
PHYSICAL REVIEW D VOLUME 41, NUMBER 12 15 JUNE 1990

Shapiro-Virasoro amplitude and string field theory

Long Hua
Physics Department, Rem York Uniuersity, New York, New York 10003

Michio Kaku
Institute for Advanced Study, Princeton, ¹wJersey 08540

and Physics Department, City College of the City University of 1Vew York, ¹wYork 10031
(Received 17 July 1989; revised manuscript received 19 January 1990)

One of the embarrassments of covariant string field theory has been the glaring failure to derive
the Shapiro-Virasoro amplitude. Modular invariance appears explicitly violated: either the funda-
mental region is overcounted an infinite number of times, or it is undercounted because of a missing
region. We try to approach this problem from a fresh point of view. Conventional wisdom holds
that, in string field theory, the Veneziano amplitude can only be derived either in light-cone string
field theory or Witten's string field theory. We show that this firmly held belief is actually wrong,
that the Veneziano amplitude can actually be derived using vertices of arbitrary lengths. This is a
highly nontrivial calculation. Using third elliptic integrals we show that a series of "miracles"
occurs which allow us to cancel scores of unwanted terms in the measure, leaving us with the
correct Koba-Nielsen variable and measure. We give three independent proofs of our result. When
we generalize our results to closed-string scattering with arbitrary lengths, we find a new surprise,
that we can successfully derive the Shapiro-Virasoro amplitude as long as a crucial four-string in-

teraction term is added. We check by explicit computer calculation that we reproduce the correct
region of integration for the four-closed-string amplitude. Crucial to the theory is the existence of
the missing four-string tetrahedron graph, which precisely fills the missing integration region. We
comment on the implications of this for geometric string field theory.

I. INTRODUCTION

Years ago, it was shown that the field theory of closed
strings' in the light-cone gauge successfully reproduced
the Shapiro-Virasoro amplitude. Both the measure and
the region of integration were successfully reproduced.

Recently, Witten proposed a successful covariant
theory of open strings. Giddings ' then showed that
Witten's theory correctly reproduced the Veneziano am-
plitude. He showed this in two different ways.

(l) Using third elliptic integrals he constructed the ex-
plicit map from the upper-half plane to the four-open-
string scattering world sheet. He then was able to show
that the measure of integration, expressed as a Jacobian
from the variable v. to the Koba-Nielsen variable x, could
precisely reproduce the usual Veneziano amplitude.

(2) Using the theory of Beltrami differentials, he was
able to generalize this proof to all orders in perturbation
theory.

Attempts to generalize this to closed strings, however,
have met with disappointment, because the symmetric
closed-string configuration necessarily undercounts the
fundamental region. Similarly, the standard method of
tracing over tachyon vertices overcounts the fundamental
region an infinite number of times. Elaborate investiga-
tions exhausting a large class of three-string vertices have
shown that the fundamental region is crucially under-
counted. '

We feel that a fresh new approach to the problem is
warranted, and that we must question some of our cher-

ished beliefs. One of these beliefs is that string field
theory can derive the Veneziano amplitude only via ei-
ther the light-cone field theory' or Witten's string field
theory. In this paper, we show that this belief is actually
wrong, that we can derive the Veneziano amplitude using
strings of arbitrary lengths. This is a highly nontrivial re-
sult. In fact, in the beginning, we were skeptical our-
selves whether this was really true. Therefore, to con-
vince ourselves of the correctness of this result, we
proved it in three different ways. In the first method, we
use the theory of third elliptic integrals to derive the ex-
plicit conformal maps and the explicit measure which al-
lows us to reproduce the Veneziano amplitude. In the
second method, we use the method of Beltrami
differentials to show that the amplitude is actually invari-
ant under changes of the string lengths, contrary to ac-
cepted belief. In the third method, we use the "method
of reAections" to show explicitly how to go smoothly
from the light-cone four-string amplitude to the Witten
four-string amplitude using an "interpolating vertex"
which allows us to interpolate between these two
theories.

However, the main surprise comes when we apply our
results to the closed-string case. We find that, when cal-
culating the closed-string scattering amplitude with
strings of arbitrary lengths, we can rederive the Shapiro-
Virasoro amplitude if we add an explicit four-string in-
teraction, the tetrahedron graph.

Thus, the calculation of the Shapiro-Virasoro ampli-
tude, using our techniques, shows that string lengths can
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be varied at will, as long as we keep track of the four-
string interaction.

The original motivation of this paper was to see how
geometric string field theory (which is manifestly
reparametrization independent and hence independent of
string lengths), when gauge fixed, could rederive the
Veneziano and Shapiro-Virasoro amplitude. The reader
who is interested in seeing how gauging-fixing geometric
string field theory yields scattering amplitudes with vary-
ing string lengths is advised to consult Refs. 7-9, which
are beyond the scope of this paper. Although this paper
was motivated by geometric string field theory, the paper
can stand by itself. We have, therefore, deliberately writ-
ten this paper so that it can be read independent of
geometric string field theory.

II. CALCULATION OF THE MEASURE

Let us begin with the following conformal map, '

which takes us from the complex plane to a multiply con-
nected sheet representing the three-string vertex:

p(z) =a, ln(z —I )+azlnz

FIG. 1. In the midpoint gauge, three open strings in a vertex
have equal parametrization length and join at the midpoint.

From the interpolating map, it is now a straightfor-
ward matter to construct the Neumann functions associ-
ated with this map, and then construct the vertex func-
tion

~ V, ), which we call the interpolating vertex
1 2 3

(Fig. 3).
The heart of this paper is whether or not we can

rederive the usual Veneziano and Shapiro-Virasoro am-
plitude by taking the following contraction for the pro-
cess 1+2~5~3+4:

3

+ g P„ln[(az +bz +c)'~ +(a„z +b„)], (2.1)
(2.6)

where

Q —Q+Q1 2 301=
2Q1

—a +Q+Qa2=, a3= —Q3
2Q2

where the external Q; are actually arbitrary; they are nei-
ther set equal to unity nor do they sum to zero. (The
price we pay for this generality, we will see, is that the re-
gion of integration is not invariant. ) The interpolating
vertex

~
V ) satisfies the property

1 2 3

Q +Q Q b= —Q, b=
1

Q1 Q2 Q3
2 2 2

2Q3
(2.3}

rr n
i =10(cr &a.

l, t 1

fi(X, (o, )
—X, ,(na; —tT, )) ~ V, ) =0,

(2.7)

a =a3, b =a, —a2 —a3, c =a2, P„=—a„, (2.4)

where the string lengths Q, ,Q2, Q3 are totally arbitrary. It
is straightforward, but subtle, to show that we can take
different limits on this map and arrive at the old light-
cone map as weil as the map for Witten's three-string ver-
tex (Fig. 1). For example, if we carefully take the limit
that g, , a„~0we find

p(z) =a, ln(z —1)+a2lnz, (2.5)

which is the usual light-cone map for the three vertex
(Fig. 2). In the limit that all three string lengths become
equal, we find the limit

(z + 1 )(z —2)( —
—,
' )+ (z —z + 1)

p(z) =ln
z(l —z}

This, by itself, is rather surprising. Intuitively, we may
have expected that taking the limit of the interpolating
map (2.1) would yield singularities as we approached ei-
ther the light-cone or Witten's map, preventing a unified
description of both vertices in terms of a single interpo-
lating vertex. However, a careful limiting process shows
that there are no singularities whatsoever, that the limit-
ing process is smooth.

where a; is the parametrization overlap between the ith
and jth strings.

We have shown that this vertex function smoothly in-
terpolates between the usual vertex functions defined in
the midpoint and end-point configurations:

~ Vata&a3 ~interpolating ~ Vata&a3 )end point &

a =0
l

l~ l=~
Va a a interpolating ~ Vaaa & midpoint '

(2.8)

FIG. 2. In the end-point gauge, three open strings in a vertex
have parametrization lengths which sum to zero, and join at
their end points.
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2
1

FIG. 3. In the interpolating gauge, three open strings in a
vertex have arbitrary parametrization lengths. The interpolat-
ing vertex contains both the midpoint and the end-point vertices
as special cases.

