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We derive a method for the calculation of commutators within the functional-integral formula-
tion of quantum mechanics. Anomalous terms in commutators are expressed in terms of the trans-
formation properties of the functional-integral measure. As an application we compute some com-
mutators for the case of the chiral Schwinger model and for chiral QED in 3+ 1 dimensions.

I. INTRODUCTION

Thirty years ago it was recognized that in the realm of
quantum field theory quantum commutators need not
coincide with canonical commutators. In addition to the
canonical contribution there could be extra terms, the
so-called Schwinger terms (ST’s) or anomalous terms
(AT’s), that in general depend on the theory under con-
sideration. Indeed, in Ref. 1 it was shown that for certain
commutators the ST’s cannot be zero if the spectrum of
the theory is bounded from below. With the advent of
current algebra the importance and utility of computing
commutators became clear. Furthermore, the relevance
of ST’s in obtaining results in agreement with experiment
was clearly recognized.? The Bjorken-Johnson-Low
(BJL) method® for the calculation of commutators arose
in this context. This method leads to an expression for
the commutator of two operators in terms of their time-
ordered product (TOP). This TOP can be computed by
means of perturbation theory. Therefore this method has
the virtue of ensuring that the handling of infinities in the
calculation of commutators is consistent with the pro-
cedure employed in getting physical results from pertur-
bation theory. Of course, it is not possible in general to
compute and sum up all the diagrams appearing in the
perturbative expansion of the TOP associated with the
commutator in question. However, in practical calcula-
tions it turns out that only some diagrams contribute to
the anomalous terms of the commutator in question and
that these diagrams are in general anomalous. The
denomination anomalous diagram refers to diagrams
such that it is not possible to make them satisfy some
Ward identity of the theory. This last statement requires
some explanation, since in general for a given theory we
will have a certain set of Ward identities, and we have
anomalies when we cannot satisfy all of them simultane-
ously.

Once we have found possible to satisfy a certain subset
of Ward identities by taking some specific regularization
or what is the same by allowing for only certain counter-
terms then we are left with some diagrams that violate
the rest of the Ward identities. These are what we call
the anomalous diagrams. All these arguments lead us to
expect that anomalies give rise to AT’s in equal-time
commutators (ETC’s).

Let us now consider this situation from the point of
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view of the functional-integral framework. We know that
in this formulation anomalies appear as the noninvari-
ance of the functional-integral measure (FIM) under cer-
tain transformations.® Of course this is true if one ade-
quately defines the FIM. If one wants to compare results
with the ones of perturbation theory then an adequate
definition of the FIM is one that reproduces the results of
perturbation theory for the anomalies. This reproduction
involves not only the definition of the FIM but also a reg-
ularization in correspondence with the one employed in
perturbation theory. In any case the existence of
anomalies is directly related to the FIM. Therefore one
would expect AT’s in commutators to be expressed in
terms of some transformation properties of the FIM.
The purpose of this work is to look for this expression.

This paper is organized as follows. Section II presents
the method for computing commutators. In Sec. III we
apply the results of Sec. II for the case of the chiral
Schwinger model (CSM) and for chiral QED in 3+1 di-
mensions. Appendix A gives support to some formal ma-
nipulations used in Sec. II. Appendix B deals with the
properties of antisymmetry and distributivity under addi-
tion of commutators.

II. COMMUTATORS AND AUXILIARY EVOLUTION

The basic idea behind this method for the calculation
of commutators can be understood considering the fol-
lowing expression for the equal-time commutator (ETC)
of two operators A4 and B:

