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Higher-genus characters for the level-two SU(2) WZW model and GKO coset construction

Jae Hoon Choi and Jae Kwan Kim
Department of Physics, Korea Aduanced Institute ofScience and Technology, P 0 .Bo. x 150, Chongryang, Seoul, Korea

(Received 3 November 1989)

We obtain the characters for the level-two SU(2) Wess-Zumino-Witten model on the higher-genus
Riemann surfaces from the Goddard-Kent-Olive coset construction using the characters for the Is-

ing model. The two-point correlators are constructed by pinching the nonzero-homology cycle and

it is easy to obtain the n-point correlators by repeating the pinching limits.

I. INTRODUCTION

The bootstrap program' or the sewing procedure pro-
vides a useful tool to obtain the characters and correla-
tors on the higher-genus Riemann surfaces. Our previous
paper' gives the higher-genus characters and correlators
for the critical Ising model.

The Wess-Zumino-Witten (WZW) models on the
higher-genus Riemann surfaces are described in terms of
"character-valued expectation values" and twisted Poin-
care series by Bernard, but the explicit construction of
the arbitrarily higher-genus characters has not been suc-
cessful yet. In this paper, we will obtain the characters
for SU(2) WZW models at levels one and two on the
higher-genus Riemann surfaces. The characters for the
Ising model and the level-two SU(2) WZW model have an
intimate relation and there is the Goddard-Kent-Olive
(GKO) coset construction. We use the characters for
the Ising model to find the characters for the level-two
SU(2) WZW model on the general Riemann surfaces
through the GKO construction. This procedure with the
help of the bootstrap program may provide a useful key
to finding the characters for some higher-level SU(2)
WZW model on the higher-genus Riemann surfaces.

The genus-two characters for the level-two SU(2)
WZW model were previously constructed and the corre-
sponding GKO construction is given in Ref. 5. However,
these results have to be slightly modified because of the
improved form of the characters for the Ising model. '

II. LEVEL-ONE SU(2) WZW MODEL

are the Kac-Moody theta functions at level k in the rep-
resentation of SU(2).

On the higher-genus Riemann surfaces the fusion rules
fix the internal propagators between holes to be the iden-
tity operators. Therefore the higher-genus characters can
be obtained from the lower-genus ones by a bootstrap
program. This procedure gives the genus-g characters
which were conjectured previously as

(3)

where n=(n, , . . . , n ), z=(z, , . . . , zg), and Z, is the
partition function of the chiral scalar field on the
Riemann surface of genus g. The indices n, represent the
primary fields of spin (n, /2)( ~

—,
'

) circulating around the
ith hole.

The two-point correlators can be obtained by pinching
the nonzero-homology cycle: '

n

1 2
X„,~.~(0 ~) —2t

~/2 8 0 (a —b~20),
Z I/2g(a b)1/2 0

(4)

where the factor 2 appears because two spin (up-down)
operators are propagating along the long cylinder under
the pinching limit. The two-point correlators of the spin
operators are

We briefiy review the level-one SU(2) WZW model on a
torus. The primary fields are 1 (identity operator) and P
(spin operator) with conformal dimensions 0 and —,', re-
spectively. The fusion rule is just /X/=1. The g= 1

characters are listed below:

n

(tt ( )pt3( ))„= . . . , 0 0 ( —w~20) .
)1/2 Z 1/2 0

Xo-i(~ ~) =

gl. l(Z, 7 ) = (2)

The partition function is given by

where the indices n:k denote the spin-n /2 primary fields
of the level-k SU(2) WZW model and

2k
O„.t,. (z, ~)=0 0 (kz~2kr)

n

1 2

0 (o12&)
n
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The normalized correlator is

(P (z,z)$p(~, P))
n

1

~ lE(z, m)l

2
g 8

O
(z —tpl2Q)

n

2
(ol2II)

n

1 1 1'
zi, ) lE(z, ~)l Izil

2

1
Xpz(z, r)= [Xp(r)0pz(z, r}+X&(r)0&z(z,r)],

71 7

1
X, .z(z, r)= [X&(r)0&.z(z, r)+X&(r)0 &.z(z, r)],

7)(r
1

[Xp(r)0pg(z, r )+Xp(1 )0p.p(z, r )]
7I 1

X,.,(z, r) =

(8)

(1O)

where the indices 0,1,2 represent the primary fields
1,P,X', respectively, and the branching coeScients X„(r)
are the characters for the Ising model.

