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Following recent work on N =1 rigid supersymmetry in the curved space S°, models with extend-
ed supersymmetry are examined. Unusual superalgebras with N =2 and N =3 appear. These
reduce to appropriate superalgebras in Minkowski space if the curvature is taken to zero. It is
shown that possible anomalies in some of the bosonic currents cancel between the various spin-1

fermions present in these theories. Extended supersymmetry is therefore anomaly-free in R X .§ 5,

I. INTRODUCTION

Studies of supersymmetric theories in curved space-
time are useful for three reasons. First, the curvature can
act as an infrared regulator. This may cure the problem
of zero-energy modes which, for example, makes it
difficult to calculate the Witten index in supersymmetric
theories in flat space. In R XS 3, where space is a com-
pact three-sphere and time is flat, the index can be calcu-
lated and shown to be nonzero in a large class of theories,
some of which contain chiral fermions.? This implies
that certain theories cannot break supersymmetry in
Minkowski space. Second, the algebra of fermionic and
bosonic charges (called the superalgebra) is different from
that in flat space in mathematically interesting ways.
Some of the symmetries of flat space may be broken by
the curvature. Finally, a study of supersymmetry in
curved space may have cosmological applications.

Rigid N =1 supersymmetry in R XS has been studied
recently and it presents several novel features.! The most
mysterious of these is the role played by a U(1) symmetry
called R invariance.® It is found (a) that the bosonic
charge R appears as an integral part of the superalgebra,
namely, as a term in the anticommutator of two super-
symmetry generators, and (b) that supersymmetry is a
good symmetry only if all the cubic and quartic interac-
tion terms are R invariant, and if the triangle anomalies
in the R current coming from the various spin-1 fermions
in gauge theories cancel among each other.

These observations lead us to ask whether something
similar happens in theories with extended supersym-
metry. It is shown here that an even larger number of
internal bosonic symmetries appear as a part of the su-
peralgebra, and that the anomalies possible in these bo-
sonic currents can be made to cancel.

In Sec. II we briefly review N =1 supersymmetry’
since this forms the basis of everything to follow. In Sec.
I1I, it is shown that theories with N =2 supersymmetry
can be formulated in R XS3 The corresponding su-
peralgebra is presented and N =2 gauge and matter mul-
tiplets are discussed. In Sec. IV we show that the N =4
super-Yang-Mills theory in Minkowski space can also ex-
ist in R X S* but that one of the four supersymmetries is
broken by the curvature of S°. Only an N =3 superalge-
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bra is therefore retained. In all cases, the R XS 3 algebra
reduces to a subalgebra of the corresponding (extended)
superalgebra in Minkowski space if the radius p of § Yis
taken to infinity. The N =1, 2, and 3 algebras are special
cases of the family of superunitary algebras* SU(M /N)
that is sketched in the Appendix. In Sec. V we conclude
by pointing out some directions for future investigations.

II.- N =1 RIGID SUPERSYMMETRY (REF. 1)
INRXS?

The group of symmetries of S° is SO(4) which is
homomorphic of SU(2)XSU(2). The symmetry group of
R X.S3 therefore has seven generators: namely, the Ham-
iltonian H which translates in time and two sets of SU(2)
generators L’ and M', where i=1,2,3. H will be found to
be a central charge in any supersymmetric theory. It
commutes with all generators, bosonic, and fermionic.
The algebra of L’ and M’ is normalized to be

[L',L7]=—2iae’*L*,

o ’ o (1)
[M,M/]=—2iae"*M*, [L M/]=0,

where a =p~! is the inverse radius of the sphere S°.

Note that L' and M’ have dimensions of mass. Define
P'=1L'—M') and J'=—(1/2a)(L'+M’). These have
the right algebra to reduce to translations and rotations
in Minkowski space in the limit a —0. (The three boosts
cannot be recovered in this limit because they are absent
in R X S3 to begin with.)

N =1 supersymmetry has four fermionic generators,
denoted by Q, and Q,, with a=1,2. Theories in R XS
can be defined in either one of two coordinate frames. In
one of these, parallel transports on S 3 are generated by
the L', whereas in the other they are generated by the M'.
Choosing the first coordinate frame in all calculations, we
obtain the algebra

[L,Q.]1=a0ipQs , [L,0,1=—aQs0%, ,
(M,Q,1=[M',0,]1=0,

where o' are the three Pauli matrices. In terms of P’ and
J', these become

(2)
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[P,Qu1=50pQp > [V'0u]=—1000s O

and similar ones for Q,. These reduce to a familiar alge-
bra in Minkowski space if a —0.

