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Approximate computation of the small-fluctuation determinant around a sphaleron
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We compute, in the high-temperature limit, the determinant of small fluctuations around the
sphaleron configuration of electroweak theory using the approximate method of Diakonov, Petrov,
and Yung. For the ratio A, /g of scalar four-point coupling A. to gauge coupling g' near unity, we

find that the determinant is of order 1 in agreement with previous computations. For k/g' large
corresponding to a strongly coupled Higgs phase, or for A, /g' very small tending to the Colernan-

Weinberg limit, we find that the determinant strongly suppresses the rate of baryon-number-

changing processes.

I. INTRODUCTION

In electroweak theory at high temperature, T- I TeV,
sphaleron field configurations mediate baryon-number-
changing processes. ' This sphaleron configuration is a
classical solution of the electroweak equations of motion
which is static but classically unstable. It has been shown
how to relate the sphaleron and small Auctuations around
the sphaleron to a computation of the rate of baryon-
number-changing processes ' using techniques of non-
equilibrium statistical mechanics developed by Langer
and by ANeck. Previously, this computation has been
performed for the ratio A, /g of scalar four-point cou-
pling A. to gauge coupling g near unity. It was found
that baryon-number nonconservation occurs at a rate
sufficiently large to be relevant for cosmology. ~

If baryon number is violated at a significant rate at
temperatures of the order of the electroweak scale, then
surely such processes must afFect the results of computa-
tions of baryogenesis which take place at higher-energy
scales. ' *" In particular, any B +L excess will be strong-
ly modified. It is also possible that the baryon number of
the Universe might arise at the electroweak scale as a re-
sult of sphaleron-induced transitions. ' ' If so, then it
may be possible to compute the baryon asymmetry using
a theory which will be thoroughly tested in the near fu-
ture.

A key ingredient in the computation of the rate
of baryon-number-changing processes is the determinant
of small fluctuations around the sphaleron field
configuration. This determinant may be estimated for
A, /g —1. After the translation and rotation zero modes
of the sphaleron have been extracted, the determinant
may be scaled in such a way that it is a pure number ~,
and is therefore assumed to be of order 1. %'bile this is a
plausible result for A, /g =1 [as confirmed in studies of
solvable (1+1)-dimensional models], it is possible that
this number could have a strong dependence on X/g .
For the extreme limits where A, /g ~00, corresponding
to strongly coupled Higgs particles, and for the
Coleman-Weinberg limit, A, /g ~0, the number ~ associ-

ated with the determinant might become singular.
We have therefore attempted an approximate compu-

tation of the determinant of small fiuctuations around the
sphaleron. To do this, we shall employ the approximate
method of Diakonov, Petrov, and Yung. ' The validity
of this approximation is discussed in detail by one of the
authors in a separate study, " where the method is ap-
plied to a solvable (1+1)-dimensional model. ' There the
approximation scheme of Diakonov-Petrov- Yung can be
carried to very high order and appears to agree well with
the exact results.

The results of our computations confirm the conjecture
of Arnold and McLerran that the number ~ is in fact of
order 1 for A, /g = I (Ref. 4.) At this value of A, /g, we
find that ~ =1.3. Our calculations are also in accord with
the recent computation of Akiba, Kikuchi, and Yamagi-
da who use A, /g =

—,
' (corresponding to MH =M+, ), and

find that ~=0.79 when angular momentum excited
modes are ignored. ' For A, /g =

—,', we obtain ~=0.60.
The most interesting consequence of our computations

is that we find a very strong dependence on A, /g ~. In Fig.
1 we plot our results for 1n~. In Fig. 2 we present our re-

—1 —7 ssuits, up to a factor of 2 [T(TeV)] 'a3 7e ",for the
fractional rate I' of baryon-number transitions relative to
the expansion rate of the Universe:

ddt
N~ dT

1 dR 2
RdT T

[The quantity a3(T) is the effective fine-structure con-
stant of electroweak theory in the high-temperature limit.
See discussion below. ] Evidently, at temperatures of or-
der 1 TeV, the expansion rate of the Universe is about 9
to 10 orders of magnitude less than a typical inverse
thermal time 1/t —T. Therefore, if we take the results of
our computation seriously, then we see that, in accord
with previous computations, the rate of baryon-number-
changing processes exceeds the expansion rate of the
Universe for T &&Mz.

We should also note that our computations are only
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FIG. 1. A plot of 1mc, where a is the determinant of small

fluctuations around the sphaleron solution with zero modes re-
moved, as a function of A, /g .
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valid in the range of temperatures Ma ( T) « T
«Ma, (T)/as, . Our computations break down well be-
fore the Boltzmann suppression factor is of order 1, and
the rate at high temperatures may be more suppressed
than we present here.

We should also note that in the limit of small A, /g cor-
responding to the Coleman-Weinberg limit, the approxi-
mate calculation we present breaks down. In this limit
terms of higher order than those which we compute be-
come important, and the suppression shown in Fig. 1

may be entirely an artifact of this approximation.
Although the results of our computations suggest that

there may be strong suppression of the rate of baryon-
number-changing processes for small and large A, /g,
these computations are based on an approximation which
has been carried out only to first order. The computation
of the determinant of small fluctuations with no approxi-
mations is clearly required to verify the results presented
here. Nevertheless, that portion of our calculation asso-
ciated with the contribution of zero modes is exact for all
A, /g . Working in a background gauge, we also prove
that, even after the removal of zero modes, the deter-

rninant is a gauge-invariant function of the external
sphaleron field.