[A(l'),B(l)]: lir%%[e(i/ﬁ)“A")B(t)e_“/m“"“)—B(l)] i

(2.1)
If we define
B(t,a)=e"i/MaAlip (4)o—(i/Madln 2.2)
with the convention
B(t,0)=B(1), (2.3
then (2.1) can be written as
[40,B01=22p,a) 2.4)
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We interpret (2.2) as giving the a dependence of the
operator B with respect to the evolution dictated by
operator A. That is, in the same way as the Hamiltonian
generates the evolution of the system in time, the opera-
tor A in (2.2) generates the evolution in the parameter a.
In this respect Eq. (2.4) gives the equation of motion for
the operator B under a evolution. Therefore in comput-
ing commutators we are only interested in infinitesimal a
evolution. In order to compute the effects of this evolu-
tion we would like to consider an appropriate functional
integral. However, it is not obvious to write down such a
functional integral, essentially because we do not know
what FIM should be associated with this evolution.
Now, if we assume to have a well-defined FIM for time
evolution, then a possible way to obtain the FIM for a
evolution would be to relate the integration measures by
means of some transformation. If this can be achieved
then the knowledge of the r-integration measure would
lead to the a-integration measure. Essentially the idea
that allows us to connect these two FIM’s is the follow-
ing. We know that time evolution consists just in the ap-
plication of a time-dependent unitary transformation to
the states. The same can be asserted about a evolution.
Therefore, in order to relate these two evolutions we have
to undo the time-dependent unitary transformation and
perform the a-dependent one. In terms of the functional
integral this amounts to performing canonical transfor-
mations. For reasons that will become clear below we
refer to this transformations as Poisson-bracket-
preserving transformations (PBPT). The application of
these PBPT’s will allow us to transform the functional in-
tegral for time evolution into another for a evolution. In
Appendix A we show how the connection between these
two functional integrals works. This is done by consider-
ing the usual partition of time connecting the matrix ele-
ments of infinitesimal evolution operators with the func-
tional integral and performing unitary transformations in
the corresponding expressions.

Now we proceed to develop these ideas more precisely.
Let us consider a regular system with an arbitrary num-
ber of degrees of freedom described by the phase-space
variables {g;,p;} where i denotes a set of indices that can
be either continuous or discrete. For the sake of simplici-
ty we restrict consideration to systems where the Hamil-
tonian is not explicitly time dependent. The transition
amplitude for this system is given by

<[‘Ii'}»A|[‘Ii}»0>
=( {qi'}|e~1i/ﬁ)HAHqi]>

= [[dulyexp | [ P (Zpdi—Hlipoa))| ] :

2.5

As we stated before we assume that we have a well-
defined FIM for time evolution denoted by [du]y in
(2.5). The boundary conditions for the right-hand side
(RHS) of (2.5) are
q,(t=0)=gq;, Vi,
(2.6)
q,-(t=A)=q,', Yi.
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For our present purposes we can take A <<1 in (2.5).
Following the general idea outlined above we first per-
form a time-dependent PBPT on the integration variables
in (2.5) so as to undo time evolution. We take the gen-
erating functional of this transformation to be

®'({g;,p;},t)=3 q;5; —tH({q;,P;}) ; 2.7

hence, the relation between the g;,p; and the new vari-
ables g;,p; is

_ ___OH

A=7£f=m—qzﬂmﬁhy |
2.8
' 3p; ‘oep

This PBPT can be considered as an infinitesimal one be-
cause in the expression under consideration the values of
t are bounded to be less than A and we have A <<1. The
relation between the new Hamiltonian and the old one is
given by

A7) =H({4,p))+ o0 (g,5:),0)

=H({q;,p;})—H({g;,p;})=0(1) .
Neglecting the O(t) terms we have
H=0;

(2.9

(2.10)

therefore, (2.5) transforms to

({7i},4l{q}1,0)

