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An extension to the low-energy theorem for a flavor-changing two-gluon decay is discussed. It is
shown that in cases where external momenta are much smaller than M, but not small compared
with the mass of the decaying particle, contributions with the lowest powers of external momenta
are only proportional to the corresponding one-gluon decay dipole-moment form factor. In particu-
lar, contributions from the color charge-radius form factor must cancel by gauge invariance. As an
illustration, an explicit calculation for the decay b —sgg is carried out in the standard model. The
result of the calculation agrees with our theorem. We estimate that the branching ratio B (b —sgg)

is roughly <10~
decays. This differs from other estimates.

I. INTRODUCTION

During the last few years considerable attention has fo-
cused on the study of B-meson rare decays. That such
decays occur so rarely in nature implies that they can
only be induced either by some unknown new physics or
by highly suppressed radiative loop corrections. A care-
ful study of these processes may, therefore, provide in-
sight into the structure of theoretical models, and hence
is important in the formulation of a more fundamental
theory.

Recently, a study on the decay b —syy has been car-
ried out.! It turns out that the photon spin orientations
in this decay are sensitive to the value of the top-quark
mass m,. A precise measurement on the photon spin
structures may thus provide useful limits on m,. Another
interesting feature observed in this study is that in the
limit to be discussed below, an extension to Low’s low-
energy theorem? exists. With such an extension, the
lowest-dimensional contributions can be simply calculat-
ed in terms of the decay b —sy and external bremsstrah-
lungs. Note that the momenta of the photons are not
small compared with the b-quark mass. Thus an exten-
sion is nontrivial.

In this paper we wish to extend our earlier work to
cover the case of a flavor-changing two-gluon decay such
as b —sgg (with the two final-state gluons on shell). Pre-
vious studies® seem to suggest that this decay gives dom-
inant contributions to the nonleptonic inclusive charm-
less B decay. Furthermore, such a domination, if true,
would probably remain unchanged* under QCD radiative
corrections. The expectation that the decay b-—sgg
might dominate arises from an observation that the self-
interaction graph [Fig. 1(d)], with the b —sg vertex given
by its color charge-radius form factor, appears to have a
large log factor. Calculations® based on the zero-
external-momentum approximation indicate that the log
factor of a flavor-changing charge-radius form factor is
In(m?/M3},) with m; given by the mass of an internal par-
ticipating quark. In the case of B, decay, one may there-
fore expect that the log factor is In(m2/m?2). As a result,
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4 and hence completely negligible in the study of nonleptonic inclusive charmless B

for m, heavier or not much smaller than My, an
enhancement of ~ (10) (and thus ~ 10? for the decay rate)
would be anticipated. The enhancement would be even
more significant if m, <<My,, for in that case a strong
Glashow-Iliopoulos-Maiani® (GIM) suppression is applic-
able to some of the other terms.
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FIG. 1. Feynman graphs contributing to the decay b— sgg.
The double wiggling lines represent gluons. For simplicity,
graphs with the interchange 1<>2 are not shown explicitly here.
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According to the classification given by our previous
studies of b—syy, although leading terms from the
color charge-radius form factors also have the lowest
dimensionality with respect to external momenta and
fields, in the case of a two-photon decay, the lowest-
dimensional terms which survive after cancellations are
only proportional to the dipole-moment form factor.
This proportionality is a consequence of an extension to
Low’s theorem originated from gauge invariance. There-
fore, similar features should also be expected for the de-
cay b-—sgg. Although there are many similarities be-
tween b —syy and b —sgg, the situation nevertheless has
to be carefully reexamined due to the non-Abelian nature
of QCD.

It turns out that for a two-gluon decay an extension to
the low-energy theorem also exists. We shall extract this
theorem in the next section. In particular, we find that
the color charge-radius term must cancel. It then follows
that the final result should not have a large log factor. As
a result, the branching ratio of the decay should be about
In(m?2/m?)~10? times smaller than the previous expec-
tations, and hence completely negligible in the study of
the inclusive B, decay. This part of the discussions is
given in Sec. IV which will be followed by a conclusion in
Sec. V.

The rest of the paper, which covers Sec. III and two
appendixes, is given to an explicit calculation of the de-
cay b-—>sgg in the standard model (without QCD correc-
tions). The cancellations of the color charge-radius form
factor and other “off-shell” effects are shown indeed to
take place. The result of the calculation completely
agrees with our theorem. By explicit calculations, we
also show that when external momenta are not negligible,
which is the case in the study of B decay, the dependence
of the charge-radius form factor on the internal quark
masses actually takes a different form from that quite
commonly quoted in the literature. Its physical implica-
tions are also briefly examined.
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amplitude. To do so, we follow the idea of Low (Ref. 2).

According to Low’s theorem (Ref. 2), leading terms of
a soft bremsstrahlung-scattering cross section can be cal-
culated exactly in terms of the cross section of the hard
scattering (without the photon emission) and an external
photon bremsstrahlung (without the scattering). Two im-
portant conditions are required for the theorem to hold.
First, the energy emitted by the photon must be much
smaller than the energy scale for producing the scatter-
ing, and second, the photon energy must be much smaller
than the external momenta of the participating particles.
The first condition permits the separation of radiation
from the scattering, whereas the second one amounts to
allowing for a momentum expansion to single out the
leading terms. The usefulness of Low’s theorem is that,
thanks to gauge invariance, potentially complicated cal-
culations of internal bremsstralungs are now no longer
necessary.

