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We simulate finite-temperature QCD with two flavors of dynamical staggered quarks on a 10°X 4
lattice. Along with the real part of the Polyakov loop and with the chiral condensate, we monitor
the behavior of the topological charge across the phase transition. For two different values of the
quark mass (ma =0.2, ma =0.025) we find good evidence that these observables are equivalent
characteristics of the phase in which the theory finds itself. However, the phase transition is clearly
steeper for ma =0.025. Some implications of these results are discussed.

I. INTRODUCTION

Full quantum chromodynamics (QCD) with general
values of the quark mass m and of the number of degen-
erate quark flavors n; is not characterized by any easily
computable order parameters which would label its
phases at finite temperature. As a consequence, our
physical understanding of its phase structure has been
mainly guided by extrapolations from two special limits
where such order parameters have been defined. Indeed,
knowledge of these order parameters enables one to con-
struct effective theories of the phase transition.! > How-
ever, extrapolations from these limits to the general
theory cannot be justified a priori.

On the other hand, several models based on assump-
tions about general properties of full QCD have been put
forward over the years. Among these, models of the to-
pological structure of color field configurations* ¢ are
especially interesting, since they have the potential to
make contact with the effective theories while simultane-
ously solving the U , (1) problem of zero-temperature
hadron spectroscopy.”® Unfortunately, the approxima-
tions used to make these models calculable are less sys-
tematic than those which define the effective theories
based on the existence of order parameters.

Recently, a series of lattice simulations of full QCD at
finite temperature has advanced our knowledge of its
phase diagram.>'® As is well known, lattice simulations
work directly on the level of the QCD Lagrangian; the
approximations one uses to make them numerically cal-
culable with a given amount of computing resources can
be relaxed systematically as the resources grow. Such
simulations do not explore the phase diagram by focusing
on assumptions about dominant dynamical mechanisms,
they simply measure lattice averages of observables such
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as the Polyakov loop and the chiral condensate. Recent
progress has also made it possible to measure the topo-
logical susceptibility on the lattice.!'”!® Thus, it be-
comes feasible to use lattice simulations to analyze issues
which have been central to the models in Refs. 2—6, such
as the dependence of the topological content of QCD
field configurations on m,n,, T and its relation to
deconfinement and chiral-symmetry breaking. In this pa-
per, we use lattice simulations of full QCD to compare
the temperature dependence of the topological suscepti-
bility to that of the observables which become order pa-
rameters in the quenched and chiral limits of the theory.

Let us begin by discussing the physical motivation for
such a study in greater detail. In the quenched limit
(m — o or n;—0), the dynamics of QCD reduces to that
of pure SU(3) theory. The phases of the latter can be de-
scribed in terms of the confinement order parameter (L )
(the average Polyakov loop, a complex number).
Effective models of its finite-temperature phase transition
can be constructed on this basis.! At subcritical tempera-
tures T < T,, the theory is in its Z; symmetric, confined
phase, where the only physical degrees of freedom are
glueballs. For T>T,, Z, symmetry is broken so free
gluons can exist (deconfinement).

Starting from this picture, one may consider the conse-
quences of allowing dynamical quarks as a perturba-
tion.”” While Z, symmetry is always broken in the pres-
ence of dynamical quarks, the real part of the Polyakov
loop, {ReL ), still differentiates between two phases: it is
small (but nonzero) at low temperatures, while becoming
large at sufficiently high temperatures. Given the phe-
nomenological fact of color confinement at zero tempera-
ture, one interprets the low-7T phase as the hadronic
phase of QCD. The phase transition is still interpreted as
a deconfinement transition, as in the quenched limit.
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Therefore one expects that free quarks and gluons can ex-
ist in the high-T phase, which is labeled the ‘“‘plasma
phase of QCD” for this reason.