= [[dplyJ({3.5},8—n)exp

b

i A _ .
—ﬁ-fo dt}‘;Pi‘Ii

(2.11)

where we have neglected the border terms associated
with the PBPT (2.8) in accordance with the argument ap-
pearing in Appendix A. J({g,p}.g_ ) denotes the Jaco-
bian associated with the transformation (2.8). For a sys-
tem with a finite number of degrees of freedom
J({g,p},g ) should be one due to Liouville theorem.
For infinite dimensional phase spaces this needs not be
the case due to the eventual presence of infinities that
should be regularized in order that this Jacobian make
sense. However, if for a given system the definition of
[du]y and the regularization of J_; would be such that
J _y turns out to be dependent on the {g;,p;} then some
curious property would arise. We would have that the
expectation value of the Hamiltonian is time dependent
or, what is the same, that the ETC of the Hamiltonian
with itself would not vanish. We think that this property
is not desirable; therefore from now on we will assume
that [du]y and the regularization are defined in such a
way that J_ 5 =1. We remark that this assumption is not
a too restrictive one, since FIM’s are usually defined in
terms of eigenfunctions of a given operator, and these
eigenfunctions are related to the eigenfunctions of the
first quantization Hamiltonian.

The next step is to make a time-dependent PBPT cor-
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sponding to the a evolution. The generating functional
for this transformation is

' 2({g,P'})=3 q,P/ +alt)A({g,P'}), (2.12)
i

where for the moment we take a to be a smooth function

of ¢t such that ¢(0)=0 and a(t) <<1 if t << 1. The corre-

sponding transformation of variables is

2
=22 —priain-2 aqg.ry),
ag; 9g;
32 (2.13)
= =g, +talt)— A({q,P'}),
0, apr ditelgy ({g, P’}
and the new Hamiltonian is determined by
¢(2
H'({Q',P'})= ({g,P'})=a(t)A({g,P'})
t)A(gQ',P';)+o<a2) : (2.14)
Neglecting the O(a?) terms we get
H'=a(t)A({Q',P'}) (2.15)
and (2.11) transforms to
({Q/}y,al{Q/},0)

= [[dw1,J({Q"P'}.g )

Xexp

éfoAdt [;Pf’QE—d(t)A([P',Q'] ) } ] :

(2.16)
J({Q',P'},g4) in (2.16) stands for the Jacobian corre-
sponding to the transformation (2.13). This expression is
the one that corresponds to evolution in a; therefore, we
define the FIM for the evolution dictated by the operator
A as

[dul,=[dulyJ({q,

Having stated this definition we now proceed to see
whether or not it satisfies the following consistency re-
quirement. By means of (2.17) we can write a FIM asso-
ciated to any well-defined function of the phase-space
variables. Let A4, B, and C be three of these functions
such that

C=A+B,

plA). (2.17)

(2.18)

so considering the infinitesimal transformations of the
type (2.13) generated by these functions we have

8c=84°8p > (2.19)
so that the FIM associated with Cis
[dulc=[dulyJ({q,p},8.4°85) - (2.20)

Because of (2.19) it should be also possible to obtain
[du]c by performing an infinitesimal transformation gen-
erated by 4 on [du]g, obtaining

(dulc=(duls)""

=[dplyJ((¢*4,p5"), 85 , 2.21)

{a.p},8.4)

where the superscript g , denotes that the corresponding
quantity is the one obtained by applying the transforma-
tion generated by A. If these two expressions for [du].
are to be the same, we obtain

q:P}:84) »
(2.22)

J({q.p}.8.4°85)=J({q"",p*"},85)J (|

this expression is the Wess-Zumino consistency condi-
tion® for the group of PBPT’s of the phase space under
consideration. We remark that the consistency require-
ment for the FIM leading to (2.22) only involves
infinitesimal transformations. As will be seen below, con-
dition (2.22) turns out to be essential in the proof of the
desirable properties of antisymmetry and distributivity
under addition of the ETC’s. Therefore, we make the
further assumption that [du]y and the regularizations
involved in the calculation of Jacobians should be such
that (2.22) holds.

Having obtained the FIM’s associated with any phase-
space function A({p,q}) we proceed to derive the equa-
tions of motion that lead through (2.4) to the ETC’s. We
obtain these equations of motion using a procedure simi-
lar to the one employed in deriving Ward identities from
the functional integral. That is, we perform a transfor-
mation on the integration variables and then we use the
invariance of the resulting functional integral under vari-
ations with respect to certain parameters of the transfor-

mation. Let us consider the following infinitesimal
PBPT:
P'—>P=P' +e(t aB (P,Q),
3Q
(2.23)
Q'—-Q0=0'— (t)—;(P,Q), e(t)<<1,V1 .

