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We calculate nuclear-structure corrections to the ft values of the eight accurately measured su-
perallowed B* decays. The statistical fit for the average ft value is very good. The resulting new
value for the matrix element of the Kobayashi-Maskawa (KM) matrix is |V,;|=0.9735(5). The er-
ror in | V,,| has thus been reduced by 50%. Combining this value for |V,,| with the presently ac-
cepted results from kaon-, hyperon-, and B-decay constraints, the unitarity of the KM matrix for

three generations of quarks seems to be violated.

I. INTRODUCTION

Considerable interest in the subject of superallowed
Fermi B decay has been raised again in recent years, pri-
marily due to the work of Sirlin. It started when Marci-
ano and Sirlin! investigated the possibility of a fourth fer-
mion generation based upon what they considered then
to be a precision value for the Kobayashi-Maskawa (KM)
quark-mixing matrix element V,;; this is derived from
the average ft value of the eight accurately measured
Fermi transitions. Combined with the kaon-, hyperon-,
and B-decay constraints the sum of the squared moduli
of the first three elements of the KM matrix
[V + 1V 2+ |V, | could be estimated. Assuming
only three generations, unitarity requires this sum to be
equal to one. The results of Ref. 1 did not exclude the
possibility of a fourth generation.

The conditions under which such an analysis had to be
performed changed considerably, when Sirlin and Zuc-
chini? succeeded in deriving approximate analytical ex-
pressions for the radiative corrections of O(Za?) to Fer-
mi decays, which have been confirmed by our detailed
numerical reanalysis® of our earlier work.* The new re-
sults disagree with our former calculation* due to an er-
ror in the old computation routine. In addition, finite-
nuclear-size contributions to the radiative corrections of
O(Za?) have been investigated by us® and by Sirlin.’
These new developments have led to information on the

O(Za?) corrections to superallowed B decays which is
now firmly established. We have collected the results for
the radiative corrections of O(a), O(Za?), and O(Z?a?)
in Table I. We give first those corrections of O(a), which
are sometimes called the outer radiative corrections [see
Eq. (1.1) below], averaged over the Fermi spectrum of the
emitted positron. We have redone the averaging for the
end-point energies as given in Koslowsky et al.® and us-
ing the Fermi function as tabulated by Behrens and
Janecke.” In our analysis we shall use the sum of “outer”
and “inner” corrections of O(a) including the leading-log
terms of higher order [see Eq. (1.4) below], which is a new
development due to Marciano and Sirlin.! We shall use
the results for the corrections of O(Za?)and O(Z%a?) as
given in Ref. 5 without any modification, since the nu-
clear charge distributions used in Ref. 5 are more realistic
than those used by us in Ref. 3.

Another theoretical progress on this subject has been
reported by Ormand and Brown,® who have presented
the results of a refined calculation of the isospin noncon-
servation correction 8., which are considerably different
from those given by Towner and Hardy.* '

Furthermore, Szybisz, Silbergleit, and Sidelnik!® have
pointed out disagreements between the results of the usu-
al methods of evaluating the integrated Fermi function
due to different methods of calculating the shape factor
C(E). We shall consider this problem in the Appendix,
where we discuss the connection between the electromag-

TABLE I. Summary of radiative corrections. (1) a/2ng(E,E,), historically called outer radiative
correction. (2) Ag, as defined in Eq. (1.4). (3) 8,, radiative correction of O(Za?). (4) 8;, radiative
correction of O(Z2a*). (5) Sum of columns (2)—(4). All corrections in %.

(1 2) (3) (4) (5)
(o) 1.29 3.79(8) 0.22 0.01 4.02(8)
LN 1.11 3.60(8) 0.32 0.02 3.94(8)
e 1.01 3.50(8) 0.39 0.03 3.92(8)
B/Rm 0.97 3.46(8) 0.41 0.04 3.91(8)
8¢ 0.94 3.42(8) 0.45 0.04 3.91(8)
oy 0.91 3.39(8) 0.47 0.05 3.91(8)
°Mn 0.88 3.36(8) 0.49 0.05 3.90(8)
4Co 0.86 3.34(8) 0.50 0.06 3.90(8)
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netic form factor, the isovector form factor, and the
shape factor, and their influence on the integrated Fermi
function.

In Table IT we have listed the ft values obtained by us-
ing the half-lives and the end-point energies of Ref. 6.
The Fermi function, averaged over the 8 spectrum, was
obtained for a modified Gaussian charge distribution and
the corresponding rms charge radius (as discussed in the
Appendix) is consistent with the treatment of the remain-
ing nuclear-structure corrections. Listed also are our re-
sults for the averaged shape factor, and the values for &,
from Refs. 8, 9, 18, and 6.

The level of precision in the analysis of the ft values
that is required now demands that finite-nuclear-size
effects to the radiative corrections are calculated for real-
istic nuclear charge distributions. This has been demon-
strated in Refs. 3 and 5 for the O(Za?) corrections. We
shall therefore study in this paper an effect of O(a) due
to the structure of the nucleus arising from the axial-
vector current, which we have mentioned briefly in Ref.
11 and which has never been investigated before.