It is straightforward to extend Low’s theorem to places
where a scattering is replaced by a decay process provid-
ed the two necessary conditions are satisfied. For the
case in point, one can think of the decay b —syy as a de-
cay b—sy followed by a bremsstrahlung (both internal
and external). The first condition required for Low’s
theorem to hold is clearly satisfied, because the energy
scale responsible for the flavor-changing decay b —sy is
of the order My, which is much higher than the photon
energy. However, the second condition, which requires
the photon energy be much smaller than m, and m,, can-
not be satisfied. Still, it is found (Ref. 1) that in the
lowest-dimensional terms, the photons can be regarded as
if they were soft and thus an extension to Low’s theorem
follows. The price for relaxing the second condition is
that these terms do not necessarily dominate the process.

Now, we consider the decay b-—sgg without QCD
loops. Following Low (Ref. 2), we write the transition

amplitude Tfj’f“z as

T (b(P)—s(P')g(k,)g(k,))=gXT , +T )

II. THE LOW-ENERGY THEOREM Mk, Lpgpy 2,1,
AND FLAVOR-CHANGING TWO-GLUON DECAY ()
It is useful to begin with some considerations on the
constraints imposed by gauge invariance on the decay with
|
T =y L p (P kBT, (P—kyky )yttt [
l,ﬂ]#z 7/,112 P:+k2_m By s ™1 y 227 P——k‘z—mb Y“Z a(_)B
s
1
U S - - B
+TH™P,k,+k,) (k1+k2)2[2(k2’“‘g“2" klx#zgl-l1#)+gﬁ‘1l"z(k1 k), 1[t5,e] )
[
corresponding to contributions from external bremsstrah- KT =g kT =q 3)
lung diagrams. The last term arises from the self- Vohmpy 2 02 S ’

interaction diagram [Fig. 1(d)] and the others from Fig.
Itc). In Eq. (2), 1% is an SU(3). generator, and T',(P,k)
represents the b —sg vertex. Contributions from the rest
of the diagrams [Figs. 1(a), 1(b), 1(e)] are represented by
ng‘l fy which are to be determined by gauge invariance

The most general form of I“M(P,k) can be written as
follows. Consider the Ward-Takahashi identity for the
renormalized quantities

k*C(P,k)=2(P—k)—Z(P) . (4)
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Here = is the on-shell renormalized b —s self-energy. It
can always be written as 2(P)=(P—m,)2(P)(P—m,).
The explicit expression of £ is model dependent. Howev-
er, for our purpose, one only needs to know that S is
finite when operating on the external fields b and 5. In
other words, 3 does not have Dirac projections in its
denominator. This result is a consequence of the on-shell
conditions

§3(P?=m?2)=0, =(P*=m})b=0 (5

required by our renormalization procedure. It then fol-
lows from Eq. (4) that

. ,mF H
r#(P,k)=lU#Vk F+(kk#—k2’)/ﬂ)L-Al—2

+[(P—K—m,)0,(P,k)

+Qu(P,k)(P—m,,)]—é3 . ®)

Here M, which is typically of the order of My, or higher,
represents the energy scale responsible for the flavor-
changing transition. m is a mass that flips helicities. O,
and @, are two combinations of operators. They have

af

veBia . v
Dottty = ta”lvklt t -+-10#]Vk1

y“lr'ﬂc —m

+7,,

+

0, (P,k)tPt*+Q, (P—k, k, )y, t%P Lo
I yRyE Ql‘] 2 Iszt ]M

L0, kay =0, vy )y kg ) o kRS O Rl
kl.kZ v 2,1y mpvt L, 1 2 uv™l Zgﬂlﬂz ’ MZ
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the dimension of mass and satisfy
k*0,(P,k)7#0 , (N
k*Q,(P,k)70 . (8)

That Egs. (7) and (8) must be true is a consequence that
the relation, k“I',(P,k)=0, holds only if the external
quark fields are on shell Fmally, F, H, and I are dimen-
sionless functions of P%/M W,(P k )2/M w, and other
internal participating particle masses. In Eq. (6), the first
term is the usual dipole-moment term and the second one
is the charge radius. The last term gives rise to off-shell
effects. It vanishes in b —sg when both b and s are on
shell. The charge-radius term vanishes also if the gluon
emitted from T is real.

It is useful to classify the relevant operators by their
dimensionality with respect to external fields (b,s,g) and
momenta. Such a classification is possible provided
my <<M (the first condition of Low’s theorem). Now, we
can write F, H, and I as series expansions of external mo-
menta with respect to M. Their first terms in these series,
denoted by F,, H,, and I, hereafter, are external momen-
ta independent, and hence have the lowest dimensionali-
ty. From Egs. (2) and (6), we have explicitly

+[Z(kZ,#xyuz_kl,uzyu,H—gp,;tz —K)[tP e "‘] + (higher-dimensional terms) . 9

Here all the external fields in the decay b —sgg are on their mass shell and higher-dimensional terms represent the rest
in the series expansion. Now, the calculations of k lT1 'y, and k“ZT1 i, ATE straightforward. We find that the most
general solution to Eq. (3) that satisfies the constraints given by Egs. (7) and (8) is

[£5,¢

TS —k )8, (M — MT[P 1]
24"1’42 I‘[l‘z yﬂz l,#zyl‘l gl‘]llz 1 2 ][t ! ]EZ—

leo I
7#20#1(P’k1 )z‘l3tvt+Q,‘l(P—k2,k1 )‘y,,ztatﬁ+ aeﬁl l—-j2—+(higher-dimensional terms) . (10)

Adding Tz s, 1O T’f, oy WE find that the charge-radius term as well as the other off-shell terms are canceled out, re-
sulting in our theorem

T;:f# (b(P)—s(P')g,(k, )gz(kz))=TS'”]#ZSB"+ TA,M“ZAB"-F(higher-dimensional terms) , (1
where S#*= (18,12} /2, AP*=[tP,t*]1/2, and
mF P, P, P, P,
—2 0 2 2 v | 1 v
TSM]I‘Z 8 a2 Pk, Pk, T kit Pk, Pk, Opk3
i 1 1 1 1

- - —— y 12
2 || Pk, Pk, ] e A R Pl LAt Ls: H (12)
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and
T8 = mFo Pl"z _ Pl‘z v P/""l Pl‘l o kY
L Ve Pk, Pk, TPk, Pk, |Tm2
Py, Kiu, kY —2 Hy Kan, kY
- o - - O,y
Pk, kyk, | m! Pk, kyk, | M2
i 1 1 1 1 Bty
-1 —— By — | — Ktk GE
2||Pk, Pk, 0 10 kK Pk, p-k, O 0y kl'kZ] (13)

In Eq. (13), the quantity 8#]#2 is given by

S,ulpz:kZ,y][YyZ’kl ]+k1,y2[k2"}/pl]
+gﬂlu2[kl’k2]+(kl .k2)[y#19?/p2] .