In the limit m—0, the QCD Lagrangian is character-
ized by exact chiral symmetry. The corresponding order
parameter is the quark condensate 41 ). Therefore, one
can construct an effective model of the finite-temperature
behavior of QCD in this limit.> This model exhibits a
low-T phase where ()70 and a high-T phase where
the order parameter is zero. Since the physical ¥ and d
current-quark masses are small, one expects that the real
world can be reached by a small perturbation of this
chiral limit. While (%) will not remain an order pa-
rameter, being always nonzero, it will still be sensitive to
the dynamical breaking of (approximate) chiral symme-
try. Now, hadron spectroscopy implies that chiral sym-
metry is dynamically broken in the zero-temperature
theory. The effective model thus predicts a finite-
temperature transition to a phase where chiral symmetry
cannot be dynamically broken. It is tempting to identify
the low-T phase with the hadronic phase of the quenched
paradigm, and the chirally symmetric high-T phase with
the plasma phase. However, the effective-model ap-
proach cannot warrant this identification, since the no-
tion of confinement is only defined close to the quenched
limit. Such an identification requires some unifying dy-
namics from which both effective theories should emerge
in the appropriate limits.

The topology-based models of the QCD vacuum®*~
seem to offer such a unifying framework. In such models,
topological properties can simultaneously explain
confinement and chiral-symmetry breaking at zero tem-
perature, as well as the loss of these properties in the
QCD phase transition. For example, Ref. 4 suggests that
deconfinement could be caused by the suppression of to-
pological susceptibility as temperature increases: in an
instanton-gas model of the SU(3) vacuum, the string ten-
sion can be shown to be finite for low temperature and to
undergo a sharp transition to a phase where it is zero.
This is brought about solely by the decrease of the
instanton-gas density as the temperature grows. On the
other hand, chiral-symmetry breaking at zero tempera-
ture can also be explained in topological terms.>® Essen-
tially, the QCD vacuum in the massless limit is dominat-
ed by instanton-anti-instanton pairs whose interactions
break chiral symmetry. As their numbers are reduced
with the increase of temperature, the chiral-symmetry-
breaking effect of instanton-anti-instanton pairs can also
be expected to disappear.

In addition, topology-based models are designed to in-
corporate the breaking of U ,(1) symmetry at zero tem-
perature, and they predict its restoration as temperature
increases. It is interesting that in the framework of the
effective theory of Refs. 2, the order of the chiral-
restoration transition depends on the details of U ,(1)-
symmetry restoration.

Such models would therefore predict a close relation-
ship between the temperature dependences of the topo-
logical susceptibility, the Polyakov loop and the chiral
condensate. This prediction can be checked in a lattice
simulation. Furthermore, we now know!? that the behav-
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ior of the full theory close to the phase transition depends
markedly on m and n,. In the topology-driven single-
mechanism scenario one would then expect that the sus-
ceptibility and all the other phase characteristics should
react in unison to changes in (m,n ). This too can be
checked by numerical simulations.

In the present paper we report the results of such an
investigation. Section II discusses the role of topological
charge in full QCD. Section III describes the way we
have measured it on the lattice, and other details of the
simulation. Our results on the relationship between the
topological susceptibility and other phase characteristics
are presented in Sec. IV. Some comments on the
significance of these results are made in Sec. V.

II. TOPOLOGICAL CHARGE IN FULL QCD

Let {4,(x, ),¢k(x“ ),Jk(x“ )} denote a configuration
of full continuum QCD (k counts quark flavors and color
indices have been omitted). Since the quarks are dynami-
cal, the gluon field tensor F,,(x,) and its dual F v Will be
different from what they would have been in pure SU(3)
theory at the same color coupling. Therefore, even
though the topological charge is defined by the same for-
mula as in the pure Yang-Mills case,

_ 1 /T -
Q——Wfo dr [ d*x Te(F, F,,) , (1)

it does reflect the quark dynamics as well. Note that Eq.
(1) has been written for the finite-temperature theory: the
fields are defined on a slab of space-time, of volume V,
whose timelike extension is given by the inverse tempera-
ture. A4 ”(x ﬂ) is periodic in the time direction, while the
quark and antiquark fields are antiperiodic.

Since Q includes the effects of quark dynamics, the to-
pological classification* of smooth, periodic, finite-energy
field configurations is applicable to full QCD. Restricting
oneself to such configurations, one can write

Q=N+ 3 q,InA,/2mi . (2)

Here A, are the eigenvalues of the Polyakov loop opera-
tor L(x) at spatial infinity, ¢, are quantized magnetic
charges, and the integer N is the Pontryagin index.