Radiative corrections of O(a) to superallowed Fermi
transition rates are given by Sirlin.!> They give rise to an
overall factor

a
+—g(E,E

m
X 41n —£

1+-% +1In
2T m ,

mp

where E is the energy of the emitted positron and E,
is its end-point energy. The averaged Sirlin function
g(E,E,) (Ref. 13) represents the so-called outer correc-
tion and depends upon the nucleus via E;. The remain-
ing (inner) correction term, the set of curly brackets in
Eq. (1.1), consists of three parts: the vector-induced loga-
rithm due to the high-energy behavior of the one-loop di-
agrams, which dominates, since the ratio of the Z-boson

mass to the proton mass is large; a small QCD correction
term A, which has been calculated by Sirlin;'? finally,
an axial-vector-induced contribution ln(mp /m 4)+2C,
where the logarithm is again the result of short-distance
effects, with m , a low-energy cutoff (presumably roughly
equal to the nucleon mass), and where C represents the
remaining low-energy contributions. It has been em-
phasized in Ref. 1 that the value of C could not be calcu-
lated reliably as yet, and that this is the main source of
uncertainty in the radiative corrections. In the frame-
work of the independent-particle model for the decaying
nucleus, C can be easily calculated in Born approxima-
tion."!* Starting from the diagrams of Figs. 1(a) and 1(b)
and using nucleon electromagnetic and axial-vector form
factors one gets

Cporn =0.798g 4 (1, +11,)=0.885 , (1.2)

where p, + 1, =0.8797 and g , =1.26. The possible effect
of nuclear structure has been guessed roughly in the ap-
proximation which treats the nucleus as a structureless
scalar particle. This gives C =0, since the axial-vector
current does not couple to such an object. This uncer-
tainty in the value of C had to be accounted for by a large
theoretical error in the analysis of Ref. 1.

In this paper we shall calculate explicitly the contribu-
tion to C of the nuclear structure due to the diagram of
Fig. 1(c) and shalil denote this contribution by Cyg. The
total value of C then is

C=Cpgyn+Cnxs » (1.3)

where Cg,,, is given in Eq. (1.2). The rough guess in Ref.
1 would be equivalent to a value of Cyg within the limits
—0.885 < Cyg <O.

Marciano and Sirlin! have gone beyond the classical
expression Eq. (1.1) for the O(a) radiative corrections,
and have approximated the effect of higher orders by
summing all leading-log corrections of O(a"In"m, ), using
the renormalization-group method. They found the
correction Ag defined by

TABLE II. Uncorrected ft values; shape factor and isospin corrections. (1) ft value in sec, calculat-

ed by Behrens (private communication) with a uniform nuclear charge distribution corresponding to r,
as given in column (1) of Table IV including atomic screening and corrected for a modified Gaussian
nuclear charge distribution as taken from Ref. 34. The end-point energies and the half-lives used in this
calculation are those given in Ref. 6. (2) Averaged shape factor C(E) as calculated in the Appendix,
corresponding to the correction of column (5) of Table V. (3) Correction due to isospin nonconserva-
tion according to OB (Ref. 8). (4) Correction due to isospin nonconservation according to THH (Refs.

6,9, and 18). Corrections (3) and (4) in %.

(1 (2) (3) (4)
(o) 3037.9(16) 0.9995 —0.19(13) —0.28(10)
ZAL™ 3038.0(12) 0.9984 —0.24(13) —0.33(11)
*Cl 3057.0(19) 0.9973 —0.48(14) —0.64(12)
BRm 3057.0(27) 0.9966 —0.49(17) —0.70(12)
“Sc 3055.4(20) 0.9951 —0.39(13) —0.39(12)
oy 3060.5(22) 0.9942 —0.21(13) —0.45(12)
°Mn 3060.3(39) 0.9932 —0.28(13) —0.50(13)
%*Co 3069.2(23) 0.9925 —0.35(13) —0.59(12)
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nucleon a
3
nucleon b

FIG. 1. Feynman diagrams of O(a); I, k, and g are the four-
vectors of the outgoing positron, neutrino, and the virtual-
photon, respectively.

1+Ag= 1+—2"; In ;1—’4 +2Cgyrm
A
alm,) (_
. lg(E,E0)+.)4g] S(m,,mz),

(1.4)

where S(m,,mz) is a QED short-distance enhancement
factor. The numerical values are'

S(m,,m;)=1.02256, a~'(m,)=133.93.

The numerical values of Ag are given in Table I. The er-
ror is due to the uncertainty of the value of the low-
energy cutoff m ,, for which Marciano and Sirlin! sug-
gested a range 400 MeV <m , <1600 MeV. This uncer-
tainty will be taken into account only in the averaged ft
value.

It is clear from Eq. (1.4) that the former separation of
radiative corrections into ‘“outer” and “inner” correc-
tions which are applied in a multiplicative fashion ac-
cording to Eq. (1.1) is no longer adequate. The proper or-
der of the various corrections should be respected. The
fully corrected ft value is then given by

Ft=ftC(E) 1+AS+82+63+%CN5 (1-5,). (1.5

In Sec. IT we discuss the matrix element for the process
given in Fig. 1(c). The general structure of the nuclear
part of the matrix element will be investigated. We use
an operator identity to represent it as a sum of four nu-
clear matrix elements of two-body operators which can
be evaluated easily. It is shown that the effect of the nu-
clear structure can be expressed in terms of a form factor.

For the explicit calculation one needs the wave func-
tion for the nuclear states. If it is represented in a

harmonic-oscillator shell-model basis the form factor can
be calculated analytically. We present a detailed account
of our method in Sec. III, using the decay of '*O as an ex-
ample. The correction Cyg is given numerically for
different wave functions. For the decays of 3K and **Sc
wave functions with almost pure configurations are avail-
able also, while for the decays of 2°A1™, 3Cl, 46V, *°Mn,
and **Co we estimate the correction, starting from the
somewhat crude approximation that the wave function is
a pure configuration. The resulting corrections including
our estimate of their errors are given numerically in Sec.
IV. The final results are presented and discussed in Sec.
V.