Both T and T , are manifestly gauge invariant. Ty is
symmetric under the interchange 1«2. This part is pre-
cisely the same as for b —syy. It can simply be obtained
by calculating the effective tree diagrams [Fig. 1(c)] with
the b —sg vertex given by its dipole-moment form factor.
The T, term is antisymmetric under the interchange
12 and therefore exists only in theories with non-
Abelian nature such as QCD. That T and T, ought to
take the forms shown in Egs. (12) and (13) is, of course,
not surprising. We know that in momentum space, a
gauge-invariant two-gluon state G,‘:‘,G'J " or G2 v LGoH
must be bilinear in (external) momenta; here, G, . is the
gluon field tensor with its dual G" ";ewaBG“ “ﬁ. To
construct a gauge-invariant term that has the lowest di-
mension with respect to external momenta and fields, one
has to introduce terms with external momenta in the
denominator.

Our theorem has two interesting implications. First, a
flavor-changing two-gluon decay amplitude should not
have log factor. Second, the lowest-dimensional terms
can always be represented in forms given by Egs. (12) and
(13) with only the dipole moment to be determined by the
specific decay process and theoretical model. As far as
the lowest-dimensional terms are concerned, potentially
complicated calculations can now be simplified to a much
simpler calculation of the corresponding dipole-moment
form factor.

Finally, it should be pointed out that F; may depend
on the internal participating quark masses, which we
have so far ignored for simplicity, in a very complicated
way. Thus, there is no reason in general to expect that

|

(14)

_ngS

the lowest-dimensional terms given by Egs. (12) and (13)
are the dominant terms. To assess their importance,
complete model calculations are called for.

II1I. b —sgg IN THE STANDARD MODEL

As an illustration, we now consider the decay b —sgg
in the standard model. The calculation of b —sgg is very
similar to that of b—syy (Ref. 1). In the case involving
gluons, however, one has fewer Feynman diagrams be-
cause gluons do not couple to W. The complete answer
to the amplitudc of b —sgg can be written as

S Vi, ViT®

ST Ty 0 (15)
j=u,c,t

#1#2

where V' is the Kobayashi-Maskawa (KM) matrix and T}
(j =u,c,t) represents contributions from an internal u-,
c-, or t-quark exchange.

For T,"# py? at one-loop level, all the external momenta

are much smaller than the internal particle masses. Con-
sequently, the usual zero-external-momentum approxima-
tion can be applied. At this point, it is however impor-

tant to realize that for Tc"“ u, and particularly for Tf‘[il ’

such a convenient approximation is no longer applicable,
because now the internal quark masses are much smaller
than the external momenta, which are typically of the or-
der of m,. Thus, these graphs have to be treated sepa-
rately. To the leading order, we find that the only effect
is on the color charge-radius form factor R. For instance
(for details see Appendixes A and B), in the Feynman—
’t Hooft gauge, the graph with a ¢ quark and W yields

o Lo

whereas the graph with a ¢ or u quark and W gives

ggs
1672

(1—x)(2+5x —x2)
6[m2+x(MW m?)]

Ry(m,)= , (16)

m,ic+x(x—1)k2 1

Ry(m, )= 2fo‘dx x(x—1ln

16m2M3, M3

TRE (17)

where k is the momentum transfer. Equation (17) holds for arbitrary m?,k2<<M},. It is readily seen that both equa-

tions give the same result with a log factor In(m?/M},) (i =

=u,c,t) in the limit m, <<My, and k2=0. However, for

k22 m,, c» Which is the case for B, decay, the charge-radius form factor is not 31mp1y given by such a log factor. This
important fact has so far been overlooked in the literature.” Its consequences are currently under our investigation.

Now, we turn back to T“’? 1y

By a unitarity condition, 3 ;V,;V,

=0, Eq. (15) can be conveniently rewritten as
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T, =V, Vi(T® —T%

Biky N oy L,

To a good approximation, the first term in Eq. (18) can be ignored because of the small value of V, V|

VHVy VT | —T

2151

). (18)

. As we already

mentioned, contributions to Tﬁfﬂz can be classified in terms of their dimensionality with respect to the extemal momen-

ta and fields.

To the order of O(1/M3 ), we find (details can be found in Appendixes A and B) that the lowest-

dimensional contributions are given by Egs. (12) and (13). The dipole-moment form factor D =mF,/M? is

2

16m*

g8 1 x(1—x2)
P N R+mL dx (19)
(me) 16172(mb s )fo 2A[m2+x(ME—m})]
for Tc"ﬁ# nd
2 2 3 2
Dmp =22 (m,R+m.L) | [lax—— X120 (1—x)%2—x) ] o0

ap
for TP, -

Higher-dimensional terms, which are generated from
the one-particle-irreducible (1PI) graphs, will also con-
tribute to the decay. For a heavy top, i.e., m; * My, the
only term of O(1/M3,) comes from the diagram with an
internal ¢ quark and W. The result of the calculation is

42 -
= Gra[iRy .S P L +Ry, o, AP, —21)1y°L
2n
where
Rpluza =k I,yzeplvpak ;/kg ~k2,u] epzvpak ‘l,kIZJ
+kl'k2e,uluzva(kl ~k2 )V (22)

is the third-quark tensor, which is symmetric under the
interchange 1«2, suggested originally by Rosenberg® and
Adler.’ R}, .0 is given by

R =Ky ko —8uukik )k —ky), (23)

HiHy0

which is antisymmetric under the interchange 1<»2. The
two integrals in Eq. (21) are

= foldx fol_xdy 2 = ’

m;—2xyk -k,
1 1 2 @4
- X Xy
= | dx dy———"—— .
fo fo ym3—2xyk1~k2

The first term is precisely what one would get for a two-
photon decay.!® The final result is a sum of Egs. (12),
(13), and (21) according to Eq. (18).

