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By combining the method of geometrical quantization and Krichever and Novikov algebra, we

study the holomorphic structure of a bosonic string with Wess-Zumino term on a genus-g Riemann
surface X and arrive at the conclusion that the curvature on a Kahler manifold is proportional to
the central extension of Krichever and Novikov algebra on X and vanishes at the critical dimension
d =26 (kdg )/(Cy+k).

I. INTRODUCTION

Recently Bowick and Rajeev discovered that anomalies
can be formulated as the curvature of some holomorphic
bundles over gauge-group manifolds or proper coset
spaces related to them. ' Then Pilch and Warner derived
the correct anomalies by only considering vacuum bun-
dles on a Kahler manifold. On the other hand, Kri-
cherver and Novikov introduced a new general formal-
ism which proves to be a very important tool in the
study of conformal field theories on Riemann surfaces of
arbitrary genus. They consider the algebra (to be referred
as KN algebra) of meromorphic vector fields which are
holomorphic outside two distinguished points and intro-
duce an explicit countable basis. By using this method,
some authors have studied the bosonic string and super-
string on a genus-g Riemann surface and proved that
the critical dimensions for any genus remain 26 and 10
for the bosonic string and superstring, respectively.

In this paper we wish to combine the above two
research directions into a new approach which will serve
to study the string field theory on a genus-g Riemann sur-
face by an operator formalism. It might be quite interest-
ing and useful from the geometric point of view. Here we
think of the motion space of the bosonic string being
M XG, where M is a d-dimensional Minkowski space
and G a dG-dimensional group manifold. By using the
method of geometrical quantization to study the
Sugawara construction on a Riernann surface X of arbi-
trary genus, we shall prove that the curvature of a Kahler
manifold on genus-g Riemann surface X is proportional
to the central extension of the KN algebra on X.

The organization of this paper is as follows. Section II
is a brief review of the KN algebra and the scheme of
geometrical quantization. However, at the same time we
introduce the bosonic string with the Wess-Zumino (WZ)
term, which will be discussed later. As a warm up, we
consider the holomorphic structure of pure bosonic

string on a Riemann surface in Sec. III. But the main in-
gredient in this section is the method of calculating the
curvature of a vacuum bundle in the high-genus case.
Then in Sec. IV we are able to perform the geometrical
quantization procedure for a bosonic string model with
the WZ term, also on a genus-g Riemann surface. Sec-
tion V contains a short conclusion.

II. REVIE% OF KN ALGEBRA AND GEOMETRICAL
QUANTIZATION

A„(Z )=a„+—Z+" s~ [1+O(Z )],
co„(Z )=b*Z+"+It '[1+0(Z ))(dZ )

(la)

(lb)

e„(Z+)=c„+—Z+ ' [1+O(Z+)], g&=3g/2,

h (Z )=d +—Z* 'i [1+O(Z )](dZ )'

(lc)

(ld)

For ~n~ &g/2 the definitions (la) and (lb) must be
modified, because of the Weierstrass theorem. In formula
(ld) a branch cut is understood when a is a half-integer.
The above basis elements are determined up to an arbi-
trary constant due to the Riemann-Roch theorem. So we
may choose a„+=b„+ =c„+=d+ = 1, the other coefBcients
will then be uniquely determined. One needs duality rela-
tions

We begin with a brief review of KN algebra. Consider
a genus-g Riemann surface X with two distinguished
points P+,P and local coordinates Z+, Z around
them, such that Z+(P+)=0. On X one can introduce
bases of meromorphic vector fields e„, functions A„,
one-difFerentials co„, and half-difFerentials h, which are
all holomorphic except at Pz. Here n is integer or half-
integer according to whether g is even or odd, while a is
integer (Ramond sector) or half-integer (Neveu-Schwarz
sector). The behavior near P+ is given by
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. f c A (Q)co„(Q)=5 „,
1

, fc,h (Q)hp (Q)=5 p,
(2)

[X"(Q},P"(Q')]=i '5""b,(Q, Q'),

[0'(Q»W(Q'})+=i '5"5,(Q Q'»

[J'(Q»J'(Q'}) =i 'f '"J'(Q}~.(Q, Q'}

(7a)

(7b)

where h+(Q)=h (Q) and C, denotes a level curve of
the univalent function r(Q) (Ref. 2). The Lie brackets of
the basis element e„are

where

~ —1

K db, ,(Q, Q')5' (7c)

[e„,e ]=
gp

S
~nm en+m —s

S= gp

&,( Q, Q') =g A„(Q)~„(Q'), (7d)

The structure constants c„' can be calculated from the
constants appearing in the expansion of e„.