A~= 1 AG(exp ix p.x(j ) )dr, .

l

(2.10)

where Aa is the ghost contribution. (In geometric string
field theory, the ghost sector has a nice group-theoretical
interpretation: it is just the tangent space of the theory. )

Crucial to the calculation of the measure for the
Veneziano (Shapiro-Virasoro) amplitude is the conformal
map which takes us from the upper-half plane (entire
complex plane) to the world sheet for the scattering of
four open (closed) strings.

The conformal map is generated by the Schwartz-
Christo5'el transformation

For closed-string interactions, we have almost an iden-
tical formalism, except the propagator now becomes

D =hobo(LO+Lo 2) ' I—d8e
0

and the vertex becomes a function of two sets of indepen-
dent operators. (We will treat mainly open strings in this
section, but the generalization to closed strings is
straightforward and is given in the next section. The
only nontrivial feature of the generalization to closed
strings is the region of integration, where a new tetrahed-
ron graph emerges. )

To calculate the tachyon scattering amplitude, we now
make a conformal transformation of variables to the
upper-half plane (entire complex plane), where we find

Z
2

FIG. 4. Riemann surface for four-open-string scattering in

the z plane. There are Riemann cuts which extend symmetrical-

ly from the upper- to the lower-half plane.

and 5.) These cuts, in turn, make the definition (2.11)
well defined. Notice that the conformal map transforms
y; in the z plane into one of the points at infinity in the p
plane. Thus, we can set the external lengths of the strings
by

dp
dz

a;
(2.13)

where z is near y;. This, in turn, gives us four con-
straints:

V (y; b, )'+ai Q—(y; —bz)'+az
(2.14)

II (y; y, )-
where

&i+& —2&i = 1&31+1a41 2&z . (2.15)

4
end point: g a; =0, 5;=0 .

(2.16)

Notice that we have the midpoint or end-point
configuration in the following limits:

midpoint: ~a; ~
=1, 5; = —,',

dp [(z —zi)(z —zi)(z —zz)(z —zz)]' '
(z —y, )( —y, )(z —y, )(z —y, )

where

y;=(O, x, 1, 00),

z, =(ia, +b, ), z, =( ia, +b, ),—

zz=(iaz+bz), zz=( iaz+bz)—,

(2.11)

(2.12)

Z
1

2

where the overbar represents complex conjugation for
open strings, while for closed strings the overbar does not
(a; and b; are themselves complex variables for closed
strings).

Notice that there is a Riemann cut between z, and z,
and another Riemann cut between zz and zz. (See Figs. 4

FIG. 5. Riernann surface for four-closed-string scattering in
the z plane. Notice that the Riernann cuts are totally arbitrary.
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w=Re[p(z2) —p(z, )],
n 5; = Im[p(z, ) —p(0)] .

(2.17)

The counting of the unknowns and constraints is im-
portant here, especially for the computer calculation.
For open strings, we have five unknowns and five con-
straints:

5 unknowns: (N, z&, z&, z&,z2),

5 constraints for (a;,5&) .

Notice that by changing the value of 5;, we can smoothly
interpolate between the end-point and midpoint
configurations. 5, in effect measures the deviation away
from being a planar graph. When 5,. equals zero, we have
the usual light-cone configuration when the external
lengths sum to zero. When 5; equals —,', then we have the
midpoint configuration. Much more complicated is the
interpolating configuration, where 5; is arbitrary (see
Figs. 6—8).

From the map, we can derive the expression for ~ and

FIG. 7. Riemann surface for the four-open-string scattering
in the end-point gauge.

(r 2 r i
—)(y 3 r4—)

(y, —y„)(y,—y, )
(2.18)

To begin, we perform the integration in (2.11). To do
this, we must rewrite the expression in a more manage-
able form. It takes a bit of work to prove

gree of symmetry. For the arbitrary case, we are forced
to use a computer.

In spite of the complexity of the conformal map, we
will show in this section that it is possible to derive an ex-
act analytic expression for the Jacobian from ~ to the
Koba-Nielsen variable x, where

[We do not have to fix the value of 52 because this is al-

ready fixed by (2.15).] For closed strings, the overbar no
longer denotes complex conjugation, so the z's now con-
tain eight independent unknowns, and N also becomes
complex. Furthermore, the constraints for the a, and 5,
are now complex, so we have ten equations for them.
(Because these string lengths must be real, the imaginary
part of their constraints must be set to zero. ) In total, we
have ten unknowns and ten constraints:

(z —
z& )(z —

z& )(z —zz)(z —zz)
4

rr( —y)

where

4 A,X,

(2.19)

(2.20)

10 unknowns: (N, z„z„z2,z2),

10 constraints for (a;,5, ) .

It is essential to notice that the constraints, because they
involve cuts and are highly coupled, must be solved im-
plicitly. This means that there are probably no analytic
solutions, except in exceptional situations with a high de-

(The simplest way of checking our expression for A; is to
take the limit as z~y;. Most terms in the product van-
ish, leaving us only the expression for A;. By cyclic sym-
metry, we then have all the A;. )

Thus, the integral we wish to calculate is given by

p(z)= Ndz

Z Z1 Z Z1 Z ZP Z Z2 l' =1

NA;dz

(z —y;)/(z —z )(z z, )(z —z )(z —z )
(2.21)

With some work, we can reexpress everything in terms
of elliptic integrals of the first, second, and third kinds,
which was first done in Ref. 7. To standardize our nota-
tion, we will use extensively the identities contained
within Ref. 12. For reference, we will also give the equa-

FIG. 6. Riemann surface for the four-open-string scattering
amplitude in the midpoint gauge.

FIG. 8. Riemann surface for the four-open-string scattering
in the interpolating gauge. This amplitude smoothly interpo-
lates between the amplitudes for midpoint scattering and end-
point scattering.
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tion number used in Ref. 10.
First, let us define our notation. We define a first ellip-

tic integral as

Heuman's lambda function is defined as

Ao(g, k) = —[EF(g,k')+KE(g, k') K—F(g, k')],=2

F(g, k)=
o Q(1 —t )(1 k—t )

dO

o ')/1 —k sin 8
Ql

du =u)
0

=sn '(y, k), (2.22)

where

k' =1—k

Finally, the Jacobi zeta function is defined as

Z(g, k)=E(g, k) ——F(g, k) .

(2.28)

(2.29)

(2.30)

where

y =sing, P=amu| .

We define the second elliptic integral as

1 —k't'
E(f,k)=f, dt

1 —t'
= f )/ 1 —k sin 8d8

0

Ql
dn udu

0

Third elliptic integrals are defined as

(2.23)

(2.24)

gF(g, k')= f
Z Zi Z Zl Z Z2 Z Z2

=g tn '(tang, k'), (2.31)

where

=(b, b~) +(a—, +a~)

B =(b~ b~) +(a—, —aq)

With these definitions, we can now begin performing
the integrations. We first note [Eq. (267.00)]

II(g,a, k) =
o (1—a't')&(1 —t')(1 —k't')

d8
o (1—a sin 8W 1 —k sin 8

Ql u

1 —a sn u

Complete first elliptic integrals are defined as

(2.25)

4AB
(/I +B)

2

A+8 '

yi =bi —~ ig],
4a', —

( A B)'—2=
(3 +B) 4af—

(2.32)

K(k)=K =f, , =F(—,'n, k) . (2.26)
')/1 —k sin 8

y —b, +aigi
P =arctan

Complete second elliptic integrals are given as

E(—'m, k)=E = +1—k sin 8d8 .
2 0

(2.27)
We also need the important integral [Eqs. (267.02) and

(361.64)]

dz

' (z —y;)Q(z —z&)(z —z, )(z —zz)(z —zz)

g, F(P, k')+ [F(P,k')+; II($, I+;,k')+;(;+ 1)f; ]a1+b 1 g1 g 1 'Vl 1+~.
(2.33)

where where

a1+~ ig 1 r l g 1

CO;—
1 a lg1 Xi

and

I —l (1+~2)—1/2(k2+ 2) —1/2

Qk +co; —+I+co;dnu
Xln

Qk +co;++1+co;dnu

(2.34)

(2.35)

dnu =+1—k' sin P . (2.36)

(Because of the delicate nature of the analytic continua-
tion of our results to complex values of the arguments, we
give an independent proof of these important equations in
Appendix A where we can check the validity of the ana-
lytic continuation. )

We are in a position to integrate our original expres-
sion (2.11). After integration, we find
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4 A,
p(z)=gNF(g, k') 1+ g +b1g1 —g1r;

II(ig, a, k) = [F(P,k') —a 11(P, 1 —a,k')],
1 —a

CO. g1
X g1+

1 +cot.