II. ANALYSIS AND REDUCTION
OF THE TRANSITION MATRIX ELEMENT

We calculate that contribution to the matrix element
corresponding to the diagram of Fig. 1(c), which is in-
duced by the axial-vector part of the hadronic current. It
is given by

1 1
MAYUN=GpV, ;-2 [dig—————L*ND |
Flud S 3 f qqz 7’—2l-q ph
(2.1)

where G is the Fermi coupling constant. The right-
hand side still contains g, and we shall return to this
point shortly. The leptonic tensor

L,=uak)y,(1=ys)(—=F+d+tm)y,() (2.2)

can easily be shown to be (e”'2=1)

Lykz—gpAqL +q}LL'u+qﬂL)\_ZI#LA—iG#AapqaLP
with
Ly=a(ky (1—ysul) .

The normalization in Eq. (2.1) is such that the unper-
turbed matrix element for the 07-0" decays within an
isospin triplet is

MO=G VL, . 2.3)

The weak hadronic current is J=V+ 4 and only the
axial-vector part contributes to the nuclear tensor N'4":

1 ; —igx i(q—1—
Nl =5 (£ 3 Uue Pl dyeai=bom,

a*b

‘i> Y

Here |i) and |f ) are the initial and final states of the nu-
cleus with the quantum numbers JP=0", T =1, respec-
tively, so that, for the positron emitters,

liYy=l0hT=1,M;), |f)=l0";T=1,M,—1). (2.5)

The quantities in the parentheses in Eq. (2.4) are the
Fourier transforms of the electromagnetic-current opera-
tor of nucleon a and of the axial-vector-current operator
of nucleon b, respectively. The finite nuclear size intro-
duces a mass scale A=V 6/r., where r, is the rms nu-
clear charge radius. It is sufficient to calculate M‘4)(1¢)
in leading order only and to neglect terms of O(E,/A),
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where E is the positron end-point energy. In this ap-
proximation the lepton momenta in the second exponen-
tial of Eq. (2.4) can be neglected.

The matrix element M‘“(1c) depends also on the ener-
8y g, of the exchanged photon. In principle, g, is deter-
mined by the procedure which defines a three-
dimensional wave function in the framework of a covari-
ant formalism. Such a procedure has been described for
the two-nucleon system by Jaus and Woolcock in Ref. 15.
In our approximation it is sufficient to know that g is of
the order of the single-particle energy differences in the
shell model (the oscillator spacing fiw). Retaining g,
would give terms of O(qy/A) compared to the leading
term, which can be neglected in our approximation. We
can therefore put g, =0 in Eq. (2.2) and in the denomina-
tor of Eq. (2.1). We furthermore can neglect / in the
denominator of Eq. (2.1), since it only introduces correc-
tions of O(E /A) compared to the leading term.

In the nonrelativistic limit (r is the isospin operator)

Ay=0, A=—g, (7_0)

so that N3’ =0. Invariance with respect to rotations
and space inversions requires that
i>=0

(7|2 e o0 (r_getam,

aF*b
so that only the space components of N'“4’ are different
from zero. In the nonrelativistic limit we have

(2.6)

(je ~fax), = ?lﬁ[(pe"'q"ure“"q"p)é‘

+iqAo(@+)e 19%],

e=11+7,), p=tpus+uyr,) .
We shall use the free-nucleon values

Hpus—py)=p,=—19131,

Flustuy)+1=p,=2.7928 .

The quantities p and x are the momentum and position
operators of nucleon a; M is the nucleon mass. For our
purpose it is sufficient to take the numerical value of the
proton mass m,,.

The transformation properties of the nuclear states un-
der rotations and space inversions permits the representa-
tion of the nuclear matrix element in terms of a single
form factor M(g) (we shall use the symbol ¢ for |q| in the
remainder of this paper):

)

Because of the antisymmetry of N4’ we see that the first
three terms in the decomposition Eq. (2.2) do not contrib-
ute to M‘“(1¢). The fourth term is of O(E /A) com-
pared to the last term and will be neglected, so that final-
ly the leading term becomes [with Egs. (2.3) and (2.6)]

g . .
N:n/:l):_\/_%(f z(jme lq.x)a(T—Une’q.x)b

a*b

=igA6m,,qu./V(q) . (2.9)

4a ES
M‘A) 1 =M(0)__ . .
(1c) 8.4 fo N(q)dgq (2.10)
With Eq. (2.1) we can express Cyg, defined in Egs. (1.1)
and (1.3), in terms of NV(gq):

Cns =884 fow./\/(q)dq .

The analysis of the nuclear matrix element is simplified
considerably by using the operator identity (from now on
I=x A\ p stands for the orbital angular momentum opera-
tor of a nucleon)

(2.11)

——iq~x+ —iQXy =7 2’ 1 “iq-x:d ]
pe e p l[p xfoe s
1 .
+igAl [ lseiaxsg
iqA fose s

. 1 —iq-xs
+i [ se”qAlds . (2.12)
We shall assume that the nuclear wave function is a
linear superposition of antisymmetrized one-particle
harmonic-oscillator eigenfunctions.

The one-particle Hamiltonian then has the form

2
H oM (x)

and satisfies the operator identity

2

J’—,xe_iq"“} = [H,xe—“r“ 2.13)

2M

Inserting Eq. (2.12) into Eq. (2.7) and using Eq. (2.13) we
see with Eq. (2.9) that N2 can be expressed by the four
nuclear matrix elements N,,, and N jl,,, N jl«,,, N, defined
by

Nj‘,,,,:=<f S ([H,x,e '9%]2), (r_a '), |z> :
a#*b
(2.14)
Nj.,,:=<f 3, e~ 44%),(r_0,e), i}, (2.15)
N}n:=<f %(e*f‘I'*SI,a)a(r_a,,e"Q'ﬂb‘i), (2.16)
M= (7| 3 lose @ DL 0,07 i)
a#*b
2.17
The result is
.8 1 ~
Nr(nﬁ):—l‘/_fz‘ [fo ds[Jvfnn+6mquk(Nj'n +‘N5n )S]
+emqukN;f,,] : (2.18)

