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An exact analytic solution of the matter oscillation of neutrinos proposed by Nétzold for a
hyperbolic-tangent distribution of electron density, which is more realistic for the case of the Sun
than other distributions, is improved by an exact treatment of the initial condition at any produc-
tion point of the neutrino, where it is not on a flat place of r = — o as Nétzold took. It must be
stressed that the tanh fit can be made precisely even for the central region of the Sun, as well as the
exponential tail in the outer region. I then give a compact analytic formula with elementary func-
tions, which is a good approximation to the “exact” solution.

I. INTRODUCTION

Among the many proposals for the solution of the
matter oscillation! of solar neutrinos, Notzold’s paper?
has an advantage in the sense that it adopts a
hyperbolic-tangent distribution for the electron density,
which is more realistic and of wider application than oth-
ers such as a single exponential distribution,® and is, most
importantly, capable of an exact analytic solution with
elementary functions. But his treatment has a defect in
that the neutrino production point was assumed to be a
place of flat distribution of r = — «. This place can obvi-
ously provide exact mass eigenstates for the initial ampli-
tudes, but unfortunately it is not the case of the realistic
distribution as indicated in a recent calculation of Bahcall
and Ulrich* for the electrons in the Sun.

In this paper, the No6tzold model is reformulated by
treating an exact initial condition on the amplitudes at
any neutrino production point for the hyperbolic-tangent
distribution. The tanh fit to the electron density distribu-
tion in the Sun can be made with a remarkable precision
to a root-mean-square accuracy of 3% for R /R, <0.31,
where R, is the sun radius, as well as to the exponential
tail of the outer region. Because of the changing density,
the initial amplitudes do not in general satisfy an adiabat-
ic condition as pointed out by Barger, Phillips, and
Whisnant.> But this condition is shown to be satisfied
well over a wider range of the mixing-angle parameter
sin?20 for solar neutrinos. In this connection an approxi-
mation for hypergeometric functions is given at the pro-
duction point where it is actually the center of the Sun
with a changing density. As a result the final formula im-
proves the discrepancy involved in the original Nétzold
model, which deviates almost 26% larger than the “ex-
act” solution in the values of Am?/E at least for
sin?202 10™* on the high Am2/E side of the triangle in
the Am?2/E vs sin26 plot.

II. FORMULATION
For the level crossing of v, and v,, the coupled
Schrodinger equations are

2.2 202
m1cos“6+m35sin“@
iv,= | — E 2 +V2GgN, |v,
Am? .
+ >E sinf cosbv,, , 2.1)
41

m? . m3sin?0+micos?

M °E sinf cosfv, + °E Vo
where m,m, are masses of the mass eigenstates v,,v,,
respectively, Am?=m3—m? (hereafter m,>m, is as-
sumed), G is the Fermi coupling constant, E is the neu-
trino energy, and N, is the density of electrons. The mix-
ing angle 6 is defined by v,=cosfv,+sinbv,,
v,= —sinfv,+cosbv,. v, is assumed to be produced at
the center of the Sun at t =0.

To convert the physical quantities in (2.1) and (2.2) to
dimensionless ones, in place of ¢, ¢t =Rg(r—ry) where
r —rq is the distance from the center of the Sun in units
of Sun radius Rg (=6.96X10° km). The electron densi-
ty in units of Avogadro’s number is given as

(2.2)

RsV2GeN,=VU(r), 2.3)
where ¥=1.718 X 10%, and
U(r)=1—tanh(r/I) , (2.4)

where /=0.155 and r,= —0.105 as a best fit to the solu-
tion of Bahcall and Ulrich. In their solution, the density
distribution of electrons is not flat at the center of the
Sun (r =rg). Further

M3=Rg(m3+m?)/(4E) , 2.5)

RgAm?/(2E)=x/B=x, , (2.6)
with

B=E(MeV)/Am*(eV?), 2.7
where x =1.764 X 10, and

G =1xyc0s26 , (2.8)

H =]x,sin20 . (2.9)
If a phase is taken out as
v, (r)=v(r)exp [—ifr;[M(z,+§VU(r)]dr , (2.10)

v(r) obeys a second-order differential equation
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%—:%Jr{iiZVU(r)'+[gVU(r)—G]2+F2}u=0 . @1
According to N6tzold, with variable transformation,
y=1/[1+exp(—2r/1)], (2.12)
then U(r)=2(1—y), and if v(r) is factorized as
v(r)=(1—y¥y*f(y), (2.13)
then
y(l—y)%—%—[c—(a+b+l)y]-3}f——abf=0, (2.14)
with
a=p+v+i, (2.15)
b=p+v+1—A4, (2.16)
c=2v+1, (2.17)
when
p=i(l/2)(G*+H*)'?*, (2.18)
v=i(l2)(V—G)P*+H?*"?, (2.19)
A=i(l/2)V . (2.20)