4 gNA; co; —gi

, ai+bigi —gi Y; 1+~,.

where tang=sinhg and

Ao(P, k) —1
II(a, k) = +—,'ma

+a (1—a )(a —k2)

(2.42)

(2.43)

[ 21I(y 1 + 2 k ) + (
2 + 1 )f ] (2 37) Using these identities, we can write

COi g1
g1+

~1+blg1 g1r' (bi y)—'+&
i

At this point, we see for the first time how nontrivial
this calculation really is. Notice that the map is exceed-
ingly nonlinear, and that 5, and r are defined implicitly

by this integral. For this complicated expression to
reduce to the Veneziano formula would require a series of
"miracles. " Fortunately, this series of miracles actually
takes place.

The first simplification is to notice that, after a series of
manipulations, the coefficient of F(g, k') actually van-
ishes. To see this, let us write

Q 1+a), Ao(p;, k) —1
II(P, 1+co;,k') = ,'n—i-

Qk +co,

(2.44)

where

1
sin p;=

1+Ni
(2.45)

dnQ
f, =ln =+in .

dna
(2.46}

and P=iP
Let us now write down an expression for 5i. In the

limit that tang=i, we find that dnu goes to infinity. This,
in turn, allows us to show

1=Re
b, +ia, —y,.

where we have used the fact that

[(bi —y, )'+i2 i ](1+g i )
1+ct)l-

(b, —aig, —y, )'

(2.38) Let us now put everything together and write down

(co; —g, )co; & A;Ao(P;, k)

a, +b, gi giy;; i Q(1+~2)(k2+~2)

(2.47)

This, in turn, allows us to write down the coeScient of
F(P, k') using (2.19):

4 A,
gRe 1++

i =1 Z ~i z=z&

Fortunately, at this point another "miracle" occurs and
we have

g(~; —gi)~; V (y; —b, )'+~i Q(y, b)'2+a2-
a i+big i giy& Q(1+~2)(k2+~2)

= 1 . (2.48)

=g Re

=0

(z —zi )(z —zi )(z —z2)(z —z2)
4

II( -y, }
z —z

(2.39)

(We demonstrate this in Appendix B.)
As a result, we now have the simple equation

4

5, = ——g a;[Ao(p;, k)] .
i=1

(2.49)

Notice that p(z) is now written entirely in terms of
third elliptic integrals and the function f;.

Our next step is to impose the constraint coming from
51. We have

r=Re[p(z2) —p(z, )] . (2.50)

Our next task is to calculate ~ itself and the Jacobian
which takes us to the Koba-Nielsen variable x. We define
T as

n5, =Im[p(z, ) —p(y, )], (2.40}
Because we are now taking y =z1,zz, we have

where we have set y =z, in (2.33) and y i is a real number.
This, in turn, fixes

tang, =i, P, =i ~,
i . 1

tan/2= —,$2 =arcsin
(2.51)

tang=i . (2.41)

Because P is now complex, we must analytically continue
the third elliptic integral, using [Eqs. (161.02) and
(411.01)]

(We prove this in Appendix C.)
Again, several simplifications occur. First, we can

eliminate the f; contribution to r because they are either
purely imaginary constants or zero:
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dn Q
f;(z, )=ln =im,

dn Q

f, (z2. )=lnl .
(2.52}

Next, we calculate ~, we must compute the difference
between two third elliptic integrals. Fortunately, we have
the equation [Eq. (116.03)]

arctanh

1/2

11(8,a', k)+II(p, a', k)=II(p, a', k)+
(a —1)(a —k')

sin 8 sinP sing+a (a —1 )(a —k )

1 —a sin /+a sin8sinPcosg+1 —k sin P

(2.53)

where Equation (730.04}' gives us

sin8+1 —k sin PksinP+1 —k sin 8/=2 arctan
cos8+cos

[K(k')Z(P;, k')]= r (P;,k')K(k') —E(k')
(P k') (262)

(2.54)

Now let us substitute the values that are relevant to our
calculation of r in (2.51) into (2.53). We find

II(P, 1+co;,k') —II(P, , 1+co;,k') = II(P, 1+co;,k') .

Equation (730.04)' gives us

Ao(P, ,k}=,[E(k)—k' sin P,K( )],
(2.63)

where

(2.55) r(8, k')=+1 —k' sin 8. (2.64)

Notice that we were able to eliminate the length term in-
volving the tanh. This is because

We now use a very convenient formula, which will
prove useful to our calculation of the Jacobian:

sinPz+1 —k' sin P&
—sing&+1 —k' sin $2

P =2 arctan
cos 2+cos

sing;cosP,

r(P, , k') (2.65)

2 (2.56)

This, in turn, means that the tanh term can be eliminated
because arctanh 00 = i—,'m is imaginary.

Our expression for ~ now becomes

4 CO;(CO; g~ )r=g DNA; II( —,'m, 1+co;, k') .'
(a, +b,g, —g, co;)(1+aP)

(2.57}
Last, we note that [Eq. (415.01)]

II( z, k)= — aKZ(A, k)
+(a —1)(a —k )

where A =arcsina '. Thus, our final expression for v.

can be written in a surprisingly simple fashion as

(We will prove this in Appendix D.)

With these formulas, we can now differentiate r and 5,
with respect to P, :

4
dr= —g a;

r (P, , k')K(k') —E(k')
r(P, , k')

(2.66)
4

d5, = ga,
E(k) —k' sin P;K(k)

r P;,k')

We also use [Eq. (110.10)]

K (k')E (k)+K (k)E (k') —K (k)K (k') =
—,'m . (2.67)

Now let us multiply the expression for d 5, by
K(k')/K(k) and add this to the expression for 5r. We
then use (2.67) to find

K(k') g a;Z (—P;,k') . (2.59)
4 adP;

K(k), , r(P;, k') (2.68)

sl; cos
dk' " k' r(P, , k'), [K(k')Z(P;, k')]= (2.60)

Our next step is to differentiate ~ with respect to x in
order to arrive at a closed expression for the measure.
We need, however, a series of identities concerning how
to differentiate the various elliptic integrals. Equations
(710.00)' and (710.06}' give us d

1

It is not hard to show from (2.69) and from Appendix B
that

Our final step is to compute the Jacobian itself. We first
wish to convert dP, into d y;, and then d y, into dx. It is
easy to show from (2.34) and (2.45) that

a&(l+g& )dy,
(2.69)(1+~';)(b( —a,g, —y; )'

Equation (710.11)' gives us

sinP, cosP,
Ao(P;, k}= [E(k)—K(k)]

mk r, , k' (2.61)

4 e;
, r(P, , k') g g(y; y, }— (2.70)
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This, in turn, allows us to write

(2.71)

Let us now calculate dx. Because of (2.18},it is easy to
show

where the curve C in the to plane is a vertical line which
bisected the propagator, while the transformed curve C in
the z plane is a curved line which encircles the Riemann
cut. Because the function we are integrating is analytic,
we can rearrange the curve so that it wraps around the
Riemann cut, i.e., becomes twice the integral from some
real numbery1 to z, . We find

(r i
—y3}(r2—y4)

if we choose y1 to be the independent variable. Thus, we
can write

& pj's„& = —
—,'(lnIz, —z„I+lnIz, —z„I),

& P P+(z) &
= —

—,'[ln(z —z)+In(zj —z }] .

Inserting the values of z;, we find

(3.4)

(2.73)
2E (k)gx (1—x)(y 3

—y 3)(y2 —y4)

In summary, although the original conformal map with
external legs was complicated by the presence of the
external constraints, we find that nontrivial identities al-
low us to cancel most of these terms, leaving us with
surprisingly simple expressions for 53 in (2.49},r in (2.59),
and drldx in (2.73).