IV. FURTHER DISCUSSIONS

In this section we will give a simple (but fairly reliable)
estimate on the order of magnitude of our result. In a fu-
ture publication we shall present a more complete treat-
ment (including all the relevant processes in the inclusive
B, decay) and give more details of the computation. We
now consider the limit m,>>My,. To determine the
lowest-dimensional contributions, we have to compute
D(m?)—D(m?). For a heavy top, we have, from Egs.
(19) and (20),

2[ml+x(My—m})]

+ X
2M3, fo 2[mi+x(M3—m?)]

[

gsG

D(m,)—D(m, )“'— o

(myR+myL) . (25)

This should be compared with the color charge-radius
form factors R(m,)—R(m_), which enters into the esti-
mate of Ref. 3, obtained from Eq. (16) or (17) by assum-
ing, incorrectly, k2=0. The squared ratio of these two
factors is 450. As a result, the branching ratio given in
Ref. 3 should approximately be scaled down by this
amount. This yields

B(b—s5gg)~3X107° . (26)

One can see by inspection that the order of magnitude of
the higher-dimensional terms [Eq. (21)] for a heavy top is
roughly the same as that of the lowest-dimensional terms.
In view of the various uncertainties involved in such a
simple scaling, we expect that the branching ratio should
at least be about 100 times less than that given by the
previous estimates (Ref. 3).

It is instructive to compare Eq. (26) with the branching
ratio of B, —yy which is of the order B(B,—yy)~10""'

(Ref. 1). Taking a,(m,)=0.235, one would expect from
2
Blb—sge) &y 27

B(B,—yy) q?

that B(b—sgg)~ 10°XB(B,—yy)~10"* which agrees
qualitatively with Eq. (26).

In comparison with the one-gluon decay b-—>sg, the
amplitude of the two-gluon decay is suppressed by a fac-
tor of a; /m. For m, * My, the two-gluon decay channel
is therefore negligible. It is certainly much smaller than
that of b —sqg. Hence, the two-gluon decay channel is
completely negligible in the study of nonleptonic in-
clusive charmless decays.

Finally, we should point out that, unlike in b —sg, it is
rather complicated to include QCD corrections to the de-
cay b—sgg. First, all the operators involved [see Egs.
(12), (13), and (21)] are highly nonlocal. Second, the com-
plete set for these operators are rather large. Although
the lowest-dimensional terms are related to b —sg, it is
not clear whether the results with QCD corrections for
b—>sg can be used for b—sgg. This is because, for the
two-gluon decay, one of the quark lines connecting to the
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b —»sg vertex is necessarily off shell, whereas the result in
existing literature (Ref. 4) for b—sg is obtained by as-
suming both lines on shell. In addition, the gluon-gluon
vertices and the quark propagators should also be QCD
corrected. Because of all these complications, we will not
discuss QCD corrections in this paper. It is nonetheless
fairly reasonable to believe that our result gives the right
order of magnitude.

V. CONCLUSION

We have shown that, for a flavor-changing two-gluon
decay, there is an extension [see Egs. (12) and (13)] to the
low-energy theorem. Such an extension suggests that the
lowest-dimensional terms are only proportional to the
dipole-moment form factor. As an illustration, we calcu-
lated the decay b -—sgg explicitly in the standard model.
Without QCD corrections, we find that the result of the
calculation completely agrees with our theorem. Off-
shell effects, particularly the color charge-radius form
factor, actually do not make any contribution in leading
order. As a result, the branching ratio is found below the
order of 10”4, which is approximately about 2 orders of
magnitude smaller than the previous suggestions. Since
our theorem arises from gauge invariance, as long as the
first condition (the gluon energies are smaller than the en-
ergy scale My, in b—sg) for the low-energy theorem is

]
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satisfied, similar features should therefore be expected in
all theoretical models for any flavor-changing two-gluon
decays.
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APPENDIX A: HEAVY-QUARK CONTRIBUTIONS

In this appendix we present some details of the calcula-
tion involving t-quark-exchange diagrams. The calcula-
tion is carried out in the Feynman-’t Hooft gauge.
There are basically two classes of diagrams: one with a
W exchange and the other with a charged unphysical
Higgs boson. The results presented below hold for
m,>>m,.

1. Self-energy

We begin with self-energy diagrams [Figs. 1(a) and
1(b)]. The b —ss self-energy due to a W and a t-quark ex-
change [Fig. 2(a)], =% (P), is given by!!