Next, we consider the energy-momentum tensor of bo-
sonic string with Wess-Zumino term

(4)

5,(Q, Q'}=gh.(Q)h'. (Q'), Q, Q'cC, , (7e)

play the role of the 5 function over C, for smooth tensors
of weight 0 and —,', respectively. Then Eqs. (6) can be re-
cast in the form of their mode-expansion coeScients:

J'(Q) =
—,':f(Q)T'g(Q): =—':p'( Q)( T');, tip'(Q):,

with T' satisfying

TaTb i fabcTc
2

Tr( T'T ) = —K5'

5cd fabcf abd

(sa)

(5c)

(Sd}

where f'"' is the structure constant of group G.
Now the objects appearing in (4) can be expanded in

terms of the basis elements introduced in (I):

X"(Q)=+X„"A„(Q), X„"= . fc X"(Q}co„(Q), (6a)= 1

27Tln

where X"(Q) is the bosonic field in space M and J'(Q)
the conservation current in group manifold G. In order
to perform the geometrical quantization later, we manage
to construct J'(Q) as some fermionic currentsb and then
will be able to realize the Lac-Moody algebra in terms of
them. For this purpose, let g' be a multiplet of spin —,'

fields homomorphic outside I'+, transforming according
to a real representation of 6 and let T' denote the an-
tisymmetric matrices representing the generators of G.
Then one has at the quantum level

[Xg,P„"]=i '51""5 „,
[a",a"„]=i '5""y „,
[g', pp)+=i '5"5 +pa,

~ —1

[Ja Jb] i
—lf abcas Jc I( 5ab~

y „= . fc A (Q)dA„(Q).

Therefore, one obtains

. pc e„(Q)T(Q)

with

,' pl)"q a)"a~k———,' gli"k Ji'Jk, —
j,k j,k

11".k
= fc e (Q}~J(Q}~k(Q}

1

Hence the Poisson bracket for L„reads

where

a' „= rt}c co, (Q)A (Q)A„(Q),
1

(8b)

(8c)

(8d)

(8e)

(9a)

(9b)

Q'(Q)=gf'h (Q), Q' = . fc P'(Q)h (Q), (6b)
gp

[L,L ]=i ' g c'„L
S= gp

(loa)

J'(Q)=QJ„'co„(Q), J„'= . fc J'(Q)A„(Q),
n

(6d)

dX"(Q)+P"(Q)=v 2+ai„'co„(Q),

P"(Q)= yP„"~„(Q), P,", = . y P"(Q)A„(Q), (6c)
1

n

This relation reduces to the usual one in the genus-zero
case. Then at the quantum level, because of the cornmu-
tation relation of current operator J', this requires that
L„must be modified as

1L = ——' ~ I":a"n":— I n,JaJa.
J k 2(C +k)~j, k V jk

&2a"„= . f c [dX"(Q)+P"(Q))A„(Q),
2&l r

(6e)

where P"(Q) is the conjugate momentum of X"(Q). Let
us introduce the Poisson brackets

—X
j,k

g lpq E'PE', b( T');, ( T'}ki:O'APW) 6':
V

(lob)
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where

E~= )C h (Q)ha(Q)A„(Q) .

We now turn to discuss the geometrical quantization
briefly. First one considers a complex Kahler manifold
I = IZA, ZA ] and defines the Poisson brackets as

[Z„,Za ]=i '5
Aa

The two-form in a Kahler manifold I should be

co=i g dZ„A dZ„=/BEAK,
A

(12)

where K =Q A Z A Z A is the Kahler potential. As a next

step of prequantization, one constructs a Hilbert space H
spanned by 4 with an inner-product rule

(+i,+2) =I +i+2detco . (13)1 2

The third step of quantization amounts to a Kahler po-
larization procedure, i.e., to pose a constraint on %'.

performing the Gaussian integration. Then the curvature
of vacuum bundle is calculated via the formula

F=BB lnh =
—,
' trBB(KK } . (21)

Ymn km jkjn— fn jkjm— (J +0) ~

and define the complex coordinates as

Zt =g„',~"„, Zy=gl-„'~g,

an =
kn lz/'-+ kn Z

where

(22)

(23)

Here the derivative is taken with respect to the holo-
morphic coordinate at the origin of M, so the fact that E
being small'has been used.