The outline of this paper is as follows. In the second
section we review the sphaleron computation, and isolate
those terms which must be computed. Here we discuss
how the theory reduces to a three-dimensional theory in
the high-temperature limit, and show explicitly how the
masses and coupling constants of the theory acquire a
temperature dependence consistent with effective poten-
tial analysis.

In the third section, we expand the action of the
efFective three-dimensional theory (e.g., the energy) to
first order in small fluctuations around a given classical
configuration. Gauge degrees of freedom are fixed with
the 8

& &
background gauge condition. The zero-

frequency modes are identified and their contribution to
the rate of baryon-number change is evaluated. We also
review the computation of the negative-frequency mode.

In the fourth section, we use the method of Diakonov-
Petrov-Yung to compute the determinant of small fluc-
tuations with the zero-frequency modes removed. '

In the fifth and final section, we gather together all the
factors to present results for baryon-number-changing
rates for various A, /g . In the range where the computa-
tion is consistent, we compare these rates with the expan-
sion rate of the Universe to determine if there is a range
of temperatures where the rate is suSciently large to be
cosmologically relevant.

In the Appendix, we collect formulas necessary to im-
plement the method of Diakonov, Petrov, and Yung.
This includes the evaluation of certain gauge-invariant
functionals of the background sphaleron field.

II. THE DETERMINANT

As has been much discussed, to compute the rate of
baryon-number generation at high temperature in a reli-
able way, we must work in the temperature range

Ms (T) « T «M~(T)/as, . (2)

The lower limit in this equation validates the use of
high-temperature expansion techniques, and is equivalent
to the condition that high-temperature transition pro-
cesses proceed at a rate faster than the low-temperature
instanton-induced process. ' ' The upper limit is
equivalent to the criteria that weak-coupling expansion
techniques may be used to compute the rate. For temper-
atures larger than this upper limit, the magnetic screen-
ing mass gap becomes so small that infrared effects invali-
date the use of weak-coupling expansions. ' ' The
temperature-dependent mass in this equation is

M (T)=M (0)(l —T /T )'

I

IQ 2 IO-'
~ ~ IIII
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The zero-temperature W-boson mass is given in terms of
the vacuum expectation value of the Higgs field, U, and
the SU(2) weak coupling, g as M~(0) =gu/2. The criti-
cal temperature for symmetry restoration is

FIG. 2. A plot of the fractional rate I' of baryon-number
transitions relative to the expansion rate of the Universe [cf. Eq.
(i)].

1T =U
1+—3g /k

1/2

(4)
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In all of the following analysis, we shall study only
pure SU(2) gauge theory. This corresponds to elec-
troweak theory in the limit that the steinberg angle van-
ishes:

8~=0 .

The finite-temperature action in this case is

S=
2 f dt f d x[ ,'F„'g—,""+(D@)(D4)

g 0

+A,(4tI]I—V /2) ],
where P—:1/T. Corrections arising from nonzero ea,
can be systematically accounted for by a perturbative ex-
pansion in ea, and are not expected to lead to large
effects.

%'e ignore fermions here since we are interested in the
high-temperature limit. In this limit, fermions decouple
except for the fermion zero mode which produces a shift
in the baryon number when topological charge is

changed, and generates effective temperature-dependent
masses for the Higgs boson, 8'and Z. The first effect is
straightforward to include, and only performs the book-
keeping needed to relate topological charge to baryon
number. The second effect is more subtle, and affects the
proper reduction of the theory at high temperatures to an
effective three-dimensional theory. Later in this section,
we shall explicitly make this reduction to the three-
dimensional theory. It will be trivial there to see how fer-
mions modify this reduction.

For the range of temperatures where weak-coupling
methods may be applied it can be convincingly argued
that the rate per unit volume of sphaleron-induced
baryon-number-changing processes may be computed
semiclassically. The semiclassical computation in-
volves finding a static, unstable solution to the classical
equations of motion: the sphaleron. The energy of this
solution gives the minimal height of the energy barrier
between two local minima of the free energy which differ
in baryon number by N~ units, where Nz is the number
of weak doublet families. The sphaleron is an unstable
static solution since it corresponds to the top of an energy
barrier, and the rate of decay in small fluctuations around
the sphaleron is denoted by co

The formula for the rate of decay is

for thermal activation over the energy barrier between
sectors of different baryon number. As discussed above,
the minimal height of this energy barrier is given by the
classical energy of sphaleron E,p In the range of temper-
atures considered, Eq. (2), that is to say, T «EI~, all

classical trajectories connecting sectors of different
baryon number must pass through (or very close to) the
sphaleron configuration.

The sphaleron mass E,&
may be computed knowing the

sphaleron classical solutions. First, we rescale coordi-
nates and fields according to

r~g/gv, A ~vA, 4~u4 .

Then in terms of these dimensionless rescaled 6elds, the
sphaleron solutions are

A=2 /X',
4=&2h (g gTtl'

where

(10)

The profile functions f (g) and h(g) satisfy the coupled
equations

+ f (1—f)—(1—2f ) —I h (1—f )=0,d2f 2 ] 2

d(2 (2
(12)

+—h(1 f) + (h ——1)h =0,dh 2dh 2 2 A,

dg2 g df g2 g2

subject to the boundary conditions

lim " =lirn h(g)=0,f(~)
$~0 f (~0

(13)
lim f(g)=lim h(g)=1 .

g—+ oo $~0
%e have solved these equations for the sphaleron profile
functions and find that the energy of the sphaleron is

E, =B2Ms (T)/as

where B is a dimensionless function of A, /g'. B is
displayed in Fig. 3, and for all values of A, /g is of order
1.