0 —(—n |8 2e2 [ 4 K i —i
(P)=(—i) |—= ( ) PL
v V2 T - )
2
PLf dx x | — 2 +lnB(P2) —T+1 (A1)
16 2 € 4
where a dimensional regularization scheme has been used W(k)
with e=4—n and I
- - —x -
B(P)=A(m})H+Px(x—1), (A2a) o ke 0 P @)
where (a)
Alm)=m2+x(M%—m?) . (A2b) W
N AT ; -
For simplicity, we have taken out the KM matrix ele- bp)  K+p §K+P-k s(p-k) b(p) s(p-k)
ments factor. It is, of course, understood that the final Ky Ky
result should be a sum of all terms multlphed by this fac- (b)
tor. Since P?<<M}, m,, 1/B(P2?) can be written as a
series expansion of 1/A(m}):
2 —
1 _ 1 _ Px(x 1)+ (A3) WK +k | -p)
B(P?)  A(m}) Alm})

To calculate terms linear in external momenta in the
decay b—>sgg [higher-dimensional terms arising from
these graphs are of the order of O(1/Mj},) or
O(1/M}m?)], we need to compute = up to terms with
three powers of external momenta. To this order, the
counterterm of 2 0,(P?) required by on-shell subtraction
of the theory is!!

M‘
o(p) K+k1$ K $K—k2 S k;-ky)

a b
ki My kos iy

(c)

FIG. 2. Feynman graphs due to W exchange contributing to
(a) the self-energy and its counterterm, (b) the one-gluon vertex
and its counterterm, and (c) the decay b —»sgg directly.
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I
< (P)= 16g2(C1PL +C,PR+C,L+C,R), (A%
T
where
C,=(—P+mi+ml)f,(m}
2
—f dx x ——+1 BPY) iy
4
(AS5)
szmbmsfl(m,z), C3=—mgmsf1(m,2),
C4=_mbm2fl(m2) ’
and f,(m}) is given by (A9) (see below). Adding 2% (P)

to 24 (P) we obtain the renormalized self-energy

Senw(P)=A(P)PR+m,L+mR)A,(P)
X fim?), (A6)
where
Ay (P)Y=P—my (A6a)

is the Dirac projection. Clearly, =, y satisfies the on-
shell conditions [Eq. (5)].

Similarly, we find that the renormalized self-energy due
to an unphysical Higgs boson and t-quark exchange [Fig.
3(@)] is

2
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H(k)
LT
i N
o ——
b(p) k+p s(p) b(p) s(p)
(a)
H(K)
-
) B
b(p) K+p § K+pk  s(p-k) b(p) 5 s(p-k)
Ky (b) ku
H(K+k -p)
LT T T
s N
b(p) K+k1§ K 51(— Ky S-kj-ky)
a b
kpky kg
(c)

FIG. 3. Feynman graphs due to the unphysical-Higgs-boson
exchange contributing to (a) the self-energy and its counterterm,
(b) the one-gluon vertex and its counterterm, and (c) the decay
b —sgg directly.

m,
Zren,u(P)= ﬁ—zren, w(P)
w
g2m? o
+_2___ (P)(m,L +m,R)A,(P) We now 'calculate. the self_‘-energy contrlbutlons. to
32mM}, b —sgg. Evidently, Fig. 1(a) will not make any contribu-
-1 tion (assuming the external b and s quark are on shell).
X fod A’(‘ (A7)  For Fig. 1(b), we have, from Egs. (A6) and (A7),
m?
J
1(b g’ Braf mit | A8
T(1(b ) Wp,lyz 16 2 [7’#2 P_kl )’y,u,lL+y‘u2‘V;zl(mbR +msL)]t t fl(m’ ) a<—>B ( )
where
1, x*(1—x)
(mY)= [ dx=———, (A9)
fl f() A(mz)
and
2,2 2 2
8°8s m; 1, x(x—1) 12 m,
T(1(b)F, , = (myR+m,L)]thte | dx=—"——+ + T((b)E, . . (Al0)
o™ g2 | 2agp, |Vl (™o e Am2) | |aB [ZMW Wty

2. Flavor-changing one-gluon vertex

We now consider graphs with a b—sg vertex. The flavor-changing one-gluon vertex generated by a W exchange [Fig.

2(b)] is

i

i

Ty o Pk )=(—i) |— i 2ye/2 # PL
.0 vz | B f(ZTT)" PrE—K—m, | P+K—m, ~K-M}
2 2
—88s 1 1=x —(Px, +¥x,))yH[Px, T¥(x,— 1)]—y'm, 2
= +yF | —=4+2-T"+1 L,
Ton? fodxlfo dx Y Y c r n4ﬂ'li2
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where
Y=m24+x,(Mj—m2)+Px (x,—1)+k?x,(x;—1)+2P-kxx, . (A12)

Again, one can write Y as a series expansion of m?+x,(Mj —m}) (the usual zero-external-momentum expansion).
Here we have dropped the color matrix t* in (A 11) for simplicity. The counterterm of (A12) is'!

T4, (Pk)= ¢ g‘ f f 7, 2 —1n4w yﬂL+x%m”'0"‘ Y*R |, (A13)
where

Yo=m24+x (Mj—m2)+mix,(x;,—1)+(mZ—mP)x,x, . (A14)
Adding (A13) to (A11) we obtain

Pween PR )= ggx 1f 1n—%’o—+m, YLO—iY y,L

+x%

mym, o (x,P+x2k)y“[x,P+(x2—l)k]L] . AL5

Y, '# Y
It is easy to verify that I'y, ..(P,k), satisfies the Takahashi-Ward identity. In particular, when all the external fields
are on shell one finds 'y, .,(P, k), k" =0.