We will use the GKO coset construction, not the
bootstrap program, in order to obtain the higher-genus
level-two Kac-Moody characters. The g=1 GKO con-
struction for the first level is

The level-two Kac-Moody characters are expressed in
terms of branching coefBcients and Kac-Moody theta
functions:

X.,
:&(»r)x., :i(»&)= g' x.(r)x:~«&»

2 =0, 1

These are in agreement with Ref. 10. The n-point corre-
lators can be easily obtained by repeating the pinching
limit.

where

(1,1), n, +n~ =1,
(2d, n, +nz+2d), n, +n~%1 (12)

III. LEVEL-TWO SU(2) WZW MODEL

The level-two SU(2) WZW model consists of three pri-
mary fields: 1 (identity or spin-0 operator), P (spin- —,

'

operator), and x' (spin-1 operator) with conformal dimen-
sions 0, —,'„and —,', respectively. The fusion rules are simi-
lar to those of the Ising model so that the numbers of the
characters are the same.

and the prime means the summation over d only when
n, +n~%1.

We know the level-one Kac-Moody characters and the
Ising model characters on the higher-genus Riemann sur-
faces. Then the extension of the GKO construction leads
us to the higher-genus level-two Kac-Moody characters.

The left-hand side of the higher-genus version of Eq.
(11) is

n, 112

2 2
x„.,(z, Q)x„.,(z, Q)= 0 o (zl20)0 o (zl20)

0
] deZg/2Zg

nl n2—+
2 4

(ol4n )0

d n, +n2—+
2 4

(2zl4n)

0
de Zg/2zg

n) n2—+
2 4

(Ol4II )0„+„+,d.,(z, II ), (13)

where the second equality is due to the Riemann theta identity. " It will be useful to list some identities:

a a
0 b (zlzz)=0 o (z+blQ)=

de Zg/2Z"

d+a
2

o (2z+2bl4Q) =e ""
dE Zg/2Zg

2m.i d.bg

d+a
2

(2zl4&), (14)
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b E ( 1/2 )Zg/Z

a
a 2

e "8 (z~n)=2 8 0 (2z~4n),

6
1

e ~' ' a bE —'Zg/Z
a, b g

)

b' E(1/2)Z /Z

(16)

Let us focus attention on the z-independent part of Eq. (13). Applying these identities, it becomes a sum of Riemann
theta functions with their argument 0 instead of 40:

d n1 n2—+
2 4

(0~4n) =
b E-(1/2)Zg/Z"

n1 —n2
exp —2mi d+ b 0

2

n, —n2

2

1 (o~n), (17)

where we used the property of theta functions such that

a+n a
8 b (z~n) =8

b (z~n) for n&Zs .

Now we analyze the index vectors n, and n2 in Z /2Z . Assuming the set J =
I 1&i, &i2 « i' &gI, the com-

binations of n, and n2 will be given as

1, iEJ,
(n/+ll2)' 0 o 2

' g J

(n, —n2), =
iEJ,

(19)

where e, =+1 or —1. Then Eq. (17) becomes

1

2Z
1 I bi Ii eJ

1

2 ej
—2@i Q, ~J d, b, gEJ

exp 2n.i g—(d +e, /2)b, 8
tb I ~J j&J

(o~n)

1 —2~i+ &Jdb,

2 Z) (b

I X/2)

n=0
I

)
(d +e /2)

( 1)
"-' a &~ 8

Xe,
jEJ

2n

gb, e, + —,
' pe,

i&J k=1

(oln), (2o)

where e; is the unit g vector with the only nonzero ith component and the even theta functions survive in the second
summation.