When applying this change of variables to (2.16), the ex-
ponent in that expression transforms to

A oB aB
E:fo dar |y P,—GE*Q— [Q, oP.
—ad P,-~6—§£ Qi te a%? (2.24)

Neglecting terms of O(€?) and O(ae), we obtain

E= foAdt [2 P,Q;—aA(P,Q)—¢éB(P,Q)+ae{ A,B) ] ,

(2.25)
so that (2.16) becomes
(12.1,4112,1,0)= [ 1duluJ(1Q, P8 4oz )exp| L E |,

(2.26)

where we have used (2.22) in rewriting the composition of
Jacobians. The functional variation of (2.26) with respect
to €(t) for fixed extremes, so as not to disturb boundary
conditions, should vanish. Therefore we obtain the equa-
tion
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_ 5 or
A—0
_lioyali |8 b . .
(10185 | T +14.8) [+555711Q.PLgsogs) o 21,0, .27
A—0

where the border terms appearing in E give no contribu-
tion due to the limit A—0. Hence taking into account
the expression (2.4) for the ETC we obtain, as an identity
between matrix elements, the equation

: 8
[A,B]=zh{A,B}—ﬁzggJ({Q,P},gBOgA) et -
€e—0
A—0
(2.28)

This expression does not take into account the case of
ETC between composite operators. In that case we
should specify the ordering of factors in the composite
operators in question. This case is considered in Appen-
dix A, where the following general expression is justified:
[:A:,:B:]=[:A:,:B:]Can—ﬁzéf({Q,P},gBOgA) Gl -
e—0
A—0

(2.29)

Regarding this point we remark that in field theory the
definition of composite operators not only involves a cer-
tain ordering of factors but also a procedure for the han-
dling of infinities. As will become clear in the next sec-
tion this procedure will be determined by the regulariza-
tion one employs in the calculation of the RHS of (2.29).
Equation (2.29) is the main result of this work. We re-
mark that the noncanonical part of the ETC is given by
the second term in (2.29) (if we regard as canonical the
additional terms appearing through operator ordering
effects). These terms are only present when we consider
transformations [the ones denoted by g , and gp in (2.29)]
that in spite of leaving Poisson brackets invariant do not

preserve areas in phase space; i.e., they lead to nontrivial
|

r

Jacobians. For systems with a finite number of degrees of
freedom this cannot be the case due to the Liouville
theorem.

It is not obvious from (2.29) that the ETC’s are an-
tisymmetric and satisfy the distributive law under addi-
tion. These properties are derived in Appendix B, the
crucial ingredients in this derivation being the assump-
tion J_ 5 =1 and the Wess-Zumino consistency condition
(2.22).

III. APPLICATIONS TO FIELD THEORY

We first consider the application of the method
developed in Sec. II to the CSM (Ref. 6). This method
has been devised for regular systems (without con-
straints), and the CSM is a system with constraints. We
will consider the CSM as if it had no constraints; such a
model is by itself interesting and its quantization is a first
step in a recently proposed quantization method for the
CSM (Ref. 7). Furthermore, such a model is also ob-
tained by naively fixing the temporal gauge (4,=0) in
the CSM.

The Lagrangian we consider is

L=Y(id—e AP, Wy— LF, F*, (3.1)
where we have adopted the following conventions:
F,, =9,4,-9,4,, n,v=01, #=1,
{7“,7V}=2g‘“', gyvz&uOSvO_&ulsvl ,
ot _.,0 1t — 1 S5 1 (3.2)
Y =Y, Y TV, Y=Y

P =1(1+iy®), Pr=11-iy?).

