mtegral over |g|. The second important feature is that the quantity multiplying this pole is proportional
to the scattering amplitude for (M + 1) on-shell tachyons. The amplitude is automatically SL(2, C) gauge fixed. The ex-
tra tachyon is at {,=0, the center of the wormhole disk. Two other tachyons are fixed at {;= «, {,=1. This example

shows that the leading effect of the wormhole wave function e‘k'X" defined on a circle, is the same as the insertion of a
tachyon vertex operator, :e’*X(%): at the center of the circle. This is a result that has already been obtained by other
methods, but it is instructive to see it emerge in this formalism.

The next example is more interesting since it corresponds to massless particle interactions. These will be the leading
interactions in superstring theories, where one sums over spin structures. The case where just one of the harmonic os-

cillators Y#(?

is in its first excited energy level leads to a trivial result, zero, because of rotational invariance of the in-

tegrals over . The first nontrivial result comes from the wave function z/;“’”’, which has occupation numbers

m,u,(t)

m}? =1. In this wave function we cannot have both u=v and i = snmultaneously At this order of magnitude

in r we must also consider the effect of the wave function ¢,,’, () which has m%” =2. The other occupation numbers are

taken to be zero in each case.

pli
nmn

Keeping only the O(r

) term in each factor, (4.32), and inserting the resulting expression into (4.25), we obtain

the following behavior (up to a multiplicative constant) as r —0:

(D(j p|w 1A - Sy if 7,
i —_ - v
Dy, ,Pj) 5 %Pj fod" r k,,zzlp;‘lp’ S if i=J,
(D). Y~ &D —1+k2 X
DY, ’sp;j)~b fodr r > pipfSy nosumon pu, (4.34)
kiI=1
[
where the upper (lower) signs correspond to i =1 (2). However
M there is an integration over arg({) which projects onto
8= lim |&,]* f [14%; _1? the 0XdX part of these vertex operators. Thus the two
§i— o 3 T &E wave functions both correspond to the same effective in-
tera)lcfion. '1(‘h(is) happens also for the wave functions
(1)(1 2)(2 . ;
. and corresponding to graviton vertex opera-
X I 166 [ @.35) t:r‘s The ?ﬁ:e ral ovel; ar, (g) . that onl .
o<rer<n . g g(&) ensures that only wave

is the basic quantity appearing in tree-level scattering am-
plitudes for M on-shell tachyons and one massless parti-
cle. The position of the massless particle vertex operator
is fixed at {,=0. The leading interaction from ¥, 0D s
thus the same as an antisymmetric tensor (if i ]) or a
graviton vertex operator (if i =j). The effect of the sum
of wave functions 1/)""—2 z/J(’) is the same as a dilaton
vertex operator. More pre01sely, the wave functions ‘¥
correspond to the vertex operators +1(3X+dX )2, where

functions obeying the conditon (Ly,—L,)¢=0 give a
nonvanishing effective interaction.

The integral over r in (4.34), near r =0, yields a pole in
k2, which shows that the states are massless. This 1/k?
factor is like a space-time propagator for the state. The
path integral D(1)) provides an off-shell (i.e., k2540) con-
tinuation of the amplitudes. However, as k20, the
effective interaction factorizes into the scattering ampli-
tude S¥*=3, ;pfp/'Ss;, and the propagator 1/k>.

Note that the path integral which we used to define the
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quantity (X4, X,;p;) depended on the use of the angular
coordinate to parametrize the circle. This was also used
in the definition of ¥. We used a mode expansion of X
which is not invariant under reparametrizations. It is not
clear whether it is desirable for off-shell quantities, such
as D(¢;p;), to depend on the parametrization of the cir-
cle used [26], or whether they should be independent of
this choice [14]. This is really the question of whether
one should integrate over all reparametrizations, or just
those which do not reparametrize the boundary, in the
path integral over metrics. Further discussion of these
points is in [14,26,27].

