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A properly Hermitian anharmonic Grassmannian oscillator involves higher powers of quadratics
in coordinates x and momenta p, as well as the scaling operator x -p, and the Hamiltonian looks very

different from the conventional bosonic case. Because these fermionic multinomials act on a finite

space, it is possible to solve such problems completely. We do so for a number of typical examples.

In an earlier paper, ' bearing the same title and hereaf-
ter referred to as I, we studied the quantum mechanics '

of an oscillator system in which the basic coordinates
were taken to be anticommuting. For the case of N Sp(2)
coordinate doublets, the unperturbed oscillator with
SU(N} symmetry has as its Hamiltonian (with k summed
from I to N}

+0 S'kPk+Xkxk .1 2 1 2

We tried to make an analogy as far as possible with the
bosonic (commuting} system by permitting anharmonic
higher-order, but necessarily finite, polynomial interac-
tions among the anticommuting x coordinates; and we
obtained the energy levels and eigenfunctions of the
Hamiltonians for a variety of cases. These energy eigen-
values are real for a selected range of coupling constants;
however (as noted in Ref. 5 of I) those perturbed Hamil-
tonians are in fact not Hermitian under the standard sca-
lar product for this system.

In this paper we study the Hermitian extensions of the
same unperturbed Hamiltonian. Because the Hermitian
conjugation corresponds to X~8/Bx, with the usual
factor-reversal rule, we cannot add perturbations which
are higher powers of xkxk without also adding the same
power of pkpk. This makes the Hamiltonian look rather
frightening, because of the higher powers of derivatives.
Nevertheless, if we restrict our consideration to Hamil-
tonians which are both Sp(2) and SU(N) invariant, there
is a very limited set of possible perturbing operators. Be-
cause of this, a remarkable simplification can be achieved
in the study of the perturbed energy levels.

For proper orientation, let us begin with the case of
just one fermionic oscillator. As usual

tion operators. Consider a pair of coordinates and mo-
rnenta which are defined through

At=(x' ip'—)I&2, A=(x +ip )/&2, (2a)

B =i(x ip )/—/2, B=i( x'+ip')/~2 . (2b)

as has been advocated in I.
We now wish to consider the most general Hamiltoni-

an which is Hermitian as well as Sp(2} and SU(N} invari-
ant. Starting with N = I, we see that the only Hermitian
combinations with Sp(2} invariance are

a'
p'p +x'x = +X X

ax'ax ' (4a)

i(p'p' x'x') —=t 8' —x'x'
t}x't}x' (4b)

and

2 2 1 — 1 2i(x 'p' —x'p ') =x ' +x'
ax' ax' ' (4c)

For X greater than 1, we find that the only Hermitian
operators with both SU(N) and Sp(2) symmetry are
powers of the three operators (again a sum over k is as-
sumed)

These are properly Hermitian conjugates in spite of ap-
pearances; the point is that (x') =t}/t}x '=ip& =ip2 and
(p')t= ix,—etc. The reason for such a decomposition is
that when we adopt the conventional Hamiltonian
2H=[A, A]+[B,B] we find it can be rewritten in an
explicitly Sp(2}-invariant form

H=x'x +p'p =ri; (x'xj+p'pj)/2

2H=[A, A] and IA, A ]=1 . Ho (pkpk+xkxk ) (sa)

With the usual replacement A =(:-+t ll }/V 2, A
=(:-—iII)/&2 we see that 2H=i[:-, II]. Hence we
should not expect the operator = + II2 (which is basically
the whole dynamics in the bosonic case) to be of impor-
tance in the fermionic case. For the fermionic case, a11

the dynamics is contained in the scaling operator =II.
Now take two fermionic oscillators in order to make a

correspondence with the Sp(2} formalism. Let
A, B,A, B stand for the normal creation and annihila-

0 PkPk XkXk ) & (5b)

'(xkpk xkPk} . (5c)

(Note that D is effectively the scaling operator when it
acts on the space of x monomials. }

The commutation relations between the three opera-
tors of Eqs. (5) are

41 679 1990 The American Physical Society



680 R. DELBOURGO, L. M. JONES, AND M. WHITE 41

[Ho, Io ]=2i(D —N ), [D,Ho ]=2iIo,

[D,Io]= 2iHo

so if we identify

J, =Ho/2, Jz =Io/2, and J3=(D N—)/2

(6)
Hamiltonian matrix which is fairly simple in form in the
quasispin basis.

If the form of the interaction is restricted in some way,
there is greater degeneracy between the states. As an ex-
ample, suppose that the interaction is purely given by

V=V[(PkPk }'+(xkxk }']/2=0(J1 J2—} .
we recover the usual angular momentum algebra
JXJ=iJ. Finally, then, we can consider the full Hamil-
tonian to be a general Hermitian function of the J opera-
tors, and the problem begins to appear tractable.

To understand the role of this spin algebra, look at the
N = 1 case where the operators are represented
differentially by

J,~[8 /(Bx Bx')+x'x ]/2,
J~~i[B'/(Bx Bx')—x'x']/2,

(x 'a/ax '+x'a/ax' —1)/2 .