The most interesting part of the superalgebra comes
from the anticommutator of two Q’s and Q’s. Two Q’s
anticommute, as do two Q’s. A Q with a Q gives

{Qq»Qp} =28,5(H +aR)+20.5L", (4)
where R is a Hermitian charge satisfying
[R’Qa]z_Qa ’ [R’Qa]=—Q—a . (5)

R generates an interval U(1) symmetry and it commutes
with H, L', and M". Its presence is required in Eq. (4) in
order to satisfy a Jacobi identity because the Q’s are not
invariant under parallel transport on S> [Eq. (2)]. The
algebra in (4) reduces to the one familiar in Minkowski
space (more accurately, to the subalgebra which does not
contain boosts) if we substitute L'=P'—aJ" and then let
a—0.

The presence of R in (4) has several interesting conse-
quences. All interaction terms must be R invariant in or-
der to be supersymmetric. Second, the total R anomaly
coming from the various fermions in a gauge theory must
vanish; otherwise supersymmetry will be broken. If ei-
ther of these two conditions is violated, supersymmetry is
broken by terms of order a and a2. If the R anomaly is
not zero, it means that the current corresponding to R,
namely, R™=(R%R’). is not conserved. Then the
change R = f dQ R%t,Q), where dQ denotes the volume
element of S3, is not constant in time. Thus
dR /dt =—i[H,R] is not zero, and by applying a Jacobi
identity to Eq. (4), [H,Q,] cannot be zero either. (This
assumes that the bosonic space-time symmetries H, L’
and M are not broken.) Hence supersymmetry is broken
if the R anomaly is nonzero.

Requiring that the R anomaly should vanish and that
interactions should respect R invariance imposes certain
constraints on N = 1 supersymmetric theories in R X S°>.

There are two kinds of field multiplets possible with
N =1 supersymmetry. A matter (chiral) multiplet
(A,9,F) contains a complex scalar field 4, a Weyl spinor
¥, and a complex auxiliary field F. The R charge acts on
this multiplet thus

[R,A]=rA, [R,¥]=(r—1), [R,F]=(r—2F, (6

where r is a real number characterizing the multiplet.
One interesting fact about supersymmetry in R XS? is
that the quadratic part of the Lagrangian describing the
physical fields 4 and ¢ explicitly knows about the param-
eter . In addition to the expected (Minkowskian) form
of the Lagrangian

L=0,A*3,4 —9; A*3; A +Y(idy+io'd, )Yy+F*F, (1)

where 8, =iL’, there are the pieces

L,=alr+1D)Pp+2a(r—1)A*3,4 +a’r(r—2)A*4 .
(8)

These terms of order a and a? are required by supersym-
metry. Equation (8) will be frequently referred to later.

A gauge multiplet in the Wess-Zumino gauge also has
three fields (A4™,A,D) describing a gauge field 4™, a
Weyl spinor A, and a real auxiliary field D. These have R
charges 0, 1, and O, respectively. Thus,

[R,A]=%, [RA]=—1. 9)
The Lagrangian for A has the curvature-dependent piece
L,=aki, (10)

which is the same that a matter fermion in Eq. (8) would
have if r for that multiplet was zero. This observation
proves to be important when N =2 supersymmetry is dis-
cussed.

The parameters r of the various matter multiplets are
constrained by the requirements that the interactions be
R invariant and that the R anomaly should vanish. The
possibility of an anomaly arises in gauge theories from
one-loop triangle diagrams, one vertex of which is the
current R™ and the other two vertices go to the gauge
field A™. Suppose that r, is the R charge of the fermion
x circulating in the triangle, and C; is the character of
the representation T of the gauge group to which x be-
longs (namely,

trA% A =C 8%,

where A% are the gauge group matrices in representation
T). Then the R anomaly due to x is given by

amn gralp
rXCTem,,,pF FeP |

0 i g i
dR"+9;R L672
where g is the gauge coupling. So the required condition
is that ¥, r,C,=0. Similar conditions must hold for the
N =2 and N =3 algebras as discussed later.