In order to use the above formulas after geometrical
quantization for calculating the curvature of vacuum
bundle on Kahler manifold, we manage to write y
defined in (8) into factorized form,

e=e-'"e, am=0. (14)

The condition (14) implies that 4 is the holomorphic
function on I . These functions 4 span the prequanturn
Hilbert space Hz and contain the quantum wave func-
tions.

III. CALCULATING THE CURVATURE OF VACUUM
BUNDLE ON GENUS-g RIEMANN SURFACE

We only consider the bosonic string and take dG=0.
Following Ref. 8, we assume that there is a symmetry
generated by some canonical transformations which keep
the two-form co intact

According to (12), we now have the two-form

co=i gdZ„" AdZ"„. (26}

Under the infinitesimal transformation generated by
iV„E„(V„=V „),

(24)

In the case of g =0, g l=&m 5 +lp. Notice that the
above prescriptions enable us to get the following com-

mutation relation for quantized operators 2 ~i and Z l:

[2 ll', Z,"]=5""5.l, [2 Ii', 2,"]= [Z ~l, Z ) ]=0 . (25)

~ A A AB~B+BABZB

Z '„=A ABZB+BAata

~ AD ~ AC AC~ AD ~DC

~ AC BC ~AC ~BC

(15)

(16)

(17a)

(17b)

2 j" =2 J"+[2 j",iV„E„]

~j +lVm fnkkn jkk —l~—l

+ Vm'Pnk4n jklk I— (27)

~Q') =exp( —
—,'Z AKABZB ) ~Q ), (18)

Suppose now these transformations form a hornogene-
ous space M, then one can define a vacuum bundle on M:
at a point (A, B)GM, the fiber space is the subspace of
H„annihilated by 2 '„. The condition 2 'A ~Q') =0 to-
gether with (15}—(17) lead to the expression of a new vac-
uum

~

Q' ) in terms of the old one
~
Q ):

where

. )m„(Q)e (Q)dA„(Q) .1

27Tl

Hence we obtain the coefficients A„a and B„a in (15)
and (16) and thereby the holomorphic and antiholo-
morphic coordinates K and K [see (19)] (we omit the su-
perscript p for simplicity in notation):

where

KAB A ACBCB (19)

Kj I m Pnk kn —jklk

Kjl=iV v.kkj. 'kk l— (28)

is a holomorphic coordinate of M, while ~Q') is a
homomorphic basis of the vacuum bundle. The Hermi-
tian metric is induced by the inner product of these vacu-
um states:

F=—QBB( V V )y
d

(29)

Therefore, one easily gets the curvature of vector vacuum
bundle on the Kahler manifold:

h =(Q'~Q') =det ' (1—KK}, (20) where

which can be proved by substituting (18) into (15) and Xmm' fnkf n'k'(0j n fjk'}(kk jgn' j} (J ~J +—0} ~—



41 GEOMETRICAL QUANTIZATION OF BOSONIC STRING WITH. . . 475

and d is the dimension of target space.
In the case of g =0, one has the conditions n =k' &0,

n'=k &0, so X .= —,'m(m —1)5 + ~ 0. But for the
case of g =0, one still has the conditions n'& —A(g),
k & —A(g}, n & A(g), k' & A(g), where A(g) is some posi-
tive constant depending on g and vanishes as g =0.
These conditions stem from the fact that y „%0,
I
n +m I

& g. However, X ~ can also be written as

A

Xmm' X 'pnkf'kn+ X g X 'ink Pk'n(kkj kkj')
n(A n&A j&Ok, k'= —A
k&A

+ & & & t.krak. (4:,'.0 ,')-

x[Ka(v, v„)] . (36)

It can be immediately seen that y has the following prop-
erties.

