
PHYSICAL REVIEW 0 VOLUME 41, NUMBER 2 15 JANUARY 1990

Construction of four-dimensional strings

Terry Gannon
Matltematics Department, McGill University, Montreal, Quebec, Canada H3A 2T8

C. S. Lam
Physics Department, McGill University, Montreal, Quebec, Canada H3A 2T8

{Received 3 August 1989)

A systematic study of the general properties of four-dimensional heterotic strings is carried out.
These are strings constructed from (22;10) self-dual lattices. The constraints from supercurrent,
chirality, and spacetime supersymmetry are discussed. Each of them helps to nail down the self-

dual lattice constructed by the gluing method. Eleven general theorems are proved in Sec. IV, on

the existence or absence of tachyons, adjoint-representation Higgs particles, higher-spin massless

objects, and possible gauge groups in the theory. The questions of chirality and shadow matter are
also investigated. For example, it is shown that a string containing the standard-model group and
one generation of fermions, as well as 16 dimensions of shadow matter, is necessarily nonchiral no
matter how many generations of fermions or what kinds of Higgs particles are present. The
theorems proved in this paper are for a specific choice of the supercurrent, that which is used in the

Z3 orbifold, though similar theorems can be proved for other supercurrents.

I. INTRODUCTION

String theory' is the only known grand unified
theory where quantum gravity can be meaningfully incor-
porated. And, because of that, the theory is most easily
formulated at the Planck scale. From that scale down, as
the universe cools, dynamics intervene to give rise to
spontaneous symmetry breakings and phase transitions.
Our inability to deal with the dynamical issues makes it
difficult to predict anything from first principles at the
present energies. For phenomenological applications, it
is necessary to bypass these difficult dynamical questions
and choose directly, among the allowed four-dimensional
vacua, the ones that describe the real world. This is a
perfectly valid approach, the difficulty being that it has
proven to be very difficult to find phenomenologically
correct models. Whether this is due to the inherent scar-
city of such models, or just our inability to find them, is a
question well worth studying. In a recent paper, we be-
gan such a study in the limited context of strings that can
be constructed from self-dual lattices. This includes all
complex-fermionic constructions as well as covariant
and noncovariant lattice strings. The emphasis of the
previous paper was on the construction and properties of
self-dual lattices. In this paper we will continue the study
by focusing on four-dimensional lattice strings. Besides
being self-dual, we must also choose the lattice that can
lead to the construction of a supercurrent and a chiral
theory. It turns out that the requirement of the existence
of such a supercurrent, and the chirality, place very
strong restrictions on the self-dual lattices. As a result,
certain gauge groups are definitely ruled out, and the pos-
sible massless spectrum for an allowed gauge group is
highly restricted. This is unlike the usual four-
dimensional grand unified theories where almost all
gauge groups are allowed, and that other than weak re-

strictions coming from anomaly cancellation and the like,
just about all possible spectra are permitted. See Sec. V
for more details.

The restrictions mentioned could depend on the super-
current chosen. Unfortunately, a complete list of super-
currents constructable from lattice bosons is not known,
though special solutions are available. Among these
known supercurrents, some of them can never lead to a
four-dimensional chiral theory and we reject those on
phenornenological grounds. Of the remaining ones, we
choose to discuss in this paper only the one introduced in
Sec. III. This is the supercurrent used in the Z3 orbifold
at a particularly symmetric moduli. Although the re-
strictions obtained in Secs. III—V may be specific to this
particular form of the supercurrent, the method em-
ployed is general enough to be usable for other super-
currents as well. A detailed discussion of those, however,
will be postponed until a future publication.

Four-dimensional lattice strings suffer a drawback in
that the gauge group is of rank 22, which is definitely too
large for phenomenological applications. There are, how-
ever, at least two possible ways out of this difficulty. We
can treat the lattice string as a starting point, and then
proceed to break down the symmetry by introducing
marginal operators to move it along a flat direction. Al-
ternatively we might try to arrange some of these 22
ranks to be in a shadow group, thereby effectively reduc-
ing the rank of the observed gauge group. By definition,
a shadow group is one in which the observed particles
have zero quantum numbers, and that any massless parti-
cles with nontrivial quantum numbers in the shadow
group have no quantum numbers in the observed gauge
group. Thus matter in the observed gauge group and
matter in the shadow group can interact only through
gravity, and the shadow group is effectively decoupled
and unobservable at the present energies. In this paper,
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we will not discuss systematically the first option. We
will, however, prove some general theorems concerning
the shadow-group scenario. These theorems are to be
found in Sec. V.

We employ in this paper the methods discussed in the
preceding paper to construct self-dual lattices. Unlike
the methods usually adopted, ' where specific boundary
conditions are used to discriminate different lattice
strings, the present methods allow us to construct strings
encompassing specific gauge groups and massless spectra
of particles, and incorporating other desirable constraints
such as chirality and the choice of a particular super-
current. It is for this reason we call the present pro-
cedure a "bottom-up construction. " Mathematically, the
present construction makes heavy use of the "gluing
method" rather than just the "shifting method" used
elsewhere. These methods will be briefly reviewed and
further developed in Sec. II. The constraint placed on
the lattice by the supercurrent will be discussed in Sec.
III, and that by chirality and/or supersymmetry will be
discussed in Sec. IV. General theorems resulting from
the various desirable restrictions will be discussed in Sec.
V.

II. GLUING AND SHIFTING CONSTRUCTIONS
OF SELF-DUAL LATTICES

A four-dimensional heterotic string can be constructed
from 22 left-moving, and 10 right-moving, compactified
bosonic coordinates. Their momenta p are 32-component
vectors in a vector space with an orthonormal metric
whose signatures are {(+1);(—1)' ). One of the ten
right movers, say, the tenth, is the bosonized coordinate
of the real fermions g; (i =1,2). In the light-cone gauge,
these two g; are the world-sheet supersymmetric partners
of the uncompactified transverse spacetime coordinates
X;. For that reason, the transverse spacetime group
SO(2) is a symmetry group of this tenth coordinate. Let
vo be a vector weight of this SO(2) with its other 31 com-
ponents set equal to zero. Then in order for modular in-
variance to be obeyed, and the correct connection be-
tween spin and statistics to be established, the "shifted
momenta" q =p —

Uo must form a self-dual lattice A
obeying
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Cl

2 3

C4)

r-1 r

C&)

D„
2 3

[2]

4 5

The dual lattice I * of a root lattice I is the weight lat-
tice of that Lie algebra. These weights are divided into
different equivalent classes (conjugacy classes); elements
within each class differ from each other by elements of I .
The number of conjugacy classes is given by

~
I ~, which is

equal to r+1,4, 3,2, 1, 1, respectively, for I = A„, D„, E6,
E7, Es, and Z„. The conjugacy classes [i] are labeled
from i =0 to ~1

~

—1 according to a convention of Con-
way and Sloane. Class [0] always represents the root lat-
tice. The other classes and their properties are given in
Table I. The fundamental weight from which class [i] is
defined is indicated by the class symbol [i] in the Dynkin
diagrams Fig. 1.

The number of classes of the dual lattice I '"* of a
scaled lattice (l is a positive integer) I'" is i" times the
number of classes of I', where r is the dimension of the
lattice I . If A, ; is a representative vector of the ith class
of I *, then the representative vectors of the classes ofI'"" can be taken to be (1,, +QJ"=, mja )/&1, where a
is a basis of I and the integers m each may range from 0
to l —1. In the case of (i)=Z'", r = 1 and it has 1 classes.
These classes will be denoted by the integer m] above, as
in [m, ]. The norm of its representative is m ~~ /l.

We will often identify Euclidean lattices which differ
from one another simply by a rotation, for they would
give rise to the same string physics. If we should want to
make this point clear, that a (definite or indefinite) lattice

q2+2q. UO&2Z . (2.1)

Before we describe the gluing construction ' of A, it is
necessary to review some standard lattices and their nota-
tions. We wi11 use the symbol of a Lie algebra to denote
its root lattice. For example, the lattice Es means the
root lattice of the Lie algebra E8. The roots of simply
laced algebras are normalized to have norm (length
squared) two. Zi is used to denote the I-dimensional
orthonormal Euclidean lattice, and Z the one-
dimensional one. If I is any integral lattice, then I ' ' is
used to denote the scaled lattice defined by
1"' '= [&ix~x E I I. For I =Z, Z' ' will often be abbrevi-
ated as simply (1).

The notation ~I
~

is used to denote the volume squared
of the unit cell of the lattice I . A lattice is self-dual if
and o»y if I

I
I

= 1

E7
6

5 6 7

2

FIG. 1. Dynkin diagrams of simply laced simple Lie alge-
bras. The class symbols [i] are put beside the fundamental
weight A, ; representing that class. The labels i not between
square brackets are for the simple roots a;. Note that in this
way of labeling, A, , is not always the dual of e, .
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TABLE I. Glues for simple-Lie-algebra root lattices. The weights (glues) are expressed in orthonormal bases in column 2. Weight
A.; is a representative vector in glue class [i]. The additive properties of the glue classes are shown in column 3, and the dot products
[i].[j]=A, A.; (mod 1) are shown in column 4.