Again, based on the transformation properties of the nu-

clear states the nuclear matrix elements, Eqgs.
(2.14)-(2.17) can be represented in the following way:
N =N 219
I — Al I
‘Njn _‘Najn +M q9i49n » (2.20)
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Aarl = ar! ~7
‘Njn =N 8jn +M 9i9, » (2.21)
NT =N8, +M7q;q, - 2.22)

Here NV*, N, ./V,, and N? are scalar functions of ¢ and s.
The decomposition of the form factor WN(q) correspond-
ing to Eq. (2.18) is given by

1

1
M= | =5 s
1 I I
T \/ —=[N(q,s)+Ngq,s)]s |d
L1 g (2.23)
wm Va7l '

We see that for our purpose we do not need the quantities
M appearing in Egs. (2.20)-(2.22).

After this reduction it is the main purpose of the rest
of the paper to analyze the nuclear matrix elements of
Eqgs. (2.14)-(2.17) for some superallowed transitions and
to separate the scalars N, N, N/, and N”. Inserting
these into Eq. (2.23) gives the form factor, and the
nuclear-structure correction can be calculated by means
of Eq. (2.11). We will show that this program can be per-
formed analytically if the nuclear wave function is known
in the harmonic-oscillator shell-model basis.

_

(fl@li)=ag{(1p2,M7|Q|(1pL)
+2ag[a, {(2s1)?

JMz)

M O1(1pL)2 My ) +a,((1d3)?

III. THE CORRECTIONS FOR THE DECAY OF *0O

We take %O as the example to demonstrate the evalua-
tion of the form factor N(q) in more detail. For this pur-
pose we shall rely upon a shell-model description of the
isospin triplet %O, 4N, 'C given by True.!® In Ref. 16 a
model space is assumed where 2C is taken as an inert
core of closed (1s1)*1p3)? shells. The remaining two
protons are assumed to occupy only the next higher or-
bits (1p4), (2s3), (1d$), and (1d3). The components of
the resulting wave function are antisymmetrized products
of harmonic-oscillator eigenfunctions. The result of Ref.
16 in obvious notation (including the i’ in the harmonic-
oscillator elgenfunctlons to conform with the convention

of Towner,!” which we use in the following) is
li)=aol(1pL), M) +a,|(2s1)2, M)
+a,(1d3)} M) +as|(1d2)%, M) 3.1
with
a;,=0.9501, a,=0.1219,
(3.2)

a,=0.2635, a,=0.1139 .

Here M ;=1 for the initial state |i ) and M;=0 for the
final state | f ) in the 87 decay of “O.

For a typical operator Q@ occurring in Egs.
(2.14)-(2.17) we get [neglecting terms O(a?), i > 1]

JME|QI(1pL My ) +a, (1d2)L M Q1 (1p1 )2 M) ] .

(3.3)

It turns out that the interference terms cannot be neglected and we have to calculate the matrix elements between the

relevant 0%
ments in terms of one-particle matrix elements.

core-plus-two-particle states. Applying the usual methods we can express these two-particle matrix ele-
We perform the isospin decomposition using Mr=M;—

1 and

suppress My in the notation of the matrix element. We write [j] as shorthand for (n,/,j). Furthermore we abbreviate

] \/2] +1. The result then is

(PRI =vEx 2
JJ

mm

22

[]l]ECm m,

(=1 m 1 =m' g, [ 1—m Y[ Im' g, | [ Im Y E+v(2Mr—1)]

[2§<[J,]m g i Im ) [ Im g, |[j1m)

—(é—v)<[j,-]mf!gz|[j]m Y([jlm Igl“:ji]mi>

=&+ Im;lg [ 1m ) Im g, i Im )] 3.4
[
Here g, =0 ,e'9* and &=v=1 for the contribution to Nj»n )
g1 =[H,x,e '9¥]=(E'—E)x,e 9%, g =0,e %,
§=v=1 for the contribution to N, , =11+us), v=41+uy),
g1 =le ', for the contribution to Ng . (3.5)
&=v=1 for the contribution to N ]I,, , .
Applying the usual methods of angular momentum alge-
g 1=e 'YL, bra we.can split off the contribution of Eq. (3.4) to the
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scalars V¥, V!, N'!, N° defined in Egs. (2.19)-(2.22). All
matrix elements can be calculated explicitly using
harmonic-oscillator eigenfunctions. We give first the re-
sult for the diagonal contribution [j]=[j']=(1p1) in
140:

2

NE= h_“’_‘/ize —z(1+52)
g 3 ’

N1+NI=§V§[1—Z(1+s2)+22s2+%zs]e_2“+52’ ,

(3.6)
NT=— VD[ (1—4z+4z))p, +(8—2z+82%)(u, +p,)] ,
where z=1g’r} and the oscillator parameter r, is given
in the Appendix and rp2=ﬁ/ (m,w). For the nondiagonal
case [j]7[j'] we find the following contributions (the

core part vanishes in that case).
[j']1=(2s1):

NE= —“h—w%\/i[z—zz(1+s2)+z3s2]e_z”+‘2’ :
q

N1+./T/1=%\/§[zs—zzs( 1 +s2)+z3s3]e*2(1+"2) ,
No=—4Vu,z(1—z)% 2.
[j'1=01d3):

__ fw 16
q 45

N1+N1=4;35V_6[3zs —z%5(1 +2s2)]e —z(1+52) :

—~ — 2
\/65223e z(l+s )’

NO= —%\/E;Lp(3z—222+z3)e_22 .
Li'1=01d3):

MZﬁQ—%[ZSZ— 1022(1+sz)+4z3s2]e_z”+‘2) ,
q

N+ W= 2(59zs —382% — 262253+ 20753 )e ~2(1+57)

>

NoO=—4p, (Tz—8z+4z%)e ™% .