Imr,

where F is the free energy of the system. In the semiclas-
sical limit, the imaginary part of the free energy may be
computed. The result for the rate per unit volume is

2.4—

2.2

a) 2.0
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I /V= JV„(JYV)„„
—PE

A 8 K3
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—PE
is the Boltzmann suppression factor

where u~=g /4m. = —,', is the weak fine-structure con-
stant.

Let us briefly discuss the various elements that go into
this formula.

The factor e

I I I I I I IIl

lo-] lOO
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FIG. 3. A plot of the factor B in the relation for the sphale-
ron energy E,~ =B2M~( T) /a ~, as a function of A, lg .
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The quantities JV;, and JV„, are normalization integrals
for the translation and rotation zero modes. We shall
specify these quantities in complete detail below, but a
generic rule for constructing them may be given: If the
coefticient of the generator of a symmetry is denoted by
y, then the associated zero-mode normalization integral
1S

' I/2

(15)

g T
2M„(T)

(16)

Finally there is the quantity a defined as the square-
root of the inverse determinant of small fluctuations
around the sphaleron multiplied by the square-root of the
determinant of small fluctuations in the vacuum at finite
temperature:

det ~ (5 S/5y )~
&=&vlccK=Im

det' (5 S/5$ )~~ ~

(17}

In this equation, P generically represents the scalar and
vector fields of electroweak theory. It is also understood
that the zero-frequency modes of 5 S/5$ ~& &

are to be
SP

deleted in the evaluation of the determinant.
The determinants in the above equation are to be eval-

uated at finite temperature. Since we are interested in the
high-temperature limit, T &&M~, we wish to reduce the
theory to an effective three-dimensional gauge theory.
This is nontrivial because the three-dimensional gauge
theory which results is an ultraviolet-divergent (albeit
super-renormalizable) theory. The ultraviolet singulari-
ties of this three-dimensional theory arise in part from
true ultraviolet singularities of the four-dimensional
finite-temperature theory. However, spurious diver-
gences also occur if one improperly reduces the theory
from four to three dimensions. In the latter case, the so-
called ultraviolet singularities are actually cut off at a
scale on the order of the temperature.

Naively, the argument for dimensional reduction arises
from the following observation: In propagators at finite
temperatures there are the Matsubara frequencies

As we work with the dimensionless coordinates and fields
given by (9), JV„and JV,«are dimensionless functionals of
the profile functions f (g) and h (g).

There are two additional factors in the transition rate
(8) associated with the normalization of the zero modes.
One is the volume of the rotation group V„„which is
8m . There are also the factors of a3 6, where ai =g3/4n. .
Here g~ is the coupling constant which scales the
strength of interactions in the three-dimensional gauge
theory obtained by taking the high-temperature limit of
(6):

2BMW( T)/ %/T
e (19}

The one-loop corrections are independent of coupling,
but there may be singular logarithms of T which arise
and effectively replace

aii, ~aii, (T) (20)

in the previous equation. This generates a correction of
order

—2BM+, ( T)ln[ T/M+, ( T)j/T
e (21)

which, in the range of temperatures, T ))Mii ( T},may be
ignored relative to the terms being computed. We see
therefore that in making the dimensional reduction, we
shall not have to be careful about corrections of coupling
constants in the four-dimensional theory which are ultra-

quency factors make the propagator small and so reduce
their contribution to Feynman diagrams unless co=0.
This is impossible for fermions, and therefore fermions
decouple. And in the case of bosons, it would appear
that all but the static, n =0 modes can be dropped in
evaluating Matsubara sums.

This last argument must be modified however. There
are contributions which arise from values of co- T. For
example, in the mass insertions shown in Fig. 4, the inter-
nal sum over Matsubara frequencies is cut off at m of this
order. Consequently, a mass-squared correction is gen-
erated which is of order T . It is this mass insertion
which is responsible for symmetry restoration in elec-
troweak theory. ' To properly reduce to a three-
dimensional theory these singular mass insertions must
be summed.

The standard way to perform this summation is to do
these singular terms explicitly and include them in the
definition of the effective potential around which loop
corrections are performed. By including them in the
effective potential, they must be deleted in the loop
corrections, rendering the loop corrections reducible to
three dimensions. We shall explicitly demonstrate this in
the one-loop approximation in the next few paragraphs.

One might also worry about the renormalization of the
coupling constants of the theory, which effectively makes
them temperature dependent. We can see however that
such effects are not important in the temperature range in
which we are interested to the order in the loop expan-
sion to which we compute. Recall that the sphaleron
Boltzmann factor is of order

co=2nm. T bosons,

co = (2n + 1)~T fermions .

where n is an integer. At high temperatures, these fre- FIG. 4. A mass insertion at finite temperature.
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detE ~ dt, K
—~K,

=exp —Tr —(e ' —e ')
detK0 0 t

(22)

violet singular.
In order to see how to treat the finite-temperature mass

insertions in one loop, it is useful to employ the
Schwinger proper-time representation of the ratio of
determinants:

If K is given by (23), then

5K(p, x)= 2—ip D.(A) D—(A) +V. (29)
—tKO

Similar expressions for Tre and 5KO(p, x) may be ob-

tained by setting A ~0 and V~ Vo in the above formu-

las.
Taking the logarithm of (22), our expression for

ln(detK/detKO) now reads

K= D(A)—+V,
K, =K(A-0, V V, )= —a'+V, ,

(23)

Here Tr denotes a functional trace. In our application, K
and K0 will be operators of the form detE

ln
detK0

where

= —f 8(t),
0 t

(30)

Tre tK tr
— d4X p e

—iPxe tKei&x-d4p

(2n )
(25)

In this equation, the uncapitalized factor tr denotes a
trace over spin and gauge group indices. At finite tem-

perature, the integration over p is in fact a sum over
Matsubara frequencies, m„= 2m.n T:

f dp
2~

(26)

Bringing the plane-wave factors through the operator
e 'Kyields

—tK t d4x P e tK(s s+iP)I—d
(2~)4

=trfd4x f P, e '& e
d

(2m )

where we have defined the operator 5K (p, x) via

K (a a+tp) =p2+5K(p, x) .