Algebra

D„

E7

Weights

A, ; = [(i)', ( i ')'—]/(r + 1)i':—r+1 —i

A i
= [(1/2)"]

A,,= [1,0" ']
A.3=[(1/2)" ', ( —1/2)]

A. = —[0', ( —1) 1]

A.2= —,
' [0',3, ( —1)', 1]

A, ,
=

—,
' [16,( —2),2]

Additive property

([i]+[o1=[i])
[i]+[j]= [i +J]
(mod r+1)
[i]+[Jl

= [i +j1
(mod 4; r odd)
[i]+[il =[0]
[i]+[j]= [k]
(i,j,k =permutation
of 1,2,3)

(r even)

[i]+Ul = [i'+j )

(mod 3)

[1)+[11=[o1

Dot products

[i].[j]=iJ'/(r +1)
(i ~j)

[1]'=[3]'=r/4

[1] [3]= ( r —2) /4
[1] [2]=[3)[2]=-,'

A& differs from the lattice A2 only by a Euclidean rotation
of its left-hand part and a Euclidean rotation of its right-
hand part, then we will write A& =A2 and call the two lat-
tices equi Ualent.

We will now return to the construction of self-dual lat-
tices by gluing. Given an integral, but not self-dual, base
lattice Ao, one may try to enlarge it into a self-dual lattice
A by adding to it enough new lattice vectors g;. These
newly added lattice vectors of A are called glues. Group-
ing them into equivalent glue classes [g;], so that two of
them in the same class differ only by a vector in Ao, then
A is an integral lattice if these glue classes [g;] generate
an additive group G with g, EAO and with integral dot
products for all g; g, . Such a group is called a glue
group. The enlarged lattice A is given by the union of
these glue classes [g;]. This lattice will also be denoted as
Ao[G], or Ac[g~, g2, . . . ], to emphasize its dependences
on Ao and the glues. It has a smaller unit-cell volume
than that of Ao,

' indeed the size of its cell volume shrinks
with the increasing size of the glue group G. Theorem
3.1 in Ref. 5 gives the quantitative relationship for this
shrinking. It is reproduced below.

Theorem 2.1. Let Ao be a base lattice, and
G =Z„XZ„X . XZ„a glue group. Then Ao[G] is

integral, and ~AO[G]~ = ~AOI/(ps=, n, )'.
To make A self-dual and ~A) =I, we need to have a

large enough glue group G. A necessary and sufficient
condition for this to happen is given by the theorem
below, which is Theorem 3.2 of Ref. 5:

Theorem 2.2. Let the glue group G be isomorphic to
Z„XZ„X XZ„, then A =AD[ G] is self-dual

This theorem is extremely useful in the construction of
self-dual lattices. It tells us glues of what orders (i.e., the
numbers n; in the theorem) to look for. On the other
hand, it does not tell us whether a large enough glue
group G can be found to make Ao[G] self-dual. We will
define a base lattice Ao to be self dualizable if such a glue-

group can be found. According to this theorem, it is
necessary to have

~ Ao~ to be the square of an integer in
order for Ao to be self-dualizable. This condition, howev-

er, is not sufficient as we shall see.
Among the root lattices of the simply laced simple Lie

algebras, the only one that is self-dual is E8. But glues
can be found, using Theorem 2.2, to complete the base
lattices AO=D4k or Ao= A &, into self-dual lattices. '
The glue group for the former is generated by the glue
class [1]or [3], and the resulting self-dual lattice is denot-
ed as D4k. The glue group for the latter is generated by
the glue class [r], and the resulting self-dual lattice will
bedenotedby A &

Thus A 2, and D4k are self-dualizable. Now the
determinant ~AO~ of AO=AzS A2 is 3, the square of an
integer. However it is not self-dualizable. The necessary
and sufficient conditions for an integral lattice to be self-
dualizable have been worked out and will be discussed in
a separate publication. Some of these results will be
used in Sec. V to determine the allowed gauge groups.

Given a base lattice Ao that is self-dualizable, meaning
that there is a glue group G such that Ao[G] is self-dual,
there is still the question of whether this glue group is
compatible with the desired massless spectrum 4 (see the
end of this section for a discussion between the glue
group and the massless spectrum). The following
theorem, which is Theorem 3.3 of Ref. 5, assures us that
they may always be made compatible:

Theorem 2.3. Let Ao be a self-dualizable base lattice.
Let G'CAD be any set of vectors with pairwise integral
dot products. Then there exists a self-dual gluing of Ao
containing G'.

There is another method to build self-dual lattices.
This is the shifting method One starts .here with a self
dual lattice A, and a shift group Q to construct another
self-dual lattice A2. To emphasize its dependence on A,
and 0, this new lattice A2 will also be denoted by A, (Q).
It is important not to mix up this notation of shifting
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with the notation in gluing. The latter is denoted using a
pair of square brackets, as in Ao[G]. The shifting method
was reviewed and its properties developed in Ref. 5. In
the following, we shall recapitulate it in a slightly
di6'erent, and conceptually perhaps simpler, approach
than that used in Ref. 5.

A shift group 0 is a finite Abelian additive group gen-
erated by the shift Uectors co, of order n;, 1(i ( A. This
means that Q; =n;co, CA„and that Q=Z„X XZ„

1 A

The shift vectors must satisfy the conditions

Q; Q;=n;L, , Ee;n;Z,

Q; Q =DJL; ED; Z (i'), (2.2)

n,'M, +n'M. , +L, .=0 (mod E;~ ), (2.3)

where n =n;/D;, n'-=nj/D;, and E;J=n njDj is the
least common multiple of n; and n -.

It is now clear why the quantities L, defined in (2.2)"
have to be integers: the rest of the quantities in (2.3) are.
It is also clear why the diagonal quantity L;, has to be
even when n; is even. Setting i =j in (2.3), the equation
has a solution only when either L,, is even, or when

E;; =n; is odd.
With these conditions, Eq. (2.3) can always be solved '

for M; and M;. The solution is not unique but is
parametrized by the discrete torsion parameters

where e, is defined to be 1 for n, odd and 2 for n; even,
and D/=(n;, n ) is the largest common divisor of n; and

nj.
Given a shift group 0 with generators u, , vectors

r, FA, can be found (Lemma 8.2 of Ref. 5) such that
r; QJ. =5;J (mod nj ). Let us partition the vectors q in Ai
into P;",n; sectors specified by the integers
m =Im„m2, . . . , m„I ( 0(m(n;), and the condition

q Q, = m, (mod n, ). No sector is empty for

q =g,",m; r; is always a member of that sector.
Denote by A& the sector labeled by the set m. It is easy
to see that A, =A, o+q, where A, o is the unshifted
sector with all m =0. The new lattice A2=A, (Q} is con-
structed out of the union of all sectors A, , each shifted

by a suitable vector s EQ, so determined as to make A2
integral. It turns out that this lattice
Az=Ai(Q) = U {Ai +s I is self-dual if it is integral.

We proceed to describe how s is determined. If
q EA, and q' EA&, then q +q' EA, + . Thus
for A2 to be a lattice we must have s +s' =s + ., up to
a vector in A& o. In other words, s is linear in all the

m, 's. In fact, the vectors s cover the whole shift group
0 (Theorem 4.2 of Ref. 5), so there must be an m for
which s =co; for each i. Let the m for this m be denot-
ed M;, and the corresponding vector q in A, simply
be denoted as q(i) =g, M,jr . Given an i, our task is to
find the sector parameter m for which the shift vector is
s =co, . In order for A2 to be integral, we need to have
[q(i)+co;] [q(j)+~J]CZ for all i and j. This requires

M; /n +MJ;/n;+co; co EZ. Using (2.2), this require-
ment becomes

Q;.= —Q.;, each taking values freely between 0 and
D —1.ij

This completes the description of the construction by
shifting. For completeness, a comparison of the nota-
tions used here and in Ref. 5 is listed below. Equation
(2.3) here is identical to Eq. (C19) in Ref. 5. Since
M; =q(i) nc.o here and M; =co; n g. in Ref. 5, we ob-
tain q(i) co =co;.g, which connects the quantity q(i)
used here and the quantity g; used in Ref. 5.