Now, we calculate the amplitudes themselves.

n. (r, -r, )
dz dz i &j

c 2ni du g(z —y )

dz x (1—x}(ri
—r3)'(r2 —r4)'

» ~& Q(z —b )'+a'Q(z —b, )'+u2

=2 x (1—x)K (k)(y, —y, )'(y2 —y4)', (3.5)

III. CALCULATION OF THE VENEZIANO
AND SHAPIRO-VIRASORO AMPLITUDES

We must combine this Jacobian factor with the ghost
contribution coming from the contraction of the bo with
the vertices. We know that bo transforms as a second-
rank tensor under the conformal group, i.e., b . Thus,
we can calculate how it transforms under a conformal
transformation.

In the world sheet of the four-string interaction, the
ghost factor is a line integral which bisects the intermedi-
ate strip:

bo= Jdo b„(a ) . (3.1)

1f+(N)

tuttj

Then the ghost factor transforms as

(3.2)

We can now make a conformal transformation from the
world sheet of four interacting strings to the upper-half
plane. Let us bosonize the ghost:

where we have used the fact that the integral along the
cut reproduces a first complete elliptic integral from
(2.31). We now have the final result

dx 2g E (k)x (x —1)(y i
—y3)(y2 —y4)

~G( Yl y3} ( Y2 Y4} (3.6)

34= ~AGexp — P'P X i X j . 3.7

The X-dependent contribution can be calculated from

where g is given by (2.32). Thus, we have a precise can-
cellation between the measure and the ghost contribution
in the interpolating configuration.

Let us now put everything together to derive the
Veneziano amplitude. The amplitude we wish to calcu-
late is given by

&X(i)X(j)&
= —lnIz; —z

I

—lnIz; —z I
. (3.8)

X exp g & P,P+(z) & (3.3)
Thus, the functional average over the X-dependent fac-
tors becomes

2PI P2
' 2P2-P3

2P, P (3 1 y2}(y3 y4} (r2 ) 3)(r I } 4}

(r i r3)(r2 y4—} —(r i
—r3}(y2—y4)

(3.9)

Putting everything together, notice that the factor of
(y, —y3) (y2 —y4) cancels with an equivalent term
coming from d v /dx AG, leaving us with

2PI P2 2P~.P3c44= dX X 1 X (3.10)

Finally, it is possible to show that the s- and t-channel
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graphs add precisely to give the region [0,1] for the x in-

tegration, leaving us with the Veneziano amplitude. To
show this, notice that the condition r= ~ in (2.59) is
easily satisfied by the singularity K(1)=00, so that
k'=1. But this, in turn, can be satisfied in (2.32) by set-
ting A =8, or by setting a, or a2 to be equal to zero.

Now let us satisfy the constraints contained within
(2.14) and (2.49). Because we set y; =(O,x, 1, ~ ), we can
easily show that the condition x= 1 is satisfied if
~1 O $1 1 «if~2 O b2

Thus, the condition ~= 00 is satisfied for x= 1.
Similarly, the condition x=O can be satisfied by the

constraints for a, =b, =O or by a2=b2=0. This, in
turn, corresponds to k'=1, so ~ is once again divergent.

More subtle is the point in x space where the two turn-
ing points have the same real part, ~=0, which we call
xo. In general, because we must satisfy both (2.49) and
(2.59) with r=0, an exact analytical expression for xo
does not exist.

Here let us take the very special configuration in which
the ~a;~ are all taken to be the same and 5, =52=5. In
this case, v =0 just gives us k = 1. Using the fact that
Ao(P, , 1)=2P, /ir, we can write

4
5i= ——g a;(2p;/m. ) .

2

Then the solution for x0 is

xo=sin'( —,
'n.5) .

This expression has the correct properties. For the mid-
point configuration, we have, for example, 5=—,', so that
x0= —,', which is the result of Ref. 3. For the end-point

configuration, in the limit, it is easy to check by confor-
mal maps that the s-channel graph by itself occupies the
entire region of integration, and that the t-channel graph
vanishes. Setting 5=0 for the end-point configuration we
find that x0=0, so that the t-channel graph vanishes, as
expected. Our expression for x0 therefore reproduces the
known results in the midpoint and the end-point
configurations.

Thus, our final result is that we must add the s- and t-
channel contributions in the interpolating configuration
as

propriate limits.
For the midpoint configuration for open strings, we

take the symmetric location of the external strings:

'a (3.12)

1
b =b2=0 a =y=

a2

g, =O, co, =—,sin P, =2 1

1+a i /y;

(3.13)

Thus, the 5, constraint (2.49) becomes

—,
' =AD(8, , k) —Ao(82, k),

where
2

CX

sin 8,=, sin 82=
p2+y2 ' 2 ~2+y2

where

1
8i =» =P~ 82=P2 =Pi

(3.14}

(3.15}

(3.16}

Notice that this is precisely the expression found in the
midpoint configuration.

Similarly, for the r variable in (2.59}we find

v=2K(k')[Z(P2, k') Z(Pi, k')] —. (3.17)

Again, this is in agreement with Ref. 3.
Now we calculate the midpoint limit of our results for

de/dx. In the midpoint limit, we have

A =a2+a1, 8 =a2 —a1,
k=y, g=y,

2a(1/a —a )

+a +y +a +1/y
Substituting these values into (2.71), we find

(3.18)

where a is a real number. We also take z, and z2 to be
purely imaginary, such that a1=y and is the inverse of
Q2.

With this choice, we can show that

A(t)+A(s)= f + f dxx ' '(1 —x)
0 Xp

2' de
K(y )+a +y +1+a y

(3.19)

(3.11)

We can also show that, when investigating the t- and
u-channel diagrams, there is a missing region in the in-
tegration which is not covered by the usual t- and u-
channel graphs. This can be checked analytically when
we go to the end-point configuration. (The missing re-
gion vanishes in the midpoint configuration. ) This has
also been verified in the interpolating configuration by
computer. This missing region, of course, corresponds to
the four-string interaction, first introduced in Ref. 1.

As an added check on our results, we wish to show
that our expression for the measure agrees with the usual
midpoint and end-point measures when we take the ap-

(z —y, }=(z —a ) z-
t=1 cz

(3.20)

Thus, we find

13~=4 —aG f dz dz 1

c 2~i dp
(a —z ) —z

CX

(3.21)

This is the same as the result in Ref. 3.
Next, let us calculate the ghost factor in (3.5). Substi-

tuting the values of y, , notice the term
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3

a~= —g a;+c (3.22}

as e goes to zero and as 5, goes to zero. In this limit, we
have, for (2.32),

which again agrees with Ref. 3.
Surprisingly, more difficult is the proof that (2.59) and

(2.79) reduce the usual end-point (or light-cone) result.
This is because, although the limit is smooth and well

defined, there are potential infinities which are canceled
by zeros, giving us ambiguous OX « terms.

We take the limit that the sum of the a, is very small,
so that the a, are very close to zero. In other words, the
limit is taken as

where bo =0.
From Eq. (900.10), '0 we have

E(k')=1+—ln ———k +1 4 1

2 k 2

From Eq. (903.01), ' we have

E(g, k')= g k dz (P),
m=0

where do($) =sing.
For the calculation of 5„notice that

4

5,= g a, P, =O

(3.31)

(3.32)

(3.33)

1 (a, +az)
A =b1 —b2+- + ~ ~ ~

2 b1 —b2

1(a,—a }8 =b1 —b2+ — +
2 b —b

Then we have

(3.23)
because p; is infinitesimally close to 1 as we take the end-
point limit, and the sum of a; equals zero. Thus, the
Riemann sheet becomes planar.

More delicate is the calculation of ~. Here, we know
that the divergent term is given by K (1)= ao. This term,
and the next-leading term, are given by

a1
g1= + (3.24}

K (k')E (P;,k') = 0 (ln4 —ink)sinP;, (3.34)

and
a, (b~ —y;)N- + ~ ~ ~

(bp b) )(b) ——y;)
(3.25)

where k is very small and sinp, is very close to 1. Thus,
this divergent part is canceled by the summation of a; be-

ing zero. The finite part is given by the expansion

This, in turn, gives us the desired expression for sinP, : 1+sinP;
E (k')F (P;,k') = ln

cosp;
(3.35}

sinP;=1 ——
z

+
2 (b, b, )'(b, -—y, )' (3.26)

Before we can insert these expressions into (2.59) and
(2.79},we need to know the behavior of 5, and r near the
point k'=1. Fortunately, the only serious problem is

posed by K(l)=Do, which will be canceled when we

carefully apply the fact that the sum of a; equals zero.
The expansion of the various elliptic functions near the

dangerous point is given by the following.
From Eq. (904.00), ' we have

4= g a;[ln(bz —y;) —ln(b, —y;)] . (3.36)

Using (3.26), we can also calculate the next leading term,
which is of order a11na1a2 which vanishes in this limit.