To calculate terms llnear in external momenta in the decay b —sgg [terms with higher powers of external momenta

are of the order O(1/M3,) or O(1/M3m?)], we need to compute Ty, cenl P,k ), up to terms quadratic in external mo-
menta. To this order, one finds easily

Y ool 1 ||__ p1_dx 2 2 21 2 (1—x)*(1+2x)
/ dx,f “dx, In— + Yy v Bim?) [[ANPIFANP =IO 1 —x)+k < ,
(A16)
where A} ((P)=P?—m} . The only algebraic point needed to be notified is
1 1 m? 1 (1=x)(1+2x)
d P= | dx—"—""= (A17)
v Lagverdl il K A(m?)
This identity can be verified by an explicit calculation. The rest of the terms of (A15) lead to
2
—8°8s ) v x(1—x?%) x(1—x?)
P fo A(m' =0,k (my R +m L) === A(P=k) |y,m,Rx*(1=x)+(k, =y, 0)L=—"—
x(1—x2)
Yum Rx(1=x) = (k, =Ky )R | A, (P)
—x)(1+ 2 1—x)*(1+
+ ik, —ky L] "’“64"“ )+kk“LL———x—)—é~—2—xl—As(P-—k)y“RA,,(P)xZ(1~x)
(18)
Adding them together, one obtains the general one-gluon vertex
2
_ 878 . v x(1—x?) (1—x)(2+5x—x?)
Ty el PRG=—— fo A(m =10, " (myR +m, L)+ (kk, — k)L -
— 2
—A(P—Fk) [(r—k)R+mSR+mbL]y,‘x2<1—x)+(k#—y#k)L5i2—"—)
2 x(1—=x?%)
VWl PR +m R +my Lx*1—x)=(k, =Ky, )RZ—— |A,(P)
—A(P—Kk)y, RA,(P)x*(1—x) |t*. (A19)

In reaching (A 19), the following relations turn out to be useful:
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Ky, ,PL=ic, k" m,R +Ky RA,(P)+k,myR ,
Py KL=—ic, k’m L+A(P—k)y, KL +(2kk,—k*y, )L+k,m.L ,
KL=m,R—m,L—A(P—k)L+RA,(P),

(A19a)

Py, PL=i0, k"m,R+A(P—k)y m,R+(K+m.)y, RA,(P)+k,m,R+mymy, R+A(P—k)y,RA,(P).

Clearly, 'y ., satisfies, as it should, the Takahashi-Ward identity [Eq. (4)]. Again, in (A19) we have factorized out
the KM matrix elements. From (A19) we see that the general one-gluon vertex actually has more than just the dipole-
moment and charge-radius form factors. When both b and s quark are on shell, I'j, ., reduces to the more familiar
form with only the dipole-moment and the charge-radius terms. More specifically, the dipole-moment form factor
(from W exchange) is

2

g°g; 1o x(1—x?)
Dy(m?)=—=(m,R+m,L) | dx=——=—+ (A20a)
R 1em P s fo 2A(m})
and the corresponding color charge-radius form factor is given by
g2 _ a2
Ry(mt)=—28s 15 1=x)2+5x—x7) (A20b)

X
167 Yo 6A(m?)

The last term in (A19) will not contribute to b —sgg if the external b and s quark are on shell. When all the external
fields are on shell, 'y, ., becomes the usual b —sg dipole-moment form factor. In what follows we will call contribu-
tions from the rest of the terms in (A 19) as “off-shell” effects.

Similarly, we find that the renormalized flavor-changing one-gluon vertex from the unphysical Higgs diagram [Fig.
3(b)] is

2

m
T it ren(Pk), = ——5 [T renl P, k), +T'(P,k),] , (A21)
, o, W
where
g8
’ — s v,
(P k), =25 fo A(m, (i, k¥ (myR+m L)(1—x)(1—2x)

—A(P—k)[y, (m,R+mL)—(y,¥—k,)L]x(1—x)
—[(m,R+m.L)y,—(k,—Ky,R]A,(P)x(1—x)+(kk,—k?y,)Lx(1—x)} . (A22)

We are now in the position to compute the external bremsstrahlung diagrams [Figs. 1(c) and 1(d)]. First, we consider
the off-shell effects (terms not from the dipole-moment form factor). For Fig. 1(c), we find

—8 8: o 12
T(l(c))W## 1672 {[7#2(1’—1{,)}/#IL+y#2y#](mbR+mSL)]2f,(m,2)+y#Z(l(1—kz)yﬂlsz(mf)}tﬂt + aB |
(A23)
where
a1 1, x(1—x?)
fz(m ) Zfodx A(mz) .

This piece is generated from the third and the fourth terms in I'y, ... Similarly, for the unphysical-Higgs-boson dia-
gram we have

2

g%l w1, x(1—x)
T((lc)),,,,l,,2 Ton? 2M2 [2 Y,V (mpR +mSL)+y#2(l(1—I(2)y#]]tﬁt fode('-n—tz—’f)——
12 2 -
+laop | T T(1(c)),ﬂ,“,‘2. (A24)

The self-interaction graph [Fig. 1(d)] also generates an off-shell contribution from the color charge-radius form fac-
tor. For the W-exchange diagram we find

TN, =8 (20K V=K1 ¥ ) F 8, (K1 7h)IL AP2R () (A25)
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where A4%% is defined in Sec. II, and Ry (m}?) is given by Eq. (16) in the text. This term is totally antisymmetric under
the interchange 1<»2 and thus exists only in theories with a non-Abelian nature such as QCD. Also, for the
unphysical-Higgs-boson diagram, we have

gl m}

2
_ ga 1, 2x(1—x) m,
T(1( d))”l‘lﬂz 1672 2M2 [2(k 2,0, Yu, ™ k1p27p1)+gp1#2 1—K)IL A afodx +

AmY)  2M},

TAE,, ., -
(A26)

3. The one-particle-irreducible graph contribution

The one-particle-irreducible (1PI) Feynman diagram that generates T'(1(e))3. ity is depicted explicitly in Fig. 2(c)
which gives
i i

f<2 il k m, K —m, MK AK, —m,

T(1(eNH,, . =i yeL

a<b

12

—i

X
(K—P+k,)*—M},

tBrat (A27)

Terms linear in external momenta in (A27) are given by [terms with higher powers of external momenta are of the order
of O(1/M}m}?) or O(1/Mj},) and thus negligible]

dx ldedX3
A(m})

m}
(R{+R,)+————(R,+R;,)
VR R R

Again, A(m?) is defined in (A2b) with the integration parameter x given by x, and

2,2
_g8 4
TN =1 51" [

(A28)

Ry =y, 7 [x1P—(x;+x)l, —(1—=x3)l, )L +[x P+(1—x, —x,)k +x34, 1y, 7, L

>

(A29)
R2=y#2[x11’—(x1+x2 k +X3k2]'}’“L R3 ')/# [x, x1+x2)k1 +X3k2]'}/#2L

After integrating over x, and x;, and then using (A17) as well as the identities
f 1 dx

o A(m?)
f 1 dx

0 A(m?)

one can show

m?
Alm?)