(27)

(28)
I

where Dz(A)=i3„ig—A„ is the covariant derivative in

some representation of the gauge group, V is a potential
function of background fields, and V0 is the same func-
tion V evaluated in the vacuum. The integral in (22) is
also assumed to be regularized, as may be arranged, for
example, by cutting off the integration near t =0. The
singularity near t =0 arises from ultraviolet singularities.

The functional Tr can be evaluated in a complete set of
basis states, which we choose to be plane waves:

8(t)=fd xf e '"tr(e ' —e ')1.
(2m)

(31)

To isolate the potentially ultraviolet singular terms we

begin by expanding the exponentials e ' and e ' in
2 .

powers of t, keeping the factor of e '~ intact. Next we

collect terms of equal order in the t expansion. In doing
so, we must take into account the fact that, due to the ex-

ponential factor e '~, factors of momenta p„are irnpli-

citly of order t ' in the ultraviolet limit.
The term of lowest order cancels between K and Eo.

This implies that 8(t) has a t expansion of the form

8( t }-—8,+82+ t 83+1
(32)

Only the terms of order t ' and t give potentially singu-
lar contributions to ln(detK/detKO). The term of order
t yields only a logarithmic divergence, which is impor-
tant for generating running coupling constants. Howev-
er, as we have argued above, these order t terms are ir-
relevant for the computation of the high-temperature
limit in the range of temperatures that we consider, and
so we ignore them. We see therefore that the terms of or-
der t and higher may be immediately dimensionally re-
duced to the three-dimensional theory by excluding all
but the n =0 term in the sum over Matsubara frequen-
cies.

The term of order t is trickier however. Its contri-
bution to ln(detK /detKO) is

2—f —fd4x f p e '~ tr ( t)5K+ [ 2ip D—(A)]—
(2~}4 2I

= f dt fd x f e '" trI D(A} +2t[p D—(A)] +VII, (33)
0 (2n )

minus the above taking A ~0 and V~V0. Here we

have specialized to the operators K and Eo given by Eqs.
(23) and (24). If we further assume that the potentials V
and Vo are independent of x and p„and that the gauge-
field component Ao is zero (as is the case for the sphale-
ron), then the covariant derivatives cancel in the expres-
sion above and we are left with

d4p 1Pfd xtr(V —Vo)f
(2m} p

(34)

after integrating over t. This expression is evidently qua-
dratically divergent. %'e may absorb this quadratic
divergence by redefining the Higgs vacuum expectation
value; that is, the bare value of U is made divergent so
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that the resulting renormalized value is finite. There are
also the finite-temperature corrections which are ultra-
violet finite. After subtracting the ultraviolet singular
term, the resulting integrations over p and sum over
Matsubara frequencies give a factor proportional to T.

It is this finite term of order t which cannot be di-
mensionally reduced to the three-dimensional theory
since, obviously, its contribution is undefined if we take
T~~. However, the strategy for dealing with this finite
term is clear: If we include this term in the effective po-
tential, then we can drop the corresponding order t
term in the expression above for in(detÃ/detICO). Its
only effect (to one-loop order) is to generate a tempera-
ture dependence for the 8'-boson mass, as we may see by
expanding

configuration. We must then isolate the zero and
negative-frequency modes, since these contributions are
handled specially in the computation of the baryon-
number transition rate.

We begin with the SU(2) electroweak action in three
dimensions corresponding to the dimensionally reduced
theory:

S= f d g[ 'F'—g""+(D4) (DC&)+A(4 @ ,'—) ]—,
1

83

(36)

where fields and coordinates have been rescaled accord-
ing to (9). We are interested in expanding this around the
sphaleron background field, which we denote as A and
4. We define the small fluctuation fields a and q via

Ma (T)/T =M~(0)/T [1—T /2T, +0( T"/T, )] . (35)
5A =g,a, 54=g, ri . (37)

The higher-order terms in this expansion are not included
in our one-loop evaluation. The one-loop term is the only
term of order T, and we have therefore proven that its
only effect is to generate the proper effective mass for
particles in the effective potential.

III. SMALL FLUCTUATIONS
AROUND THE SPHALERON

To compute ~, we must determine the spectrum of
small fluctuations around the sphaleron field

I

bFp=det[ D(A) +—
—,'4 4] . (39)

The computation of the gauge-fixed action to first or-
der in small fluctuations is tedious, and the result is

To perform the analysis, it is useful to work in the back-
ground 8& I gauge, given by

D„(A)a" +i(4 rri ri M—)=0 . (38)

It is easy to show that the Faddeev-Popov determinant
for this gauge is

5S=f d g —,
' (D„a )(D"a")+e,b, F,""a„ac„+,' 4 4a—„a"+2i ( ri a„rD"4 D"4 a„r—ri)

+(D„ri) (D"ri)+2 (4 4—
—,')ri ri+ ,'ri re 4+— (4& ri+ri 4)

8
(40)

Since the fluctuation fields a„' and g are static (recall that
we are retaining only n =0 Matsubara modes) and