An interesting and important question is, whether we
can start from any self-dual lattice A& and be able to get
to all other self-dual lattices A2 of the same dimension by
shifting. The answer is no. For example, all the (22;10)
lattices A, =Ao[G] defined below are self-dual, but they
are not mutually shiftable. Let the base lattice be
Ao=(AOL', Ao~ ), with AOL given by the direct sum of a
Z' 'and 21 Z's, and Aoz given by the direct sum of a Z' '

and 9Z's. p is a prime number. The glue group 6 is gen-
erated by the glue vector g =(1;1' ). It can be shown
that we can never shift from a A, of a given p to that of
another p. The Z3 orbifold discussed later belongs to the
class that can be shifted from the above lattice A, with

p =3. If the lattices are Euclidean and self-dual, then one
can always shift between them. This and other related
aspects will be discussed in a forthcoming publication.

So much for the construction of self-dual lattices. We
would like to construct heterotic strings by constructing
self-dual lattices A of dimensions (22;10), viz. , a 32-
dimensional lattice with 22 positive signatures and 10
negative signatures. Moreover, we would like to tailor it
to possess a given gauge group 9 and to contain a given
massless spectrum S. We will next discuss the constraint
put on by these two requirements on the construction of
the self-dual lattice.

Let us recall two facts. The momentum p =(pL ',p„) of
a massless state must satisfy pL =0 or 2, and pz =1.
Moreover, the rank of the gauge group for the four-
dimensional strings constructed this way is always 22.
Consequently if 0 is the largest semisimple group in 9
and it is of rank r, the gauge group must be of the form
Q=QXU(1) ", with the U(1) groups generated by the
left-moving bosonic oscillators.

Let (AL, Az ) be the maximum sublattice of A which
can be expressed as a direct sum of a 22-dimensional Eu-
clidean (i.e., definite) lattice AL and a 10-dimensional Eu-
clidean lattice Az. We will assume throughout this paper
that these two sublattices exist. Because of (2.1} the lat-
tice AL has to be even. According to a theorem of
Witt, ' the seinisimple root lattice 9 of the gauge group
is just the sublattice of AL generated by its norm-2 vec-
tors. Hence AL DQ. We shall show in the next section
that the right-hand lattice Az contains the lattice A, z
defined in Theorem 3.1.

The following theorem, proved in the Appendix, is use-
ful in relating AL to Az. In four-dimensional string ap-
plications, A~ is largely determined by the supercurrent
and supersymmetry, whereas AI is related to the gauge
group. A relation between the two, therefore, helps to
nail down possible gauge groups. See Sec. V for more de-
tails.
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Theorem 2.4. Let A be an indefinite self-dual lattice
with the maximal definite sublattices AL and AR as
defined above. Then ~At ~

= ~A„~.
We will always choose our base lattice Ao to be a direct

sum of a left and a right part: Ao=(AOL,'Aoz ). A glue
with zero components in Apg will be called a left han-d

glue, and a glue with zero components in AOL will be
called a right-hand glue If.AOI (Aoa ) is a proper subset
of AL (A„), then left-hand (right-hand) glues must exist
to glue Aot (Aoa } to At (Az }. The choice of AOL is not
unique. One possibility is to choose it to be of the form
AOL

=Qe&:—(9,&), where % is an even lattice [so that
(2.1) is satisfied] of dimension 22 —r spanned by vectors
of norm larger or equal to 4 (so that & cannot be includ-
ed in 9) (Ref. 5). & contains the "hidden quantum num-
bers" and is presently undetectable as a gauge group.
The advantage of this Aot is to make the gauge group 9
very explicit. The disadvantage is that it gives no clue as
to what % should be. Moreover, for classification pur-
poses, g is not a priori known. It is, therefore, desirable
to be able to find some sort of "standard" forms for the
base lattices Ao, at least for the purpose of classifications.
In this regard the following theorem is very useful. We
shall call the base lattice used below the orthogonal base
lattice.

Theorem 2.5. Let I be any Euclidean integral lattice
of dimension n. Then there exists positive integers
m, , mz, . . . , m„such that I" can be obtained by gluing

(m„)Z ' eZ ' e SZ " . Moreover, (i) g,",m, /~I'~

must be the square of an integer; (ii) if p is the minimum
norm of I', then each m, p; (iii} if I is even, then each
m; must be even; (iv} if I"~"' is also integral, for some in-

teger k, then k must divide each m, , and, if I " ' is even,
then m, /k must be even; (v) if (rn, , m2, . . . , rn„) works,
so does (kim„kzm2, . . . , k„m„) for any integers k;
(hence the integers m, are not unique); (vi) if some prime

p divides m &, say, but does not divide any other m;, nor
~I ~, then we may take m', =m i/p instead of m ~.

The proof of this theorem can be found in the Appen-
dix. It is also valid for the indefinite lattices, in which

(m)) (m2)case the base lattice is of the form (Z ' sZ
(mg) (m] ) (m2) (m~ )e eZ ';Z 'eZ 'e eZ ").

Let us illustrate this theorem by listing the simple roots
and the fundamental weights of simply laced simple Lie
algebras in the orthogonal basis.

Examp/e 2.1. The relevant information is given in
Table II. The scaled factors m; are given in the third

(mt )
column. Given a Z ', the minimal nonzero component
in the lattice is km;/Qm;=—kP;, with P; P&=m;5;J.
The second column of this table gives these P; expressed
in terms of the simple roots a, and the fourth column
expresses the simple roots a; directly in the orthogonal
basis. The numbering of the simple roots in terms of the
Dynkin diagrams is given in Fig. 1. The node beside
which the letter i (without square brackets) is written is
the node for the simple root a, . The fifth column gives
the orthogonal components of those fundamental weights
A, defining the conjugacy classes [i]. Note that in this
notation, the fundamental weight A,; is that for the class

[i], and with the exception of A„, this is usually not the
dual vector of the simple root a;.

These representations differ from the usual orthonor-
mal basis of expressing the weight and root vectors of
these algebras (see Table I and Ref. 10) in two ways.
First, in the usual bases, quite often these vectors are ex-
pressed in a basis in a higher-dimensional space. Thus
the vectors in A„are expressed in (r+1)-dimensional
space, and the vectors in E6 and E7 are both expressed in
eight-dimensional space. In contrast, the orthogonal
basis used in Theorem 2.5 lies in a vector space whose di-
mension is the rank of the Lie algebra. Second, the root
and weight lattices cannot be expressed as direct sums of
sublattices, but they can be obtained from gluing into a
base lattice which is an r-fold direct sum for a rank-r
algebra. The examples above show what these base lat-
tices are. Consult Table II for more detailed correspon-
dences between the difFerent bases. (End of Example 2.1.)

The choice of Ao~ is determined by the choice of the
supercurrent, as we shall discuss in the next section. We
will choose it to be the lattice A&z defined in Theorem
3.1.

We have now discussed in a general way how the base
lattice Ao is to be chosen. There remains only the ques-
tion of the choice of the glue group G. This is partially
determined by the massless spectrum 4 in the following
way. Among the massless particles, the gauge vector bo-
son belongs to the base lattice if it is properly chosen to
contain the gauge group. This is because its momentum

p =(pL,pz) is such that pL transforms like the adjoint
representation of the gauge group, and hence is a root of
the gauge root lattice Q, and p„ for this vector boson
must transform like the vector weight of SO(2). The cor-
responding shifted momentum q =p —

vv therefore be-
longs to the base lattice Ao. While the gauge boson is
thus contained in the base lattice, the other zero mass
particles, including the quarks, the leptons, the Higgs bo-
son, and possibly also the gaugino and the other super-
symmetric partners, are given by the spectrum S. If
p =(pL ',pa )ES, then q =p —vo constitute the glues of
the glue group G. Note, however, that only certain com-
ponents of p are determined by S. The components of
the vector p in the 9 directions are determined by their
group properties, and its component along SO(2) is deter-
mined by its helicity. The other components of p are
determined only by the massless condition pL =0,2 and

pz =1, and the constraints that the glues must form an
additive glue group with integral dot products. These
constraints are surprisingly strong as evidenced by the ar-
guments given for the proof of Theorem 5.11 at the end
of the Appendix. Note also that the massless states in 4
may not yield a large enough glue group to make Ao[G]
self-dual. In that case, additiona1 glues, hopefully mas-
sive, would have to be supplied to complete the job.

III. SUPERCURRENT

A heterotic string must possess a conformal and a su-
perconformal current in order to eliminate all the
negative-norm states. Conformal invariance has already
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TABLE II. Orthogonal decomposition of the root lattices. See Fig. 1 for the labeling of the number i for the simple roots a;, and
Theorem 2.5 as well as Example 2.1 in the text for discussions. Column 2 gives the decomposition of the shortest nonzero root p; in

(m. )

the one-dimensional lattice Z ' in terms of the simple roots a„and column 4 gives the explicit representation of a; in terms of the
(m )

glue classes [k, ] of Z ' . Note that the glue class [k, ] corresponds to a component value of k;/Qm;=k, p;/m;. Finally, the last
column expresses the representative weight vectors A, , of class [i] in the orthogonal basis. Note that the numberings are such that A, ;
is the dual of a;, for a11 i, only in A, .