Equation (2.14) is the hypergeometric equation, and it
is known that the general solution is given by the hyper-

J

1
Ci=U=yo¥yo "5 |¥

(Ap+Aq—V)(utv+Ar—1)
0 Ag(2v—1)

N [H_G—V_ Ap+Ag—V

geometric functions as®

f(y)=C,F(a,b;c;y),+C,y ¥Fla,b;c;y)_ ,

where C,,C, are constants and Fl(a,b;c;y),
=,F(a,b;c;y), Fla,b;c;y)_=,F(a,b;c;y) with v
taken as —vina,b,c.

The matter eigenstates |+ ),|—) at y=y,, where
r=r,, are defined by a mixing angle 0,, as

VIG—V(—y)P+H:

where the denominator is half the momentum splitting
between the matter eigenstates.

(2.21D

cos20,, = (2.22)

II1. INITIAL CONDITION

If the initial point is assumed at a flat place ry=—
where y,=0, as is done by Notzold, the adiabatic condi-
tion is satisfied as

|C,|=cos?6?, , 3.1
|C,|=sin%¢", , 3.2)
where 62, is defined by (2.22) with y,=0. But for the ini-
tial condition at a place of changing density with any y,,

by boundary conditions v,(rq)=1, v,(ry)=0 for (2.1)
and (2.2), the constants C,,C, are given as

Fla,b;c+1;y0)_

Aq Ag Yo |Fla,b;c;ye)_ | » (3.3)
_ 1 (Ap—Aq—V)p—v+A—1)
C,=(1—y  Hys—= ; ;
2= ,Vo)yo2 Yo Ag2v+1) F(a,b;c+1;y4) 4
_G-V Ap—Ag—V¥ cor
+ |1 Aq + Aq Yo F(a,b,c,y0)+ » (3.4)
with
Apz(G2+H2)l/2 , (35)
Aq=[(V—G)2+H2]1/2 . (3.6)
In the above calculations, the following Wronskian was used:
ubu, —uu,=(1—c)y (1—y) a1, 3.7)
where
u,(y)=F(a,b;c;y), , (3.8)
u,(y)=y ¥F(a,b;c;y)_ . (3.9)

It should be noted that the factors (1—y, )y, and (1 —yy)*ygin C, and C, are all pure phases. For y,—0, C; and

C, become (3.1) and (3.2), respectively, except for phases.
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IV. SURVIVAL PROBABILITY

The function of v, produced at 7, is given at r by (2.10), (2.13), and (2.21). When a detection is made at 7 = «, where
y=1and ,F,(a,b;c;1—y)=1, the hypergeometric functions in (2.21) may be transformed as

Fi(a,b;6;9)=Cl—p, V) ,F (@,b;¢;1=3) (0 )ty + Clit VI =) " #,F (a,b5¢31=9) D)o tv, )

with the same notation as in Notzold’s paper. The sur-
vival probability smeared over wavelengths is then given
as

(P, y=|cC,|* |-<os0_ 2+IC |2 |Sin6_
ve ! 6°, 2" | sin6%,
—cos20 1€, — Gl P 4.2)
cos?0%,  sin%6% |’ '
where

_ cosh(71V)—cosh[7l(Ap — Aq)]
cosh[7I(Ap +Aq)]—cosh[7l(Ap—Aq)]

This formula of survival probability is the most general
expression for neutrino mixing in matter with
hyperbolic-tangent distribution of electrons, when v, is
produced at any point ry and detected at r =oco. If (3.1)
and (3.2) are adopted, then the probability coincides with
that of N6tzold’s model.

(4.3)

V. APPROXIMATION AND RESULT

In general it is difficult to get explicit formulas of C,
and C, with elementary functions. But if a condition for
adiabatic approximation*

dN,
dr
[(2V2GpN, — Am?c0s26)*+(Am %sin260)*]*"2
4V2GE*Am%in26 ’
(5.1
is satisfied at r =r,, it is possible to set
|C F(a,b;c;p) 4| =cos?,, , (5.2)
|C,F(a,b;c;y,)_|=sin8,, . (5.3)

The condition (5.1) is expressed in terms of dimension-
less quantities as

i;iy(l—y)

{[2V(1—y)—x,c0s20]*+ (xosin28)?}3/2
X,sin26 ’