We conclude this section by exhibiting the general rule
for the higher states. The general form of (4.32) as r —»0
shows that the general state will yield a singularity in the
r integration, as r —0, of the form

fodr p3Fh ,

where h=k>+3,.,3, ,nm/"" is the eigenvalue of the
wormhole state. This produces a pole of the form

(4.36)

1
S 4.37
n—2 (4.37)
in the effective interaction. This pole is at exactly the
place where the states are on-shell, and obey

(Lo+L,—2)¢=0. It can be thought of as a propagator
for the state. The other crucial factor in (4.32) is the
quantity [3pfRe(£; ™))", or [ZpfIm(L;")]™, which
occur for i =1,2. This can be thought of as arising from
the vacuum expectation values

(:[Red"X*™0)]™: :exp 'i >p;-X(E;) ]:)

(:[Imd"X*(0)]™: :exp (4.38)

on the complex plane. They thus lead to the effective in-
teractions :[ Red”X*(0)]™:, or :[Imad"X*(0)]™:, respective-
ly. Each reciprocal power of §{ corresponds to a deriva-
tive of the Green’s function on the complex plane
G(£,0)c=—In|£[% There is also a factor of :e*X: in the
effective interaction, which is present for all the basis
. ik X, .
states, and arises from the e~ ° factor in the wave func-
tion. Note that the integration over arg({) will ensure
that only the rotationally invariant interactions survive.
This is equivalent to projecting onto states satisfying the
condition (Lo — L)y =0.
Thus we have the general correspondence

ik-X, 2 .
e X0 k2 pikoX(0),

P, (YD) or™™[Red"X*(0)]™: , (4.39)
P, (YED)pm [ Imd"XH(0)]™: ,

between wormhole wave functions and effective interac-
tions.

V. SUMMING OVER SPIN STRUCTURES:
THE SUPERSTRING

Up to now the only string theory which we have con-
sidered has been purely bosonic. However, there are
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several reasons why bosonic strings are not regarded as
realistic. The main ones are the appearance of a tachyon
and the absence of space-time fermions. The tachyon is a
constant source of embarrassment, having a spacelike
momentum in Lorentzian space-time. Attempts at solv-
ing the tachyon problem by, for instance, shifting to
another vacuum have achieved little success. However,
even if the tachyon problem can be solved in bosonic
string theory, the lack of fermions is clearly in contradic-
tion with our everyday experience.

It has been claimed in earlier sections that for super-
strings, there are no tachyon effective interactions com-
ing from wormholes. One expects this to follow from fac-
torization of multihandle amplitudes [28]. It should be
possible to replace the handles by a complete set of vertex
operators of the theory. Since the theory does not con-
tain a tachyon, one expects it to be absent in the effective
interactions. We shall see that this is indeed the case.
The easiest way in which to see this is in the RNS formu-
lation of superstrings [16,17], in which there are fermions
on the world-sheet.

The inclusion of spinors on the world-sheet leads to a
new kind of structure, a “spin structure.” This tells us
how a spinor changes when it is parallel transported
around a closed loop. A vector (in an orthonormal
frame) rotates by an SO(2) matrix (for Euclidean signa-
ture). When a spinor is parallel transported it (loosely
speaking) changes by the square root of this matrix.
There is a sign ambiguity in taking the square root. For a
contractible loop there is no ambiguity because the sign
must be continuous as the loop is smoothly contracted
down to a point. Since the spinor only changes
infinitesimally, if it is parallel transported around an
infinitesimal loop, this shows that the square root taken
must tend to the identity matrix as the loop shrinks to a
point. However, for noncontractible loops there is no
longer any reason for preferring one choice of square root
over any other. Such a choice of signs, for each noncon-
tractible loop, is called a spin structure.

The Riemann surfaces corresponding to world-sheet
wormbholes have handles. Each handle adds two more
noncontractible closed loops. One of them threads itself
through the wormhole, while the other goes round one of
the ends. The number of spin structures on a surface of
genus g is given by 2%. In a string theory which includes
world-sheet spinors it is natural to sum over all these spin
structures, just as one sums over topologies. In fact, this
is necessary for the consistency of the theory. One can fix
the relative weights of the terms almost uniquely, by the
requirements of modular invariance and unitarity [18]. It
turns out [18] that the sum over spin structures is
equivalent to the GSO projection [23,24], which removes
the tachyon.

