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We study the anomaly in even dimensions with an arbitrary signature and the finite-temperature
effect. We find that there is explicit signature dependence and that there is no temperature depen-
dence for Abelian and non-Abelian anomalies in even dimensions with an arbitrary signature.

The anomaly plays a very important role in gauge
theories. Extensive studies have been done to understand
its mathematical origin and physical implications.!™* In
the context of fundamental theories such as superstring
theories, anomalies in higher dimensions have also been
studied. On this basis we will study anomalies in even di-
mensions with an arbitrary signature. Our aim here is to
see if any nontrivial effect will result in comparison with
calculations of anomalies in Euclidean space or with one
time dimension for which most of the calculations of
anomalies in higher dimensions were done.> In higher di-
mensions it is not obvious that there is only one timelike
dimension. It is, therefore, tempting to study anomalies
in higher dimensions with an arbitrary signature. There
have been many studies in higher-dimensional theories
with more than one time dimension®~® and in some cases
several time dimensions are desirable, e.g., with more
than one time dimension it is possible to construct
theories with zero cosmological constant.” It has been
shown that an arbitrary change of signature in supersym-
metric theories is not allowed and only certain time di-
mensions make it possible for supersymmetry to exist.®
It is also not clear whether the naive Wick rotation can
be applied to bring a Euclidean space to a space-time
with more than one time dimension. A specific calcula-
tion may help to understand the structure of a space-time
with arbitrary signature. The finite-temperature effect on
the anomalies in higher dimensions with arbitrary signa-
tures is also interesting to study. In four dimensions it
has been shown that there is no temperature dependence
for anomalies.® This is anticipated because anomalies are
characterized by the topology of the gauge fields in a
given space-time structure. The finite-temperature effects
on the fields are continuously deformed from the zero-
temperature case and therefore will not change the
characteristics of topology of the fields. We find that this
is also true in higher dimensions. In the following we will
first carry out the calculation of anomalies in even dimen-
sion with an arbitrary signature and then study the tem-
perature effect.

In D=even dimension with arbitrary signature, the an-
ticommutation relation of the ¥ matrices is given by

YV TV =8y > (1)

where g, =Diag(1,...,1,—1,...,—1)in which ¢ (time
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dimensions) of the diagonal elements are 1 and D —t =s
(space dimensions) of them are negative and off-diagonal
elements are all zero. The minimal representation of y is
a 2P/2.dimensional matrix. The transpose and the com-
plex conjugate of y satisfy the same anticommutation re-
lations. Because of the irreducibility of the D-
dimensional Clifford algebra, there are always unitary
transformations such that!°

Py P '=yl, Py, PT'=—y], 2)
and
CyiC'=—y, Ciyv,Ci'=y,. (3)

It is always possible to choose a convention such that
Y=V ¥Ys= —¥, where t and s indicate the time and
space dimensions, respectively. In the following we will
work in this convention.

The Lagrangian for a free Dirac particle is

L= [ dx2Jigp—mod) , @)

where §=7,0" and ¥ = ¢'BY. B is defined in such a way
that L is Hermitian, so that we have

BYLBzy#y B:i(i)t(l+1)/2yl,,.yt (5)
and that m has a phase
mo=3i)""m , (6)

where m is real and can be positive or negative.

Similar operators such as 1ty in the four-dimensional
space-time can also be defined in D dimensions and we
have the analogous operator

I+y, Y:(i)lﬂ?’bﬂ ’ v

where

)D+t YD ('}/D+|)2=1 . (8)

The choice of ¥ is made such that when replacing ¥ by
+(1£y )¢y in Eq. (4), L remains Hermitian. Notice that
when ¢ is even Eq. (7) is not a projection operator.

The Lorentz group in our case is SO(t¢,s). Under
Lorentz transformation, x,=A,"x, and ¢ transforms
as S(A)Y with S(A)=exp(—io, 0" /4) where o,,
=/2y,y,~v.,¥,) and " is an antisymmetric

Yp+1=U V1" VeVe+1
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matrix. Lagrangian L of Eq. (4) remains invariant under
the Lorentz transformation and the transformation prop-
erties of bispinor products can be worked out easily.