(i) x;, =-x,;
(ii) It is independent of the coordinate system.
(iii) It does satisfy the Jacobi identity.
(iv) It is "local" in the sense that

F h= X[~@V,Vk)]X,k

gp
r s

CjnCk j+n —r
r, s = —

gp j+k =r+s

X8 (n +N+ l)8+(j+n r—+N)

k) —A j)On, n'= —A
j'; =0 for

I
I +j I

& 3g (37)

A— g g v.krak. (0:,'.0 J. )(4-,4kj'}.
jj')0 —A

(31}

Obviously, the last three terms in (31) contribute noth-
ing in the case of g =0. All four terms in (31) are "local"
with the first one just being the two-cocycle in Ref. 5.

Finally, we turn to the ghost fields and choose the
relevant phase space as I =[b„,c„j. The vacuum of
ghosts is defined by the requirement

c„IQN) =0 n & —N,

b„IQ~)=0 n &N+1.
The formulas used for the vacuum bundle need to be

modified for discussing the ghost case. We introduce in
this case the canonical transformation and a new vacuum
as'

as follows from an elementary computation of the zeros
and poles in P+. By the uniqueness theorem of the cen-
tral extension of the KN algebra, g; must be propor-
tional to the two-cocycle expressed in (30) or (31). In
g =0 case, one has

X;, = —26X;, .

Then, up to trivial cocycles, the relation

(38)

(39)

d =26 (40}

to guarantee the reparametrization symmetry of bosonic
string at the quantum level.

follows for any genus g. We conjecture that this relation
remains valid as it holds for g =0. So the vanishing of
the total curvature R =I+I'gh requires

C '„=A«C&+Bn&C(
(33)

IV. THE GEOMETRICAL QUANTIZATION
OF BOSONIC STRING WITH THE WZ TERM

F „=t.Fa(x'"'FY'-"-") .gh (34)

For calculating it one needs the infinitesimal transforma-
tion of ghost fields induced by i V„E„,
c' =c +[c,iV„E„]

I fIIv &
=exp( b—

where EI'„=(A' ')& 8'„. Then the curvature of ghost
vacuum bundle turns out to be

XVXf =[V,Xf]EP for any VEP (41)

where V is a vector while P is the subspace of I after po-
larization, one can construct a quantum operator 0 (f)

acting on g (Ref. 10):

We are not in a position to discuss the bosonic string
model with the WZ term. For a classical observable f
whose Hamiltonian vector field Xf [Xf= co '(df)]-
satisfying

gp

=c +i g V„c„',5 „+, ,8+(j +NYc,
s= gp

gp

i g V„c—„' 5 „+,8 (j+N+1Ycj, (35)

o(fW= I~» 0+f4, —

where the covariant derivative V~ =~"'a+fVg.f
After substitution of (23) into (9)

L„=—
—,
' g I,g(g~ (gk ~ /'ZZ. ~g+ij. g~kZ I Z m

(42)

where

1, j~0, 1, j~0,
8+(j}= o, j&0, 8-(j}= o, J&0

Hence,

+(J igmkZt'Z m+kq4 —mZ iZ~ )

~ X Ijk JJ'Jk (43)

we proceed to carry out the geometrical quantization
procedure. As discussed in Ref. 10, this amounts to
transforming the coordinates into operators as follows:
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2 II'=Zt',

a
azt',

(a) 0},
a (a &0}.

z
~ ~ i A.

Z }lM Z }tt=— (44a)

Thus the appropriate commutation relations are realized:

[&II'»,"]=6" fiI, [@.'4 Ip] =fi"fi.+po . (45)

Therefore, the quantum operator corresponding to L„
reads (n )0)

8 8
n } i X Ijk Cj If—k —mZtZm+kljkmk kj —lk mkZt Cljkk —mZm

azp azg ' az: ' azp

8 C +k g Ipq~'P&qy5(T'), (T')k(:itI'.OPfy05: . (46a)

The case of n =0 is a special one F(L,L„)=[VL,VL ] V(L—

X(T'); (T')kl'itI itIpf' PS'+Ia(g) . (46b)

=[O(L ),O(L„)]—O([L,L„])
gp

a (g)c' „5 +„,0, (48a)
$= gp

Here after considering quantization we have renormal-
ized the coefficient of each term in (46), and the constant
term I'a (g} is added to account for the possible ambiguity
in normal ordering. Actually, a(g) is the ground-state
energy. It can be proved that'

