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We show the existence of a nonlinear constraint satisfied by fields in scale-invariant theories. Our
model consists of a dilaton field and additional scalar fields in curved space-time. Using the con-
straint one of the fields becomes auxiliary, decreasing the number of physical degrees of freedom by
1. Implementation of the constraint in a Weyl-transformed scale-invariant model generates ex-
ponential interactions from polynomial potentials.

Scale invariance in field-theoretical models has a long-
standing history. Scale- (dilatational-) invariant theories
were originally envisaged as a device to provide for a
field-dependent evolution of dimensional coupling con-
stants, thereby reducing them to "no-scale" theories. Di-
lational invariance is achieved by means of the addition
of an extra scalar field, the dilaton. In more modern ap-
proaches dilatons emerge as an inherent part of higher-
dimensional unified theories, in which they play the role
of the radius of the compactified manifold and/or a
remainder of a spontaneously broken conformal invari-
ance. ' The particular feature that leads to the common
denomination stems from their peculiar couplings to
gravity and matter fields. There are nevertheless higher-
dimensional theories, such as "no-scale supergravity
models, " in which the dilaton originates solely from the
spontaneous breaking ~f scale invariance.

Four-dimensional, scale-invariant effective theories in
the standard cosmological context were extensively stud-
ied by Wetterich. He concluded that the existence of the
dilaton may indeed be compatible with standard cosmolo-
gy. In a previous work we have investigated a scale-
invariant theory of inflation, finding special characteris-
tics, such as a two-phase evolution of the cosmological
scale factor. Scale invariance was also called upon in try-
ing to solve the cosmological-constant problem, but it
proved unsuccessful when loop corrections were included
in the calculations.

Scale invariance holds only at the classical level as it is
broken at the quantum level by anomalies. ' This expli-
cit symmetry breaking renders the dilaton massive; the
vacuum expectation value of the dilaton fixes the masses
and coupling constants, providing us with some means to
obtain testable effects.

In what follows we will show that in a broad class of
cosmological applications, scale invariance implies a non-
linear condition in terms of the fields, yielding a
compactified field manifold. By use of this constraint we
can remove one degree of freedom, for example, the dila-
ton field itself.

The field theory we are considering is given by the ac-
tion

—l'(X 0;)

gp ~e gp 4~e 0 X~e X (3)

for a space-time independent. After having exploited the
equations of motion, the corresponding conserved Noeth-
er current reduces to

j =hya q+ya 4

with h =1+3/4trGM2. The conservation equation for j"
may be recast in the form of a wave equation for
P:—hy +tI}: namely,

For time-independent fields Eq. (5) becomes the
Laplace equation in curved space. This equation can be
easily solved for fields tending asymptotically at spatial
infinity to their vacuum expectation value, tt ~const, and
for asymptotically flat space. Vhth these boundary con-
ditions, the unique solution of the Laplace equation is
its=const everywhere: i.e.,

by +P =E,
where E is the constant value of lb. This nonlinear con-
straint for the fields applies also to the exterior solution
of a static black hole. (Bekenstein has proven that the

where y=Mes™,S being the dilaton field. M is a mass
scale, usually taken to be of the order of the Planck mass,
P; are N scalar ("matter"} fields and R is the Ricci scalar.
For simplicity we will assume in the following %= I and
drop the index on ttt The m. ost general scale-invariant
potential is given by

&=v(P/y)P',

where v is an arbitrary function of P/y.
The action of Eq. (1) is invariant under the global scale

transformations

41 1327 1990 The American Physical Society



1328 BRIEF REPORTS 41

unique solution of the Laplace equation in the black-hole
background, assuming regularity of the scalar field at the
horizon in addition to our above-mentioned boundary
conditions at spatial infinity, is indeed a constant. ) More-
over, the same constraint is also satisfied for time-
dependent, but space-independent fields, as long as these
settle down at their vacuum expectation values at future
infinity. However, for general space-time-dependent
fields, this relation cannot be established.

Equation (6) is the main result of the present work.
Scale invariance forces the fields to exist in a compact
manifold: namely, the sphere in N+1 dimensions (N be-
ing the number of matter-scalar fields) with radius E'~i.
E constrains the vacuum expectation values of the vari-
ous scalar fields; spontaneous symmetry breaking of scale
invariance occurs whenever EAO. For complex scalar
fields the squares in the nonlinear constraint are replaced
by the moduli of the fields squared. Furthermore, the ad-
dition of minimally coupled gauge fields does not change
the constraint.

In the cosmological model of a homogeneous universe,
the primordial quantum phase will determine K, con-
straining uniquely the classical evolution of the fields in
the subsequent epoch. In the special case of scale-
invariant (homogeneous) inflation of Ref. 5 we have
indeed verified the constraint on the actual numerical
solutions.

We now implement the constraint in the action and
reduce the number of degrees of freedom by 1. Note that
this will yield a theory which is a priori only correct for a
specific subgroup of all solutions: namely, those with the
above-mentioned boundary conditions. First we cast the
theory in a form with fixed Newton's constant. As it is
commonly known, this is accomplished by the following
%'eyl transformation on the metric: '

2S/M
gpv fpv=e gpv i

obtaining (/=Pe ~
)

2

(7)

The rescaled potential becomes V=v(P/M)P .
We have called the action of Eq. (1) "manifestly scale

invariant" (MSI), whereas the transformed one, Eq. (7),
is denominated "hidden scale invariant" (HSI). Both
MSI and HSI theories are equivalent at the classical level,
provided the Weyl transformation does not become
singular. At the quantum level the theories differ: For
example, we have seen in the treatment of dilaton stars
that massive stellarlike objects made of dilaton particles
can exist in the MSI theory (in the quantum mean-field
approach}, but are absent in the HSI version. However,
we here focus only on the classical aspects of the theories.

By defining u =V'h M arcsinh(P/&h M ) and substitut-
ing S as a function of P as derived from the constraint,
namely, S= —

—,'M ln(h+(() /M )+const, the HSI action
of Eq. (7) transforms to

T

I„=fd x+ g —— R(g)+ —'g"'t} uB„tt —W(tt)]6~6 2 P

The required boundary conditions on P and S translate
directly to conditions on u. Consider, for example, the
special scale-invariant potential V =A,P in the HSI
theory. The transformed potential IV(u) will read now
W(tt) =A, sinh (u /~hM). This theory describes the evo-
lution of a scalar field (with regular canonical kinetic
terin}, subjected to an exponential potential. Any scale-
invariant potential in the MSI theory will naturally ap-
pear as a combination of exponential potentials in the
transformed HSI theory. Such models have become re-
cently quite fashionable in the inflationary scenario. '

In summary, if scale invariance is a true symmetry of
nature (broken only spontaneously) and the conditions
are given for the above-cited nonlinear constraint, the
fields essentially exist in a compact manifold. This, in
turn, enables us to estimate the effects of those fields in
complicated cases without resorting to explicit solutions.
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