We shall show in this section, using the wave function
formalism that we have developed, that the tachyonic
effective interaction vanishes, when the spin structures
are summed over, as in [18].

A. World-sheet spinors

The obvious way in which to include spinors on the
world sheet, which is manifestly covariant under
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reparametrizations and local SO(2) [or SO(1,1)] transfor-
mations, is to add the following (minimal) term to the
world-sheet action:

I¢=fd2a ePp°V 4 .

The notation here is as follows. p® denote the two-
dimensional gamma matrices, in the coordinate basis c.
e="'g is the determinant of the zweibein. V is the spi-
nor covariant derivative, obtained from the (standard)
spin connection in which the zweibein is covariantly con-
stant. A tilde denotes Dirac conjugation ($=¢Tp°)
and indices with carets denote components in a local
orthonormal frame. if the two-component world-sheet
spinor fields ¥ also transform as space-time vector fields
y* then one can incorporate world-sheet supersymmetry
between ¥* and X*. (Space-time indices u will be
suppressed in this discussion.) We shall also restrict the
components of ¥ to be real in the basis for which p* are
both real matrices. This is possible since in this basis the
Dirac equation does not mix the real and imaginary parts
of ¥. Spinors satisfying this reality condition (which we
shall assume from now on) are called Majorana. All spi-
nors will also be taken to be anticommuting. It is easy to
show that for anti-commuting Majorana spinors in two
dimensions the term in I, involving the spin connection
vanishes, so that we can use the simpler action

I¢=fd2cr ePp®d,y .

For the massless Dirac equation we can also split ¢
into its chiral components, which obey independent equa-
tions. Defining 5=ip’p' (if the signature is Euclidean) or
p°p! (f it is Lorentzian), we see that § has eigenvalues
*1. We can write =1, +1¢_, where ¢ has eigenvalue
+1. Then the Majorana condition becomes ¥_ =1, for
Euclidean signature, while it is Imy =0 in the Lorentzi-
an case. We can see that, while for Lorentzian world
sheets the two chiral components can be thought of as
completely independent, in the Euclidean case they are
related by the Majorana condition. This leads to a prob-
lem with deriving the correct Hamiltonian for Majorana
spinors on the world sheet, starting from a purely Eu-
clidean action. We shall therefore, temporarily, work
with a Lorentzian signature world sheet. We use the
basis in which p°,ip are the first two Pauli matrices. The
action then becomes

(5.1)

(5.2)

I,=—i[dodt[y,(d,+¥')+y_(_—¢ )] . (5.3)
Here we have specialized to a flat world sheet with coor-
dinates ¢,0, and a dot (prime) denotes a derivative with
respect to ¢ (). However, a similar action can be ob-
tained if the world sheet is curved.

Now we shall discuss the possible boundary conditions
on spinors, and their physical properties. If we consider
a propagating closed string, the world sheet is a cylinder.
There is a single noncontractible closed loop, which goes
around the string at a single moment of time (with
0=<6<2m). If we take a flat metric on the cylinder, then
worldsheet vectors are unchanged as they are parallel
transported around this loop. Spinors must therefore
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change by £1. Thus there are two possible boundary
conditions on spinors. They must be either periodic or
antiperiodic around the loop. The two cases lead to
different field theories on the world sheet. The periodic
(antiperiodic) case is known as Ramond (Neveu-Schwarz)
boundary conditions. One can expand %, in modes on
the cylinder, as

Y= Z¢a(t)e™, (5.4)

n

where n runs over values in Z or Z+ 1 in the Ramond or
Neveu-Schwarz case, respectively. The equations for ¥,
and ¢¥_ decouple, so one can specify the boundary condi-
tions on each independently. (This would have caused
problems for a Euclidean signature world sheet, since the
Majorana condition would then relate ¥, and ¥_.) One
thus obtains four possibilities for boundary conditions:
(R-R), (R-NS), (NS-R), (NS-NS). Substituting the mode
expansions back into the action we obtain a fermionic
quantum mechanical system consisting of an infinite set
of fermionic oscillators. The Hamiltonian can be ob-
tained by introducing a lapse function, as in Sec. IV. One
changes the metric on the cylinder to

ds?=—NX1t)dt?+d6? , (5.5)

and varies the action with respect to N(z). The Hamil-
tonian turns out to be

Hy=3nyt ¢f+ S miv",, , (5.6)

in the gauge where N=1. Here n and m can take in-
tegral or half-integral values, depending on which of the
four boundary conditions are being used.