The generating functional is therefore given by

G(J,ﬁ,n)=fﬂqrozl)Ez)Aoz)AI:DJ:Dlpexp [ifdzx(woavoJranAl+i$y°ao¢—7{+J-A+1—7¢+$n) ,  (3.3)

where

H=LE>+Ed,Aq—igpy'd,y+e AP, ¢ . (3.4)
We will first evaluate the commutators between gauge
field operators. In calculating the commutator
[Ao(t,xl),wo(t,yl)], we choose first to make the PBPT
generated by m(t,y!), and then the one generated by
Ao( t,x ! ).

—

The only changes produced in the fields are, respective-
ly,

Aolt,z)— Ay(t,zY ) +a()d(z!—yl), Vz!,

(3.5)
mo(t,z ) > my(t,z')—e(t)8(z'—x1), Vz'.

We can see that the FIM of the gauge fields does not
change under (3.5) (they are mere translations of the
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fields). It can also be seen that for this model the fer-
mionic integration measure (including regularization), is
invariant under (3.5). Consequently, we obtain for (3.5)
the trivial Jacobian J = 1.

As J=1, we can say that the commutator will be
“canonical” (including in the term ‘“‘canonical” the cases
where the Schwinger’s terms are due to operator-ordering
problems). The resulting commutator is then

[Ag,(t,x"),mo(t,yN]=i8(x'—p) . (3.6)

Taking into account that the transformation generated by
E also leads to a trivial Jacobian, we conclude that all the
commutators between gauge fields do not contain anoma-
lous terms for this model.

Now we consider the more interesting case of commu-
tators between currents and gauge field operators.

Since the fermionic currents are composite operators,
we should regularize them, in order to have a well-
defined commutator. Different regularizations give place
to different composite operators, all of them with the
same classical limit when #—0. In order to be definite
about which current we are speaking about, we give their
definitions in terms of the point-splitting method.*® The
first definition for the left-handed current we consider is

jf(x,a)= lirrz)tZ(x —€/2)y*P (x +€/2)

Xexp

. +es2
iea f:_:/z dy,A*(y) |, @7

where a symmetrical limit is understood.

Corresponding to this definition of the current there
should exist a regularization of the Jacobian associated
with the transformation generated by the classical
current. This transformation is

Y(x)—>P(x)+ip(x)y°y P (x) ,
Y(x)—P(x)—ip(x)P(x)y y°Py .

One way to obtain the above-mentioned regularization of
the Jacobian in correspondence with the definition (3.7) is
the following. From (3.7) we can calculate the divergence
of the current, then we look for a regularization of the
Jacobian associated with (3.8) for u=0 such that the
anomaly so obtained is the same as the divergence of the

|

(3.8)
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current (3.7). In this way one obtains the same Ward
identity for the divergence of the current in the path-
integral framework. The regularization operator one has
to choose in accordance with (3.7) is

D=@3+ieA(P, +aPg) . (3.9)

In order to evaluate the Jacobian, we choose the basis of
eigenfunctions,

Do, (x)=L,8,(x),
[ a4} (x)8,,(x)=8,,,

[the operator P can be made Hermitian by a “smooth
continuation” of the axial component of the field 4#
(Ref. 9)], and following the standard method,'® we find
the Jacobian for (3.8),

(3.10)

J=exp E’%fdzxp(x)[(l-i-a)e’”—(l—a)g“V]B#AV .

(3.11)

Having obtained the desired regularization, we consider
first the commutator between the fields Tro(t,xl) and
j%t,y"). We perform first the transformation generated
by mo(t,x ') and, as we know, we obtain J =1.

According to (2.29), the evaluation of this commutator
involves the calculation of

8J
S, la—s1]
0

de
€—>

A—0

where the expectation value is evaluated with the opera-
tor 7,(t,x ) as Hamiltonian:

(&
e

__ e v v
d_.]>-—§_r~([(a—l)g" +(a +1)e* ]aﬂAV(t,yl)) .

A—0
(3.12)

Then, as the ‘““canonical” commutator between j%z,y!)
and 7(t,x ') is zero, we find

([jo(t,yl),ﬂo(t,x1)]>=—8ie;[(a—l)<80A0(t,y‘))+(a—l)(B,Al(t,y‘))

+(a@a+1){(3y4,(t,p"))—(a+1)(3,4,(t,y"))] .

