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Truncation of Schwinger-Dyson equations and the 1/N expansion in the O(N) model
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We use the O(N) model as a nonperturbative example to study the effect of truncating the
Schwinger-Dyson sequence of equations. We show that truncation of this hierarchy leads in the
O(N) model to solutions for the propagators and vertex functions correct to a definite power of 1/N.
The procedure can be used to generate a systematic expansion in 1/N for an arbitrary Green’s func-

tion of the model.

The truncation of Schwinger-Dyson (SD) equations'
provides a convenient method to study nonperturbative
effects (see, for example, Refs. 2-5). While the SD
hierarchy is often thought of as a method of summing
loop expansions, in fact the SD equations are derived
without use of perturbation theory. The approximation
used to close the hierarchy of equations is thus in princi-
ple different from the most common nonperturbative
method of expanding around the finite classical fields.
Unfortunately, the error introduced by neglecting or us-
ing approximations for higher-point functions is, in gen-
eral, not known. It would be very useful to have a non-
perturbative example displaying the effect of the trunca-
tion.

In this paper we examine the solutions of truncated SD
equations in the O(N)-symmetric model with N real sca-
lar fields @ We show that there is a close connection
between the truncation of SD equations and the 1/N ex-
pansion, in the sense that the Green’s functions obtained
by solving the truncated SD equations are correct to a
definite power of 1/N. For example, the propagator may
be obtained to order (1/N)”" for n> 1 by solving a closed
set of SD equations involving up to (n+1)-point one-
particle-irreducible (1PI) vertices, neglecting (n -+ 2)-point
and higher 1PI vertices.

The O(N) model provides a highly nontrivial case for
testing nonperturbative methods,® ! as has been seen in
studies analyzing the effective potential in the 1/N expan-
sion. It has been shown’ that O(N) is unbroken to lead-
ing order in 1/N. This result is readily obtained by trun-
cating the SD hierarchy at low order: substituting the 2-
point propagator into the 1l-point mean-field equation
leads to the same equations as the effective-potential
method of Ref. 9. By contrast, the classical or tree ap-
proximation, often employed for nonperturbative studies,
yields a broken-symmetry vacuum if m?<0. If a renor-
malized perturbation theory is defined with respect to
this incorrect vacuum in four dimensions, tachyon poles
appear as a symptom of this vacuum’s instability, des-
troying the validity of perturbation theory and of the 1/N
expansion. Thus the truncated SD series is more reliable
than perturbations based on the classical or tree vacuum.

While O(N) remains unbroken for large N, it might be
broken for small values of N. It is conceivable that a suit-
ably high order of the SD hierarchy would also possess
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broken-symmetry solutions; however, it is clear that this
question cannot be answered within the 1/N expansion
which could no longer be justified if the symmetry is bro-
ken. We will thus assume unbroken symmetry, returning
to comment on the symmetry-breaking case at the end of
this paper.

The Lagrangian density we consider is

L =18,0%90% — Lm30epi— 0 (e (1)
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with a running from 1 to N, m, and A, being the bare
mass and coupling. Using the well-known trick’ of add-
ing to the above Lagrangian the term
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where y is a new field, one obtains the equivalent La-
grangian

L= 13,070~ Impe 0~ yd'ot+ 2yt . (2)
0

The generating functional G for connected Green’s func-
tions is

exp(G)= [ D(®%y)explio) 3)
where
o=S+ [[JUx)9%x)+7(x)x(x)]d*x 4)

with S being the action corresponding to Lagrangian (2).
Using the standard procedure we obtain the mean-field
and propagator equations of the Schwinger-Dyson se-
quence:
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Setting external sources to zero we get ©
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Although we assume the O(N) symmetry is not broken
spontaneously, the x field, since it is an O(N) scalar, will >w =i y00 >w =i [_‘x&,
have a nonzero vacuum expectation value. From Eq. (7)
we get
& FIG. 1. Schwinger-Dyson equations for the propagators.
The wavy line is always proportional to 1/N, while a solid line
A, Ao d’k 4k X ) loop gives a factor of N because of all the fields ®¢ going around
X_mo"'__ (27 )4 Dyy(k) the loop.

where D,(k) is the full ¢ propagator. Functionally

4
differentiating Eqgs. (5) and (6) we obtain the equations for X f d k T éd(p +k,—k,—p)
the propagators: (2
XDXX(p +Kk)D 44 (p)D y4(k) .
N
D, (p)=Dy — 2 DT es (10)
In the above equations D —zko/N DM( )=i/p>—X,
d%k rxaﬁé is the bare 3-point vertex (equal to —1) and T4 is
f —4FX¢¢( —p,p t+k,—k) the full vertex function corresponding to the connected
(2m) 3-point function G'y(x,y,2)=(Tx(x)$(y)d(z)).. Di-
agrammatically, Egs. (9) and (10) are shown in Fig. 1.
XD, (p)D,4(p +k)D 4(k) A short digression about the conventions used is in or-
xx 46 ¢ K) s ; .
der now. The momentum-space Green’s functions
G"(p,,...,p,) are defined only for p,+ --- +p,=0
9) (all momenta are oriented toward the vertex) by
J
(n) d“p 1 d* D 404 (n)
G"xy, .. x)= [ e = Qm*84p, + - A dexpli(pyxyt c +pux,)1G M py, L p,) . (1D
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Also, we use the conventional relationship between the connected Green’s functions G\”..,(p,,..,p,) and one-particle-
irreducible vertices T\ ;(p,,...,p,):