Next, we insert an identity g, g;&J5 „, into Eq. (20) and change the theta functions into the product of their

square roots with characteristics 1 and 1' as

1

2

gEJ

~ b, e, +
t&J

Xe,
gEJ

gb'e+
i&J

(o(n) .

We rewrite Eq. (20) using the identity (16):



41 HIGHER-GENUS CHARACTERS FOR THE LEVEL-TWO SU(2). . . 1911

1 [N/2] ](d + 4 /2)
ik /k

Z1 «b"
I

n=O j ( . . &j EJ

X e
—4' pig/ b& b

~i]/
2gz 1/4

Ibi I, e J

2 jEJ ej
2n

gb,'e, + —,
' g e

i&J k =1

(+2)N '+i(k/ i i) i ]/2X
zgZ', " e '~' ' ' '0

I b(. Ir g I

YXjEJ ej
2n

gb, e, +—,
' g e,

i&J k=1

1 [N/2]

X X X
Z1 Ib"I. n=O j& & . . &j2 EJ

4~ " + ~ ~~ (4b' 2d l—. + ~.

where we used the following expression of the higher-genus characters for the Ising model

(21)

~(m)(II) N (n) y ( 1 )c(m, n)(9]/2
(O~ Q }

1

2gZ'" b
1 Ib I. ~l

(22)

with

N(n)=(&2) ', c(m, n)=

Substitution of Eq. (21) into Eq. (13) leads to the formula

yn .](z,Q)Xn .](z,Q)

1 [N /2]

1 Ib, |,~J n=O jl ( '&2n ~J
—

1

X +g (4b —2d )c + g e (+)~n]+n2+2d2(*~+} '

dE Zg/2Zg

(23)

Interpreting the last sum in Eq. (23) to be the characters for the level-two SU(2) WZW model, we can rewrite Eq. (23) as
the formula of the GKO coset construction on the higher-genus Riemann surfaces:

y„.](z,0 )y„.](z,0)=
I d, I I I, Id, , I, EZ/2Z

(24}

where

(1,0, 21; ), {n,+n2),- = 1,
( n;, n,-', m, ) = .

(2d, , 2d, ,m;, ) otherwise,

g

c(m, n„n2)= —,
' y (n] —n2);6(„+„) ](1—5 ) .

i =1

The level-two Kac-Moody characters are given by

(m)(

where

In. = . 1, n, = 1 ,

2d,- otherwise, (26)

( 1) ' ' g (Q)8 +2d2(z 0)
dH Zg/2Zg

(25}
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c(m, n, d)= g d;5„1(1—5 ) . (27)

10:1(Z, Q )+01:1(Z, Q ) =+11 ( Q )+11:2(Z, Q )

+q()2))(Q)q()2)!2(Z, Q),

X».)(z, Q )goo, ) (z, Q }=X'1)'(Q )yI, '.2(z, Q }

—q(2)(Q)y(, ',!,(z, Q),

Here we set mo=mg =0.
We find that the GKO construction (24) has an extra

sign factor unexpected in the g=1 case. It classifies some
representations in the same n1+n2 label. An example
will illustrate:

where nl+n2=(1, 1) in both cases but their GKO formu-
las are different.

The combination of the GKO construction and the
characters for the Ising model through the Riemann the-
ta identities gives us the explicit formulas of the higher-
genus level-two Kac-Moody characters, which agree with
the known results in the g=1 case.