Algebra

A„

Orthogonal
basis P,

p2k+1 Q2k+1

p2k =Q1+2Q2
+ +2ka, k+ka2k+],

if 2k &r
p2k =Q1+2a2+ ' ' ' +ra„,

if 2k =r

m,

m2k+& =2

m2k =
2k(k+1),
if 2k &r
m2k =
r(r+1),
if 2k =r

Roots a;

Q2k+1 P2k+1

a21, =(02" '
1 —k,

—1,k+1, —1,Q' '),
if 2k &r
apl, =(0 " 1 —k, —1,2k+1),

if 2k =r

Weights

[0',(i —1)/2, 1,
i, O, i, O, . . . ],
1 odd
[Oi

—
1 ~ 0

i, O, . . . ],
i even

D„ p, =a„,—a„
p, =a„,+a„
Pt 2ar —

r +1
+ +2a„2+a„]+a„,

i&2

m;=4 =(0" ' ' —2 20' ')

i &r —1

at-i=(2 2 0" )

[1]= [1 "l

[2]=
[0" ', 2]
P]=
[—1 1" ']

E

E7

p1, 2= Q2+ Q2

P; =a2+a&+2a4
+ +2a;+„2&i &6

p6 =4Q1 +3Q2+ 5Q2

+6a4+ 4a5+ 2a6

p1,2=Q2+ Q2

P, Q2+ Q2+ 2Q4

+ +2a+&, 2&i &7
P, =2a, +2a2+3a,

+4a4+ 3a5+ 2a6+ a7

m, =4,
i&6

m6 =12

m, =4,
i&7

m7 =2

a] =(1,( —1),3)
a2 = (2,2,0')

( Q y
2 y 2 7 Q )

i&2

a& =(2,2,0')
a, =(0' ', —2 2 0 ')

i)2

[0',4]
[2]=
[0,2, 2]

[16,2]

E P12 2+ 3

P, =a, +a, +2a4
+ +2a, +&, 2&i &8

p, =4a, +5a2+7a,
+ 10a4+ Sas+ 6a6+ 4a7
+2as

m, =4 a& =(1,( —1)', 1)
a2=(2, 2,0 )

a, =(0', —2, 2,0 '),

i&2

tF(z) = g A (p, ):43Ck(z)exp[ip, 4(z)]:
p, cr,
+ g B (p3 ):exp[ip3 @(z)]:

p3EI 3

(3.1)

ready been used in the light-cone gauge construction un-
der discussion, but we must still make sure of the ex-
istence of a super(conformal) current constructed out of
the right-moving variables.

If 4 denotes the first nine right-moving compactified
bosonic operators, and X;,g; denote, respectively, the
right-moving uncornpactified coordinates and its world-
sheet supersymmetric partners (when bosonized, the g;
corresponds to the tenth right-moving compactified bo-
sonic coordinate), then the supercurrent, which has con-
formal dimension 3/2, must be of the form

2

T~(z)= g P;(z)BX;(z)+t~(z),
i=1

The vectors in the set I, must be of norm l, with

p1 3 (p1)=0, and the vectors in the set I 3 must be of
norm 3. When parallel-transported around the closed
string, z ~ze ', the supercurrent TF(z) must be periodic
or antiperiodic depending on whether 1(i;(z) is periodic or
antiperiodic. This requires the shifted momenta

q, =p, —
Uo and q3 =p3 —

Uo to be in the lattice A, if we
suitably expand the nine-component vectors p, into 32-
component vectors p,- by setting all the other components
equal to zero. Note in particular that p; Uo=0.

The sets I, and I 3, as well as the coefficients A (p, )

and B (p3), must be chosen to satisfy the superconformal
algebra. The general solution for this is not known. Dne
particular solution would be to have all B(p3)=0. This
corresponds to the supercurrent construction in a ten-
dimensional string and it would not lead to a chiral four-
dimensional theory. A solution that may lead to chiral
theories is obtained by choosing all A (p, ) =0, all B (p3)
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equal, and the set I 3 to consist of nine mutually orthogo-
nal vectors p3 of norm 3. The corresponding shifted
momentum q3 =p3 —

Uo is in I and is of norm 4. This su-
percurrent is, for example, the one used in the Z3 orbi-
fold, as will be shown in Example 3.1 below. From now
on, for the sake of concreteness, we shall adopt this solu-
tion and consider its consequences. The method, howev-
er, is equally applicable if another solution of (3.1) is tak-

I

en. In that case, Theorem 3.1 has to be modified accord-
ingly.

This supercurrent solution may be used to constrain
the right-hand part of the lattice AR. The proof of the
following theorem is given in the Appendix.

Theorem 3.1. (i) Att contains the supercurrent base
(subjlattice

=(z'"' z""zI"' z'"' z'"' z'"' z'"' z'"' z'"' z"')
1R = 7

=((12),(12),(12),(12),(12),(12),(12),(12),(12),(4))

and the glue classes [(q3), ]=[0, . . . , 0, 6,0, . . . , 0,2],
where the "6"occurs at the ith place and 1 ~i ~ 9; (ii) let

q =(qL, ,'qz ) =p —
vo represent a massless fermion, then in

the basis of A&R, each of the 10 components of pR must
be equal to +1 or —1; (iii) suppose a spacetime super-
symmetric theory contains a massless fermion

q =(qL, q„) not in the adjoint representation of the gauge
group. If p„=qR+Uo is chosen conventionally to be

pz =((—1)' ) =rt, then the gaugino glue vector
5=(1 (

—1) ) EA„ is uniquely determined up to permu-
tations of its first nine coordinates. In particular, there
can be no N & 1 spacetime supersymmetry theory that is
chiral.

It is necessary to explain what is meant by a spacetime
supersymmetric theory in this context. We mean by this
that a gaugino glue of the form (0;5) exists, with 5 be-
longing to class [3] in the helicity group SO(2) (the tenth
coordinate of A, z), and with 5 =(5+vo) =1. We also
mean by this that every massless vector boson must be in
the adjoint representation of the gauge group. Beyond
this, no supersymmetric operator algebra is assumed.
With this definition, we note that neither (qL,'0) nor

(0;qs ) in (iii) of Theorem 3.1 may be in the self-dual lat-
tice A for the string.

To illustrate this theorem, we shall consider the super-
current in the familiar example of the Z3 orbital.

Example 3.1: Z3 orbifold. The gluing solution of this
has been discussed in Table III of Ref. 5. It is reproduced
as Table III here. Added to the bottom of this table are
the vectors q& =p, —

Uo and q3=p3 —
Uo defining the su-

percurrent (3.1). It is easy to check that the nine p3 form
an orthogonal set of norm 3 each.

If instead we choose the right-hand base lattice AOR to
be A,„ofTheorem 3.1, then the glue vectors A' —D',
and the supercurrent vectors q, and q3, will take on
another form. These new expressions are given in Table
IV. (End of Example 3.1.)

The determinant of A,„ in Theorem 3.1 is
~A, z ~

=(12) 4. Incorporating the right-hand glues
(q3 ),. and 5, the right-hand glued lattice Az~—:A, z[(q3)&, . . . , (q3)9, 5] has a determinant equal to
[Az„] =(12) 4/(2 6) =3 ) ~As ~. Combining this with
Theorem 2.4, and the fact that any additional right-hand
glue must contribute a factor dividing ~Az„~ by some
power of 3 (Theorem 2.1), we obtain immediately
Theorem 3.2 below. If the theory is not spacetime super-

symmetric, then the gaugino glue 5 should not be includ-
ed, and the bound for

~ As ~
is increased to 3 2 .

Theorem 3.2. ~At ~

= )A„~ =3, 3, 3, or 3 if the theory
is spacetime supersymmetric. Otherwise, the allowed
values for ~At ~

= ~Att ~
are all of the above, plus each of

the above multiplied by 2, plus 3 and 3 2 .
This theorem will be used in Sec. V to find the allowed

gauge groups.
Theorem 2.5 allows us to choose the left-hand base lat-

tice AOL in an orthogonal basis. It, however, cannot
specify what the scale factors m; are. Now with the su-

percurrent input from a four-dimensional string, these
can be specified partially:

Theorem 3.3. We may take the m, 's of AoL in

Theorem 2.5 to be m, =3k, and m =k for 2 j ~22,
where k is some (as yet unknown) integer.

We have stated in Sec. II that it is not true that every
self-dual lattice can be obtained from a standard one by
shifting. However, when the supercurrent input is incor-
porated, the story is diff'erent.

Theorem 3.4. Any two strings with this supercurrent
can be obtained from each other by shifting. In particu-
lar, all of them can be obtained by shifting from the Z3
orbifold of Example 3.1.

IV. CHIRAL THEORIES

According to (iii) of Theorem 3.1, N ) 1 spacetime su-

persymmetry is never present with our choice of the su-
percurrent. This eliminates an important source of non-
chirality. Theorems 4.1 and 4.2 below establish condi-
tions for a theory to be chiral. The proofs of these
theorems are found in the Appendix.