In order to derive the form factor N an integration over
the variable s is required according to Eq. (2.23). Howev-
er, it is easier to calculate instead the correction Cyg, Eq.
(2.11), since doing the integrations in the reverse order in-
volves only elementary functions.

It is convenient to decompose Cyg in an obvious nota-
tion corresponding to Eq. (3.3):

Cns=a3Co(1pL)+2ay[a,C(251)+a,C,(1d3)
+a;C3(1d3)] . (3.7)

Numerically we get

Co=—0.71, C,=0.03, C,=—0.33, C,=0.39.

Using Egs. (3.7) and (3.2) gives
CNS:_O‘SS . (3.8)

Another wave function for '*O has been given by Zam-
ick in Ref. 19. Here it is assumed that the triplet can be

described as a two-hole state of the '®°O core. The
configuration-mixed wave function is approximated by

li)Y=bol(1p) LM ) +b,|(1p2) "2 M), (3.9)

b,=0.975, b,=0.220. (3.10)

Doing for the two-hole states the same calculation as be-
fore for the two-particle states, we get, with an obvious
modification of the notation used before,

Col(1pH) ™ 1=Cy(1pd)=—0.71,
3.11)
C\[(1p2)7"1]1=—0.86 .

From the analogue of Eq. (3.7) we get, with Egs. (3.10)
and (3.11) numerically,

Cns=—1.04 . (3.12)

Cohen and Kurath?® have given a wave function for
40 by taking into account the same configurations as in
Ref. 19. Instead of Eq. (3.10) they get

by=0.91505, b,=0.40380 .

Calculating the corresponding Cyg one also has to take
into account the terms O(b?). The result is

CNS:_1’46 . (3.13)

The agreement between Eqgs. (3.8), (3.12), and (3.13) is
satisfactory in view of the different models used in Refs.
16, 19, and 20. For our final correction we have taken an
unweighted average of these values with the correspond-
ing error

Cns=—1.13(17) for MO .. (3.14)

Kiihner et al.?' announce a phenomenological wave
function for '*O with

b, =0.46969, b,=0.88283 .

It leads to Cyg= —2.02, which seems to us to be too big
in absolute value. It is therefore not included in our final
analysis.

IV. THE NUMERICAL CORRECTIONS
FOR THE DECAYS
OF *2Sc, K™, 26A1™, 34Cl, *6V, °Mn, and 3*Co

All wave functions discussed in the following are again
represented in a harmonic-oscillator shell-model basis.
The nucleus *?Sc is treated in Ref. 22 under the assump-
tion, that “*Ca acts as an inert core. The configuration
mixed wave function is then approximated by a linear su-
perposition with two additional particles in (1), (2p3),
(1f3), (2p}), or (1g3) orbitals. In the notation of Eq.
(3.1) the result of Ref. 22 is

liY=aol(1fD*Mp)+a,|(2p3) M)
+a,|(1/£)*,M7)
+a;((2p3), My ) ta,|(1g3)%, M)
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with a¢,=0.93, @,=0.20, a,=0.20, a3;=0.11, and
a,=0.22. Here M ;=0 for the initial state and M= —1
for the final state | £ ) in the B decay of **Sc.

We decompose Cyg again as in Eq. (3.7) and find, using
the methods of Sec. III,

C,=0.38, C,=0.07, C,=0.67
C;=0.06, C,=0.18.
This gives

Cns =0.69 for “*Sc . 4.1

The interference terms here all have the same sign as the
main term coming from the pure configuration and con-
tribute 50% to the result.

Another wave function for **Sc has been given in Ref.
23; it does not include the mixing of the configuration
(1g2). The result for the amplitudes is

a;,=0.989, a,=0.102, a,=0.083, a;=0.041.
This gives

Cns=0.50 for **Sc . 4.2)

The agreement between Eqs. (4.1) and (4.2) is as good as
can be expected and for our final correction we take an
average with the corresponding error:

Cns =0.60(10) for **Sc . (4.3)

3K ™ belongs to the class of s-d shell nuclei, which has
been intensively investigated by Wildenthal and colla-
borators.?® It is assumed that '®O acts as an inert core.
The configuration mixed wave function then is approxi-
mated by a superposition of two hole in (1d3), (253), or
(1d3) orbitals of a **Ca core:

li)=ayl(1d3) 2, Mp) +a,|(2s1) 73, M)
+a,l(1d$) "3, M)
with?

ay=0.970, a,=0.153, a,=0.177.

Again M;=0 for the initial state and M;= —1 for the
final state in the B decay of **K™. Performing the cal-
culation analogous to the one described in Sec. III, this
time for two-hole—two-hole matrix elements, we get

Cy=-—0.50, C,=0.09, c,=0.89.
This gives

Cns=—0.14 for 3¥K™ . (4.4)

An earlier wave function given in Ref. 26 results in
Cns= —0.04. The two wave functions given in Ref. 27
result in Cyg= —0.03 and Cyg = —0.13, respectively. In
any case the correction for K™ is small, since the sign of
the interference terms is opposite to the sign of the main
term coming from the pure configuration and the two
contributions essentially cancel. For our final analysis we
have taken the value of Eq. (4.4) without an error.

It seems that the three nuclear configurations treated
above—two-particle or two-hole states in a doubly closed
shell —can be handled rather reliably. Even if different
nuclear wave functions are available there is only a small
change in the resulting correction.