G y(pyse ey p ) =i (pys. .. sPu)Do(py) - - * Dyy(p, ) +one-particle-reducible terms , (12)

where D, (p) is the full propagator.
Now we turn to the problem of determining I',,, from its SD equation. We start with the equation for the 3-point
function G xdidv obtained by functionally differentiating the equation for D 44:

5 d*r
(=306 s Pk, =p =)= =TGPy (PID g —p —k) =T} [ ==

G"”M(p, rn—p—kk—r). (13)

Equation (13) is graphically shown in Fig. 2. Decomposing the connected 4-point function G (4)¢¢ into one-particle-
reducible and 1PI pieces (see Fig. 3) and truncating the propagators on the legs (using the SD equation for D,,) we ob-
tain the equation for the 3-point vertex I"X¢¢ (see Fig. 4):

Cysspk, —p =) =Ty~ ¢¢f (MDD (p =rIDyyk +r)

erd,(p—r,k-Fr —p — KTy lp, —r,r —p)
©) —d4’ Kk =D 4y (r —p — KTy sspsk —rr —p — )T gyl — 1 ey r — k)
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FIG. 2. SD equation for the 3-point connected Green’s func-
tion G(XSJ(#.

o

The above equation also involves the vertex Fxxx’ which
is determined by its SD equation (shown in Fig. 5), in
terms of the propagator D, and vertices I', 44 and Ty, 44
Hence, the only unknown is the 4-point vertex Ty,
The equation for it can be obtained from the one for the
4-point connected Green’s function Giys A much
simpler way is to start from the equation for T, (with
sources kept nonzero) and observe that functional
differentiation pulls out a leg from existing vertices or
propagators. The vertices created in this way are also
1PIL.

In fact this procedure generalizes to an n-point vertex.
We start from the SD equation for a 1PI vertex and want
to derive the equation for the vertex with one more, say,
X leg. We represent the vertices as functional derivatives
of the effective action, which is a generator of 1PI ver-
tices. To pull out an additional y leg we have to apply a
functional derivative § /8y(x). On the left-hand side this
gives the desired vertex (note that we keep all the sources
nonzero). On the right-hand side we have a sum of prod-
ucts of vertices and propagators (see, e.g., Fig. 4). When
the derivative hits a vertex, it transforms it into one with
one more ) leg. When it hits a propagator (for example,
D,,) we obtain (the sum over repeated indices includes
also space-time integration)

8Dab _ 8Dab 5”Ic _
5y  om, Oy

— G LY =TapDaaDyy (15)

where we used the decomposition (12) of the connected
Green’s function G.; into a product of a 3-point vertex
and propagators, and also the orthogonality of the 2-
point vertex I‘fj(’ and the propagator. The net effect is
pulling out a (truncated) leg of each internal propagator.
This procedure can be continued and, although the num-
ber of terms in the equations increases quickly, it is clear
what types of terms will be present.

Now we want to establish the leading-order (in 1/N)
behavior of the propagators and vertices. Using the 1/N
perturbation theory and the properties of free propaga-
tors and vertices (especially that D)) is of order 1/N) it is

not difficult to see (Fig. 6) that D, is of order 1, D,, is
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FIG. 3. Decomposition of the 4-point connected Green’s

function G})s4 into one-particle reducible and 1PI pieces. The

filled out blob always denotes a 1PI vertex.
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FIG. 4. SD equation for the 3-point vertex I' ;5. The exter-
nal legs have been truncated, the short legs drawn serve only to
identify the type of the vertex.

O(1/N),T,..., (only y legs) is O(N) and Ly yes (tWo &
legs and two or more y legs) is O (1/N).

We now make the assumption of the inductive proof.
Suppose we know the propagators to order (1/N), the
vertex T4y to order (1I/NP !, T, 44 to (I/N¥ 72, ...,
and, finally, the vertex with p Y legs and two ¢ legs to or-
der 1. This also implies that we know TI',,, to order
(1/N» 73 (p =2) and, in general, the vertex with k y legs
to order (1/NY ~*.