The algebra of the generators (L',R,Q,Q) is known in
the literature* as the superunitary algebra SU(2/1), the 2
referring to the SU(2) group L and the 1 referring to
N =1 supersymmetry. The Hamiltonian H is a central
charge with respect to this algebra. In the following sec-
tions, we discover that the N =2 and N =3 extended su-

persymmetries are described by the superalgebras
SU(2/2) and SU(2/3), respectively.

III. N =2 SUPERSYMMETRY

In this section, we first write down the N =2 su-
peralgebra and then discuss the (non-Abelian) gauge and
matter multiplets of N =2 supersymmetry.

The superalgebra contains eight fermionic generators
Q.. and Q,,, where a =1,2 denotes the internal index
and a=1,2 as before. Three bosonic operators B’ gen-
erating an internal SU(2) group also appear. These satis-
fy

[B,B/]=—2ie"*B*, [BQ,, =00, »
[Bi’ éaa]: _Qbaofm .

The B’ commute with H, L', and M". The anticommuta-
tor of two Q’s or two Q’s can produce two bosonic central

(11)



charges Z and its Hermitian Z:

{Qoc Cop) =€ar€0pZs {0aarOps) =€mp€apZ - (12)
Finally Q and Q produce
[Qaa’ Qbﬁ} = ZaabSaB(H +a¥)

+28,,0% 5L —2a8,50%5,B7 , (13)

where S is another central charge. Once again, all this
reduces to (a subalgebra of) the N =2 superalgebra in
Minkowski space if a —0.

It is instructive to see how this N =2 algebra reduces
to the N =1 algebra if the internal SU(2) indices a, b in
Eqgs. (11)=(13) are all put equal to 1 (or all equal to 2). If
a =b =1, then there is a U(1) charge R, satisfying Egs.
(4) and (5) with Q,, and Q,,, where R, =S —B* from
Egs. (11) and (13). If @ =b =2, then again there is an
algebra such as Eqs. (4) and (5) but the U(1) charge now is
given by R, =S +B*>. Obviously, an anomaly-free N =2
supersymmetric theory must have no anomaly in either
R, or R,. Thus the anomalies in S and B* [and therefore
in B! and B? by SU(2) symmetry] must individually van-
ish.

We now discuss the form of the field multiplets.® The
N =2 gauge multiplet is obtained by taking a non-
Abelian gauge multiplet of N =1 and coupling it to a
matter multiplet of N =1 in the adjoint representation.
The discussion simplifies if all the N =1 auxiliary fields
are first eliminated through the equations of motion. The
physical fields are (A™, 4,A,¥). In terms of one N =1
supersymmetry, the gaugino A has R; charge 1, and
hence the matter fermion ¥ must have R, charge —1 if
the R, anomaly is to cancel. This means that the
coefficient of the curvature-dependent term in the La-
grangian for ¢ [Eq. (8) with » =0] agrees with that for A
[Eq. (10)]. This is good because (¢,A) must form a dou-
blet under the internal SU(2). That is, under the second
supersymmetry, ¥ must be the photino with R, charge 1
and A must be the matter fermion with R, charge equal
to —1.

Putting all this together, we see that the S charges of
both ¥ and A are zero whereas the B; charges equal +1
and —1, respectively. Clearly, the anomalies in both of
these currents vanish. In fact the anomalies in all three
of the B' vanish because (¢,A) form a doublet and
trB'=0. Thus the supersymmetries Q,, and Q,, are also
anomaly-free.

It can be similarly shown that the bosonic fields
(A™, A) are neutral under S and singlets under the B’
Finally, the central charges (Z,Z) vanish for the entire
N =2 gauge multiplet.