Reference 4 goes on to prove the following statements
for asymptotically high temperatures.

(i) Noninteger values of Q are suppressed; instantons
are the dominant topological objects. This is essentially
because, for high temperatures, only configurations
which have L(«)=1 (the maximum value of the Po-
lyakov loop) contribute to Z[ A4,,,¥*,%*]. Therefore the
sum in Eq. (2) vanishes.

(i1) Spatially large instantons are suppressed, and the
instanton density decreases with temperature. Thus, at
asymptotic temperatures, the QCD vacuum can be de-
scribed by a dilute gas of noninteracting instantons.

As opposed to the above properties, the relationship
between the topological susceptibility and the U ,(1)
problem at zero temperature has only been proven in the
quenched approximation. The Witten-Veneziano formu-
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la, which is true for full QCD (see Refs. 8 and 16), intro-
duces a special glue-glue correlation function C(7=0):

2n,(fimi—fim2)=—C(0) 3

(the subscript s indicates the pseudoscalar flavor singlet,
such as the 7’ in the real world). In the quenched ap-
proximation, it can be shown”? that C(0) is given by the
topological susceptibility of pure SU(3) theory. In full
QCD, the susceptibility continues to act as the “core” of
C(0) [C(0)=0 by definition if the susceptibility vanishes].
However, in full QCD, the susceptibility contains addi-
tional pseudoscalar pole terms which must be removed to
get C(0). This calculation has not been done except in a
special approximation’ which requires, among other
things, that the quark masses be infinitesimal. In this ap-
proximation, one simply has

C(0)=4n}jx—2n;fim} @)

(x=1{(Q?) /V denotes the topological susceptibility of full
QCD).

A relationship between topological properties and
chiral symmetry has been formulated in the chiral limit
at zero temperature.® Configurations with Q#0 do not
contribute to Z[ 4 #,tﬁk,lz k1 if any of the quark fields are
massless. Therefore, lim,,  ox(T=0)=0. At zero tem-
perature, it is not clear that instantons and anti-
instantons are the dominant topological objects in the
vacuum [see property (i) above]. In any case, topological
objects must form neutral aggregates. Taking these to be
instanton-—anti-instanton pairs, one can show that they
interact by exchanging pairs of massless quarks and anti-
quarks.>® This interaction breaks chiral symmetry if the
gauge coupling becomes strong enough. It also follows
that the 7=0 vacuum cannot be an ideal gas such as the
dilute instanton gas which should exist at asymptotically
high temperature.®

From Eqgs. (3) and (4) it follows that, for sufficiently
small quark masses,

X=fim’ /=220 5)

where the last equality results from current algebra.'® It
has not been demonstrated that Eq. (5) actually applies to
the real world: the true shape of the function y(m) has
not been mapped out yet.!® We only know that it inter-
polates between the chiral limit Eq. (5) and the quenched
limit lim,,_, x(T=0)=C(0), which we discussed
above.!®

The symmetry of the effective model of the finite-
temperature chiral-restoration transition? allows for the
presence of an U ,(1)-breaking term whose strength is
given by a temperature-dependent function C(T). For
n f=2, the chiral-restoration transition is first order if
and only if C(T,)<<C(0). If one could generalize the
equality between the quenched susceptibility and C(0) to
finite temperature, the suppression of y as T-— o [by
asymptotic property (ii) above] would indicate that such
an inequality is indeed possible in QCD. To actually
prove this inequality, one would then have to display the
T dependence of the quenched y explicitly [and to know
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T.(m,nj) in physical units].

In summary, there are many tantalizing hints that to-
pological susceptibility might provide a link between the
Polyakov loop [see Eq. (2)], the chiral condensate [see Eq.
(5)], and the U ,(1)-symmetry-breaking parameter C. An-
alytic proofs of these relationships have only been given,
however, for special combinations of (m,n 1o 7). It seems
interesting to use lattice simulations to see if these ob-
servables are indeed correlated in the interior of the
phase diagram.