(1—x)(1+x +4x2?)

dx
1—x)(1+2x)=["
(1—x) X fo AmD)

i (A30)
+- | —xretx=2 [
Alm?) 0 A(

2)(1-—x)(1+x-+—x2) R

T(UeN¥, .= ~ S (P=la)y, L4y, 7, (mo R+ m LS (m

+vu Ky —K)y, Lf y(m} )+(k2,#ly#2—k,,#zym)Lf;(m,z)

Hlru(P—My)y, — v, (P—¥ )y, ILf (m?)

12

+[’}/uz(k2~'kl )yl‘ll—ly”l(kl —kz )Y#Z]Lf5(mt2)}tﬁta+ af

(A31)

where f, and f, are defined in (A9) and (A24), respectively, and

>

21 1, (1—=x)A+x+4x) 21 ! x(1—x)?
frimh== [ dx Ao ) . falm?) zfodx—————A(mz)

a1 1, (1—x)X(1+2x)
I = g o Ny

(A32)

Following the same procedures, we find that for the unphysical-Higgs-boson diagram [Fig. 2(c)], we have
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T, , = SBm [1_dx (myR+m,p)1=x)2x 1) | -
(e H,ply,z_ 3277'2M£y 0 A(mtz) [szr}’“]] my m 7 g#lyz(kl kz)LX(l—x)
+[7/ul(k'1—I(Z)‘y“zL—'y#zyul(mbR+m:L)]x(1—x) Bt
12 ,2 of
+ aoB + 5 %VT(I(C))W,#]#Z. (A33)

A direct sum of T(1(b)) to T(1(e)) (all the off-shell effects) appears to be rather complicated at first. It can be greatly

simplified, however, by using the relations

('}/‘111’7/“2—7/,121’7/#l )L =%[7#2’7m](mbR +m L)+ (K, +k, )[yﬂz,y#I]L s

¥ KoV, =V K1V, =20k Vi, =K1y V) T8, (K — Ky + 5K+ )y o7, ]

(A34)

(Yplklyyz_?/pzkf}/pI)Z ——gp]yz(kl _k2)+%(kl +k2 )[sz’YNI] .

The final result takes a simple form

T(l(a)+1(b)+l(c)—+—1(d)+l(e))‘ZﬁH),“1#2=gSDW(H)(m,z)[yul,yﬂz]Aﬁ" .

(A35)

Here Dy (m?) is the dipole-moment form factor given by the W-exchange diagram [see (A20a)], and Dy (m}?) is generat-
ed from the unphysical-Higgs-boson exchange. One can read off Dy (m?) from (A21) and (A22):

2
t

2M3,

2

Dy(m})=

From (A35) we see that the sum of all the off-shell
effects, together with contributions from the 1PI graph, is
totally antisymmetric under the interchange 1<»2. The
sum would have been zero if the underlying group were
Abelian. Such an interesting feature was, indeed,
discovered (Ref. 1) in the study of b—syy. Here a
nonzero sum is required by gauge invariance.

Finally, we proceed to compute the on-shell effects.
For a heavy top, m,X My, higher-dimensional terms
arising from the 1PI graph are negligible. This leaves
only those terms from (A35) and Figs. 1(c) and Fig. 1(d)
with the b —sg vertex given by its dipole moment. The
result of the calculation is given by Egs. (12) and (13) in
the text with

mF,

———=Dy(m})+Dy(m?) .

e (A37)

Together with other terms from the self-interaction

graph [Fig. 1(d)], the residue of the off-shell effects (A35)
leads to a gauge-invariant tensor 8#1,‘2 defined in Eq. (14).

APPENDIX B: LIGHT-QUARK CONTRIBUTIONS

In this appendix we present some details of the calcula-
tion involving c-quark-exchange diagrams. The calcula-
tion is again carried out in the Feynman-"t Hooft gauge.
Since m. <<My,, diagrams with an unphysical-Higgs;

FW,ren(P’k )g:

—A(P—k){[(P—K)R+mR+m,L]y,+2(k,—v,KL)}

~[¥(PR+mR+m,L)—2(k,—Ky,)R]A,(P):—A,(P—k)y,RA,(P)%

8’8, e
DW(m,2)+W(mbR +msL)f0 dx

— 0k (m, R +m L)+ (kk, =k, )L |2 [ fdx x(x = Din——— "+

—x)(1—2x)

A36
Alm}) (A36)

[
boson exchange can now be ignored. With a replacement
of m,.—m,, our results presented below are equally valid
for the u-quark-exchange diagrams.

1. Summary of the results

The lowest-dimensional terms are still given by Egs.
(12) and (13) with the dipole-moment form factor given
by Eq. (20a) (replacing m, by m,). Cancellations which
occurred for the heavy-quark contributions also take
place for the light-quark contributions. Now, the
higher-dimensional terms must be included. These are
given by Eq. (21).

The renormalized b — s self-energy due to a c-quark ex-
change is

S ren w(P)=A,(P)(PR +myL +m R )A,(P)

_g2

1, x¥x—1)
o S (B1)

A(m2)

which can be obtained directly from (A6) by replacing m,
by m,.. That such a replacement can be applied is be-
cause the expansion (A3) is always valid for arbitrary
small masses [see Egs. (A2a) and (A2b)].