A word of caution is necessary about what we mean by
a chiral theory. By a nonchiral theory, we mean one in
which every left-handed massless fermion with fixed
quantum numbers in 0 and & has a right-handed
partner. Let us define "left-handed" helicity to be in the
Conway-Sloane class [3] (for p) of the SO(2) (the tenth
coordinate on the right-hand side), and "right-handed"
helicity to be the ones in class [1]. See Refs. 5 and 7 for
more information. So a left-handed fermion q =(qL,.qz )

is a chiral partner of a right-handed fermion q'=(qL;qz )

iaaf qt =qL, the tenth coordinate of qz belongs to class [3],
and the tenth coordinate of qz belong to class [1]. Note
that there are no requirements for the other components
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TABLE III. Z3 orbifold with the original base lattice. The base lattice Ao is given in the first row. The massless glues A —E are
given in the subsequent rows. The massive glue F is also necessary to glue Ao to a self-dual lattice representing the Z3 orbifold. The
vectors q, and (q3 ); are the ones from which the supercurrent is constructed. See Eq. (3.1) and the discussions below it.

A

B
C

E A( )
2

020
080

A (9)
2

0
[~]
0

080
020

2

080
080

A (9)
2

020
080

A (9)
2

080
020

A (9)
2

080
080

A2 z(12)

[I]
[II]
[II]

[ill
[II]

[II]
[II]

z(4)

(q3j,

States
( A 2 , A 2 , A 2 ) states

[i]=(b,0,0),(0, b, 0), or (0,0,b)
[ii]=(c,c,c)
[iii]=(c,c,d), (c,d, c), or (d, c,c)

A(" states
b =030,003, or 066
c =080,008, or 011
d =020,002, or 077
e =010,001, or 011 (1=——1)

(Z'"', Z' ') states
[I]=(0,0) or (3,1)
[II]=(10,2) or (1,3)

A 2 states
a=A]
P=A, )

—a,
a] a2

Glue groups and generators
(Z, z)[C]
(z, )'[a]
(ZQ) [D]
(Z3) [F]

of qz and qz. Note also that if a theory is nonchiral in
our sense, it is nonchiral in a more usual sense as well.

Suppose A=Ao[G] is a self-dual lattice for an % =1
spacetime supersymmetric theory in which at least one
left-handed massless fermion is present. This means that
G contains glues of the form (0;(q3);), (0;5), and
(qL, 7)), as defined in Theorem 3.1, with qL =0 or 2. Let
g, =(g,l,g,n ) be the remaining independent glues in G,
and let f1 be the jth (1 ~j ~ 10) component of g,z.

Theorem 4.1. The supersyrnmetric theory described
above is nonchiral i6' either for every glue g„f7 +f&

+fQ
=0 (mod 6) is true, or for every glue g„f +f&+f&=0 (mod 6; a, P, and y are any three dis-

tinct integers between 1 and 6) is true.
Theorem 4.1 tells us what glues to avoid if we want a

supersymmetric chiral theory. The condition stated there
deals only with the right movers. However, because of
self-duality, the right movers are intimately related to the
left movers and sometimes the information given for the
left movers is already sufficient for us to rule out a chiral
theory. Since gauge groups and gauge quantum numbers

of the observed particles are speci5ed by the left movers,
it is much more convenient for applications if a criterion
for nonchirality can be established by the left movers
alone. The following theorem is a theorem of this kind.
Spacetime supersymmetry is not required.

Theorem 4.2. Let [q]=[(qL,'qn )] be a glue class of a
massless fermion not in the adjoint representation. If 3
does not divide the order nI of the glue class [qL ], then q
has a massless chiral partner. In particular, if the theory
is spacetime supersymmetric, then 3 divides nI .

Note that the order n of a glue class [g] is defined to be
the smallest positive integer so that n [g]=[0].

Theorems 4.1 and 4.2 illustrate the difficulty of con-
structing chiral theories. To illustrate Theorem 4.2, let
us consider the following example.

Example 4.2: SO(10)XU(1) X SO(32) grand unified
theory (GUT) models. Suppose we want to construct a
SO(10)XU(1) GUT theory with shadow matter quantum
number given by SO(32) =D,6. For this we take the left-
hand part AoL of the base lattice Ao=(AoL, Aon ) to be
Aor =D~Z'"D, +6 (for some I), and a glue q =(qi, qadi )
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TABLE IV. Z, orbifold in the supercurrent base lattice. The notations are the same as those of Table III. The glues A' —D' in
this table are related to the glues A —D in Table III.

&s E6 A2

0 0 0

A (9)
2 A (9)

2 A (9)
2 (12) (12) (12) (12) (12) (12) (12) (12) (12) (4)

0 0

(q3)4
(q3)s
(q3)6
(q3)7
(q3)s
(q3)9
A'

B'

C'

D'

0 1

0
0
0
0
0
0
0
0
0

0
0

bt

0
0

080
008
080
080

0
b'

0

080
080
008
080

0
0
0
0
0
0
0
0
0

0
0

0
0
b'

080
080
080
008

6
0
0
0
0
0
0
0
0

2
0

0
6
0
0
0
0

0
0
2
0

0
0
6
0
0
0
0
0
0

2
0

0
0
0
0
6
0
0
0
0

0
2

0
0
0
0
0
6
0
0
0
0
2

States:

A 2' states:
b'=030 or 003 Z" '=—(12) states:
1=—1

Glue groups and generators:
i Zi)'[V3]
(Z3) [A']
(Z, )'[8']
(ZA) [C']
(Z, )'[D ]

to contain massless quarks and leptons in the 16-
dimensional representation of SO(10). Since D,6 is meant
to be the shadow group, this glue q for the observed fer-
mions should have no components in it. Now the 16-
dimensional representation of SO(10) belongs to class [1]
of D5. To make it massless we need qL =2, and hence a
component equal to +&3/4 along U(1). This latter be-
longs to class [3m] of Z" '. Thus 1 = 12m and the or-
der of the glue is 4m. According to Theorem 4.2, the
GUT fermions have a chance to be chiral only when 3
divides the order of the glue class, meaning in this case
that 3 must divide 4m, and hence m. The smallest
scaled-up lattice in this case is Z" ', corresponding to
m =3.

Thus the resulting left-hand base lattice AOL is
(12m )D5SZ" 'D, +6. Its determinant is

~ AOL ~

=4X12m =3X4 m
~

& ~Az ~. Thus ~AL~, which must
be equal to ~AoL~ divided by the square of a number
(Theorem 2.1), may indeed have the allowed values listed

in Theorem 3.2. Nevertheless, it can be proved (see
Theorem 5.11) that a chiral theory based on the gauge
group SO(10)X U(1) X SO(32), or SO(10)XU(1) XE,
XEs, can never be constructed. (End of Example 4.1.)

V. GENERAL THEOREMS

Using the knowledge obtained in the previous sections,
a number of general results on four-dimensional strings
can be established. The proofs of the theorems are given
in the Appendix.

It should be borne in mind that all we are starting from
is a self-dual lattice containing the sublattice A, z. When
we say supersymmetry all that we mean is the existence
of the gaugino glue vector 5 defined in Theorem 3.1 (iii),
and the absence of a massless vector boson in any other
than the adj oint representation of the gauge group.
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Beyond these we do not carry an operator supersym-
metric algebra, or any other operator framework. Thus
although some of the theorems stated below (e.g. ,
Theorems 5.1 and 5.2) are familiar, ' "they are usually

proven with the help of the supersymmetric algebra,
which is absent in the present approach. In our frame-

work these "familiar" theorems are not immediately ob-
vious, and it is gratifying that with much less input in the
gluing string framework, they are still valid.

Theorem 5.1. Tachyons are absent in spacetime super-
symmetric theories.

Theorem 5.2. To each massless scalar boson in a super-
symmetric theory, there is one and only one massless fer-
mion with the same gauge quantum numbers. To each
massless gauge vector boson in such a theory, there are
two massless fermions (gaugino), one left-handed and
another one right-handed.

The following theorem shows the absence of low-mass
and high-spin fundamental particles. This theorem holds
in much greater generality; it is included here because the
proof contained in the Appendix makes use of this self-
dual lattice formalism alone. By gravitons we mean the
particles associated with the metric tensor g„, the an-

tisymmetric tensor B„„,and the dilaton P. By gravitinos
we mean their supersymmetric partners.

Theorem 5.3. Other than the gravitinos and the gravi-
tons, there can be no massless particles of spin greater
than one.

The following theorem about the Higgs boson, long
suspected to be true, makes it impossible to construct
conventional grand unified theories in this framework.
Supersymmetry is not required for the following proof.
A similar result has been obtained in Ref. 12. It is also
known that this theorem may be false for other string
models. '

Theorem 5.4. No massless scalar particles in a chiral
theory can lie in the adjoint representation of the gauge
group.