Ao =0, the ao fields decouple from the rest, giving a con-
tribution to the action of

5S=fd g ,'ao[ D—(A) + —,'4 4]ao+— (41)

a

Functional integration over these fields yields a factor of
App which partially cancels the Faddeev-Popov deter-
minant. The remaining terms of the fluctuation action
can be written in a simple form if we introduce the real
13-dimensional vector

l

is the four-vector corresponding to the complex spinor 4.
One then finds that

(45)

T' =diag(r', „,r',„,r',„,r '),
where

(46)

( r adj )bc ~~abc &
r

2 ~2 a 1

(a superscript T denotes transpose) where g); =5; i A;T'—
is the covariant derivative in the (reducible)
3 3$3$2e 2 representation of SU(2) generated by

(42)

where q is the four-vector constructed from the real and
imaginary parts of g according to

t =-,ooo2, t = —
—,o2o3.2 ] 3

(47)

Reg
g=&2

Imp

Analogously,

(43)

(44)

'
yah

IJ

yb
J

(48)

whose components are given by the fo11owing functions
of the background fields A and P:

Here o.
k are the Pauli matrices and o.o is the unit 2X2

matrix. In Eq. (45), V is the 13-dimensional real sym-
rnetric matrix,
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yab gab/ ~ pe+ 2EabcFc ( A )

VP =2it'D;(A)P, (49)

In the last line, we have converted back to complex spi-
nor notation using the definition

Re
W= ,'P —P+ (P P 1—)+2

Img (56)

In terms of these quantities, the factor x introduced in
Sec. II is given by

v= Im
det( —8 +Vo) happ,

det'[ —2)( A,p
)'+V, ] &Fp „„

' 1/2

(50)

3
CXgrT

(g3) =(gv)
4m

—6
Q3 (51)

There are also contributions due to the normalization of
zero modes. To evaluate these, we introduce collective
coordinates q for each mode; generically, we have

where V, and Vo are potentials V evaluated in the
sphaleron and vacuum configurations, respectively. The
prime denotes the deletion of the zero eigenmodes of the
operator, —2)( A, ) +V, .

As discussed in Sec. II, the zero-frequency modes,
which correspond to translations and rotations of the
sphaleron configuration, give important contributions to
the total rate for baryon-number violation. Because of
the rescaling (37) of the fiuctuation fields, the first contri-
bution so introduced is a factor of I /g3 for each of the
six zero modes:

The orthonormality condition (55) ensures that, up to
factors of ~2m, the Jacobian associated with the change
of coordinates is unity:

[d'P]=[d ][de]= g (57)

ak =5Ak+5~Ak =ejd& Ak+(DkA, )',
q=ne+S„e=e, a, e+iA,a, (58)

where we have supplemented the naive transformation
with a gauge transformation parametrized by A,(g). The
latter is determined by requiring that the R& &

gauge
condition (38}is maintained. This implies that

A= —eAJ (59)

Normalization factors are acquired in relating the canon-
ical coordinates q above to the "natural" coordinates of
each zero mode. Take translations, for example. Under
the shift g'~/+ e, the fields transform according to

%=% q+
where 4 are the zero-mode eigenfunctions satisfying

(52)
so that the transformations given above now have the
simple form

[—2)( A,p ) +V,p]% =0 . (53) ak =e) I'J'k, g=eJDJ4 . (60)

The ellipsis ( . ) in (52) denotes summation over
nonzero modes orthogonal to 4 . In terms of the com-
ponents of 4, this reads

We now introduce a normalization factor N„relating the
canonical coordinates q to the natural coordinates e'

a, =P;q +, g=Pq + (54)
Ntrtp& j = 1&2&3 (61)

(55)

The eigenfunctions 4' are orthonormalized according to

2~5...=fd'g%.'e.,

=fd'P 0;A;. +%V. }

=fd'P0;A;. +PA. +0'.4.}.
+(D'4) (D 4)]

or, after contracting the indices j and j',
(62)

Then by equating (54) with (60), and applying the ortho-
normality condition (55},we obtain

2@5 '=N, , f d g[FJFq +(DJ4) (Dq'4)

N,„= fd3([F,"F,'+2(D, @)t(D 4)] (63)

32 1—'f "dg -16 f +'f' ' f + g"" +2h'(1 —f}' (64)

In the last line, we have evaluated the expression in terms
of the profile functions f (() and h (g) defining the sphale-
ron configuration. Note that (63) is invariant with
respect to gauge transformations of the background field,
as it should be. f d q=N„ fd e=(gu} (AV}„, '

(65}

The final step is to actually perform the integration
over the translation zero modes. We have
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where

r tr (66)

The factor of (gu), obtained above in converting from di-
mensionless units to the three-space volume V„, will can-
cel with a similar factor in Eq. (51) to give expression (8)
for the rate per unit volume I /V.

Derivation of the contribution due to the rotational
zero modes follows similarly, with one slight twist. Un-
der g~e X g, the fields transform according to

~k 5Ak+5AAk

1 df d 2 d 2+4f(f —1) h

f dg g2 4

2(2f —1)
g2

+ 4(2f —1)
2

2f (1 f) — d 2 d 4+8f (f —1) h

g2 dg2 g dg g2 4

(75)

kIAI+e c g r) Ak+(DkA )

(67)
From the known boundary conditions of f (g) and h (g),
we deduce that

A, = e;ke;g —Ak+e;A;, (68)

where the residual transformation A; solves the inhomo-
geneous equation

g=54+5~4

=e,e, „g B„CI+iA,CI .