To order O(1/M},), the flavor-changing one-gluon
vertex is given by

m2+x(x—Dk*

M3 18
1
6

. (B2)
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Except for the color charge-radius form factor, the rest of the terms in (B2) can be obtained from (A 19) by replacing m,
by m.. Thus, to the leading order, the only difference between that from a heavy quark and a light quark happens to

the charge-radius form factor.

The lowest-dimensional flavor-changing two-gluon vertex (from the 1PI graph) is

2.2
8°8;s
T aff —
(l(e))w’“’”z 1671'2M;2V

+(k2,‘u1'y#2_k],#27/#|)l;

2f01dx x(x—1)In

[Yyl(P_k2 )szL +yy])/y2(mbR +mSL )]%+Yp|(k2 ~kl )szL%

m2+x(x—1)k? 1
M}, 18

+['y#2(l’—k2 Wi, ~Vu, P K, )1/”2]L%+[yu2(kf2 —¥, W, ~y”'(k1 —¥, )yuzlL

X foldx x(x—1)In

where k =(k|+k,). The structure of (B3) is the same as
that of (A31). Except for the third and the last terms,
which are antisymmetric under the interchange 1«2, the
others can be obtained directly from (A31) by replacing
m, by m.. The higher-dimensional terms are shown in
Eq. (21) of the text.

2. Flavor-changing one-gluon vertex

For the b—sg induced by an internal ¢ quark, equa-
tions given by (A11) to (A15) still hold after we replace
m, by m,. However, for a light quark, the external-
momentum expansion used in Appendix A is no longer
applicable. Take the function Y defined originally in
(A12) as an example:

Y=m2+x,(M}—m»)+P2x,(x,—1)

+k2x,y(x,—1)+2Pkx,x, . (B4)

It is easy to see that, for values of k2>>m2, there is a re-
gion in the Feynman parameter space (x;,x,) in which

m2+x, (M3 —m2) <<Px,(x;—1)+k*x,(x,—1)

+2P-kx,x, . (BS)

This happens in places where x, is not close to zero and
x;—0. Because of this, a new approximation method
had to be introduced. Of course, such a complication
disappears if the radiation from the vertex is real (k2=0),
J

2
878 1 1
[ren(P k= -
ren( P> K) Ton? fodxfody(l y){

m2+x(x—1k? 5
M3 36

12
a<—>B

—— | |tPro+ , (B3)

[
for in that case the external-momentum expansion is al-
ways valid for arbitrary small masses.

Our method can be illustrated as follows. Considering
the integral that enters into the determination of the
flavor-changing one-gluon vertex

d"K i o i —i
2 " H k. K—m, " K—Pr-M,

It contains three denominators. Instead of introducing
Feynman parameters to combine them together at one
time, we take two steps. First, we combine the two terms
with light-quark masses:

1
[(K—k)P?—m2YK*—m2[(K—P)>?—M3]
1
(K—P?—M},

1 1
x ['a .
J, UK —xk P—[m2+x(x— Dk?])?

(B6)

Next, we shift the momentum K —K +xk and then in-
troduce another parameter y to complete the combina-
tion.

Following these procedures, the renormalized one-
gluon vertex can be written as

with

X=p2+y ML —pH)+y(y—1)(xk—P), pl=m2+x(x—1)k?,

and

lnXiO+mc2 [%O—L np +y2 s y*R
_ [xl(—,g(xk‘—l’)]y“[(x—l)k—y(xk—P)]L ’ (B7)
X
(B8)
(B9)

Xo=m2+y(My—m2+y(y—D[(1—x)m}+xm}] .
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Now, it is easy to see that expansions in terms of m2+y(M3 —m?) in (B9) and u’+y(Mj, —u?) in (B8) can be intro-
duced. To order O(1/M?},), the integrations over the parameter y and x are easy to carry out. The result of the calcu-
lation is given in Eq. (B2).

3. The 1PI graph

For the 1PI diagram [Fig. 2(c)], we first introduce Feynman parameters x; and x, to combine the three denominators
containing m,. The remaining term, the W propagator, is then combined with this resultant form by another parameter

y. We find

TN, =55 [ax, [ ax, [yt -y
€ W,y]‘uz'_ 167T2 o X1 o X2 0 Y y M2
X [Yp]‘}/‘.tz(Q+k2)+(Q—kl )YpIYy2+Yp2QYy1]L
m?
+ M2 [YpIYyZ(Q +k2 )+(Q ——kl )Yyl7/y2+7/plQ7y2]L
1 ) .o 12 ‘
— 2MzVP(Q+k2)VuzQ7#1(Q_k')V L |tPt%+ asB | (B10)
[

where It becomes clear that for the study of B physics, one
. should treat heavy-quark and light-quark contributions
Q=yl(1=x )k, +x,k; =Pl+x,k; —x,k; ,  (BID differently. In particular, studies involving “penguin dia-
and grams,” where the charge form factor (either electromag-
— 5 ) netic or gluonic) plays an important role, should be care-
M =p +y (M —p°) fully reexamined. It appears that so far such a precau-
+y(y—DI(1—x, )k, +x2k2—P]2 _ (B12) tion has not been taken properly. On the other hand,

Here p’=m2—x,x,k* and k =k, +k,. Again, one finds
from (B12) that an expansion in terms of u*+y (M3 —u?)
is valid in the whole Feynman parameter space. After in-
tegrating over the Feynman parameters, one obtains the
results given in (B3) and Eq. (21).

since the value of m, is not too far away from that of m_,
we do not expect that this will change the order of mag-
nitude of the results given by the existing studies. Taking
the decay b-—sgq (through penguin diagrams) as an ex-
ample, we find that the correction could be of the order
of ~20%, depending on the choice of m,.
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