We can quantize this system of fermionic oscillators in
exactly the same way as in [11]. The only nontrivial an-
ticommutation relations are

(v, vf}=1. (5.7
¥%,,%F can be interpreted as fermion annihilation and
creation operators since the Majorana condition now im-
plies that T, is the adjoint operator to ;. There is a
holomorphic representation in which annihilation opera-
tors are represented by derivatives with respect to
creation operators. States are represented by holomorph-
ic functions of the (anticommuting) creation operators.
The annihilation operators are ¥, ,9_, and the creation
operators are ¥ ,,1¥,, where n >0. However, for Ra-
mond boundary conditions there is a zero-mode spinor
1. The algebra of the ¥} is the same (up to a constant
factor) as the Clifford algebra of Dirac gamma matrices.
Further, each ¢ff commutes with the Hamiltonian. Thus,
in the Ramond sector, the ground state must transform
like a space-time spinor, rather than a scalar. However,
we are here considering the coupling of the tachyon,
which is the lowest energy space-time scalar state and re-
sides in the (NS-NS) sector. The question is, does this
cancel out when we sum over spin structures going
through the wormhole? Thus we shall not need the phys-
ics of the Ramond sector in this discussion.
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B. Spin structures and the GSO projection

Thus far we have considered the boundary conditions
on the spinors going around a closed string. Such a
choice of spin structure has to be made for each external
closed string state. However, a (now Euclidean signature)
world sheet contributing to the Polyakov path integral
may have other noncontractible loops. These are associ-
ated with internal handles. The simplest example where
an internal handle is present is the case where the world
sheet is a torus. We take £“ as coordinates on the simple
torus with metric (d&%)?+(d€Y)%  There are
identifications, £°—£°+1 and &'—£&'+1, say, which
make the topology that of a torus instead of flat Euclide-
an space. £° is treated like Euclidean time and &' is the
“space* coordinate. Both the loop with constant £° and
the loop with constant £' are noncontractible. A one-
component spinor, ¥_ say, thus has four different spin
structures, (——), (—+), (+—), (++), on the torus.
But it is not consistent, in the Polyakov path integral, to
restrict attention just to one of the spin structures. This
is because there are (so-called “large”) difftomorphisms,
such as (£9,&")—(£°,£°+£"), which exchange spin struc-
tures [in this case (——) and (+ —)]. The path integral
must be invariant under all diffeomorphisms, including
large ones.

Now every diffeomorphism can be obtained by com-
posing a diffeomorphism which is connected to the iden-
tity (and does not change the spin structures) with a
respresentative large diffeomorphism given by

(%N —>(kEO+IE , mE+ng!) ,

where k,/,m,n are integers satisfying kn —Im =1. It is
invariance under this discrete group [in this case SL(2,Z)]
which is ensured by summing over spin structures. The
large diffeomorphisms mix up the spin structures (— —),
(—+), (+ —), so if we include any one of them in the sum
over surfaces, then we must include them all. By consid-
ering fermion determinants with different spin structures,
on the torus, Seiberg and Witten [18] have found the
weights with which each spin structure contributes, in or-
der to have full invariance under the large
diffefomorphisms. It turns out that the sum over (— —)
and (+ —) spin structures in the NS sector is equivalent
to the GSO projection [23,24] on states which have an
odd number of excited world-sheet fermion modes. The
GSO projection arises since the path integral on the torus
with spin structure (— —) computes tr exp(i7H) while
the (+—) spin structure gives —tr exp(itH)( —1)F,
where F is the number of excited fermion modes. Thus
the sum over the two types of NS spin structures com-
putes tr exp(i7H)[1—(—1)F], which is a trace over just
those states for which F is odd. A similar projection
occurs in the Ramond sector [although this is harder to
see since the spin structure (4 +) is invariant all by it-
self].