III. THE SIMULATION

The temperature dependence of the topological suscep-
tibility in pure SU(3) theory has been studied on the lat-
tice in Refs. 14 and 15. It appears that Yy undergoes a
sharp (“‘discontinuous’’) suppression at the deconfinement
temperature Tp,. The considerations in Sec. II lead us to
study x and its correlation with {ReL ) and (), in the
phase transition region of full QCD with various (m,n ).
In particular, we set n,=2 and we use two values of the
quark mass for which previous numerical studies'® have
found very different behavior of {ReL ) and {3 across
the phase transition.

We generated our full QCD configurations by means of
a second-order Langevin algorithm.?’ The lattice size
was 10°X4; the quark masses were ma =0.2 and
ma=0.025. We used a Langevin step size of €=0.01, for
which previous experience shows that the systematic er-
ror of our second-order algorithm is negligible for
ma=0.2, and small for ma=0.025. The fermion matrix
inversions required for updating were performed using a
conjugate-gradient algorithm. The stopping requirement
was that an average element of the residue vector would
be less than 2 X107 %,

For both values of the quark mass, we generated
configurations in the phase transition region. For
ma=0.2, we used the following values of B: 5.36, 5.40,
5.42, 5.44, 5.46, 5.48, 5.52. For ma=0.025, we ran at
B=5.28, 5.30, 5.34. In all cases, configurations were
grown from a hot (random) start. Measurements of the
observables to be monitored in this study were begun
once the Wilson loops up to 2 X2 and the real and imagi-
nary parts of (L) indicated that equilibrium had been
reached. Configurations were kept for measurement
every 250 iterations (for ma=0.2), respectively, every 200
iterations for ma=0.025.

On each configuration retained for analysis, we began
by measuring (ReL ). The chiral condensate was com-
puted using five random vectors.?! The required fermion
matrix inversions were performed with the same
conjugate-gradient algorithm and using the same stop-
ping criterion that was employed for updating. We also
recorded the number of conjugate-gradient iterations re-
quired to reach the prescribed residue, for each of the five
inversions. We used the arithmetic mean of these itera-
tion numbers as another characteristic of the
configuration in question. This number will be denoted
by NCG in Sec. IV.

In order to extract the total topological charge of the
configuration, we have used the relaxation (cooling) algo-
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rithm described in Ref. 16. The given configuration is
subjected to a noiseless Langevin equation with a pure
SU(3) driving force, discretized to first order in the step
size §. We use the pure gauge action and not the effective
action of the full theory, because we are interested in
finding (approximate) solutions to the Yang-Mills self-
duality conditions. Experience shows that a diffusion
step size of §=0.1 is optimal.
After every cooling step, we measure the quantity
1

QL——-—3~2~77—36;WPU§RCTrP“V(X)Pp”(X) > (6)

where P#¥(x) is the plaquette formed by the links which
emanate from lattice site x in the directions u,v. The
space-time distribution of this quantity is monitored at
each cooling step, by keeping track of the locations of the
minimum and maximum of its density and of the ratio of
the maximum density to the total Q;. A typical cooling
run is shown in Fig. 1.

For any finite lattice spacing a, the lattice estimator
Eq. (6) differs from the continuum charge Q by ultraviolet
fluctuations.?? Q; gets contributions not only from phys-
ical topological objects, but also from lattice artifacts.
The latter are generally localized objects whose size is of
the order of one lattice spacing, while the objects which
survive the continuum limit are much broader. Cooling
algorithms are designed to eliminate these artifacts.!>!*
By cooling, spatially extended topological objects are
gradually ‘“squeezed” out of the lattice. The small ob-
jects, such as the artifacts, are squeezed out first; the
broadest objects disappear last. Plateaus in the cooling
history indicate approximate solutions of the self-duality
equations.!* For example, one would interpret the last
plateau in Fig. 1 as being due to an anti-instanton. The
smaller first plateau could be due to the presence of
another, smaller, anti-instanton which gets smoothed out
around cooling iteration 130. (The total charge along
this first plateau should be —2 in the continuum; one
might attribute the fact that here it appears to be —1.5 to
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the effects of the rather large lattice spacing.) On the
other hand, the smaller object may also have been a lat-
tice artifact.