We turn next to the N =2 matter multiplet (called the
hypermultiplet). This is obtained by taking two N =1
matter multiplets (4 ,,¥,,F,) and (A4,,¥,,F,). Under
Q.. and Q,,, this is how the various field transform. Un-
der Q,, and Q,,, the fields transform as the two N=1
multiplets (A ¥ ,¥,,Ff)and (45,4, F5). Under the first
N =1 supersymmetry, the U(1) charges for the six fields
(A, ¥, F,, A% ,¥,,F3 ) must, from Eq. (6), be of the form
R,=(r;,ri—1,r,—2,—ry,1—ry,2—r;), respectively,
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where r, and r, are two numbers. Under the second
N =1 supersymmetry, the R, charges for the same six
fields must, from Eq. (6), be given by
(—=r5y,ri—1,2—r),r},1—r5,r; —2) where r} and r; are
two other numbers. However, because the quadratic
parts of the Lagrangian for the fields 4, and 1, explicitly
known about the parameters denoting the U(1) charges
[Eq. (8)], there must be certain relations between the four
numbers 7, r,, r}, and rj. Examining the Lagrangian of
A, (or A,), we see that r| must equal r; and r;,=r,.
That is, the R, and R, charges must be equal for ¥, (and
also for 1,). Similarly inspecting the Lagrangian of 4,
(or A,), we find that r;, —1=1—r,. Thus the R, charges
of A, and 4, (or the R, charges of A} and 45 ) add up
to 2. Since R,=S —B*and R, =S + B>, we find that the
S charge of all the six fields put together above must
equal r, — 1. Since these six fields transform among each
other under the various supersymmetries, we see that
[S,0,.1=[S,0,,]=0. The six conjugate fields
(A}, ¢,Ft, A,,¢¥,,F,) all have an S charge equal to
1—r,. Under the action of the B, (4,43), (4,4}),
(F,F%), and (F,F7T) form doublets whereas the ¢, and
¥, form singlets.

The central charges Z and Z are not zero for the N =2
matter multiplet if the two N =1 multiplets are coupled
by a quadratic interaction, i.e., a mass term given by
m(A,F,+ A,F,—y;3,)+H.c. (This interaction is al-
lowed by both the N =1 R invariances, R, and R,, be-
cause r, +r,=2.) One finds that [Z, 4,]=—2F3 which
is proportional to 2mA,; through the equations of
motion. Similarly we find that [Z, A]]=2F,,
[Z,A,]=2F%,and [Z, A7 ]=2F,. From these, it is clear
that Z is Hermitian (Z =Z). The action of Z on the ¢’s
and F’s can be similarly verified to be nontrivial.

We now couple the N =2 matter multiplet to the N =2
gauge multiplet. The matter fermions #, and ¥, can then
contribute to the anomalies of S and B'. Fortunately,
these cancel because the fermions are singlets under the
B’ and have equal and opposite S charges r,—1 and
1—r;.

This concludes our discussion of N =2 supersymmetry
in R X.83. In Minkowski space, there exists an off-shell
representation for the N =2 gauge multiplet also.’
Presumably this can be carried over to R X S3, but we
have not checked this. We have not examined the possi-
bility of constructing an N =2 superspace either.

IV. N =3 SUPERSYMMETRY

In Minkowski space, the minimal multiplet which has
N =3 supersymmetry also automatically has N =4 super-
symmetry. It is obtained by coupling a massless N =2
matter multiplet in the adjoint representation to a (non-
Abelian) N =2 gauge multiplet. On following this pro-
cedure in R X S3, we find that at most three supersym-
metries can be maintained and one supersymmetry must
necessarily be broken (by terms of order a and a?).

Let us first discuss the N =3 superalgebra. There is an
internal SU(3) symmetry group generated by eight boson-
ic operators C'. These satisfy
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[C',C/1=—=2ifkCk (14)

where fY% are the structure constants of SU(3). Intro-
duce the Gell-Mann matrices A’ normalized so that
[A,A/]1=2if"* Ak and trA’A’=28". There are 12 fermion-
ic generators in the algebra, Q,, and Q,,, where a=1,2,3
and a=1,2. These satisfy

[Ci’Qaalz)"szba’ [Ci’éaa]=_ébakim . (15)

Two Q’s or two Qs anticommute. The nonzero anticom-
mutator is
{Qaa’ Qbﬂ] = 28ab aaﬁ

H— %R +28,,00L"

_ZGSGB}\.{H,C" y (16)

where R is a U(1) charge satisfying Eq. (5) with all the Q’s
and Q’s. R commutes with all other generators and the
C! commute with H, L, and M’. No central charges (be-
sides H) appear. This algebra reduces to (a subalgebra of)
the Minkowski space N =3 superalgebra if a —0.

We can check that this gives the N =2 algebra of Sec.
III if the internal indices a,b are restricted to 1 and 2.
Identifying B ! B2 and B? of the N =2 algebra with C 1
C?, and C3, and comparing Eq. (13) with Eq. (16), we see
that

S=————. a7

This is indeed a central charge as far as Q,,, Q,, and
their conjugates are concerned because it commutes with
all these eight generators due to Egs. (5) and (15).