Next, we will establish what are the allowed gauge
groups. With the help of Theorem 3.2, one can establish
the following theorem.

Theorem 5.5. Let Ao=(A&L, Aoz ) be a base lattice, and

AL, A& be the maximal Euclidean sublattices, of a four-
dimensional string. Then A2Aol and A2+AL can both
be glued to one of the 23 inequivalent Niemeier lattices.
Moreover, all the glues for A2 AL are of order 3.

We remark parenthetically that there are 24 ine-
quivalent self-dual even Euclidean lattices of 24 dimen-
sions. One of them has a minimum nonzero norm to be 4
(the Leech lattice), and the 23 others have a minimum
nonzero norm to be (the Niemeier lattices).

Recall from Theorem 3.2 that ~AOL ~ may take on
values 3, 3, 3, or 3 for a spaeetirne supersyrnmetrie
theory. The following two theorems dea1 with the rela-
tionship between these values and the chirality of the
theory.

Theorem 5.6. A ~AL ~

=3 spacetime supersymmetric
theory is necessarily chiral, in the sense defined in Sec.
IV.

Theorem 5.7. A ~AL ~

=3 theory is necessarily non-
chiral.

When
~ AL ~

=3 or 3, the theory can be either chiral or
nonchiral.

The next three theorems give a classification of the al-
lowed gauge groups in the presence of shadow matter.
Recall from Sec. I that a shadow group is one in which
no glue is allowed to have nonzero components both in-
side and outside of the confines of the corresponding root
lattice. For that reason a shadow-group lattice has to be
self-dual in order for the whole string lattice to be so, and
this confines the allowed shadow-group lattices to
E8=D8+, E8X E8, and D &+6. With this factorization of the
shadow group, the possible Niemeier lattices that can be
built out of A28 AL according to Theorem 5.5 are greatly
reduced. Then it can be shown that

Theorem 5.8. When shadow matter is present, we may
take the m, 's in Theorem 2.5 to be products of 2's and 3's
only.

Theorem 5.9. If the shadow-group lattice is E8, then
AL is a sublattice of either E&@Es@Es, or (D&3
eZ" ')[1,3]SEs, and hence the gauge group 9 is a sub-

group of either E6 X Es or D» X U(1).
Theorem 5.10. If the shadow group is of rank 16, then

AL is a sublattice of E6 (shadow-group lattice), and
hence the gauge group 9 is a subgroup of E6.

Define a jirst order u-ngluing of a Euclidean lattice A to
be any lattice A' for which there exists a glue g of order 3
satisfying A = A'[g]. Define a second order un-gluing of A
to be a first-order ungluing of any first-order ungluing of
A, etc. For example, the first-order ungluings of Es are
As, Ese A2, D7SZ' '[1,9], and E7SZ" '[1,9]. E7 it-
self has five first-order ungluings.

Thus the above theorems imply AI must be a first-,
second-, or third-order ungluing of E6, E6e E8, or
D&3eZ" '[1,3], if the resulting string is to be chiral and
has shadow matter. Conversely, any such ungluing deter-
mines AI and hence the gauge group of a supersym-
metric string with the supercurrent of Sec. III.

Similarly, with or without shadow matter, it can be
shown using Ref. 14 that Az is a first-, second-, or third-
order ungluing of D9esZ" '[1,3], E&sZ4, Z9Z' ', or
EsZZ' '. In particular, because there is only a finite
number of integral Euclidean lattices with a given deter-
minant and dimension, there is a finite number of possible
strings whose supercurrent is as in Sec. III. Moreover, in
theory at least, these could be systematically and com-
pletely enumerated.

The standard-model group SU(3) X SU(2) X U(1) has
rank 4. It is, therefore, conceivable to have a rank-16
shadow matter group in the theory. If this were possible,
the standard model would effectively be contained in a
rank 22 —16=6 grand-unified group. Unfortunately, the
following theorem shows that this is impossible, at least
not when the theory is grand unijiable and contains the
supercurrent of Sec. III. By a grand-unifiable standard
model, we mean one in which all the observed fermions
(quarks and leptons) are constructed out of glues

q =(qL, q~ ) with all q~ =ri. We call that grand unifiable
because if this were not the case, it is hard to imagine
how the fermions can be unified into a larger gauge
group.
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Theorem 5.11. A grand-unifiable standard model, with
an arbitrary number of generations, with or without the
usual choice of Higgs boson, will be nonchiral if it con-
tains 16 dimensions of shadow matter and the super-
current of Sec. III. A corollary to this result is that no
chiral GUT string, containing the standard model in a
natural way, may have 16 dimensions of shadow matter.

VI. CONCLUSION

String theory is the unique candidate for a grand
unified theory with finite quantum gravity incorporated.
It also distinguishes itself from the usual grand unified
theory based on four-dimensional quantum field theory in
that the gauge group and the spectrum of particles are no
longer arbitrary in a string theory. In this and a previous
paper, we have undertaken a systematic study of the
properties of heterotic strings of the lattice type. We
have found out, in Secs. III-V, a number of restrictions
resulting from the supercurrent we impose on the theory
in Sec. III. We have also found that chirality places a
very strong restriction on the theory. Essentially, a good
string theory containing the standard model is very
diScult to construct using the lattice string approach.
Either the gauge group is far too large, or the theory is
nonchiral. See the theorems in Sec. V. This had been
found to be the case by practical constructions, ' but to
our knowledge, systematic studies of the type carried out
in this paper have not been attempted before.

The conclusions of this paper are reached for lattice
strings with the supercurrent chosen in Sec. III. Some of
these conclusions (e.g. , Theorems 5. 1 —5.3) hold in much
greater generality, whereas others (e.g., Theorem 5.4) do
not. The theorems for the shadow matters (Theorems 5.9
and 5.10) are probably the most far-reaching physical re-
sults of this paper, though this paper also contains a
number of technical and mathematical developments in
the theory of lattices (e.g. , Theorems 2.4, 2.5, and
5.5 —5.7). The results for the shadow matters, as stated,
are valid only for lattice strings because the gauge group
has to have rank 22. We do not even know whether the
results are valid for other supercurrents. In this sense,
this paper does not solve the all-important question of
whether a string containing the standard model can be
constructed. It only gives some answers to the specific
cases of lattice strings with the specified supercurrent.
Nevertheless, it provides a systematic analysis, to the ex-
tent that theorems can be rigorously proven, at least for
this limited class of strings. Much more work is neces-
sary to analyze the cases of other supercurrents, and to
determine whether the present methods are helpful in
constructing more general conformal field theories along
the lines of Ref. 15. Work is underway in those direc-
tions.
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APPENDIX: PROOFS OF THE PREVIOUS RESULTS

In the following pages we will prove the remarks men-
tioned in the main body of this paper.

Let A be a self-dual indefinite lattice of signature
(nl, nR ). Then any x EA may be written as x =(xL,xi' ),
where x-y =xL yL

—x„y„. Define the projection lattice
A,' —= Ix, 13x„such that (xz, xz ) «A); define Az sirni-

larly.
As mentioned earlier, for both mathematical and phys-

ical reasons we assume throughout this paper that A con-
tains a sublattice (ApI, Ap„), where ApL and Ap„are, re-
spectively, Euclidean lattices of dimensions nI and nz.
This occurs precisely when AL and Az are rational lat-
tices, i.e., when all their dot products are rational. In this
case there exist maximal lattices Ai and Az, such that:
(ApL'Apa ) is a sublattice of A iff ApL and Apz are sublat-
tices of AL and A~, of dimensions nL and n„, respective-
ly. The following result follows quickly from the self-
duality of A.

LemmoA AL (AL) and A
Theorem 2.4. )AL /

= )Aa /.

Proof. Let A=(AL,'Aa )[G]. Let g; be the independent
generators of 6, of order n;. Then by Theorem 2.2,
IAL, ~~Ay I

=g n; Since Aa is maximal, (g;)L is also of
order n, (with respect to AL ). Thus,

&( R

by the lemma. Q.E.D.
Theorem 2.4 will be used in the proof of Theorem 5.5

given below.
The following theorem has numerous applications,

only some of which have been touched in this paper. In
Ref. 8 it will be used to analyze the following (related)
questions.

(i) When is it possible to shift between two given lat-
tices? (This was only partially answered by Theorem 4.4
in Ref. 5.)

(ii) Given a non-self-dual base lattice, is it possible to
glue it into a self-dual lattice? (That its determinant be
square is a necessary but not sufficient condition. )

The value of this theorem lies in the ease with which it
allows us to prove results for arbitrary integral lattices.

Theorem 2.5. Let A be any Euclidean integral lattice
of dimension n. Then there exist positive integers
m&, . . . , m„such that A can be obtained by gluing

(mi) (m )
Z 'e- -eZ

Proof. It is sufficient by Theorem 2. 1 to prove that A
contains a sublattice of the given form, or, in other
words, to show that A contains n mutually orthogonal
vectors.