I.et us insert this finite part, disregarding all terms
which can be canceled by the fact that the a, sum to
zero. %'e then find

4 1+sinP;r= g a, ln
I

cos I

oo

A (P, k')= —a to —g az (k)tz (P)
7r m=1

(3.27)
Now compare this result with the usual end-point formal-
ism, which is defined by

where all we need to know is that ao=E and to =P. The
higher a2 are all higher powers of k.

Frotn Eq. (902.01), ' we have

1

2

p(z)= g a;ln(z —y, ) .

The solution of

(3.37)

F(g, k')=
m=0 ™

where

(3.28)
dp
dZ ( Z

=0 (3.38)

1+sing
Po=ln

cosP
(3.29)

gives us the two turning points z+ and z . But because
the two turning points, in our notation, are b, and b2, we
now have

From (900.05), ' we have ~=p(z+ )
—p(z ), (3.39)

K(k')=
m=0

I

2

ln ——b k
4 2m

m (3.30) which is precisely the usual end-point result for ~.
Now, let us calculate the ghost contribution for the



3758 LONG HUA AND MICHIO KAKU 41

endpoint configuration. In this limit, we find that

g =(b, —b2) ', that EC(0)= —,'m, and that N is propor-
tional to a4. Putting all factors into (3.5), we find

&6 = l(y i
—yi)'(y2 —y&)'I' .

X
(3.45)

x(1—x) —2 —2

( )( + + )
(yl y3) (y2 y4)

r=Re[p(zz) —p(zi )],
8=Im[p(z 2 )

—p(z i )] .
(3.41)

Let us define a new complex variable r=r+i8 Then.
it is now a simple matter to redo the steps between (2.50)
and (2.59), remembering that r is now a complex variable.
The only new terms that we must evaluate are the f; in
(2.35) and the inverse tanh in (2.53), because they contrib-
ute an imaginary part to f. Fortunately, a simple calcula-
tion shows that the imaginary part of the f; contribution
and the arctanh contribution is a constant, so we can
neglect these terms. Thus, we have

4
a= a+i 8= E(k') g a;—Z (P, , k'), (3.42)

where the equality holds up to a pure, imaginary con-
stant, and where the right-hand side is now a complex,
not real, function.

Now let us calculate dr The steps b. etween (2.60) and
(2.73) are identical when we make all the a; and b, com-
plex, except now the variable x itself is a complex one,
which we call x. We thus have

(3.40}

which is proportional to the result found in Ref. 4. When
multiplied by all other factors, we once again trivially ob-
tain the Veneziano model.

As we mentioned in the last section, the generalization
of these results to the closed-string case is straightfor-
ward, except that everything becomes complex and there
are missing regions of integration, which can be filled by
adding new interactions to the action. For the closed-
string case, we first emphasize again that a; and b; now
are complex, so that we have eight unknowns contained
within the z;.

In addition to ~, we also have the new variable 8,
which is the angle of rotation of the intermediate string.
These variables are fixed by

= Jd'xlx ' '(1 —x) (3.46)

Although we have now correctly derived the integrand
of the Shapiro-Virasoro model, the region of integration
for x in the interpolating configuration is highly nontrivi-
al; i.e., there are missing regions of integration, depend-
ing on the lengths of the external strings. These missing
regions of integration (for the open-string field theory}
were first discovered in Ref. 1, and correspond to higher-
string interactions. (See Refs. 7—9 for a group-theoretical
explanation of these missing regions. )

In Fig. 9 we see the integration region of the Shapiro-
Virasoro model in the end-point configuration, where the
entire complex Koba-Nielsen plane has been stereograph-
ically mapped onto the sphere. Notice that the s-, t-, and
u-channel graphs correspond to various sections of the
sphere, with no missing region. The three regions, in
fact, meet at the "north pole. " Thus, in the end-point
configuration, the three-string vertices by themselves can
fill up the entire complex plane.

However, as we slowly go to the interpolating
configuration, a missing region begins to open up cen-
tered around the north pole (Fig. 10), which gradually
gets larger and larger, until it occupies most of the sphere
in the midpoint configuration (Fig. 11).

Notice that there are three points where the missing re-
gion touches the equator. These points correspond to the
"Rubik's cube" points where four aligned closed strings
of equal length precisely collide head on.

Unfortunately, an exact analytic expression for the
missing region of the complex plane does not exist.
Therefore, we must rely on elaborate computer calcula-
tions to check that the missing region exists and that it is
precisely filled up with the tetrahedron graph. This has
been done for the midpoint configuration and several in-
terpolating configurations.

We are still in the process of conducting more ela-

Combining this fact with the X-dependent factors, which
are also complex, we finally find

A4= fd~~Ao(exp ixpx(j)
lJ

Nm

2E (k)gx (1—x )(y, —
y i)(yi —y4)

Therefore,

(3.43)

a~
det

Bx

2

2EC (k)gx (1—x )(y, —y3)(y2 —y4)

(3.44)

Because the ghost contribution contained a factor of
l bo l, we find a similar expression for AG, which is now
the absolute value squared of the previous expression.
Putting everything together, we find

FIG. 9. In the end-point gauge, the Riemann surface for
four-closed-string scattering is a sphere, with no missing region.
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6
det(I ,—'N—66M~5)

' exp

dz-

g dz, e

dV, b (4.1)

FIG. 10. In the interpolating gauge, a missing region sur-
rounding the north pole begins to open up.

where

dz dzbdz

Iz, —z&IIzi —z, I/z, —z, I

borate and sophisticated computer programs to show in
detail how the missing region around the north pole
opens up to eventually occupy most of the sphere.

We now turn to the method of Beltrami differentials,
which will give us a formal proof of the correctness of
our measure.

IV. METHOD OF BELTRAMI DIFFERENTIALS

However, one unsatisfactory feature of this approach is
that it depends on a series of "miracles" taking place. As
a result, it is difficult to generalize these techniques to N-
point and multiloop amplitudes.

In this section, we try to reformulate the problem in
terms of Beltrami differentials to solve two problems.
First, we wish to reformulate the problem of the measure
so that these "miracles" are less obscure and so that we
can generalize our results to higher-order amplitudes.

Second, we wish to solve a long-standing problem with
regard to the measure of the four-string interaction. The
original Jacobian that takes us from ~ in the light-cone
configuration to the Koba-Nielsen variable x was calcu-
lated in its entirety by Cremmer and Gervais and proven
to all orders by Mandelstam"' using the theory of con-
formal determinants. It reads, for the open-string pro-
cess 1+2~5~6~3+4,

FIG. 11. In the midpoint gauge, the missing region now oc-
cupies most of the northern (and southern} hemispheres. This
missing region must be filled with a tetrahedron graph.

where N is the Neumann function of the various three-
string vertices:

1 1
g y

dz dz' —ng, .(z')mg. (z)

nrem (2m)' " 'j (z —z')'

(see Refs. 13 and 14 for notation and details).
A covariant generalization of this is obviously possible

for the end-point configuration, using the fact that the
ghost contribution to the measure reduces the deter-
minant of the Laplacian from the 13th power down to the
12th power. All the other factors remain the same.

The puzzling fact, however, is that the Jacobian of the
transformation from ~ down to x is totally different in
form from the Jacobian found earlier, yet the final result
is the same.

This problem is not just confined to the end-point or
light-cone configuration. In the midpoint configuration,
for example, we could have contracted the oscillators for
the four-string interaction directly, and we would also
have found factors of the determinant of the Laplacian to
the 13th power. Therefore, it is puzzling that there ap-
pears to be two entirely different deviations of the Jacobi-
an, using different equations and different assumptions,
yet giving us the same result.

We will resolve this problem using Beltrami
differentials. First, quasiconformal transformations differ
from conformal transformations in an essential way.
While configuration transformations infinitesimally map
circles to circles, quasiconformal transformations map
circles to ellipses. In fact, the ratio of the minor to major
axes of this ellipses gives us a way of measuring different
quasiconformal transformations.