We can define parity, charge conjugation, and time re-
versal in space with an arbitrary signature in a manner
analogous to Minkowski space. Parity transformation
changes all signs of space dlmensmns and for spinors,
Yp(t,x)=Py(t,—x) and yu—Py P! where P is defined
in the first equation in Eq. (2). Under charge conjugation
C, y°=CB*y* where C satisfies CyZC_1= —v, and
time-reversal operation T will change all signs of time di-
mensions and for s fpmors Yr(t,x)=TyY(—t,x) where T
satisfies T YuT =7, We find Cis given by Eq. (3) and
T=C,. With these definitions of C, P, and T, L remains
invariant under CPT. With proper definition of the
transformation properties of bosons under C, P, and T, it
can be shown that there is a CPT theorem analogous to
the CPT theorem in Minkowski space.

The transformation e’®” is analogous to the chiral
transformation e ' * in four-dimensional space-time. Un-
der this transformation L is invariant in the limit m =0.

“We now study the anomaly due to the transformation
e'? in a theory in which the fermions are coupled to a
gauge field A#. The Lagrangian is given by

L= [dx®[F By— ()" " 'mPy], )
where D= y#(ta“-%gA“) AF= A°"T* and T“ the group
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W= fDd/Dd)exp fde[lliﬂlli (D) mpy]
=exp[J(m)], (10)

where J(m)=Tr In[iB —i (i) T'm].

To make the trace meaningful, one needs to regulate
the ultraviolet divergence. We choose the Pauli-Villars
regularization to subtract a term J (M) identical in form
to the original one but with a ¥ particle which obeys bo-
son statistics and has an infinite mass M. The regularized
Jis

J=J(m)—=J(M) . (11)

Under an e'®" transformation,

J—-J(a)=J(m,a)—J(M,a) ,

where J (m,a)=TrIn[iP —i (i)' "'me?o7].
We have
[ ax P[Py yv—i26) V' mPyyl=4 , (12)
where the anomaly A4 is given by
S+
A :_ZTID(—I)(I')'%MV
- TVTME (13)

P~

generator which is normalized as TeTTo= 38as- The  To evaluate 4 we choose a plane-wave basis. We thus
path integral of the fermions is given by have
J
1 . (—1 )t + 1M2
A= |dxP | dkP(—-2) e Ty (14)
f f (277_)D DZ 1)1+1M2y
In the limit M = «, the nonvanishing part of A4 is given by
1 ( —1 )t + IMZ
v)D/2 D
A= [dx®(=2)Try(y,y g0 A" [ dk G T ) A (15)
Using the identities
L. —:D/2+1 _ 1y _~\D/2
Tryyl‘]y"l y”D/Z’va/Z ! (=1(=2) 6“1"1 "Hps2¥pr2 (16)
and
_qyttlag2 D/2 (_1\D/2+1;1
Iszde ID ( 1)+M :TT ( 1) ] ; (17)
Qm)P [k2—(—1)TM2)P21 2m)P  (D/2)
where € is the totally antisymmetric tensor with €;,... , =1, the final expression for the anomaly is
4= fdeZ( _1):(l~)t+D/2+l 1 vy, F:“D/zvu/z (18)

(4m)P7A(D /2 P

where FF'=g (3" A9 —3 A +gifob A" 4°V)T° We
see that the Abelian anomaly explicitly depends on the
signature.

For the non-Abelian anomaly, the evaluation is more
complicated. Consider the chiral Lagrangian

L= [dx2@gpy—mi¥) , (19)
where D=y [id*+gA+L(1—7)].