This time, however, the compensating gauge transforma-
tion is given by

po+p24' Q po
—2p20'

as (~0 (po and p2 are constants), and

e
—g/2

I'

as g~ &x . Our final expression for N«, is
'2

~2 I2 f dg g
f +2f2(1 f)2

(76)

(77)

[ D( A ) +——,
' 4 4&]A; = —e,"kF k . (69)

Note that this equation is invariant with respect to gauge
transformations of the background fields if we require
that A; transforms covariantly:

+-'(gh) (1 f)—
P —2f (1 —f)Q . (78)

5A, = —i[A, A, ] . (70)

ak =ei „ejg F„'k+ej(DkA))',

ri=e, „e,g D„4+i@,AJCI .

The associated normalization factor is

(71)

With the choice (68) for the compensating gauge trans-
formation, the transformation of fields now reads

The full normalization factors Ã„and A;„are shown in

Fig. 5. We find that the product JV,~«, is relatively in-
sensitive to A, /g, varying from 84 to 92 over the whole
range of A, /g considered.

In addition to extracting the zero modes from ~, we
also have to give special consideration to the negative-
frequency mode of the operator, —S( A, ) +V, , before
we can apply the method of Diakonov, Petrov, and Yung
to be determinant of this operator. This negative mode,
with a mass of oscillation we shall denote by —co [in

J d'k[(A;k k4)[F;—Fk, +2(D @)'(Dkc')]

+&,kIAJFkiI (72)
I 6( I I I I I I I I I I I I I ~

l
I I I I( II

Therefore, the contribution to the rate due to the rota-
tional zero modes is the factor (IVV)«„where

= %73
ot "rot (73)

12

10
and V„t =8m is the volume of the rotation group.

To evaluate N, t for the sphaleron, we must solve the
equations (69) for A;. This is accomplished with the an-
satz I aIII

10 2 1O' 100 10'

A,'. =4(5;, —g;g, )P(g)+4/;g, Q(g), (74)

where P(g) and Q(g) solve the following linear, coupled,
inhomogeneous equations:

FIG. 5. The zero-mode normalization factors JV„and JV„, as
a function of A, /g .
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units of (gv) ], exists since the sphaleron is not a
minimum, but merely an extremum of the static SU(2)
Yang-Mills-Higgs energy functional. This is the unique
negative mode for the range of couplings that we consid-
er, 10 ~A, /g 10 (Ref. 25).

The channel in which the negative mode occurs has
been identified by Akiba, Kikuchi, and Yanagida. ' It is
given by the ansatz

a =(5;,—g, g, )8(g)+g, g, C(g),
(79)

value of co =0.56 at A, /g =
—,
' agrees with the value ob-

tained by Akiba, Kikuchi, and Yanagida. '

IV. APPROXIMATE CALCULATION
OF THE SPHALERON FUNCTIONAL DETERMINANT

The remaining task is the evaluation of x, which we
have reduced to the ratio (50) of several functional deter-
minants. Each of these determinants has the generic
form

tt t y2H( g) detK =det[ D(A—)2+ V], (83)

The eigenvalue/eigenfunction equations corresponding to
this ansatz are

d
N B—2

dg

2 d 2+12f(f —1) h

g dg g2 4

4 df 2(2f —1) + h(1 f)H—
d

co C—2

dg

2 d 4+8f(f —1) + h

(dg g2 4

8 df + 4(2f —1) ~+ dh

g dg g~ dg
(80)

d
N H=2

dg

2 d + 2f'+ h'+ ~
(h 2 1) H

g2 4 g2

+ 2h(1 f) dh-
dg

The boundary conditions on B, C, and H are

B~bo+b~g ~ C~bo 2b~g & H~ho

as $~0 (bo, b2, and ho are constants), while
—qg

B,C,H-

(81)

(82)

as g—+ec, where q=( —,'+to )' . Figure 6 gives a plot of
the eigenvalue ro over several decades of A, /g . Our

K%=[ D(A) + V]—+=co 4 . (84)

Recently, Akiba, Kikuchi, and Yanagida have made pro-
gress on this arduous task, but thus far their calculation
of detE has been limited to spherically symmetric modes
and a few angular momentum excited modes. '

An alternative scheme for estimating the ratio,

detE
detEO

' (85)

where A is the background gauge field, D; ( A ) = r);
—iT'A is the covariant derivative in some representa-
tion R of the gauge group 6, and Vis a potential function
of the background fields transforming under 6 according
to some linear combination of the singlet and R(3)R rep-
resentations. For example, in the case of the Faddeev-
Popov determinant (39), R is the adjoint representation of
SU(2) with (T')b, = ie,—b„while V is the pure singlet
field, 4 0&/2.

In some special circumstances, specifically in cases
where the background fields have a simple, analytic form,
it may be feasible to determine the complete spectrum of
K and thereby construct detE exactly from the product
of its eigenvalues. Examples of background fields amend-
able to this exact treatment are the vacuum configuration
( A,'= V =0) and the fields describing a single instan-
ton. In the case of the sphaleron, however, the gauge
potential A„' and Higgs field 4 are analytically known

only up to the profile functions f (g} and h (g}, which are
numerically determined. Thus, in this case, the direct
evaluation of detE must proceed via numerical solution
of the eigenvalue equation

).75 +

).50—

).25—
C4 1

3
).00—

0.75—

0.50,—

IO )0' )00 )0'

Ko = K( A ~0, V~ Vo ) = —r) + Vo . (86)