One can obtain two-point correlators from the pinch-
ing limit of a nonzero-homology cycle. When pinching
the (g+ 1)th a cycle with n +) =2(y' circulating), one
gets the two-point correlator Iy'(z}g'(d3) ) on the genus g
Riemann surface. In this pinching limit, the level-two
Kac-Moody characters become

+(m, o)(p

[Xn', 0 (Q)gn+2d, 2;2(O~Q)+Xn', 2 (Q}gn+2d, 02(p Q}l
1

Z 1 /2
1 d 6 Zg/2Zg

1)c(m, n, d) c(m, n)+
E(a, b) 2z(Z3)/4)

d n—+—
42

X 8' [a](01Q ) 8 (2(a —b) 14Q)+ 8

d n+
2 4

0 ( —2(a b) 14—Q)

8[a](a —bl Q }

8' [a](0I Q )

d n—+—
2 4

(O14Q) (28)

where a is the characteristic corresponding to n' in the Ising model characters and g' means the summation over b-
characteristic components b, whenever n,'%1. Since (

—1)" '" '+' "'=e ' where b is the b characteristic corre-
sponding to n, the Riemann theta identity (14) is applied to give

n n
1/2 2 2

y'2'z'(OQ)~ N(n) g'e ' 8' [a](OIQ) 8 b (a blQ)+8 b
—( —(a —b)IQ)E a, b 2g(Z3/4),

n

+ 8[ ](.—blQ),
8'/ [a](OIQ)

—3 N ( )( 1 ))v(m, n) g& ( I )c(m, n)g[ ]( bl Q)gl /2[ ](Ol Q )E(a,b) 2g(Z3/4},

where the last equality is due to the fact that the characteristic a is the same as

n/2
b

and N(m, n}=—,
' +g ) 5„,(1—5 } is a non-negative integer. The overall factor 3 is due to the three modes of y'

propagating internally along the long cylinder under the pinching limit. Thus we have the (unnormalized} correlators
of g':

(y'(z)y (w))™=5,b N(n) g'( —1)" '"'8[a](z —wlQ)8' [a](OIQ) .
1 1

2gZ, /" E(z, w)

Likewise one can achieve the pinching limit of the (g+ 1)th a cycle with n +1= 1 ((I) circulating):

t 3/16
1+(m, m)(p N(n)e3vrib/2( 1)1V(m, m;n, l) yi ( 1)e(m, n)g3/2[a]( ((a —b)IQ)

E(a, b) 2g(Z )
2

(3O)

(31)
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where N(m, m;n, 1)=—,
' gs

& 5„,(1—5 ) is a non-negative integer and 2b =
—,'m. The overall factor 2 means that

two modes of P are internally propagating along the long cylinder. Therefore two-point correlators of t)) are given by

(P (z)Pts(w))„' '=e tt, , N(n) g'( —1)" "'8 [a](—,'(z —w)IQ),1 1

b

where the characteristic a is even or odd when m =0 or 2.
The partition function of the level-two SU(2) WZW model is the sum of its characters:

(32)

z —y I+(m)(0 Q)I2
m, n

y I8[a](OIQ)l',
t even

(33)

which agrees with the fact that the level-two SU(2) WZW model is equivalent to three Majorana fermions.
The normalized two-point correlators en the general Riemann surfaces are

(ttt (z, z)P&(w, w)) =ra& g I8[a](—,'(z —w)IQ)l
&k=q 2 Z, E(z, w)

g I 8[a](—,'(z —w ) I Q)
I

IE (z, w) I'" g l 8[a](o I
Q) I'

(34)

(y'(z, z)y (w, w)) =5'" g I8 [a](z —wlQ)8[a](OIQ)l,b 1 1 1

Zk =2 2'
I
Z t

"
I I

& (z, w ) I

'

gab 1

IE(z, w)l

g I8 [a](z —wlQ)8[a](OIQ)l
even

g I8[a](OIQ)l
(35)

which are in agreement with the special case of genus one
given in Ref. 10. It is easy to obtain n-point correlators
by repeating the pinching limits.

IV. CONCLUSION

%e have constructed the characters and correlators for
the level-two SU(2) WZW model on the higher-genus
Riemann surfaces. In addition to the bootstrap program
used for the Ising model characters, we apply the GKO
coset construction for the level-two Kac-Moody charac-

ters. Through the Riemann theta identities, we explicitly
realize the GKO construction in the higher-genus repre-
sentations. We hope that some higher-level SU(2) WZW
models will be described by extending the above pro-
cedure, the bootstrap program, and the GKO construc-
tion.
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