Quasiconformal transformations occur naturally in
string-field theory because the stretch variables ~; twist
variables 0;, and expansions a, all generate quasiconfor-
mal transformations. For example, the rule used in
Nambu-Goto or Polyakov quantization is to sum over all
inequivalent conformal surfaces. Since ~, O, a; all gen-
erate quasiconformal transformations, they take us from
one conformal surface to a conformally inequivalent one.
Thus, these moduli must be integrated over.

Conformal transformation, of course, are generated by

z ~z +v(z),

where v(z) is a function of z, not z. Quasiconformal
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p =8 v (4.2)

If the transformation is conforma1, then JM' is equal to
zero, since v' is a function of z only.

Quasiconformal transformations are easy to visualize.
For example, a transformation which takes a square and
stretches it into a rectangle cannot be a conformal trans-
formation. It must be quasiconformal, since the transfor-
mation of a stretch in the x direction is given by

transformations can be generated if we allow v(z) to be a
function of both z and its complex conjugate. Thus, the
"size*' of a quasiconformal transformation can be given
by a mixed tensor

3g 3

fDb Dc Db Dc g b(z, )b(z, )exp i fL „do dr

ldety„(z, ) l'

det „)
where I. h is the ghost action. From this identity, we can
derive

3g 3 2

f db Dc g & p; lb &exp i fL,h««

(4.g)

z ~z +Rez (4 3)
and

X det' P 1P1, (4.4}

where & p, ; l
are the Beltrami difFerentials corresponding

to a set of quasiconformal transformations, where m; are
the 3g —3 complex moduli parameters and leak ) are the
quadratic difFerentials. The advantage of writing the
multiloop measure in this form is that we can analyze its
conformal structure all at once.

Let us calculate how each term in the measure trans-
forms under a conformal transformation:

detP 1P1

d t&((), l(()„),

1/2
detP ',P, -26s,

det& y, lP„&,
(4.5)

fd'oV'g
DSg /2

fd'~&g
(4 6)

where we have made the conformal transformation from
the metric g,& to g,&. Notice that in 26 dimensions the
anomalous term involving the Liouville action SL van-
ishes. Furthermore, the Jacobian of the transformation
of dm; cancels against the determinant of the Beltrami
differentials.

The object of writing the measure in this form is that
we can now make a conformal transformations to any
configuration we please. The measure, however, is not
quite in the form that we wish. Let us use the identity

and since Rez is not a function of z.
These results generalize for an arbitrary Riemann sur-

face. For a genus g surface (there are slight changes for a
surface of g=0), there are g quadratic differentials which
transform as P„which allow us to define the surface it-
self. Let us now use 3g —3 complex moduli dm; to
characterize the conformal class of this surface. The
question is: is it possible to define on this surface a mea-
sure over dm; which is conformally invariant?

Let us start with the Polyakov form for the measure of
integration for the multiloop amplitude (there is a slight
difference when we include punctures}:

det&P'l~k & detV
' det'~2&/ ly„& fd'ov'g

3g 3
dp= gdm; fDXDb Dc g &p, lb)

2
Xexp i f (Lxdcr d~+L „do dr) (4.9)

Now we use the fact that the ith Beltrami differential can
be written as

p', , =V, v*, , (4.10)

where v*, generates a quasiconformal transformation.
Now we use the fact that we can integrate by parts:

& p,. l
b &

= f a'z v g g p b*
=fd zing V'v', b =fcdzb (4.11)

where the contour C; corresponds to a slice on the
Riemann surface along where we stretch or twist the sur-
face. The final formula we wish is therefore

6g —6
dp= g drn; fDXfDb Dc Db Dc

Xexp i f (Lz+Lsh)do dr

3g 3

X g f dzb f dzb
j=l

(4.12)

This is the formula we desire. In the midpoint
configuration, notice that the slice C; corresponds to
vertical slices along the various horizontal propagators in
a multiloop diagram. The integral over these slices, in
turn, simply reproduce the various factors of bo in the
gauge-fixed propagator.

When we make the transition to the end-point
configuration, however, the Beltrami differentials are
defined along a much different set of slices. The remark-
able fact about the previous formula is that we can show
that dp is invariant under the very complicated confor-
mal transformation which takes us from the midpoint
configuration to the end-point configuration. Although
the variables in the various configurations quite dissimi-
lar, this formula guarantees that the measure of integra-
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tion is the same. For example, the measure in the rnid-

point configuration is given by the various propagation
distances ~;, while the end-point configuration is given by
distances ~, and changes in string length n;. Neverthe-
less, the measure is conformally invariant.

The point is that the measure of integration, including
the ghost contribution, is insensitive to the height of the
external strings. Thus, it should be insensitive to whether
we are working in the midpoint, end-point, or interpolat-
ing configurations. In fact, we see that the measure is
only a function of the various slices of the Riemann sur-
face corresponding to the quasiconformal transforma-
tions, not the parametrization lengths of the external
strings. In fact, we see that the only restriction on the
Riemann surface is that it be constructed out of rectan-
gles (cylinders) for the propagators and vertical slices for
the vertex functions.

Thus, the final result for the Veneziano and Shapiro-
Virasoro model should be identical independent of
whether we are in the end-point, midpoint, or interpolat-
ing configurations.

Although this method is powerful and generalizes to
all orders in perturbation theory, we should also note an
important defect. Namely, this method says nothing
about the region of integration and missing regions. Be-
cause all arguments were infinitesimal, we can accidental-
ly overlook large portions of the region of integration
corresponding to four-string-type interactions. Thus, we
still must, in the final analysis, resort to conforrnal maps
and computer calculations to ultimately determine the re-
gion of integration.

Last, we note that Beltrami differentials also give us
the solution to the problem mentioned earlier, the fact
that historically a different solution was given to the mea-
sure problem, involving the determinant of the Laplacian
over the world-sheet surface, while the current derivation
of the Jacobian makes no mention of these determinants.

The solution of the problem is now more transparent.
First, we note that the determinant of the Laplacian over
the upper-half place or the entire complex plane is a con-
stant. Unlike the world sheet of the four interacting
strings, the complex plane has no structure, and hence
the determinant over the complex plane cannot be any-
thing else but a constant factor.

Second, we note that the determinant of the Laplacian
is covariant, not invariant, under a conformal transfor-
rnation. For the world sheet of the interacting strings,
the determinant is highly nontrivial, depending on the
turning point and string lengths, while the determinant of
the Laplacian over the complex plane is a constant.
Thus, to solve the problem of a conformal measure we
need to form a conformally invariant object.

The measure actually consists of the product of two
conformally invariant object. First, clearly only the
product of (4.5) and (4.6) yields a conformally invariant
object. Second, the d~ integration term can be made con-
formally invariant by multiplying by det(p;~Pk ). Thus,
(4.4) is the conformally invariant measure that we desire.

Third, we see how to explain the ROD term in (4.1). In
the calculation of the Veneziano amplitude, we must
necessarily truncate the divergent part coming from the

X-functional integral for the i =j string. This can be
seen, for example, in (3.7), where we have explicitly delet-
ed the divergent part corresponding to i =j. When we
conformally map the upper-half plane back to the string
world sheet, however, this i =j truncation is created by
the Zoo term. Thus, the Too term is automatically in-
cluded in (3.7) when we made the conformal transforma-
tion from the string world sheet to the complex plane.

Let us now make the transformation of (4.4) from the
midpoint, end-point, and interpolating configurations to
the complex plane. Notice that we immediately get the
identity (4.1).

V. METHOD OF REFLECTIONS

defined in the interpolating configuration should yield the
Veneziano amplitude in the midpoint configuration or,
for closed strings, the Shapiro-Virasoro amplitude in the
midpoint configuration. It is easy to check that this is so.