Thus, such interpretations are not entirely trustworthy.
A clear separation between the size scales of true topolog-
ical objects, on one hand, and of lattice artifacts, on
another, only exists if the configuration to be analyzed
has been obtained sufficiently close to the continuum lim-
it to begin with.'* Our configurations were taken at rath-
er strong couplings, so it is not clear if relaxation does
not eliminate genuine topological objects along with the
artifacts. In Fig. 1, it is not even clear if the (negative)
peak reached after about 30 iterations is due to a genuine
topological object or not.

In view of these difficulties, which essentially mean
that assigning a topological charge to a configuration on
the basis of a cooling history such as Fig. 1 is a subjective
exercise, we have taken the following approach. For
each configuration, we record both the largest assignable
value of |Q;| (such as |Q;|=2.02 in Fig. 1) and its
lowest assignable value (|Q;°|=0.85 in the case of Fig. 1).
We do not attempt to round off these charges to integers;
if the charge is indeed quantized, this should become ap-
parent when an ensemble of configurations is analyzed.'®

IV. RESULTS

In Fig. 2 we show the temperature dependences of our
results for the nontopological observables (171-1/1>, NCG,
and (ReL ). In order to compare the results for the two
values of the quark mass, we have converted B into tem-
perature T using two-loop scaling. We find B, =5.46 for
ma=0.2 and B,=5.30 for ma=0.025; the ordinates in
Figs. 2 are obtained by converting these critical couplings
into critical temperatures and forming the ratios 7/T..
The effects of two-loop scaling violations should be re-
duced by this procedure of forming dimensionless ra-
tios.2! In any case, the qualitative comparisons which are
made possible by this procedure convey two important
points. First, they reveal the relationships between these
observables and temperature, which will serve as a refer-
ence for Figs. 3-5. Second, we see that the phase transi-
tion, as expressed by the behavior of {¢) and NCG, is
much steeper for ma=0.025 than for ma=0.2. In fact,
based on NCG it is questionable whether there is a transi-
tion for ma=0.2 at all. {(ReL ) is much less sensitive to
the change in the quark mass. This is consistent with the
“chiral” character of the QCD transition at low quark
masses:” !0 by definition, both {#1) and NCG reflect the
eigenvalue structure of the staggered fermion matrix.

Figures 3 show the cross correlations between these
nontopological phase characteristics. Each point in these
plots represents a configuration; we have collected all the
measurements taken at all temperatures. The relation-
ships between NCG and (ReL ) are essentially the mirror
images of Figs. 3(a) and 3(b) and need not be shown here.

Figures 4 plot the absolute values of Q; measured on
all configurations we have analyzed, against the values of
(¢) measured on those same configurations. Figures
4(a) and 4(c) show the highest (peak) assignable values;
Figs. 4(b) and 4(d) show the lowest assignable values
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(measured on the last plateau in the cooling history).
Quantization is obvious for the low values and seems to
be absent for the high values. For both methods of
charge assignment, however, there is a clear correlation
with the quark condensate. In all these scatter plots,
there is evidence of two phases. In the high-temperature
phase, () is small [see Fig. 2(a)] and the occurrence of
configurations with large |Q; | is unlikely. In the low-
temperature phase, (1) is larger; the distribution of
|Q, | is centered around nonzero charge and configura-
tions with large |Q; | occur. Comparing the two quark
masses, the ranges of |Q; | are quite similar. The ranges
of {¢), on the other hand, are very different, reflecting
the situation in Fig. 2.

The relationships between topological charge and
(ReL ) are again found to be essentially mirror images of
Figs. 4 and thus contain no new information. On the oth-
er hand, Fig. 3(d) suggests that NCG is a very interesting
and sensitive phase characteristic. For this reason we
show, in Figs. 5, the correlations between the topological
charge and NCG. These are similar to Figs. 4, but they
seem to bring out the essentials in a more poignant way.