(5.8)

C. Wormhole wave functions

In the (NS-NS) sector, the total Hilbert space can be
represented in terms of bosonic (discussed in Sec. IV) and
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fermionic harmonic oscillator wave functions. We de-
scribe the fermionic states in the holomorphic representa-
tion, as in [11]. The states are represented by holomorph-
ic functions of fermion creation operators ¥, 4., while
the annihilation operators ¥, ¥~, act on the wave func-
tions as derivatives. (The dual Hilbert-space states are
represented by antiholomorphic functions of annihilation
operators.) Here r is positive and 2r is an odd integer
throughout. We can compute correlation functions on a
genus g surface by considering the path integral on the
region of the complex plane outside 2g discs. This is just
like the description of Sec. IV, only for fermions. The
path integral on the cut surface produces a function
which is holomorphic in the ¥, 1. on g of the circles,
and antiholomorphic in the ¥;", ¥Z, on the other g cir-
cles. We then need to insert some kind of delta function
in each fermionic mode, just as we did for each bosonic
mode. This is easily done using the fact that the inner
product in the holomorphic representation is
(%)= [dodfe Pa(B)V(0), (5.9)
where the integrals are interpreted as Berezin integration
over anticommuting variables (.e., f dfoo=1 and
fdo=0).
Thus the delta functions that we need (for the + and -
modes) are

exp [— gz//fﬁ, ) :
exp [_ zrlp:rﬁ;' ] ’ (5.10)

for each of the g pairs of circles which are being “‘sewn
together.” Just as a conventional delta function can be
expanded in a complete set of oscillator states, as
8(x —y)=34,(x)¢,(y), so this § function has a particu-
larly simple expansion as

exp (— S¢ 9, |=1— ¢ g+, (5.11)

and similarly for the “—> modes. This is an expansion in
terms of the number of positive fermions which go
through the wormhole. The first corresponds to F=0,
the second to F=1 and so on. It seems that there is no
restriction to states of odd F, and the tachyon (with
F=0) would be included. However we have not so far
taken account of the two different spin structures which
can go through each handle. We cannot just have e ~%
but must also include e 7%, where we have changed the
relative sign of the fermions at each end, and 6 is a gener-
ic fermion variable. The relative phase with which each
spin structure contributes can only be obtained by a care-
ful evaluation of fermion determinants (carried out in
[18]). It turns out that we need a relative minus sign be-
tween e % and e 7%, Thus the sum over the spin struc-
tures going through the wormhole leads to the insertion
of the product of the two functions:
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exp [— ?W'!ﬁr ]_CXP [+ ;dj:—'lzir ] .

exp [— Sy,9, ]-—exp [+ Syv=,9, ] (5.12)
r r

in the path integral over fermion boundary values. This

quantity is included for each pair of circles to be “sewn

together.” _

Whereas the function e ~% corresponds to a complete
sum of states, the sum e %—e % projects onto the
(—1)F=—1 states. Thus the tachyonic state, which has
F=0 for both the + and — sectors, is not included in the
sum over states contributing to each wormhole. The first
term which is included has F=1 for each of the £ sec-
tors. This is a state of zero space-time mass, and two
space-time indices uv. It corresponds to the graviton, di-
laton and antisymmetric tensor states.

VI. LINEARIZED QUANTUM GRAVITY
FROM WORLD-SHEET INTERACTIONS

Summarizing the results of the previous sections, we
have shown that in string theory the leading effect of long
thin handles on the world sheet is the same as having a
sum of bilocal interactions. In superstrings (for which
the tachyon is absent) these are associated with the mass-
less states of the theory. The massive states are
suppressed, provided the modular parameter integration
|g| is dominated by handles which are very thin, |g|—0.
This is expected to be the case in certain low-energy (but
high-genus) situations. In such situations it is possible to
formally “‘sum up” the topological expansion. Although
the full topological expansion diverges [21], the sum over
wormbholes is just an exponential series, and so converges.
It can be thought of as being like a sum over an infinite
class of Feynman diagrams in field theory, which often
has relevance even if the complete perturbation series
diverges.