<<

(5.4)

It would be sufficient to have sin®20 X 10™* for the initial
state (y =y,) to be sufficiently adiabatic from this condi-
tion with the parameters of solar neutrinos. Even if
sin?20 < 1074, this condition is satisfied except for a small

4.1

I

range of B around a value at which a neutrino encoun-
ters resonance at the production point, i.e., B
=(5.0-6.5)X10%

To get C, and C,, it can be shown that the following
approximation works very well:

|F(a,b;c;p0) 4| =cosb,, /cosé’, , (5.5
|F(a,b;c;yo)—|=sind,, /siné’, , (5.6)
which instead of (3.1) and (3.2) results in
|C,|=cos8,,cos6°, , (5.7)
|C,|=sin@,,sin6", . (5.8)

For the validity of the proposed approximations (5.5)
and (5.6), both sides of (5.5) are shown to become
1/(1—y,), and those of (5.6) become 1 when x,—0. On
the other hand, both sides of (5.5) and (5.6) become 1
when x,—o. Also expanding by y, under
(I1Ag)*>>1(Ap —Ag+V)>>1, both sides of (5.5) can be
shown to become

1+[V/QADIN1I—(G—V)/Aqy, » (5.9)
and those of (5.6),
1—[V/QADI1+H(G—V)/Aqlyo (5.10)

up to y,. Finally, the survival probability is given as

(P, )=1[1+c0s26 cos26,,(1-2P)], (5.11)

where 6,, and P are defined by (2.22) and (4.3), respec-
tively.

VI. CONCLUSION

The survival probability (4.2) with (3.3), (3.4), and (4.3)
is the most general and exact expression of the matter os-
cillation of neutrinos produced at any place in the tanh
distribution of electrons. And the final result (5.11) is an
approximate formula for the probability with elementary
functions, which in contrast with N6tzold’s model can be
applied for solar neutrinos produced at a place with
changing density.

The validity of the approximation in (5.11) is due to the
adiabatic condition (5.4), which is well satisfied for
sin?202 10~ *. This can actually be confirmed in an ‘“ex-
act” solution of the differential equations (2.1) and (2.2).
In Fig. 1 the triangle of Am%/E vs sin?26 plot in compar-
ison with the No6tzold model is presented for the case of
survival probability 0.3. It is seen that a discrepancy of
almost 26% in the values of Am?2/E is improved on the
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FIG. 1. Am?*/E vs sin®20 for solar neutrinos with

(Pve ) =0.3. The bold line (a) denotes the probability of neutri-
nos produced at 7, = —0. 105, while the thin line (b) denotes the
result of the No6tzold model for ro=— . The solid circle
denotes the “exact” solution of Eq. (2.1) and (2.2) with a
hyperbolic-tangent potential fitted to the electron density calcu-
lated by Bahcall and Ulrich.

high Am?/E side of the triangle at least for
sin2202 1074,

Finally a few remarks should be added. The tanh func-
tion fit (2.4) reproduces well the electron density calculat-

ed by Bahcall and Ulrich,* to a root-mean-square accura-
cy of 3% for r —r,<0.31. Even at the nearest point to
the center r—r,=0.001953 it is only 2.5%. For
r—ry>0.31, the density is smaller in magnitude than
one-tenth of that of the center and well reproduced by
the exponential tail of the tanh function at high r.
Second, it is interesting to observe that Eq. (5.11) takes
the basic form which was deduced by Parke.” The
difference lies in P for which Parke assumes the Landau-
Zener® probability P, which can be given for the tanh
distribution (2.4) as

P.=exp |— %ltanZZOW;?_%l— .

6.1)
Both methods give precisely the same result for the adia-
batic region. For the region where no level crossing
occurs, ie., V(1—y,)<G or xy,>2V(1—y,)/cos20, P
tends naturally to zero, but P, is not valid unless we are
putting it to zero. For the nonadiabatic region,
P—>cos’0 whereas P, —1 in the limit x,—0. This be-
havior of P together with cos26,, — —1 yields naturally
the expression of a vacuum oscillation to (5.11). The
discrepancy in (5.11) when P, is used in the limit x,—0
becomes larger for large sin?20. It is less than 3% for
sin?26 <0.1, but goes over 10% for sin’20>0.4. This
may happen for the linear approximation because in this
method a nonadiabatic effect remains large even when the
level crossing occurs near the solar surface. Third, Hax-
ton’ treated a finite Landau-Zener approximation. As his
result cannot be met with a compact form of elementary
function, his method should be useful when no solvable
form can be fitted for the electron density in the
differential equations.
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