V. DISCUSSION

Our results suggest that all the observables we studied
above are equivalent characteristics of the phase in which
full QCD finds itself at a given temperature. In particu-
lar, the topological susceptibility in full QCD with light
dynamical quarks is seen to be suppressed in the high-
temperature phase, just as Refs. 14 and 15 found it to be
suppressed in pure SU(3) theory.

While these qualitative numerical results cannot prove
the single-mechanism scenario of the QCD phase transi-
tion, they are certainly consistent with it. It appears to
be appropriate to think in terms of a single QCD phase
transition characterized by a set of equivalent observ-
ables. This seems to be more natural, in view of our re-
sults, than to think in terms of three distinct physical
mechanisms [deconfinement, chiral-symmetry restora-
tion, restoration of U ,(1) symmetry]. We have seen that
the steepness of the transition depends on the particular
combination of (m,n,), while the correlations between
phase characteristics seem to remain invariant. This sug-
gests that the order of the transition may well vary from
one region of the phase diagram to another, while still be-
ing due to a single mechanism.

In this context, let us also recall the similarity in the
behavior of the baryon-number susceptibilities?! in low-
mass full QCD and in the quenched approximation. This
suggests that the essential mechanism behind the transi-
tion is the same in both cases, having to do with a change
in the eigenvalue spectrum of the fermion matrix. This
fits in well with the present results, since (), NCG,
and the topological susceptibility all reflect this eigenval-
ue structure. The specific effects of dynamical quarks
upon the eigenvalue structure appear to be responsible
for the dependence of the transition on (m,n /).

At present, we do not have enough statistics to warrant
drawing any conclusions based on the temperature
dependence of the averages of the observables we have
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studied. It also seems inappropriate to express the topo-
logical susceptibilities in physical units at this stage. The
example of pure SU(3) theory teaches us that deciding on
the order of the QCD phase transition can be a much
more difficult and costly effort than was previously real-
ized."> Even if we pushed our statistics much further, we
could not conclude reliably on the orders of the phase
transitions at ma=0.2 and ma=0.025, just on the basis
of studying a single volume (which, moreover, only has
n,=4 time slices and is thus certainly not in the scaling
region??).

On the other hand, it does seem worthwhile to pursue
this study in other directions. One may want to study the
function y(7,m) within the hadronic phase. In particu-
lar, will the susceptibility (in physical units) increase
significantly as T-—0, and how will it be suppressed as
m —0? Also, one might expand the statistics of our runs
at selected temperatures above and below the phase tran-
sition and then compare the histograms of |Q; | to the
predictions of various topological models of the QCD
vacuum. The data we have so far suggest that the
dilute—instanton—anti-instanton—gas approximation
(DGA) fails in the hadronic phase, no matter which pro-
cedure we use to assign the topological charge of a
configuration (see also Ref. 16). It would be interesting to
see if the instanton-liquid models of Ref. 6 can do better.
Above the phase transition, our present data cannot rule
out that the charge distribution extracted by the plateau
method is in fact consistent with the DGA. Of course,
especially in the high-T phase where nonzero charge is
improbable, it will take considerable statistics to check
this in detail. The charge extracted by the peak method
clearly does not obey the DGA, even in the high-T phase.
Again, one might want to confront the measured distri-
bution with the predictions of Ref. 6.

In this context, it is interesting to recall the findings of
Refs. 12 and 13. These studies, which have only been
performed for SU(2) so far, suggest that the topological
excitations which are responsible for confinement are not
instantons. It would not be surprising if the same held
true for pure SU(3) theory and for full QCD, in view of
the fact that instantons are only guaranteed to dominate
at asymptotically high temperatures, where confinement
is lost.

As we have indicated, there are still some problems as-
sociated with the measurement of topological charge on
the lattice. We are keeping all the configurations gen-
erated in this study, so they will be available for examina-
tion by other methods of extracting topological charge.!!
One should also keep in mind that this was a first-
generation simulation of QCD with dynamical quarks,
done on a single volume with small timelike extension,
with an algorithm which is not exact and whose way of
emulating two continuum quark species has never been
rigorously justified.
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