“p/2¥Vp 2

T
This theory admits the existence of two dlstmct

currents, the covariant and the consistent currents.* For-
mally these two currents are identical:
1 8L _ D
L= s = [dx 2Py, L(1—y)T%
=LJe—JT8 1) - (20)
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At the classical level this current transforms covariant-
ly, under a gauge transformation:
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or consistent. Using a Pauli-Villars regularization and
carrying out a similar calculation as for an Abelian

anomaly, one obtains the covariant anomaly G

(_1)1+1M2

AP > A= AF—DFq | (21)
G°=DMI§ ., =2TrT*"

At the quantum level, however, in order to correctly Di—(—1) M2 > (22)
specify the current, we have to invoke a regularization
prescription to control the ultraviolet divergence. This  we have a similar form for G? as the Abelian anomaly,

regularization will determine if this current is covariantI ie.,

1 v v
a_— __ DAyt \D/2+1t+1 a1, .. p#p/2¥Dn2
[ dxP2(—i)i) GTPAD Ty e o TITF F : (23)
1
This anomaly does not satisfy the consistent condi- Je =—iT T° 1 _ 1
tion.!' There is a difference X, between Jp 4, and the ew™ THRTVAY P—i)t'm B—()T'M
consistent current J;,, )
) i re
—— | "dg'g'Tr T | —————
Jo,=Jf e+ X3, 24) Lo E T T | gy
and X, satisfies the condition _ 1 ]
e +1
fdeA“"XZ=O, 25) D+ TM
1
irrespective of whether or not the current that enters in X A—————D SRRV (26)

the construction of Jg, is conserved. Xj has been con-
structed in higher dimensions.**!? We will use the rep-
resentation given in Ref. 12:

The first term corresponds to the covariant current and
X, is given by
J

; 1 1 1
xi=—= [*dg'g'Try ¥ T° - A
f‘ gfo B8 WY N iy M P+t M | - M
2A—1) M M

i re
=—L [%dg'g'Try ¥y T°
gfo g'g'Try ¥
= [ak?®
D/2—1

x4 [fdg'g'Tr 3 [TF“Prym go(F*Piypra=m—11D 27)
m=0

DZ_(_1)1+1M2 DZ_(_I)I+IM2 :
i

2 (NP2 (—1)(—2)P %

roa By e 1Bpa-1)

The consistent anomaly is given by

G *=D*J;, =DHJj ., + DX},

= — ()P (=1 =2)P"2 [ dxP

moa By ap 1 Bipsa-1)

4—1—6
8

Xfogdg’g’(g’—-g)'rr [T%4%] 3 (F°Piym go(p®Pryp/2—m -1

D/2—1
m =0

1P (28)

8 Hivy H“p/2¥p /2
-2 [%dge, , ... TrT°F*"™ - F
0 dg 6“1"1 KEps2¥p 2

Let us now investigate the finite-temperature effect on the anomalies G® and G . We identify one of the time dimen-
sions, e.g., t,, to correspond to the ordinary Minkowski time and temperature is defined in the usual sense. We use the

imaginary formalism of the field theory at finite temperature. In this formalism the integration of the momentum
J dk? is replaced by

2m

B

(Ref. 13) where B is the inverse temperature. Notice that for all the anomalies we discussed before there is a common
factor I in the momentum integral. The temperature dependence of I” will determine the temperature effect on the
anomalies. At finite temperature we have I°—I2(B),

i 3 [akP2Te

n=-—oo

ki—i—(n+1)
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i 27 27 1 (=1)'+ipm?
D(Ry— DT . LT
1 (B)—nzx_w fdk B 8 |ky—i B (n+3) (2m)P [k2I—(—1) T IM2]P72+1
2 127 i (—1)'*Im?
T — |G+ | TR (D
where k'>=k3+ - -+ +k?—k2 ,— -+ —k}. We note that
. 1\ t+1lag2
|ID(B)_I:|< fde—l_zi l 5 > (—1) M o — , (30)
B (2m) m 2 +1p02
1B +k"“—(—1)"'M
where
N i2m (=)' *'M?
I =f_wdxfdk” 17‘"’ 2P ) D/AFT -
-~ %x k2= (—1) M2
[
If we integrate over x and k we obtain Mlim IP= A}im I°8) . (32)
I'=1®. (31)

The right-hand side of Eq. (30) is O (1/M). In the limit
M = «, we have

I?(B)=T

and therefore

We have the same expression for the anomalies at finite
temperature as the ones at zero temperature. We thus
confirm that the anomaly does not depend on tempera-
ture.
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