The effect of one wormhole is given by the bilocal
operator

%%Aijfdzzfdzw V22V, (w,D) , (6.1)
where the wormhole “propagator matrix” is the part of
the operator which is the propagator for each state going
through the wormhole (e.g., A; ~ (1 /k*)8P(k +k')8,,8,,
for the massless states), and the V; are the vertex opera-
tors for these states (e.g., e’* ¥3X*3X"). The sum over i
consists of the integral over the momentum k, as well as a
sum over polarizations. The effect of » wormholes (tak-
ing into account a factor of n! from the possibility of per-
muting the wormholes) is given by

1 2 2 = "
o %Aijfd z [ d%w Vi(2,2)V;(w, D) (6.2)
Thus the sum over wormholes has the effect
1 2 2 _ _
exp E%Aijfd zfd wV(z,z)V(w,w)

. (6.3)
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The exponentiating of vertex operators was checked in
Sec. III. It works (formally), provided we are purely in-
terested in the behavior of V; close to the pole at k?=0.
It gives a bilocal addition to the action for strings on a
flat background. One can turn this into a local addition
to the action, by introducing a parameters for each ver-
tex operator in the manner first suggested in [29]. We
rewrite the exponential as

I e

Xexp

——;— Sa(A™Y,a;— Zaifdzz Vi(z,Z)
(6.4)

showing that the effect of the wormbholes is to add to the
action the term

Sa; [d%2V,(z7), (6.5)
which is then averaged over a; with a Gaussian weight.
Each of the terms a; V;(z,Z) shifts the coupling constant
associated with V; by an amount ;. The effect of
wormholes is thus to renormalize the coupling constants.
However, there is an integral over a;. This effectively
divides the theory into noninteracting superselection sec-
tors, labeled by a;. But the a; can also be thought of as
space-time fields, as we shall now show.

Consider, for example, the case of wormholes contain-
ing gravitons. In Sec. II we found that the wormhole ver-
tex operator V" (for bosonic strings) is the trace-free
part of

yrv=¢ik-Xgx ax" . (6.6)

Thus the term added to the action takes the form
dekaﬁv(k)fdszé“’(k 12,Z)= fdzzhw(X)aX"ETX" N
(6.7)

where 4, is the shift of the background space-time
metric. We see from (6.7) that af (k) is the Fourier
transform of the linearized gravitational fluctuations
about a flat space-time background:

A (k)= (k) . (6.8)

The wormholes have been replaced by a sum of string
theories on different cur\ield backgrounds. Each back-
ground is weighted by e ™, where I};, is the (gauge-
fixed) action for linearized Einstein gravity:

Iyw=—1 [d®Xn,,Oh,, . (6.9)

Thus string theory on the sphere, coupled to linearized
Einstein gravity, has appeared as an effective theory. But
there is still a functional integral over h uv(X ), since there
is an integral over all the q; in (6.4). Thus it is qguantum
gravity which emerges, rather than the classical theory.
The action I};, is manifestly positive definite, because it is
written in terms of the trace-free parts of the metric fluc-
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tuations. These are the physical degrees of freedom of
(linearized) gravity (except the transverse condition is ab-
sent). The notorious divergence of the conformal factor
is not present. This only arises if gauge degrees of free-
dom are included in the action, such as the trace of the
metric fluctuations.

The a; for other vertex operators can be associated
with space-time fields in a similar manner. This leads to
an effective theory of strings coupled to quantized mass-
less background fields. One can regard the «; as the com-
ponent fields of a single “third quantized” field a on su-
perspace (in the sense of Wheeler, rather than the super-
symmetry meaning of the word)

(X, X,)=S a,fi(Xp,X,) . (6.10)

Here, f; are a complete basis of functions on superspace.
In Sec. IV we took the basis consisting of plane waves in
Xy, and harmonic oscillator wave functions in X, for
n70. This choice leads to the possibility of reducing to a
finite number of massless space-time fields «,,(X,), in the
thin wormhole approximation. In effect, a reduction has
been made from superspace, to a “minisuperspace” just
consisting of the space-time coordinates X, [9]. A
different choice of basis would be possible, but it would
not lead to such a simple reduction.