We can now discuss the field multiplet of N =3 super-
Yang-Mills theory. Denote the N =2 gauge multiplet by
(A™ A,A,A,) and the N =2 matter multiplet (without
its auxiliary fields) in the adjoint representation by
(A, A,,¥;,¥,). For the latter, we must make a choice
for the parameter 7, appearing at the end of Sec. III. For
arbitrary r,, the theory will only have N =2 supersym-
metry in R XS 3 and nothing more.

However, for the special choices 7; =0 or 2, the theory
will have an additional supersymmetry giving N =3. Let
us choose ;=0 henceforth and show that this is true.
Let us rename ¥, =A;, Y,=A,, and 4 = A;. The order a
and a? terms in the quadratic part of the Lagrangian for
the A’s and A’s is then

_ 3 _ 3
La=3a}\.4k4+a 2 }»a)\a—Zia 2 A;aoAa . (18)

a=1 a=1

Clearly, the Lagrangian for A, differs by a term of order a
from the other A’s. There is no choice of r; which can
make all the four fermions look the same, but r, =0 or 2
makes three of them look identical at the quadratic level.
The three A’s also look identical then.

Let us now look at some of the interaction terms (cubic
and quadratic) in order to make it plausible that (A;A,A3)
and (A,A,A;) form triplets under the internal-
symmetry group SU(3), whereas 4™ and A, are singlets.
The potential has terms which are (a) cubic in the A4’s
and A’s of the Yukawa type and (b) quartic in the A’s.

Dropping all the gauge group indices and numerical
coefficients, there are three kinds of terms in the poten-
tial:

Vi=g(A¥AA+ AX A A+ A300,)+H.c. ,
V,=g (A AMAg+ A0 A, + 4;3050,)+H.c. , (19)
Vi=g2AYA,+ A3 A,+ A 457,

where g is the gauge coupling. This potential is SU(3) in-
variant if (4, 4, A;) are in the 3 (fundamental) represen-
tation of SU(3) and (A,A,A;) are in the 3 (antifundamen-
tal) representation. (These assignments will be explicitly
demonstrated a little later) Then IJ_, A4J)A4,,
33, AA Ay and 33, .= €A, A, are all SUQ3) in-
variant. One can check that the other interaction terms,
which involve the gauge field 4™, are also SU(3) invari-
ant.

Once again, the N =3 supersymmetry will be broken if
there are anomalies in the currents corresponding to the
charges C' and R. The C' anomalies vanish because
trC?=0 on (A,;AA3) and A, is an SU(3) singlet. The R
anomaly is more interesting. We will show that it van-
ishes by determining the R charges of all the fields.

The simplest way of doing this is to work out how the
various fields fall into N =1 supersymmetry multiplets
under the three supersymmetries (Q,,,01,), (Q24:Q24)s
and (Qs,,0,,) which we denote by n =1, 2, and 3. We
find

n=1: (A"A A0 A, A)(ATA,)
(A™A A AAZA AT A) (20)

n=3: (A™A) A (A A ATA,) .

n=2:

For each of these supersymmetries, the algebra of Egs. (4)
and (5) will hold with the three U(1) charges denoted here
by R,, R,, and R, respectively. From Eq. (16),

R c? R c?
R =°‘——‘C3——_—’ =—-—-+ 3'——_,
! 3 V3 R, 3 € V3
R c #3))
— = 4=
R 3 23

Note that Eq. (17) follows from this because the central
charge of the N =2 superalgebra is given by
S=4(R;+R,).

From Eq. (20), the charges R, R,, and R for all fields
can be computed and hence the values of C 3.C% and R
can be obtained. We discover that the R charges of
(A A, A3 A™) and (A A)A3A,) are given by (2,2,2,0) and
(1,1,1,—3), respectively. Therefore, the interaction terms
in Eq. (19) are all R invariant. Further, the R anomaly
cancels between the four fermions. N =3 supersymmetry
is therefore anomaly-free in R X S°.

The C? charges for the same eight fields are found to
be (1,—1,0,0) and (—1,1,0,0). The C 8 charges are found
to be 1/V3(1,1,—2,0) and 1/V3(—1,—1,2,0). This
clearly shows that (A4, A, 4;) are in the 3 representation
of SU(3), (A;A,A3) are in the 3 representation, and A, and
A™ are singlets.