Let us define a U operator which changes the parame-
trization length of a string:

U =exp g e"(L„L„)—
n =1

(5.2)

By inserting the expression UU ' at each vertex, we
have the operatorial freedom of changing the
configuration of each vertex (as long as we keep careful
track of the leftover U factors). Thus, (5.1) can be written
as

V exp —g g e„"(L„" L" „}—
n =1 r=1,2, 5

XD~exp g g e,"(L„' L' „) V— , (5.3}
n =1 s =5,3,4

where we have now changed the values of the string
lengths. Now let us remove the factors of e" by using the
method of reflections. We use the reflection identity

(L„"/a„nX"„' L—' /a, —c„")~V) =0

and the transmission identity

Lo —1 „Lo—1Lx =xx ' Ln,

where

(5.4)

(5.5)

n —
1 n —1

c„"=~D g p(n p)N""„+ g (p— n)X p'„—
p =1 n=1

—n X'"
nO '

All factors of L„—L „ in turn can be converted into fac-
tors of L„or L n via these identities. For example, we
have infinitesimally

Last, we give an operatorial derivation of our results
which generalizes to all orders in perturbation theory.

We expect that

(5.1)
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1+ y (L„'—L".)Za, IV&
n=1

= 1+ y (5a"„N"„'.L'. Za, ) lV&.
n=0

(See Ref. 7 for a more complete definition of the nota-
tion. } If we treat the L„ infinitesimally, then we see that
these factors bounce back and forth between the two ver-
tices, like a light ray which reflects an infinite number of
times between two parallel mirrors. Each time a
reflection takes place, the intensity of the original beam
gets diminished, because it picks up factors of x, which is
less than one. Finally it disappears altogether after an
infinite number of iterations.

0

I midpoint

= V.—.—.— - ' - -", V.—.—.—
1 2 5 end point

(5.6)

where

x'=x [I+((x)], f (a, ,x)=1+rl(x),
where

(5.7)

However, all that remains are the various factors of I.o
and various measure terms that are created after each
reflection process. Fortunately, we can sum all these
terms exactly. In summary, we have

g(x) = g g g 5a 'N "„'„a,x 'n, N „„
r=1,2, 5i =2 n, =1

n r r

CXr
I

+ g g g 5a 'N'„„a6x 'n2N'„'„
s =3,4, 6g =2 n. =1

n. —r,.r,.x 'nN„','

CXr.
l

and

q(x)=g g g g 5a 'N„"„a,x ' N„', +g g +5a 'N'„s„asx ' N„'0
p r =1,2, 5 i =2 n,. =1 p q s=236j=2 I 2

00 I oo

+ g gg +5a 'N'„'„a,x'
r =1,2, 5i =21=2 ni=1

"I 2~ I I+1 . . . "i / i l

l nInI ) t n 0
r ~

where

+ g g g + 5a 'N'„„as'x
s =3,4, 6 j=21=2 n. =1

x 'n E''+' x 'nX''
l nini+i j n 0

J

i =even~r, =6, s;=5, p =3 4, q =1 2,
j =odd~r; =6, s; =5, p =1,2, q =3,4 .

(5.10)

(Notice that the last two terms appearing in the expression for g differ from the previous two terms because they have
factors of n; i.e., they come from the bo contribution to the power series. )

Notice that the power expansion in the Neumann functions of three-string vertices precisely reproduces the Neu-
mann functions defined over the entire four-string interaction. To see this, let us actually contract over the intermedi-
ate indices of the scattering amplitude to construct the four-string interaction in operator language. We need to use the
following identity, which uses the coherent-state basis:

& I')25lx'I V634 &
= &Olexp[-,'(alM21~)+(~IL2)]exp[-,'(~'IM| l~')+(a'IL| }]IO&

=det (1—M2M& }exp L, L2 +—LzM, L2
1 1 1

I —M2M1 2 1 —M2 —M1

+—L,
1 1

2 ' 1-M,M,
(5.11)
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Notice that the power expansion resulting from
(1—MzMi) is precisely the infinite power expansion
found in the method of reflections.

Next, to make sense out of this result, we now use the
formula

5~= g fN(o, ~;cr,', r,')5do; .1

2' (5.12)

This is a rather remarkable formula, which captures the
implicit nature of conformal transformations. It states
that if we make a conformal transformation such that we
rescale the parametrization lengths of the external strings
at infinity, then the distance r between the turning points
of a four-string interaction can be computed exactly in
the above formula. The above formula gives us an exact
way in which to see how the ~ parameter of the interpo-
lating theory changes as we smoothly change a; in the
external legs.

Putting everything together, we now find that g(z),
which measures the change in the ~ parameter as we
change the external legs, can be given equivalently by the
power expansion of the Neumann function, or the above
expression for 5~. Inspecting the series term for term, we
find an exact correspondence, both the change in the ~
variable in the propagator and also the measure of in-

tegration.
Thus, we find that we can write

&od( )dx &odxx ~ a;,x —x
X X

This is a nontrivial identity. It shows that, after an
infinite number of reflections, we can reassemble all terms
and show that the propagator defined over x becomes
modified to a propagator defined over x', defined by (5.7),
such that the region of integration is modified. This is an
operatorial proof that can be generalized to show that we
can always choose arbitrary external lengths for our N-

string (and even multiloop) amplitudes. This confirms
the conclusions that we have found in this paper using
third elliptic integrals and using the method of Beltrami
differentials.

The price to pay, as we have emphasized is that there
may be crucial missing regions of integration. We can
show that, for the s- and t-channel graphs in the interpo-
lating configuration, there is no missing region. The sum
of the s- and t-channel graphs add to give the usual
Veneziano amplitude. However, for the t-u graphs, we
can show that this is not true, that there is a missing re-
gion with the topology of a four-string interaction. The
same applies for the Shapiro-Virasoro amplitude, where
we always find missing regions in all of the channels.

To see how these missing regions yield higher-point in-
teractions, let us make the transition from the midpoint
configuration to the end-point configuration for the four-
string scattering amplitude for the t-u graphs. Because
the propagator is not invariant under a universal string
group (USG) transformation, let us break up the ampli-
tude into two pieces: I and II. If the s channel is
represented by 1+2~3+4, then the graphs in question
are

t+n=iv„, ln, lv235) 'gp
'

g (v\45 f + f e ' dr v235
T 0 midpoint

where

(5.13)

T HLO 1) T —QLO —1)
Vl45 7 e '

V235
midpOint end point

= ( Va a a IDs 1 aia)a5 )end point (5.14)

so that the term I alone allows us to retrieve the amplitude in the end-point configuration. However, the integration re-
gion is modified, so that II contains the missing region which corresponds to the four-string interaction.

To see this, let us now make the transition from the midpoint configuration to the interpolating configuration. Let us
define a to be between 0 and a5. Then

l 45 &e VP35
= V d7 e 7 V

midpoint interpolating
(5.15)

where we set e =1, which in turn fixes the value of a. Thus, the propagator actually vanishes, leaving us with a con-
tact term.

Thus, the four string interac-tion, first found in Ref. 1, isjust the square of the interpolating Uertex

Putting the t-u graphs together, we can now show

~, + I~4I

( Vi4, )D, (V235),d~;„t+u channel=( V [D, [V ),„d p„„,+u channel+ J danu( V (V ),
l 4

(5.16)
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where we now have an explicit representation for JM:

p=f(r) d'T

du

(For further details, see Refs. 7 and 8.)

VI. CONCLUSION

Conventional wisdom holds that the Veneziano ampli-
tude can be derived from string field theory only in two
ways: from light-cone string field theory' and Witten's
string field theory. In this paper, we demonstrate
several novel results. First, we show that this belief is ac-
tually incorrect, that we can derive the Veneziano ampli-
tude using strings of arbitrary length. Using the interpo-
lating vertex, we can, in fact, smoothly interpolate the
Veneziano amplitude from the light cone to the Witten
scattering amplitude. The calculation is highly nontrivi-
al, and we show the correctness of our result in three to-
tally independent ways.

First, we wrote down the conformal map that takes us
from the complex plane to the world sheet of the four in-
teracting strings and showed, using third elliptic in-

tegrals, that we have the correct measure of integration
when we replace ~ with the Koba-Nielsen variable x.
The calculation is quite long because the external strings
have arbitrary length. We cannot use the cyclic sym-
metries that simplified enormously Giddings's original
calculation for open strings. However, a large number of
surprising cancellations occur which allow us to write a
rather simple expression for r in (3.42),

4
r=~+i8= E(k') $ a—, Z(P, , k'),

and finally a remarkable relationship between the Jacobi-
an and the ghost contribution in (3.46):

T

~G = l(ri —y3) (Y2 r4)'I'
Bx

Second, we used the theory of Beltrami differentials to
give the origin of these "miracles. " We can show that the
measure transforms correctly under conformal transfor-
mations. In particular, the original derivation of Gid-
dings makes no reference to the length of the external
strings. The only constraint on the original calculation is
that the propagators are strips or cylinders and the ver-
tices are vertical slices. The quasiconformal transforma-
tions associated with stretches, twists, and expansions are
unaffected by changing the lengths of the external legs.
In this fashion, we can show the correctness of our results
to all orders in perturbation theory.