For open-shell nuclei strong configuration mixing
occurs and the calculation of the correction is consider-
ably more complicated and uncertain. We therefore
present only a preliminary analysis of the correction for
the remaining five nuclear transitions which uses the
value C, of the correction for a pure configuration. We
take the correction to be one half of this value. This
crude approach makes it necessary to give an estimate of
the range, within which the results of a calculation with
more realistic wave functions should lie. We assume the
corresponding error to be also one-half of the correction
for the pure configuration. This procedure is based on
the observation that strong configuration mixing weakens
the amplitude of the pure configuration, and it is con-
sistent with our observation that configuration mixing
tends either to enhance or to cancel the correction due to
the pure configuration.

We believe that this approximation is a sufficient esti-
mate, since it certainly gives an indication of the sign and
of the order of magnitude of the correction, and also
shows the relative effect of the shell structure in compar-
ing different nuclear transitions. Numerically we get for

BAI™: Cy=0.52, Cyns=0.26(26),
#Cl: Cp=—0.52, Cyns=—0.26(26),
V. Cp=0.63, Cyns=0.32(32),
OMn: Cy=0.63, Cyns=0.32(32),
4Co: Cy=0.36, Cyng=0.18(18) .

We will present an improved and refined investigation
of this problem in the future.

V. CONCLUSIONS

We have calculated and discussed the effect of nuclear
structure on the O(a) corrections for eight superallowed
B* decays. The emitted positron is affected by the struc-
ture of the daughter nucleus, as shown in lowest order in
the diagram of Fig. 1(c). If the vector part of the weak
current mediates the decay of the nucleon, then this dia-
gram is completely accounted for by the Fermi function
and the shape factor as discussed in the Appendix. The
contribution of this diagram due to the axial-vector part
of the weak current leads to the correction we have calcu-
lated for the first time and collected in column (1) of
Table III.

Considering the high level of experimental precision
for the ft value of '*O, our correction for this transition
is remarkable. The error indicates how the correction
changes if different nuclear wave functions are used for
its evaluation, as discussed extensively in Sec. III.

The influence of nuclear structure is less pronounced in
the transitions of the heavier nuclei. Though we have
used in most cases only a somewhat crude approximation
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TABLE III. Nuclear-structure corrections, recoil and atomic-excitation corrections, and corrected
ft values. (1) Nuclear-structure correction a/mCys in %. (2) Recoil correction in sec as given on page
488 of Ref. 28. (3) Atomic-excitation corrections in sec from Ref. 29. (4) ft values from Table II
column (1), corrected according to Eq. (1.5), with 1—8, from Table II column (3) and corrected for
column (2) and (3), in sec. (5) ft values from Table II column (1), corrected according to Eq. (1.5), with
1—38, from Table II column (4) and corrected for column (2) and (3), in sec. The systematic uncertainty
of A, is not included in the errors of columns (4) and (5).

)] (2) (3) 4) (5
(o) —0.26(4) —0.8 —1.6 3142.2(46) 3139.5(36)
LN +0.06(6) —-0.7 —-0.7 3145.5(42) 3142.6(41)
#*Cl —0.06(6) -0.7 -0.7 3149.9(51) 3145.0(47)
BR —0.03(0) -0.7 —0.6 3147.9(62) 3141.3(45)
428¢ +0.14(2) -0.7 —0.6 3150.2(45) 3150.2(43)
oy +0.07(7) —-0.7 —0.6 3156.0(52) 3148.4(49)
°Mn +0.07(7) -0.7 —0.5 3150.1(61) 3143.3(61)
%Co +0.04(4) —-0.7 —0.5 3153.9(49) 3146.4(47)
Avg 3149.1(18) 3144.2(16)

x? 5.9 5.2

for the nuclear wave function, we think that a reliable es-
timate of the sign and the order of magnitude of the
nuclear-structure effect has been obtained. The resulting
corrections lie within the errors of the corresponding ft
values.

For the determination of our final ft values (last two
columns of Table III) we have included also the small
corrections due to the recoil of the daughter nucleus®®
and due to atomic excitation.?’

The errors of the ft values for the individual transi-
tions in the last two columns of Table III is the combina-
tion in quadrature of the experimental errors [column (1)
of Table II] and the theoretical uncertainties of 8, (Table
II) and 8yg (Table III). The relatively smaller error in
our nuclear-structure correction hardly affects the final
error.

To get the averaged ft value we have separately aver-
aged the ft values of column (4) and (5), respectively, of
Table III. The statistical fit for both cases is good, but
the two averages are not compatible. For the further dis-
cussion we have taken the average of column (4) of Table
III as our nucleus-independent ft value (called F1):

Fr=3149.1(31) sec . (5.1

The error assigned to Ft is the combination of two in-
dependent uncertainties in quadrature: (a) The statistical
uncertainty of the averaged ft value quoted in Table III;
(b) the systematic uncertainty of the radiative correction
Ag (Table I) due to the poorly known value for the low-
energy cutoff m .

|V,q| is then given by

mIn2 #’
Ft Gim'c*

|Vud|2=

Taking the numerical values of mc?, #, and the Fermi
coupling constant from Ref. 30, we get

_ 54.630(1)

V.
Vaa V'Ft

(5.2)

From Egs. (5.1) and (5.2) we find

|V,41=0.9735(5) . (5.3)

Since our calculation of C has reduced the theoretical un-
certainty in the structure-dependent part of the O(a)
corrections arising from the axial-vector current, the er-
ror in |V,,| has been lowered by a factor 2 compared to
the error quoted before.®3°

The result Eq. (5.3) can now be combined with the ele-
ment V,, of the KM matrix as determined from an
analysis of kaon and hyperon decays,>!3°

|V, =0.2197(19) , (5.4)
and the bound from B decay*>* for |V, |,

V,,|<0.01, (5.5)
to give

V2=V, 412+ |V, |2+ V,, [2=0.9960(13) . (5.6)

The error given in Eq. (5.6) is the propagated error of
Egs. (5.3) and (5.4). It is smaller than the error given in
Ref. 8 by nearly a factor 2.