To make the next step we start with the equation for
the vertex with p x legs and two ¢ legs, to calculate it to
order 1/N. We can then neglect the contribution coming
from the (unknown) vertex with p+1 y legs and two ¢
legs, since that term is of order 1/N? because of the pres-
ence of a D, in the loop. But we need the vertex with

p+2 x legs to order N; fortunately that being the leading
order we can get it simply. We also need the vertices
with p+1, p,...,3 x legs to order N, but by the above
assumption we know them. For the vertices involving
two ¢ legs and any number of y legs up to p, we need
them to order 1 only. Then we use the SD equation for
the vertex with p —1 x legs and two ¢ legs to calculate it
to order 1/N2, using the above result for the vertex with
one more Y legs. We also use that result to calculate the
vertex with p+1 x legs to order 1, which we also need.
This procedure can be continued without encountering
any difficulty. Indeed, consider the case when we want to
calculate the vertex with two ¢ legs and p —k x legs to
order (1/N)**!. We need the vertices with no ¢ legs and
any number of x legs up to p —k+2 to order (1/N)<~1,
By the assumption of the previous paragraph we know
the vertices with up to p —k+1 x legs to that accuracy.
The vertex with p —k—+2 x legs we can get to (1/N)x~!
using the updated value of the vertex with two ¢ legs and
p —k +1 x legs, known to (1/N)*. We also need the ver-
tices with two ¢ legs and up to p —k x legs to order
(1/N)*, and we know them by the inductive assumption.
In the above considerations we have not mentioned the
propagators since it is clear that we never need them to
accuracy better than (1/N)?, since the most accurate cal-
culation (that of I'\44) is to that order. Once we have

2 2 3 2
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FIG. 5. SD equation for the vertex I',,,.
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I 44 to order (1/N) we can calculate the propagators to
(1/N) *! from the SD equations of Fig. 1.

It is simple to check that, starting from the free propa-
gators and vertices, using the SD equations (8)-(10) we
can obtain the propagators to order 1/N, and then, calcu-
lating the first correction to the vertex Fx¢¢’ solve for the
propagators to order 1/N2 This completes the inductive
proof that we can use the truncated SD equations to ob-
tain a systematic expansion in 1/N of the Green’s func-
tions.

Suppose we just truncate the SD equations and solve
them self-consistently. The error we make is still deter-
mined by the neglected term and we can give it as a
power of 1/N, but the solution will not be in the form of
a polynomial in 1/N. Thus, the solution will be correct
to a definite power of 1/N, but it will, in general, contain
terms of all the higher powers also.

All the equations we considered so far were formal
ones, containing the bare parameters and fields. The re-
normalization can be implemented, at least in the 1/N ex-
pansion, rendering the Green’s functions finite,’”® and
preserving the 1/N structure of the equations.

Using the above scheme we can also discuss the case of
the spontaneous breakdown of O(N) symmetry. Assum-
ing that only one of the fields ®¢ has a nonzero vacuum
expectation value and choosing that field to be DY we
denote (®V)=4¢, (y)=x—m2. Equations (5 and (6)
then give (external sources are put to zero)

A A

Sem2y 20 52, O FIPRgp,

X m0+2N¢+2N<T¢) (0)9%0)) , (16)
Xé+{Tx(0)®¥0))=0 . (17)

The SD equations for the propagators and higher-point
functions can be written down in the same way as before
and a systematic expansion in 1/N seems possible. A ma-
jor complication is caused by the presence of the nondi-
agonal propagator D,, (c=®"—4) and new types of
vertices not forbidden anymore by the symmetry of the
original Lagrangian. The equations for the propagators
can still be solved easily to leading order in 1/N, but then
a tachyon pole appears (a signature of choosing the in-
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FIG. 6. (a) Leading-order contribution to y self-energy, pro-
portional to N. (b) Leading-order contribution to the vertex
with any number of y legs, proportional to N. (c) Leading-order
diagram for the 1PI vertex with two ® legs and any number of ¥
legs, proportional to 1/N. Note that the wavy line here
represents the corrected propagator D,, calculated to order
1/N.

correct vacuum)’~° and that makes the whole procedure
of 1/N expansion meaningless. We can imagine finding a
symmetry-breaking solution by solving the truncated SD
equations self-consistently, thus circumventing the expli-
cit expansion in powers of 1/N. However, analytically
that seems impossible and it would require significant nu-
merical effort.

The Gross-Neveu model'® offers another possibility for
studying spontaneous symmetry breaking, the only disad-
vantage being the necessity to work in three dimen-
sions.!! The connection between the truncation of SD
equations and the 1/N expansion, which we established
for the scalar O(N) model, also holds for the Gross-
Neveu Lagrangian; however, complications similar to
those of O(N) arise in the Gross-Neveu model in two di-
mensions. '?

To conclude, we examined the effect of truncating the
Schwinger-Dyson equations for the O(N)-symmetric
model and showed that the errors in Green’s functions
are bounded by powers of 1/N. We examined in detail
the case when the O(N) symmetry is not broken spon-
taneously, but the same conclusion seems to hold for the
case of the vacuum breaking the symmetry to O(N —1).
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