Let P& be any nonzero vector in A, and define m
&

=P&.
If n = 1, we are done.

Now proceed inductively. Suppose there are k &n
linearly independent orthogonal vectors p„. . . , pk in A,
and define m; =P;, for each i Then som. e yk EA can be
found which is linearly independent of the p, 's. Now
define
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pk+, —=[(m2 m3 . mk)(p, yk)]p, + +[(m) m~ . mk, )(pk yk)]pk —(m( m2 . . mk)yk,

and rnk+, —=Pk+, . Then P; Pk+, =0 for alii &k. Q.E.D.
The various parts of the theorem, as listed in Sec. II,

are trivial to verify. For example, part (i) follows from
Theorem 2.2, while parts (ii) and (iii} follow immediately

(ml ) (m„) .
from the fact that Z ' . . Z " is a sublattice of A.
Of course, these m; are by no means uniquely deter-
mined.

The proof of this theorem for indefinite A reduces to
the definite case, since any "orthogonal decomposition"
of (AL, Az ) is necessarily one for A. Note, though, that
it holds in the indefinite case only because of our assump-
tion that AL and Az exist.

For notational convenience we write ((m t ), . . . , ( ml, ) )
(m& ) (m&)

for Z ' 8 8Z " . Also, the abbreviation (m)"
stands for ((m), . . . , (m)) (k times). For example, an or-
thogonal decomposition for D„ is (4)."

Now consider the supercurrent given in Sec. III. Re-
call that it involved nine mutually orthogonal vectors
(p3);, each of norm 3, and each orthogonal to uz. More-
over, the corresponding shifted momenta (q3);
:—(p3 ); —vo are all in the lattice A„.

Note that 2UO is also in Az —this follows from
Eq. (2.1}and the self-duality of A. In fact, 2vo generates
the transverse spacetime group SO(2) =Z' '. Hence
each 2(p3), is in Az. The set of ten vectors

[ 2(p 3 ),, . . . , 2(p 3 )9,2uo I are mutually orthogonal and
hence span an orthogonal base lattice for Az. Denote this
sublattice by A, R', it is just the lattice ((12),(4) ) given in
Theorem 3.1 (i).

We may take the lattice vectors (q3); to be glues.
They must belong to the glue classes [0, . . . , 0,
+6,0, . . . , 0, —2]=[0, . . . , 0, 6,0, . . . , 0,2]. This com-
pletes the proof of Theorem 3.1 (i).

Let q =(qz', q„} represent a tnassless fermion, and
define f; C Z, (1 ~ i ~ 10) by

2(p3); 2uoqa=Xf
12

+fio 4
'—=(f] fio).

i=1
Because q is a fermion, f,o must be odd; because f,o is

odd and q (q3); must be an integer for each i, we have
that each f; must be odd. Because q is massless,

(qz+uo) must equal 1. Thus fI=—1 or —3 is forced.
In either case, g9, f; must equal 9, implying f; =+1,
(1 ~ i ~ 9). This gives us Theorem 3.1 (ii).

Before completing the proof of Theorem 3.1, we will
first address the question of chirality. Note that if our
theory contains any massless fermions, we may take one
to be q = (ql, g ). Remember that our definition of non-
chirality is a little weaker than the usual one (see Sec. IV).

Lemma B. Let q =(qL, rt) be any massless fermion.
Then the theory is nonchiral (in the sense of Sec.
IV) =either (2' ) or (2,0,2}EA~, up to a permutation
of (2,0 ). Also, (2,0,2) C Az nonchirality of the
theory. If a gaugino is present, the theory becomes non-
chiral iff (2,0,2) C Az, up to a permutation.

Proof. Note first that the theory is nonchiral q has a

massless chiral partner q'. Now consider q" —=q
—q'; it is

not difficult to verify q" is of the form of either (0;2' )

or (0 2,0 2).
Now suppose that a vector q" of the form (0;2,0,2)

is in A, and let q' be any left-handed massless fermion.
Then q" q'EZ implies q' —q" is massless. Therefore the
theory is nonchiral.

If a gaugino is present, by the following analysis it
must be of the form (0;5). Subtracting twice the gaugi-
no from (0;2' ) and subtracting three of the glues given
in (i) establishes the final statement of the lemma. Q.E.D.

Assume there is a fermion q in the theory with qz =g,
and assume in addition that (0;rt) is not in the theory
(otherwise rt rather than 5 would be the gaugino). Sup-
pose q'=(0;q„') is a massless fermion in the theory,
where qz =(f„.. . , f,o), and without loss of generality
take f,u

= —1. Then rt qz EZ, so by Theorem 3.1 (ii) we
know that either all ten of the f s are —1, or four are
—1 and six are +1. By assumption we can discard the
first possibility.

Assume there is a fermion q in the theory with qz =g,
and assume in addition that (0;rt) is not in the theory
(otherwise rt rather than 5 would be the gaugino}. Sup-
pose q'=(0;qz ) is a massless fermion in the theory,
where qtt =(f, , . . . , f,o), and without loss of generality
take f,o

= —1. Then rt qz FZ, so by Theorem 3.1(ii) we
know that either all ten of the f, 's are —1, or four are
—1 and six are +1. By assumption we can discard the
first possibility.

Assume there is an N ) 1 spacetime supersymmetry in
the theory. Then there are N such gauginos. Let q' and
q" be any two independent ones. Then q' q"=0, so
q'+q"=(0;2, 0, —2), up to a permutation of the
right-hand coordinates. Hence, by the above lemma,
chirality would be violated.

This concludes the proof of Theorem 3.1. Incidently,
the theory would also be nonchiral if both ri and 5 were
gauginos, even if all other massless fermions were also in
the adjoint representation of the gauge group.

Theorem 3.4 follows from the analysis in a future publi-
cation. Lemma B and self-duality immediately give us
Theorem 4.1.

Let q =(qL, q„) be any massless fermion. Let nL be
the smallest positive integer such that nlqL E.AL and
suppose that 3 does not divide it. Then (0;4nL qz ) E A.
Let qz =(f„.. . ,fI) and [4nL qz]=[(fI, . . . ,f&0)] as
usual. Then we may take fI&=0 and [by Theorem
3.1(ii)] f'=+4(1 ~i ~9}. Adding and subtracting the
glues of Theorem 3.1(i} gives us q"=+(0;2qz)EA,
with the sign depending on the value of nr (mod 3}. The
massless chiral partner of q then is q +q".

Note that the previous paragraph implies 2qL E AL, so
nL = 1 or 2. If the theory is supersymmetric (i.e., a gaugi-
no is present}, then ~AL ~

= ~Az ~
divides 3, and so is odd.

Thus, no order can be even, so nL must be 1. In other
words, (0;qz ) is the gaugino.

This gives us Theorem 4.2. It is more convenient in
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practice to define ni (as was actually done in the text of
this paper) to be the smallest positive integer such that
nl qr E Api. This nI will necessarily be a multiple of the
nl used in the above proof, so if Theorem 4.2 holds for
the latter nl ( as was shown above, then it must hold for
the former.

Suppose q =(ql, qadi ) is a tachyon. Then P~
=(qz+vp) must be less than 1. Let q„=(f„.. . ,f,p)
as usual. Then fip= —1, —2, or —3.

If f,p= —1 or —3, because of the supercurrent glues
in Theorem 3.1(i) all f;, (1 ~i ~9), must be odd. Then

pzi g;, (+1) /12+(+1) /4=1.
Therefore f,p must equal —2. The supercurrent glues

now imply that all f; are even. Thus 0, 1, or 2 of them
are +2's, and the rest are 0's. In any of these three cases,
dotting q with the gaugino yields the rational number
n /12 +—,'=(n+6)/12, where n =0,+2, +4. Thus the
dot product can never be integral, so the tachyon cannot
be present. This is Theorem 5.1.

Let q
= ( qz ', qR ) be a massless scalar boson. Then

q„=(f;)=(+2,+2, +2,0, —2), up to a permutation of
the first nine components. Note that q 5EZ implies that
either f; 5; ~ 0 for all i ~ 9, or f, 5, ~ 0 for all i ~ 9. In the
former case the desired superpartner of q is q

—5, and in
the latter it is q +5. The case of a massless vector boson
q' is even easier: its superpartners are clearly q' 5, since
qadi

=(0' ). This gives us Theorem 5.2.
Theorem 5.3 follows from the fact that to be massless a

particle q must satisfy pz = 1.
If q =(qi ',f; ) were to represent a particle in the adjoint

representation, then we may take qz =(0 ). If it was a
scalar, then all f; would be even (by dotting with the su-
percurrent glues); to be massless f,p would have to be—2, three of the f; (1 ~i ~9) would be +2, and the
remaining six would be 0. The dot product of q with the
fermion q'=(qz', rl) would have to be an integer, requir-
ing that the three +2's be of the same sign. Lemma 8
now tells us the resulting theory must be nonchiral.
Hence chirality forbids an adjoint Higgs boson, and thus
most GUT's. (Note that supersymmetry was not used in
the proof. ) This is Theorem 5.4.