At this point, one can ask the following question. The
N =4 superalgebra in Minkowski space does not allow a
U(1) charge which has an algebra such as Eq. (5) with all
the 16 fermionic supersymmetry generators. Where does
the U(1) charge R of Eq. (16) come from? On examining
the R charges of the four fermions, it is clear that trR =0
and therefore that R can actually be an SU(4) generator.
But it looks like a U(l) generator on the 12 fermionic
generators of N =3 supersymmetry. Evidently, the SU(4)
internal symmetry of the N =4 superalgebra in Min-
kowski space has broken down to SU(3) X U(1) due to the
curvature of S3. The supersymmetries generated by Q,,
and Q,, of Minkowski space are broken by terms of or-
der a and a? on S3. The four fermions A, form an irre-
ducible representation of SU(4).

V. OUTLOOK

It would be interesting to know whether the N =2 and
N =3 theories in R XS? share all the remarkable finite-
ness properties of the N =2 and N =4 theories in Min-
kowski space.’ One way to approach this topic is to de-
velop the language of superspace in R XS 3 and set up
perturbation theory in terms of superfields. Then one can
attempt to construct nonrenormalization arguments,
analogous to those in Minkowski space.

Physically, it is somewhat mysterious why certain bo-
sonic internal-symmetry generators appear in the an-
ticommutators of some of the supersymmetry generators
in §3. It may be possible to understand this by consider-
ing the various (extended) superconformal algebras in
Minkowski space and examining which elements of each
algebra continue to generate exact symmetries in the
curved space-time background called R X S*. It is known
that such a prescription can be used to derive the (extend-
ed) superalgebra in anti—de Sitter space® which has cer-
tain similarities with R XS3. For example, both spaces
are characterized by a dimensional constant which deter-
mines the curvature.

Finally, the possibility of defining supergravity in
R X S* needs to be examined.
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APPENDIX

The SU(M/N) superunitary algebra* is briefly dis-
cussed here. Let M' i=1,2,..., M?*—1, and N/
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i=1,2,...,N*—1 be Hermitian bosonic generators of
SU(M) and SU(N), respectively. Thus,

M\ MI)=—im*M*,

o 3 o (A1)
[N, N/]=—in"*N*, [M,N/]=0,

where m ¥ and n* are the structure constants of SU(M)
and SU(N). Let (ui)aﬁ and (v'),, be M XM and N XN
matrices generating SU(M) and SU(N). They satisfy
(A1), but without the minus signs on the right-hand sides,
and they are normalized so that tru/u/=28Y and
trviw =28, The following relations prove very useful
when verifying some Jacobi identities later:

i i — 2
2 Kagitys=20,50p, — ﬁaaﬂsrﬁ )
' ) (A2)

N 6ab 8cd .

2 V{Jb Vid = 28ad 6bc -
J

The 2MN fermionic generators Q,, and Q,, transform
as_the (anti)fundamental representations (M,N) and
(M, N ), respectively, of SU(M)XSU(N). Thus,

[Mi, Qaa] zl"{zBQaB7 [Mi’ Qaa] =- Qaﬂuéa ’

— . A - (A3)
[er Qaa]zV{Jbem [Nj’ Qaa]= _Qbavjba ’
We define a U(1) generator R such that
[R’Qaa]z_Qaw [R’Qaa]___éaa (A4)

and [R,M]=[R,N‘]=0. _
The anticommutator of the Q’s and Q’s can then be
found purely from the Jacobi identities:

2 2

S+NM

{Qaw -Q—bB} = 28ab5aﬁ R

+28,,pbgM ' —28 ,gvi, N7 . (AS)
Here S is an Hermitian central charge which commutes
with all generators. Note that R does not appear in (A5)
if M =N. This is the case for N =2 supersymmetry in
R X 83 since M =2 there.

Central charges can appear in the anticommutators
{Q,0} and its Hermitian {Q,Q} if M =N =2:

{ Qaa’ Qbﬁ} = 6-abeaﬁz’ { Qaa? Qbﬁ} = eabeaﬁz .

Then [R,Z]=—2Z and [R,Z]=2Z.
The above discussion is valid for all M,N = 1.
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