Third, we used the "method of reflections" to show, at
the level of operators, that we obtain the correct measure
of integration.

To further show the correctness of our results, we have
calculated the region of integration on computer. Nu-
merical studies of the missing region for open (closed)
strings show that it vanishes for the midpoint (end-point)
configuration, becomes larger and larger in the interpo-
lating configuration, and assumes the maximum volume

in Koba-Nielsen space in the end-point (midpoint)
configuration.

Higher amplitudes are now being looked at. The
theory (with midpoint vertices) is nonpolynomial, as in
Einstein's theory.

In hindsight, we should expect many surprises for the
closed-string field theory, as a perturbative theory, be-
cause it gives us a new triangulation of moduli space. In
general, the fundamental region for the moduli space of
Riemann surfaces is unknown to the mathematicians,
even for the simple case of g=2. Surprisingly, string field
theory actually solves this problem and gives us a suc-
cessful triangulation of moduli space and its fundamental
region' in the end-point configuration. Thus, by per-
forming Diff'(S) transformations on the field theory, we
are in essence creating more and more triangulations of
moduli space, which in general are not known.

The motivation for pursuing this line of approach
comes from geometric-string field theory, which is
reparametrization independent and hence can easily ac-
commodate strings of arbitrary length. However, be-
cause geometric-string field theory is well beyond the
scope of this article, the reader is encouraged to consult
the references on how gauge-fixing geometric string field
theory leads to scattering amplitudes with arbitrary
string lengths. We have deliberately written this paper so
that it can stand by itself, independent of geometric-
string field theory.
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APPENDIX A

F(g, k)= fo+(1—x )(1—kx )
(Al)

It is important to note that this expression is finite for all
real or complex values of y, including infinity.

Let us now make the change of variables

At+B
Ct +D

Then the Jacobian of the change of variables is

AD —BC
dx = 2dt .

(Cr +D)'
Then the integral becomes

(A2)

(A3)

In this appendix, we give an independent derivation of
(2.31) and (2.33). This is important, because for the
closed-string case we will be taking complex values of the
various arguments, and it is important to check that all
analytic continuations are possible and well defined.

We begin with the definition
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F(g, k)= f (AD —BC)dt[(Cr+D)' —(At+8)']
0

X [(Ct +D) k—( At +8) ]
=( &D —BC)(C'—A') ' '(C' —k'A')

X dt t —p,- -1~2,

where

B+D D —B
P1

A +C~ P2

D +kB D —kB
C+kA' P4 C-kA

(A4)

(A5)

Let

a —y, c

b-y;d
Let us also define

dx

(1—a x )+(I—x )(1—k x )

and

(ad bc—)ak
4

II (a p;c)'—"(a y—;c)

(A12)

(A13)

(A14)

p1 b1+ 1 p2 b2 ~a1

p3 =b2+ra2, p4=b2 —ia2,
AB —CD

bi =-,'(p i+ps) =
C —A

,
( + )

k AB CD—
2 2 3 4 (2 k2A2

More difficult is the calculation of the integral

(A6)

(A7)
(z —y;)/(z —z, )(z —z, )(z —z )(z —z )

To perform this integration, let us once again make a
transformation of variables:

We can now make an exact correspondence between A,
8, C, and D and the variables given in the paper in (2.32):

&(C' —a')(C' —k'~')
AD —BC

Then our results simplify to
I=Q;fdic

cx +x d ——2 C

CX

(A15)

Now we can express everything in terms of elliptic in-
tegrals and rational functions. Let us first rewrite

x
1 —ax

1 1

2a 1 —ax (A16)

This formula, we see, allows us to rewrite the x term in
terms of the difference between first and third elliptic in-
tegrals. Thus, the x term and the constant term appear-
ing in the expression for I can be recombined as the
difference of first and third elliptic integrals. The remain-
ing linear term in x can be rewritten as the integral of a
rational function by making the substitution v=x . Fi-
nally, we have

I =Q;( ca d—a ')F(—g, k)+Q;ca II(g,a, k)

ax +b
z =

cx+d ' (A8)
+ —,'(d —ca ')Q; f (1—a v}+(I—v}(1—k v)

1z=p;=(z&, z~, z2, z2)~~x =+1,+—. (A9)

where this time we solve for a, b, c, and d because this
transformation maps the points

(A17)

Notice that the last term gives us the tertn f, in (2.35).

APPENDIX 8

Then we can write

4

II (
—p )'"

4
=k '(cx+d) II (a —p;c)' +(I—x )(1—k x ) .

4a, (b~ b))—
(3 +8) —4a i

(Bl)

and

To prove (2.48), we first note that, with a little work,
we can rewrite g, as

(A 10)

Let us now replace z everywhere with x. Then we find a1+blg1 ytg1

a, (1+g, )

(bi —aigi —y }' (B2}

I= k (ad bc)—
II( —p; )''

and
[(b, —y;) +a, ](1+g2)

(b, —aigi —y, )' (B3)

f d
CX+d

[(a —y;c)x+b —y;d]+(I —x )(1—k x )

(Al 1)

and

(A —8)
(3 +8}

a1+b1g1 —yig1

1 a 1 g1 'yi
(B4)



3766 LONG HUA AND MICHIO KAKU 41

Expanding this out, we find

k +co; =2(1+g1)(A +8) 2(b, —a,g, —y, )

X I [(b, —y;) +a, ][(b, b—2) +a, +a 2]
—[(b1 —b2 }'—a1+a2][(b1—r;)' —a1]

4—a1(b1 —y; }(b1—b2) l .

APPENDIX C

62+ EQ2 61+Q1g1
tani})2=

g1("2+' 2 }

Let us take the real part of this equation:
B5

(Cl)

We wish to calculate the tangent of p2 in (2.51) which
can be written as

After a bit of work, we find

(~i g1)~i
'lc 1+co;Qk +co;=

a1+big1

Xg+(y, . b, }—2+a,

XQ(y, b2) —+a2

which is the desired result.

(B6)

Re taniI}2= I4a, (b2 b,—)[a1 —a2 —(b2 b, )—]

+2a, (b2 b, —)[A +8 4—a 1]]

X ([a, +g, (b, —b2}l +g1az I

X[(A +8) 4a1]—'=0 . (C2)

Now that we have shown that the tangent function is
pure imaginary, we now show

a, a2(1+g, )
tan/2=i

[a1+g1(b1—b2)]'+g 1a 2

=ia, a2(a1+ —,'[(b1 b2} —a—1+a2]—I[8a1(b2 b, )—] +2[(b1 b2) ——a1+az] I(4AB) ')

l=i(4a a )(A 8)—
1 2 k (C3)

APPENDIX D

We now prove (2.66):

4 a;sinP;cosP;

r(P;, k') (D 1)

a, (a1+b 1g1
—y, g1)(b1 —a 1g1

—y, )

~ =1 ga, (1+g1)Q(y, b, )'+a', Q—(y, b, )'+a—,'
4 (a1+b1 r; g1 }(b1—a1g1 —r; }

4

Nga, (1+g1) g (y; —y, )
j=1
J+l

From (2.45},we can write

COl

sinP;cosP; =
]+co;

4

ga1( I+g1);=1
( )

2 X 4

Xl VJ

(el +c2r; +c3r

This means

sinP;cosP; 4 a;co;a;, = g . (D3)
r(~i&k } i =1 Q(1+c02)(k2+c02)

(D5)

where we have eliminated a; by its boundary condition
(2.14) and c; are constants independent of the index i

But we also have identities

We now use the result of Appendix B, so that we can re-
place

Q(1+co;)(k +co;)

—gd);
~1+&1g1

XQ(y; b, ) +a, Q(y—; b2) +a2—(D4)

4'=' g (y; —y))
(D6)

Substituting the value for co;, we can thus write (D 1) as
Thus, because each term in (D5) vanished, we arrive at

(Dl).
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