The method of DPY is based on the Schwinger
proper-time representation of the ratio:

has been developed by Diakonov, Petrov, and Yung'
(DPY). Here Ko is some operator that acts in the same
space of functions as the operator E. If Ko is sufficiently
simple that the determinant of Ko can be evaluated by
some other means, then we can turn the estimate of (85)
into an estimate of detE. Actually we shall not need to
take this last step, since the quantity ~ depends only on
ratios of the form (85), where Ko is the operator K evalu-
ated in the vacuum configuration

FIG. 6. The negative-mode frequency co2 [in units of (gv) ]
as a function of A, /g .

detK dt, x i',= exp —Tr (e ' —e ')
detKo o t

(87)
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where Tr denotes a functional trace. As discussed above,
the functional trace can be resolved over a complete set
of plane-wave states plus a residual trace (tr) over group
and spinor indices. Defining 5K(p, x) according to (28),
we obtain

before it can be used to estimate the ratios

det'[ —$(A, ) +V, ]
det( —a +Vo)

(93)

detE
detKO

—f" '—fa'x f P, e-'~'
0 t (2m. )

X (
iw-. -'sero

)~

where

5K(p, x)= 2ip D—(A) D(A—)2+ V,

5K,(p, x)= 2ip —a a'+—v, ,

(88)

(89)

AFp» det[ D—(A, ) + —,'4, 4, ]

~Fp, o det( —a +
4 )

(94)

8i = fd x tr( V —Vo),4~'" ' 4~'" (95)

that appear in the expression (50) for it. The first issue to
be dealt with is the linear divergence of the p =1 term of
Eq. (90) when d =3. Cutting off the lower limit of the t
integral at 1/A, we obtain a contribution to
ln(detK/detKO) from this term of

dt 1
"

( t)t'—
4 t)d~2 ~ pf

and d is the dimension of space. (We shall take tI =3
2 .later on in this section. ) Keeping the factor of e t' in-

Kotact, the factors of e ' and e ' are expanded in
powers of t and the resulting expression is integrated over
momenta p. This produces the series

r

detE
(90)

detKO

which diverges as A~00. However, this linear diver-
gence was anticipated in our discussion in Sec. II. It is an
artifact of improperly reducing the theory to three di-
mensions in the high-temperature limit and refiects the
quadratic divergence of the underlying four-dimensional
theory. To see this, note that if we isolate the n =0 con-
tribution of (34), we obtain

where 8 are gauge-invariant functionals of the back-
ground fields. The first few of these functionals are

fd3x tr(V —Vo) f (2n) p
(96)

8,=f1 x tr(V —Vo),

82= fd x tr(V —Vo ,'F, F, ),——""
8 =f tl x tr V —Vo+ '[D , V] ———'[a. . , V ]

I,—30+;[+,k Fk;]

(91)

which is linearly divergent. By redefining the vacuum ex-
pectation value U of the Higgs field to absorb the quadra-
tic divergence and large-T behavior of the corresponding
term in the four-dimensional theory, we have already tak-
en the contribution of this term into account. Conse-
quently, we shall simply drop this term from the t expan-
sion (90) of ln(detK/detKO).

%e must also deal with the negative and zero eigen-
modes of the operator, K, = —2)( A, ) +V». If —co is
the eigenvalue corresponding to the negative-frequency

eigenmode, then these give contributions to Tre '& of

dP 0. (92)

Zeros of dP/d5 always exist for positive-definite opera-—tKotors E' and Eo since Tre ' and Tre, when expanded
in powers of t, produce series whose terms oscillate in
sign. Actually, there may be several solutions to (92), but
to the order in the t expansion to which we calculate, we
shall not be plagued by this inherent ambiguity of the
method. The value P(50) thus constitutes the DPY esti-
mate of detE/detEo.

Several adjustments of the DPY method must be made

Up to this point, our manipulations have been exact.
The DPY method as applied to (90) consists of two ap-
proximations. First, the t expansion is truncated to some
finite order p,„. Such a truncation is, of course, dictated
by practical necessity. Second, the upper limit of the t in-
tegration is cut off at some infrared scale 5, which pro-
duces an expression for detKO as a polynomial P(5) in 5.
The effect of this cutoff is minimized by evaluating P(5)
at that value 5O where P(5) is extremal:

—tK tee 2

Tre "=e +6. (97)

and hence result in divergent contributions to detK, „.
Actually we have already accounted for the zero eigen-
modes above by separately computing their contribution
to the rate I . %e are thus only interested in the reduced
determinant, det'K, „,which excludes the zero-eigenmode
contribution. In the Schwinger formalism, we can imple-
ment this reduction by subtracting 6 from the functional
trace (97). We can also mimic this procedure for the neg-

tQJ
2

ative eigenmode by subtracting the term e from (97)
and by explicitly including its contribution to ~ as the
factor 1/co

These subtractions, however, must be compensated for
by an equal number of subtractions from detEo. The
reason for this is that the Schwinger proper-time repre-
sentation of detK/detEO is valid only if the operators E
and Eo act in the same functional space or, in other
words, possess the same number of eigenvalues. This is
easy to see from (87) since, if there is a mismatch between
the number of eigenvalues of K and Eo, then this expres-
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separatel:

g
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5
:(a)

4—

s 7 s ~~

t
1 1 s ~ I ~ I s I 1 s 1

detEo~e det'E 0 ~ (99)

Second , the negative ei eng eege ode s at
') h
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FIG. 8. The maximum rate of baryon-number violation as a
function of A, /g'.

or alternatively the ratio of MH/M~. We find a some-
what strong dependence upon the ratio of A, /g . For
large and small values of this ratio, the rate is rapidly
suppressed. For small values of the ratio, our method of
computation becomes unreliable as higher-order terms
neglected in our expansion are surely important.