If we apply these to the monomials x'x, x',x, 1 we
see that in the bosonic subspace (consisting of x'x and
1},the operators reduce to the Pauli matrices, whereas on
the fermionic subspace (x ' and x ) they vanish. As this is
a reversal of traditional roles, we shall call the J "quasis-
pin" operators from now on. The N =1 space of states
consists of an SU(2) doublet (the two bosonic levels) and a
pair of SU(2) singlets (the two fermionic levels).

Since the free Hamiltonian Ho is simply proportional
to J„we can easily understand why it is that the (1) dou-
blet eigenfunctions are u+(x)=(lkx'x )/&2, with
E= +1, and (2) singlet eigenfunctions are u '(x }=x', with
E=O. Note also that D has two eigenvalues 0 and 2,
which are associated with quasispin up and down states
of J3. Because interaction terms consist of polynomials
in J and because no higher powers than 1 need be taken
when N =1, we can write the full H as a linear combina-
tion n.J. Since we can always rotate this into J1, the
N = 1 problem is uninteresting.

Next, let us have a brief look at N=2. The eigenfunc-
tions of Ho are products of quartets which break up into
SU(2) multiplets as follows:

([1/2]+2[0]) =[1]+4[1/2]+5[0].
The quasispin-1 states are just the symmetrical combina-
tions we encountered in I, namely,

I++&, (I+ —&+I —+&)/&2, I

——&.

The four quasispin- —, states are I+i & and Ii+ &, while the
quasispin 0 states consist of the products Iij & plus the an-
tisymmetric combination (

I
+ —

&
—

I

—+ & ) /+2.
By using the commutation relations among the J, the

full Hamiltonian can always be expressed as

H=Ho+ g C,b,J+J,J', J+=Jz iJ3, —
a, b, c

(9)

where a, b, and c=0,1,2, and C,*b, =C,b, for Herrniticity.
Since the J operators act individually within each quasis-
pin, and will not change one quasispin to another, even
the most general possible combination of C,b, will yield a

ni2

[1/2]"= g c "[n/2 —j],
j=O

where n
I
2 signifies the integer part of n /2, and

c". =n!(n 2j+1)/j—!(n —j+1)!.

(loa)

(lob)

Actually what we require is a decomposition formula
which incorporates the quasispin singlets, namely,

n12

([1/2]+2[0])"= g d "[n /2 —j]
j=0

( n —1]12
+ g e[(n —1)/2 —j], (11)

j=0
wherein the multiplicity factors read

dj."=(n —2j+ 1)(2n+1)!/j(2j—1)!(2n —2j+2)!

j)0, do =1 (12a)

e"=2(n —2j)(2n+1)!/(2j+1)!(2n+1—2j)! . (12b)

The d and e coefficients carry all the necessary informa-
tion since they count the number of states which enjoy
the same mixing in the most general situation. Or, in
other words, within a given quasispin representation j
there may be 2j'+1 different energy levels but all repre-
sentations of a given quasispin will have the same 2j'+1
values.

If it happens that the model Hamiltonian has a very

Then in a basis in which J3 is diagonalized, viz. , sym-
metrized x monomials, the Hamiltonian reduces to just

0 &2 p'
H= &Z O v'Z

p &2 0

on triplets and H =0 on doublets and singlets. It is then
quite easy to work out resulting eigenfunctions and eigen-
values. The important point is that the Ijm & states are
collectively disturbed in the same manner; thus the trip-
lets (levels no longer separated by unity) will split off
from the doublets and singlets, which in this example
remain undisturbed at their free-level values.

Proceed to any N. The Hamiltonian 8will be assumed
to be a general Hermitian function of the total quasispin
operators J, beginning to 6rst order in J with the free
value, J1. %e should remark that the eigenvalues of the
scaling operator D are 0,1,2, . . . , 2N because the max-
imum x monomial is x1x1 xzxN, implying that the
maximum quasispin value is j=N/2. This is entirely
consonant with the direct product of our N quartets.

It only remains to work out the multiplicity factors;
these come through the rule (easily derived via re-
currence relations)
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specific form, then extra degeneracy will arise. To illus-

trate, consider a problem where there is but one interac-
tion (the highest power in coordinates and momenta):

H=HO+ V=HO+p[(pkpk) +(xkx ) ]/2N!

=2J)+p[(J, +iJ2) +(J, iJ—~) ]/2N! .

(13)

The "potential" can only mix states with the highest
quasispin, i.e., j=N /2, leaving all the other levels

unafFected because there are too many powers of the rais-
ing and lowering quasispin operators. %e can therefore
be certain that it is only the N+1 levels associated with
the symmetrized products of free doublet wave function

u+ that will be disturbed by V. The magnitude of the
e8'ect on those states can be readily calculated in a basis
where J3 is diagonalized. Clearly, perturbations which
are powers of D (i.e., J3) are easily included.

In summary, we see that any Hermitian Hamiltonian
invariant under Sp(2) and SU(N) can be made block diag-
onal by use of the appropriate quasispin states. Repre-
sentations with the same quasispin will have the same en-

ergy splittings. The calculations for any given Hamil-
tonian are greatly simplified by the use of the J operators.
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