VII. SUMMARY

We have investigated the effects of wormholes on the
world sheet of string theory. In the dilute wormhole ap-
proximation they can be replaced by a sum of effective
interactions. We used two main techniques for calculat-
ing the interactions associated with wormholes.

(1) We calculated n-point functions directly (for bo-
sonic fields), on an arbitrary Riemann surface in the
Schottky parametrization. The dilute wormhole ap-
proximation becomes an expansion in the modular pa-
rameters |gg | of the wormholes. By integrating over
the | g | we were able to show that the interactions are
dominated by on-shell (i.e., Lo+ L, —2=0) vertex opera-
tors, although off-shell ones contribute as well. The in-
tegral over arg(qgp) gave the condition that the vertex
operators are U(1) invariant (i.e., Lo—Ly,=0). For thin
handles, the dominant vertex operators are those of the
tachyon and massless fields.

(2) We used the Riemann surface (with boundaries)
obtained by cutting across each wormhole to describe
the interactions in terms of basis wormhole wave func-
tions. Then we found the effective interactions associat-
ed with the basis wave functions, in the dilute wormhole
approximation, by calculating scattering amplitudes in
the region outside the disk. To leading order the
effective interactions are due to tachyons and massless
particles. The basis states are off shell, but the integral
over r near r =0 produces a pole on the mass shell, like
a propagator.

The wave function formalism enabled us to see why
there is no tachyon effective interaction in superstring
theories with world-sheet fermions. The sum over spin
structures going through the wormhole eliminates the
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tachyon, as it projects onto states with odd fermion num-
ber in each of the = movers. We used the holomorphic
representation of the states, as in [11].

We concluded with a discussion of the interpretation of
the a-parameters for wormholes in string theory. They
can be thought of as an infinite set of quantum fields in
space-time, including the graviton. One can also view
them as components of a single quantum field on super-
space. This is the “third-quantized” viewpoint advocated
by Giddings and Strominger [6] and, more recently, by
Hawking [9]. We see how quantum gravity could emerge
as an effective theory, from a fundamental theory of
strings moving in flat space-time with arbitrary genus
world sheets. Further work (beyond the dilute wormhole
approximation) may shed light on issues in quantum
gravity, such as whether the effective space-times them-
selves can have wormholes. This will have to await fu-
ture investigation.
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APPENDIX

This appendix summarizes the results on (oriented)
Riemann surfaces (in the Schottky parametrization)
which are required for the calculations of Sec. III. A
more complete account of Riemann surfaces and their
applications to string theory is in [20,22]. The results
here were first obtained in the Schottky parametrization
by Mandelstam [20].

We recall that a Riemann surface of genus g can be
represented as the quotient of the extended complex
plane C*=CU{ o} by a finitely generated group G,
where G CSL(2,C). G is the Schottky group, with gen-
erators Tp. The generators are often represented as

Trz —zp .

=4R z—zp_ »

Z"—ZR+

Al
Tprz —zp_ i

where zp ; are the fixed points of Ty, and gz (| gg | <1)
is called the multiplier of T;. The fundamental domain
F of the Schottky group is given by the region exterior
to 2g circles, which are isometric in pairs. The Rth pair
of circles have radii

‘/I‘IR|
— IR — A2
TR w
and centers
Zp —qrZ
J= R —49RZR 4+
1—gp
(A3)

Zp . —qrZz
Jr= 2R+ dRrRZR
1—gp

The complex parameters gg,zg, are chosen such that
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none of the circles are intersecting. With this definition,
every point on C” can be obtained from a point of F by
an element of G, and no two points of F are related by an
element of G. Thus it makes sense to take C” /G as a
representation of the surface. Such a representation ex-
ists for an arbitrary genus Riemann surface.