O(L „)=—[O(L„)]+ . (47)

The action of diffeomorphism of Kahler manifold I on
the loop space is tantamount to a change of the complex
structure used to polarize the phase space during quanti-
zation, and thereby to a change in operators O(L„).
Such a change defines a covariant derivative: VL

Pt

=EL +O(L„)with XL being the Lie derivative. Furth-

ermore, the curvature is given by

where

with

Fapys= fc e (Q)ha(Q)hp(Q)hy(Q)h5(Q) .1
(48c)

Using the relation gj„gk„=5jk, one may simplify (48b) to
obtain

x .=
2 g g III,,mk, ,(k I'4, i)(kj. I4q I)--

l, l'&0

E dG+ Fm F8 j
2(( +g } ~ apy5 —a —p —y

—5
V aP&0

y, 5&0

(48b)

A

Pkpf'pk'(gk —Igk' —I ) g Ppk'Pk'p((kl kk'I }

l&0k k —A p& —A p«
l (A

A k d
g 0 pk%k'p'(kp —I kg' —I )(kkl kk'I )+

~ C +~ g F Py5F —P—y —5
—

{n~n—i!
l, l'&0 —A V ap&0

y, 5&0

(49)

where A(G) is a constant depending on g and vanishes at

g =0. In Eq. (49) the first two terms and their exchange
terms in n and m are just the central extension of the KN
algebra of the bosonic string with WZ term. We note
also that all terms in (49) are local.

Equ~tio~ (48) tell us that the quantum version of

O(L„), does not form a representation of a Kahler mani-
fold I . Only by introducing ghosts are we able to con-
struct a unitary representation of I . The ghost states
comprise the fiber of the line bundle over I, so the curva-
ture of the line bundle is interpreted as the ghost contri-
bution to this representation. Michelsson" has proposed
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a new derivation of the curvature of line bundle as fol-
lows. The infinitesimal action of difFeomorphism on the
Hilbert space of ghost sector is precisely the adjoint ac-
tion of the algebra of vector fields L, 's itself:

So the curvature can be calculated as

R(L,L )=tr[(L ) (L ), (L—) (L ), ]

g [(Lp)„ (Lq) „—(Lq)„ (Lp) „]
m ~On)0

gp

(Lp )p~ [Lp~Lm ]n
= P pm ~n, p+m —s

S= gp

(50)
where

&pq (51)

gp

g [c' cr +,8 +(p +m s) —
cq

—cp"q+, 8+(q +m —s)] . (52)
r, s = —

gp P+q =y+s m ~0

Here we have obtained the curvature of line bundle as the
same result as the ghost contribution to the anomaly of
the KN algebra on genus-g Riemann surface.

Since all terms in Eqs. (48a) and (51) are local, we
manage to combine the curvature of line bundle with that
of the holomorphic vector bundle over the same Kahlar
manifold I on genus-g Riemann surface. Then the total
curvature of product bundle of them reads

RT(L,L„)=F(L,L„)+R(L,L„) . (53)

RT(L Ln)= d+ 26 y(e e ) .c'v+X (54)

We do not have the explicit expression for g t, which
are all zero in g =0 case. So we conjecture that both F
and R are proportional to the two-cocycle term y(e, e„)
(Ref. 4) in the central extension of the KN algebra for a
bosonic string up to trivial cocycles, as it holds for the
g =0 case:

V. CONCLUSION

By using the geometrical quantization method of
Bowick and Rajeev as well as the KN algebra on high-
genus Riemann surface X, we have studied the holo-
morphic structure of bosonic string model with Wess-
Zumino term on X and found that the total curvature of
product bundle of line bundle and the holomorphic vec-
tor bundle of Kahler manifold I and X is proportional to
the central extension of the KN algebra for this model.
In critical dimension shown as (40) or (55), one obtains a
reparametrization gauge-invariant theory at the quantum
level. Though the results (40}and (55) are well known for
some time, the arguments for their validity on a Riemann
surface with high genus are important because one has to
consider various Riemann surfaces in general when deal-
ing with quantized string field theory. The above method
can be extended to superstring theory and will be report-
ed in a subsequent paper.

Then vanishing of R T leads to the critical dimension

d =26- K

v+
(55}
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