It seems difficult to reconcile Eq. (5.6) with the unitari-
ty condition for the KM matrix in the standard model
with three generations.

We therefore have listed for comparison in Table IV
the values for |V,;| and | V|? if the higher O(a"In"m,) of
Ref. 1 as discussed in Sec. I are omitted. Though the
effect of these higher-order radiative corrections is small,
yet they increase the deviation from unitarity by an addi-
tional one standard error. In order to decide the impor-
tant question of the unitarity of the KM matrix, it is ob-
vious that a level of precision is required such that even
radiative corrections of higher order, as estimated by
Marciano and Sirlin! for the first time, must be known.

We have listed also the corresponding results if the
analysis is based upon the ft values of column (5) of
Table III, which are corrected for isospin nonconserva-
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TABLE 1V. Values for |V,,| and |V|% (1) isospin-impurity correction according to OB (Ref. 8),
renormalization-group treatment included. (2) isospin-impurity correction according to OB (Ref. 8),
without renormalization-group treatment. (3) isospin-impurity correction according to THH (Refs. 6,
9, and 18), renormalization-group treatment included. (4) isospin-impurity correction according to

THH (Refs. 6, 9, and 18), without renormalization-group treatment.

(1 2) (3) 4)
|Vl 0.9735(5) 0.9743(5) 0.9743(5) 0.9751(5)
14K 0.9960(13) 0.9975(13) 0.9975(13) 0.9991(13)
tion according to Towner, Hardy, and Harvey ACKNOWLEDGMENTS

(THH).> %6 These results are closer to the unitarity lim-
it.

We wish to emphasize that the nuclear-structure
correction calculated in this work and the refinements in
the analysis of the ft values which we have discussed did
not essentially reduce the spread in the ft values of the
eight superallowed transitions, but reduces the uncertain-
ty in the radiative corrections substantially. The theoret-
ical error in |V,,|, as given in Eq. (5.3) and in the sum of
the squared moduli Eq. (5.6), is now dominated by the
uncertainty in Ag due to the generous range admitted for
the low-energy cutoff m 4 in Ref. 1. The error of §, only
dominates the uncertainties of the individual ftr values
given in Table III, while the error of the averaged ft
value in Table III is quite small.

An alternative approach of estimating the uncertainty
of 6. has been proposed in Ref. 6, where the errors quot-
ed by the authors (Table II, columns 3 and 4) are essen-
tially replaced by the differences between the results ob-
tained with the methods of OB and THH. This pro-
cedure would lead to results which are the average of the
corresponding results given in Table IV with slightly
larger errors. This approach basically assumes that the
two quite different methods are equally good approxima-
tions, which however leads to an effective increase of the
uncertainty of .. It would certainly be more satisfactory
to find arguments which enable a clear preference for one
calculation or the other. Since our statistical analysis
gives equally good results for both cases, the present data
do not permit such a distinction as yet. But Ormand and
Brown have argued in Ref. 8 that their more realistic
treatment of the Coulomb potential and the nuclear mean
fields essentially leads to a much better overlap between
the converted proton and the corresponding neutron than
the estimate of THH (Refs. 9 and 18). We rely upon the
quoted arguments of Ormand and Brown® to present the
values given in Eqs. (5.4) and (5.6) as our preferred result.

While this result indicates a violation of the unitarity
condition for three generations, which might be evidence
for new physics, such as the existence of a fourth fermion
generation, we emphasize once more that the remaining
discrepancies between different ft values might signal
that additional theoretical uncertainties are present. The
determination of §, seems to be the crucial issue, and a
further refinement of the corresponding nuclear structure
calculation, which could reduce the large errors involved,
would be of great interest.

We would like to thank Professor F. Barker, Dr. H.
Behrens, and Dr. K. Junker for stimulating discussions
and information provided on various nuclear-physics
problems. We have greatly profited from the diploma
thesis (University of Zirich) of E. Hack, P. Liithi, and B.
Luthiger. Finally we thank the Swiss National Founda-
tion for financial support.

APPENDIX: CONNECTION BETWEEN
THE ELECTROMAGNETIC FORM FACTOR,
THE ISOVECTOR FORM FACTOR,
AND THE SHAPE FACTOR

The isovector form factor G, (Q?) is defined by the ma-
trix element of the vector current between states of an
isospin triplet, with momenta P’ and P”, respectively.
With Q =P" — P’ we have

’ "

Py+P _
—2 "% _v2G6,(0%
vV 2P2Py

=V2G,(Q?) . (A1)

(P"|V,(0)|P') =

The Fermi function, and therefore f, is usually calculated
in terms of the positron spinor ¢,(x), which is the solu-
tion of the Dirac equation in the electric field of a static
nuclear charge distribution. It is convenient to define the
Fermi function F(Z,E) in terms of the product
¥ (x)¢Y.(x) evaluated at the origin x=0. This approxi-
mation is equivalent to a pointlike isovector charge distri-
bution, which means G,,(Q?)=1. Tables of B-decay func-
tions using this procedure with a uniform charge distri-
bution of finite radius, including atomic screening, are
given in Ref. 7.

To take the effect of the finite isovector charge distri-
bution into account an expansion of ¥.(x) in powers of
aZ can be used to calculate an energy-dependent correc-
tion factor C(E), the so-called shape factor.?* The in-
tegrated Fermi function is then given by

E
fCEy=-1 [ "dES(EF(Z,E)C(E) (A2)
m m

where S(E) is the statistical positron spectrum of the de-
caying nucleus of charge Z + 1.