In Figs. 7(a)-7(c), the rate of baryon-number change
per unit baryon number is computed as a function of tem-
perature for various values of A, /g . The natural scale in
all of these figures is of order 10 -10"TeV '. Conse-
quently, if these computations are correct, then baryon-
number conservation is violated at a rate sum. cient for
baryogenesis in the early Universe.

In Fig. 8 we attempt to gain some knowledge about
how the rate varies by plotting its maximum as a function
of A, /g . Recall that perturbation theory has surely bro-
ken down well before one reaches a temperature where
there is a maximum in the rate. Here the condition
T «Ms, ( T)/a is no longer satisfied. The maximum may
be and probably is an artifact of the perturbative treat-
ment at this temperature. Nevertheless, the height of this
maximum provides a useful measure of the overall scale
of baryon-number violation. Going to the region where
perturbation theory is reliable costs roughly only an or-
der of magnitude or so in the rate.

Figure 8 demonstrates the main point of our computa-

tions. For 0. 1&iL/g &1, the rate is essentially un-
suppressed by the proper computation of the determinant
of small fluctuations. For smaller values, our computa-
tions are certainly not trustworthy. To reliably estimate
the rate in all regions, a proper and exact numerical com-
putation of the determinant is called for. This work is
currently under way.
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APPENDIX

tr(V —Vo}=(12x +6)(4t@—
—,
' ),

tr(V Vo)=SF,"F,"+1—2(D, 4) (D, 4)+(48x +6x+3)(4 4—
—,') +(24x +3x+3)(4 4—

—,'),
tr(V Vo)=48iF; —(D;4)tH(D, 4)+12@t@F.; F; +St' F F F' —

—,'(Sx —1)[B;(4.4)]
+[15(4x + 1)4 4—18x](D;4)t(D;4)+(240x +18x +—,'x+ 23 )(4 4—

—,
'

)

+(216x +9x +—'x+ —')(4 4——') +(72x +—'x+ —')(@4——')

tr[2),-, V)2=8(D,F„)'(D,F„}'+12(D,D 4) (D,D 4).
+(32x —Sx+ ,')@ 4(D;4) (D;4)+(4—0x +8x+ —", )[8;(4 @)]

trFJF/V=[(3x+ —", )4 4 x]FJF1, —

tr(2);F k )(2) F k ) =7(D;F;k )'(D)FJk )',

(A2)

(A3)

(A4)

(A5)

(A6)

(A7)
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tr( i—)F& [F,„,F„;]=7E F~jF~gFk( . (AS)

Note we have converted the background field P back to
the complex spinor notation 4 using Eq. (44). In the for-
mulas above, and for the remainder of this appendix, x
denotes the ratio A, /g .

We must construct analogous quantities for the opera-
tors

—i d D;4 F,'. D.4 =
—,'4 4 D,-4 D;4
—

—,
' [a,(e'e)]'

+ i 4 4F)F 1~"

(A20)
K= D—(A, ) + V, , ICO=( —8 +—,')I, (A9)

D;F;k 'D.FI, '= 4 4 D;4 D;4

tr( V —
Vo ) =—,'( 4"4—

—,
' ),

tr( V —
Vo }= —,'(@"@—~ } + 3

(

ti( Vs Vs )
—3(@t@ 1 )s+ 9 ((yt@ 1 )2

+ 9(g)t@ I }

tr[D, , V] =
—,'[B,(@t@)]

trF,"F; V=@ 4F F,",
tr(D;F,„)(D,F,„)=2(D,F,„)'(D,F,„)', . .

tr( i)F;~ [Fjk,Fk—; ]=2ea™F;~/FjkFk; .

(A 1 1)

(A12)

(A13)

(A14)

(A15)

(A16)

(A17)

appearing in the ratio (94} of Faddeev-Popov deter-
minants. Here I denotes the 3 X 3 unit matrix. This time
the covariant derivative D; is in the adjoint representa-
tion of SU(2) while the matrix V, is the potential

V=-,'C'C I (A 10)

evaluated in the sphaleron background. We define
V0 =

—,
' I as the matrix V in the vacuum. We then have

2 —
Q

2

4n. 0
(A24)

FaFa 16 y 2+
4m "" 0 (2

I f' d k,ab.F.FbF. P "d, 4f(1 f)(f'}'—
(A25)

—
—,'[B,(4 4)] I, (A21)

DF 'DF '=2 DF;„'D F.„'
PaFb F&c ]

(A22)

Consequently, the number of integrals we need to evalu-
ate is reduced to eight. These are given by the following
functionals of the profile functions f (g) and h (g):

d 3P' (1—24t4)"= f ding (1—h )", n =1,2, 3,
4m 0

(A23)

It remains to evaluate the right-hand side of Eqs.
(A2) —(A8) and (Al 1)—(A17) in the sphaleron background
given by Eq. (10). This lengthy chore is shortened some-
what by judicious use of the equations of motion and the
Jacobi identity. This leads to the identities

D4 D4 = —2x 4444 —
—,', A18

fd'g(D, D, C )'(D, D, C ) =fd'g [4x'C'C (C'C ,')'——
+ '4 4(D;4) (D(C—P)

—
—,[a,.(e'a )]'

+ ,'4 4FJF,J. ], (—A19)

d3f"~C'C(D„C) (D„C)

= f dg[ —,'(ghh') + —,'h (1—f)i],
d3 2h 1—@t@FaFa 8 y h i 2+

In these expressions, a prime denotes d /dg.

(A26)

(A27)

(A28)
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