A Riemann surface of genus g has exactly g holo-
morphic differentials. This is because there are 2g in-
dependent noncontractible loops, and each one can be
thought of as a dual to a harmonic one-form on the sur-
face. The inner product between the loops and the one-
forms is given by the contour integral of the one-form
along the loop. A basis for the one-forms can be taken
which consists of holomorphic and antiholomorphic
one-forms (or differentials). Exactly half of them (i.e., g)
are holomorphic. In the Schottky parametrization there
is a natural choice of generators for the noncontractible
loops. For the Rth pair of circles, one loop goes round
one of the circles and the other goes from one circle to
the other. The holomorphic differentials which are dual
to this choice of basis are

J

Qrs=

(S) ln (ZS+ _TazR—)(zSAA‘—TaZR_'_)
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_ 1 , 1 . 1
“r Zwiza z— Ty zp+

dz , (A4)

z—T,zp -

where the sum goes over all the elements of G which do
not have Tg’ as their rightmost factor, This is construct-
ed so that it is G invariant. The sum converges to a well-
defined differential on F. The integral of wy around zg
gives Opg, using Cauchy’s theorem. The integral of wy
from a point on the S — circle to its G image on the S +
circle is a quantity called the period matrix:

S+
QRssz WR -

This has the property that it is symmetric, and has a
positive imaginary part:

QRS=QSR >
(ImQ)gs>0.

(A5)

(A6)

In the Schottky parametrization, the period matrix takes
the form [20]

Sgslngg — X'

a

2mi

where T,T¥ ()T, and for R =S the sum does not in-
clude the unit element.

The holomorphic differentials and the period matrix
are the basic ingredients from which analytic functions
on the Riemann surface are formed. One first forms the
combination

(z =Tow)lw —T,2)
E(z,w)=(z —w)[T’

ars (Z2—Tez)w —T,w) ’ (%)

where []...; indicates that the product is restricted to
one of each pair (T, T, '), and the unit element is not in-
cluded. E(z,w) is called the prime form. Its main prop-
erties are that it is antisymmetric in (z,w) and is pseudo-
periodic upon going around one of the basis loops. It has
a simple zero at the point z =w and no other zeros in F.
The periodicity properties (around the loop going from
R — to R +) are expressed by
i
E(Tgz,w)= Crz+ Dy

X exp Zwif:a)R———;-m'QRR E(z,w) ,

(A9)

while it is single-valued upon going around a loop encir-
cling R — or R +. Here, the quantities C; and Dy are
given by

Agrz+Bpg

Tpz= 2 TR
RE="C 2+ Dy

(A10)

The quantity

(zg+ —Tozgp 4+ Nzs - —Tozg )

> (A7)

f

E(z,w)E(z,z,)
F(z,w;z,,zy)=

" E(z,2,)E(z,w) (Al

has much simpler periodicity properties as z or w go from
the R — circle to the equivalent point on the R + circle.
It transforms as

z
F(Tgrz,w;z{,z,)=exp [—277'if Za)R F(z,w;z,z,),
w

(A12)

and is symmetric under the interchange (z<>w), (z,«>2;).
We define the Green’s function on the surface (with the
point at o removed) to be the unique (up to the addition
of a constant) function G (z,w) which is harmonic and
symmetric in both variables and behaves like —In|z —w |2
as z—w, and like —In|z|? or —In|w|* as z or w— 0. It
can be built out of the quantity —In|F(z,w;z,z,)|* [30],
in the limit z,,z,— . (The arbitrariness in the way the
limit is taken is just a constant addition to the Green’s
function.) In effect the extra image charge which is need-
ed on a compact surface has been moved to c. There is
an ambiguity with Green’s functions on all compact sur-
faces which can be thought of as being due to the zero
mode of the scalar Laplacian. It disappears when a point
is removed from the surface.

We cannot just use —In | F |2 as the Green’s function,
as this is not periodic by itself. A term must be added to
make the Green’s function periodic. However, this term
is of the form holomorphic + antiholomorphic, so the
Green’s function remains harmonic everywhere on F X F
(except at z=w). The Green’s function is therefore
given by
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. - (z =T w)w—T,z)
G(z,w)=—In|(z wgl (z—T,0)w—T,o)

S

2
+4rs [ImfzcoR ](Imm,;sl [Imfwws ] . (A13)
RS «© (=]

The expressions used in (3.3) and (3.2) for the period matrix and the Green’s function are obtained from (A7) and (1.\1?.,)
as the leading behavior in the limit |gz | —0 while z and w tend to any two of the 2g limit points zg. All the limit

points zp ., are kept fixed while this limit is taken.
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