The power series for C(E) is well approximated by the
first three terms, which are given in Ref. 24. With
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C(E)=1+AyE)+A(E)+A(E)+ -+, (A3)
we have
1
A(E)=—-— [d0,[G,(Q)—1],
_ Za 1
AE)=—" - [da,[d%q Fg?
X {Gp[(q—Q)*1—G(Q?)}
2E—1q/E—kq/E,
Aq*—2l ’
, cla—e) gy,
A(E)=2 % [d*qd’q’F(@)F(q'?)
m

X {Gyl(q+q')*]1—1}

2 '
x—dorad
q9”q°(q+q")
Here Q=1I+k and E=(m2+1%)!? (=1,) are defined as
before and E,=E,—E (=k,). F(q*) is the electromag-
netic form factor of the nucleus. In the integrand for
A,(E) the lepton momenta have been neglected, since
they contribute effectively to higher order in aZ.

The electromagnetic form factor of each member of the
isospin triplet, which we approximate by a pure shell-
model configuration, is then given by

Flg)=— 3 Ry0,(0) (A5)

where the sum extends over all protons. The radial in-
tegral '

Ry (@)= fowdr r2R (P, (gqr)

is evaluated by means of harmonic-oscillator radial wave
functions

2n—1)

R (r): -
" T(n+1+1)r}
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with
p=r/r, and r}=#/(m,0) .

Here rp2 is the oscillator parameter corresponding to pro-
tons. To be completely consistent, we take for r, those
numerical values which reproduce [via the charge form
factor F(q*) of the shell model] the rms charge radius
r.=V'3/5r, A3, as given numerically in column (2) of
Table V. We have listed these values for 7, in column (3)
of Table V. The values for r, are taken from Ref. 33 and
are given in column (1).

The isovector form factor G,(q?) is then obviously
given by the radial integral of the valence orbital (with
orbital angular momentum 1):

Gy(@ )=R,(q) . (A6)

Our results for the averaged shape-factor correction
are given in column (5) of Table V. The results of
Behrens and Biihring** and Hardy and Towner®® as quot-
ed and discussed in Ref. 10 are given in columns (6) and
(7) for comparison.

It has been noted in Ref. 10 that there are considerable
differences between the shape factors calculated accord-
ing to the methods of Refs. 34 and 35, respectively.
These differences are even more pronounced between our
results and those of Ref. 34. The reason for this disagree-
ment is easily understood, since we can reproduce the re-
sults of Ref. 34 starting from Eq. (A4) and putting
Gy(q’)=F(q*). For example, in Ref. 24 we used a
modified Gaussian charge distribution (with A=2 as
defined in Ref. 34) for G, (q?) and F(q?) and derived re-
sults which are identical with those of Ref. 34. It is self-
evident that in comparing different methods the radii that
are used must be consistent.

The differences between the various methods are larg-
est for *Co; using the approach of Ref. 24 and r, =3.718
as given in Table V for 3*Co, we find the values —0.56%
and —0.61% for C(E)—1 using a uniform and a
modified Gaussian (A4 =2) charge distribution, respec-

TABLE V. Details concerning the shape factor. (1) 7, in fm, as used for the rms radius v'3/5r, 4 '/
of a uniform charge distribution of the daughter nucleus in the calculation of the integrated Fermi
function as taken from Ref. 33. (2) rms charge radius r. in fm corresponding to r,. (3) Harmonic-
oscillator parameter 7, in fm for protons, corresponding to r.. (4) rms isovector charge radius r, in fm,
corresponding to r.. (5) Correction due to the shape factor, as calculated in the Appendix, in %. (6)
Correction due to the shape factor according to the method of BB (Ref. 34), as quoted in Ref. 10, in %.
(7) Correction due to the shape factor according to the method of TH (Ref. 35), as quoted in Ref. 10, in

%.
(1) (2) (3) 4) (5) (6) (7

o 1.37 2.558 1.719 2.718 —0.049 —0.043 —0.048
RN 1.34 3.075 1.883 3.523 —0.161 —0.123 —0.153
e 1.33 3.337 1.968 3.682 —0.273 —0.212 —0.249
B m 1.31 3.411 1.988 3.719 —0.338 —0.268 —0.307
2S¢ 1.31 3.527 2.036 4.319 —0.492 —0.333 —0.451
v 1.29 3.580 2.021 4.287 —0.583 —0.401 —0.532
°Mn 1.28 3.653 2.026 4.298 —0.680 —0.474 —0.618
$Co 1.27 3.718 2.033 4.312 —0.750 —0.553 —0.709
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tively. These results should be compared with the correc-
tion, —0.75%, given in column (5) of Table V and de-
rived on the basis that the electromagnetic and the iso-
vector charge form factors are given by Egs. (AS) and
(A6), respectively.

The method of Ref. 35 has been simulated in Ref. 10
by taking into account only the major shell filled by the
valence nucleons. The corresponding results lie between
ours and those of Ref. 34 [see column (7) of Table V].

This discussion shows that the form and the shape of
the charge distributions must be accounted for as careful-
ly as possible. We note that also the Fermi function,

which enters the integrated Fermi function according to
Eq. (A2), deg)ends upon the shape of the nuclear charge
distribution.’* We use the values of f (in Ref. 34 the sym-
bol f is used instead) as calculated by Behrens®® accord-
ing to the procedure in Ref. 7, with the end-point ener-
gies taken from Ref. 6 and the radius of the uniform
charge distribution r,=V'3/5ryA'/3. This f value we
have corrected for a modified Gaussian nuclear charge
distribution as taken from Ref. 34 (the parameter A4 in
Ref. 34 is taken to be A=2). The reason to correct for
this specific form is that its effect is rather close to the nu-
clear shell-model form factor Eq. (AS5).
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