Now we will turn to the proof of Theorem 5.5. Al-
though it follows immediately from the analysis of Ref. 8,
it is possible to prove it using more elementary means.

Let A, and A2 be any two integral lattices, and define
A, —A2 if there exist a third lattice A' and glue groups 6,
and Gz such that A'[G, ]=A, , and A'[Gz]=Az ("=," or
"lattice equivalence, "was defined at the beginning of this
paper). For example, Es-Zs (take A'=Ds) —in fact, as
will be proved in Ref. 8, A is an n-dimensional Euclidean
self-dualizable lattice i6' A-Z„. Also, A, -A2 iff A& can
be rotated so that A, A Az is of dimension equal to that of
A, and A2.

It is easy to prove "-"defines an equivalence relation.
Also, A, -A', and A2-A2 implies A, A2-A&Az. Any
lattice is — to its orthogonal decomposition
((mi ), . . . , (m„)). Note that ((I imi), . . . , (I„m„))—((m i ), . . . , (m„)), for any I; EZ.

Theorem 2.3 translates into the statexnent:
Theorem C. Given any integral lattices A, and A2, if

A, —Az then A& is self-dualizable i6'Az is.
"A, is self-dualizable, " of course, means that it can be

glued to a self-dual lattice. As was mentioned in Ref. 5,
this result was obtained by applying the shifting opera-
tion.

Since A-(Al; A„), and A for a string is self-dual, the
above theorem tells us that (Al;Azi), or (Apz, Apzi), is
self-du alizable.

Lemma D. Azi
—((3),(1) ).

Proof. A~ —((12),(1))—((3),(3),(3),(1)). Now, it
is straightforward to verify (and in any case will be ex-
plicitly shown in Ref. 8) that (3) -(1) [in fact, (I) -(1)
for any l]. Q.E.D.

Incidently, this implies Theorem 3.3, using results
proved in Ref. 8.

Lemma E. A2 Al is self-dualizable.
Proof Defi. ne Az'i =—((3},(1) ). By the above lemma,

(Az, Azi) is self-dualizable. Let g; be the relevant in-
dependent glues. Then we may take (g;)z =0 for all but
one g; —call it gp. Let Az' =—Az [g;, i%0]. Then
(Az', ;A„" )[gp] is self-dual.

Note that (gp)zi E(Azi )'. Therefore (gp)z E(Az')'.
Also, (gp )„—:—,

' (mod 1},so (gp )z,
—= —,

' (mod 1).
Now consider A z 8 Ai', and glue to it g = [1,(gp )z ].

This glue has the same order as gp, and the determinants
~ Az ~

and ~Azi ~
are equal. Since the norm of g is integral,

and g C A z e(AI')", ( AzA& )[g] is self-dual.
Since Az -A'I', the theorem follows. Q.E.D.
Note that up to here supersymmetry has not been used.

It comes in the next paragraph.
From the spin-statistics connection Az is even.

Choose the g, such that A zAz [g, ] is self-dual. Replace
each g, with 2g, . Their orders, being odd (since
~Az~ ~Az ~

is odd, by Theorem 3.2), are unchanged.
Therefore, Aze Ai [2g;] is also self-dual. Since both the
base lattice and the glues have even norms, it is a 24-
dimensional type-II lattice. It has roots, and so must be
one of the 23 Niemeier lattices.

This gives us Theorem 5.5 [that the glues have order 3
follows from the fact that any glue g of (Az', Azt ) must
s«isfy 3g& E A& ].

Theorem 5.6 follows from Lemma 8 and the fact that
Ag =Alibi [(q3)1 ' ' ' (q3)9 5]—no

combination of base lattice vectors and glue vectors can
give us something of the form (2,0,2).

Theorem 5.7 is more difficult. It is most quickly estab-
lished by consulting a table, recently compiled by Con-
way and Sloane, ' of all the integral lattices of small di-
mension and determinant. ~Az ~

=3 implies Azi is an in-
tegral lattice of dimension 10 and determinant 3. Ac-
cording to the aforementioned table, the only possibilities
for Az are (i) D9(12}[13],(ii) E7Zz(6}[103],(iii) E6Z4,
(iv) AzZ&, (v) AzEs, (vi) Z9(3},and (vii) E&Z(3).

From the previous analysis, we know A2A& is self-
dualizable. This eliminates (ii), (iv), and (v).

The spin-statistics connection tells us that there is a
vector 2vp EA„with norm 4, such that the dot product
of 2Up with any vector of even and/or odd norm is an
even and/or odd integer. This constraint immediately
eliminates (i) and (vi). Also, chirality demands that there
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be at most one gaugino [Theorem 3.1(iii)], forbidding
case (iii). Thus the only remaining possibility is (vii),
where 2vo is the sum of the norm-1 and norm-3 vectors.
However, the supercurrent vectors (q3); have a dot prod-
uct of 2 with 2vo but a norm of only 4—a quick check
confirms that not even one such vector can be found,
given this choice for Az. Hence we get Theorem 5.7.
Supersymmetry is not needed in the proof.

Theorem 5.8 follows from the following two theorems
and a result that will be proven in a later paper.

Theorems 5.9 and 5.10 also use the Conway-Sloane
table. '" When eight dimensions of shadow matter are
present, we are interested in a 14-dimensional lattice A
with determinant equal to

~
A 2 ~

=3. Spin-statistics
demands that AL be an even lattice, and since the order
of A'/AL is odd, A' must also be even. Hence the only

I

candidates are E6E8 and D»(12)[13]. A&@A', for
both these choices of A', is self-dualizable, as it should be.

Similar reasoning produces Theorem 5.10.
Finally, we will address Theorem 5.11: a "grand-

unifiable" standard model with 16 dimensions of shadow
matter cannot be chiral, at least not with the super-
current studied in this paper.

Choose as the right-hand base lattice A&z as usual; for
the left-hand base lattice choose A, —:A 2@ A

&
g A, 6

tts(ab )$(c) t))(d), where A2 corresponds to SU, (3), A,
to SUL (2),A&6=Es@E& or D,+6 is for the shadow matter,
and (ab ) corresponds to U (1). (c) and (d) are hidden.
a, b, c,d are as yet undetermined positive integers.

There are (at least) five massless glues, whose left-hand
sides are given by

Parti. cle A2 A, (ab ) (c) (d) A, 6

left-handed quark qI
left-handed electron el

right-handed electron ez
right-handed up quark uz

right-handed down quark dz

[1]
[0]
[0]
[1]

[1]
[1]
[0]

[o]

b
—3b
—6b
4b

—2b

C]

C2

C3

cg
C5

d2
d3
d4
d5

A priori, the only constraint on the right-hand side of
these glues is Theorem 3.1(ii). We may assume without
loss of generality that the right-hand side of the momen-
tutrt vector p for the left-handed quark qt, is (( —1)' ).
By "grand-unifiable" we simply mean that the momen-
tum for the right-hand side of eL also be (( —1)' ), and
that for ez, uz, and dz all be —g. Then the left-hand
sides of the vectors q =p —

vo for qL, . . . , dz must all
have norm 2 (to be massless) and have integer dot prod-
ucts with each other (to be lattice vectors).

The proof of Theorem 5.11 is computational, and con-
sists of several cases. An outline of the argument used is
given below.

By an argument similar to that used in Theorem 3.1 (i),
we may assume d

&

=0 and [1] + [1]
+b l(ab )+c& lc =2. Hence we may take c =6a(5a
—6)r and c& =(Sa —6)r, where r is some integer.
c2, . . . , c5 can be determined by taking dot products of
the respective vectors (eL )L, . . . , (d„)L with (qL )L and
noting that the result must be an integer between —3 and
3. d and dz can be determined by using (eL )L=2.
d3 d4 d5 can be obtained by dotting ( ett )L, ( u~ )L, ( dg )1,

Particle

qL

eL

ug

R

A2

[1]
[0]
[0]
[11
[1]

A]

[1]
[1]
[o]
[ol

(30b ) (201 ) (12s )

b
—3b
—6b
4b

—2b

4r
3r

—4r
—4r

3r

0
3s
0
0

—3$

These remaining possibilities can be eliminated by show-
ing

~ AL ~

=3, impossible for a physically acceptable
theory (see Theorem 5.7).

It is much easier to directly handle GUT's [e.g. ,
SO(10)] in the above manner, for there are far fewer cases
in general.

with (eL )L. The vast majority of the cases are eliminated
by demanding (et')L =(utt)t =(dtt)L=2. This also re-
stricts the value of a.

Further cases may be dismissed by requiring (see Lem-
ma E) that Aze3A, be self-dual.
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