(3.13)

So, we finally have to evaluate the expectation values of the derivatives of the field 4#, with m,(z,x ') as Hamiltonian.
To this end we consider the functional integral associated with the evolution generated by my(¢,x ),

Z= [DryDE D AoD A, DY Dipexp

Performing the transformation
o2,z ) > mylt,z!)+8my(t,z') (3.15)

and noting that Z cannot depend on 8, we find

i [d%2[m@gAo+EdA,+iy°dgp—md(x'—z")] | .

(3.14)

8Z
Smy(2)

=0—(3yA4,(t,y1))=8(x"—p!). (3.16)

Analogously, performing the change of variables
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E(t,z2")—>E(t,z")+8E(t,z") 3.17)
we obtain
(394 ,(t,y1))=0 (3.18)
and employing similar calculations we also find
(8,4,(t,yH))=0,
(3.19)

(3,4 t,yH)=0.

Inserting the results (3.16), (3.18), and (3.19) in (3.12), we
obtain

[jo(t,yl),‘fro(t,xl)]=£(a —Dd(x'—yph.  (3.20)

As in our definition (3.7) of the current we have

j%x,a)=—j%x,a), V¥x, VYa , (3.21)

the exponent of the Jacobian for j! will differ only in a
sign with that of j°. Then we can obtain the commutator
between j! and m,,

L'y mol,x)]=— 2= (a—Dé(x =y 1) .

Py (3.22)

In an analogous fashion we calculate the commutators
between the currents and the electric field, obtaining

[jo(t,yl),E(t,x‘)]———Si—fT(a FUS(xI—pl),  (3.23)

i, ph),E(t,x1) =—;—;(a+1)8(x1—y1). (3.24)

It can also be easily seen that the commutators between
the 4 ,’s and the currents all vanish.

Next, we consider the evaluation of the same commu-
tators (3.20), and (3.22)-(3.24) but with another definition
of the current. In terms of the point-splitting method
this current is given by

JHx,a)= lir%lz(x —e/2)(y*P, —ieae Ay*y Wix +€/2)
€—

x+e/2

Xex [iea dy, A* . 3.25

P fx—e/Z y“ (_V) ( )
This definition corresponds to the consistent gauge
current given by the derivative of the effective action
respect to the field 4,. One way of calculating these
commutators is by means of the relation between the two
different definitions of the current we have given (11).
This relation is

Tu . ea v

JHxX)=jMx)———€*4 (x) . (3.26)

87
Now, using (3.26), we can obtain the commutators in-

volving j ¥. For example,

[7l(t’yl)’7ro(tvxl)]=[j](tyyl):77'0(t’x] )]
ea
+§T—[A0(t,y‘),7ro(t,x‘)]

=L §(x'—p1) . (3.27)
8

Analogously, we find

[f"(t,y1>,7rou,x‘)]=—8fiﬂ<a—1)5(x1—y‘> . (3.28)

[7°(z,y‘),E(t,x‘)]=§5(x‘—y‘) , (3.29)

[7 ey, E(t,x")]= —éi—(a —1)8(x'—y!) . (3.30)

Another way of calculating these commutators consists
in directly looking for a regularization of the Jacobian as-
sociated with (3.8), in accordance with the definition
(3.25). It is clear from (3.25) that we should regularize in
a different fashion the transformations generated by j
and j .

It is easy to check by explicit calculation that the regu-
larization operators we have to use are

D=3+ieA(P, +aPy), (3.31)
for 7 °, and
P=(1+a)"[d+ie A(P, +aPy)], (3.32)

for j L.

Now we consider the calculation of some commutators
in (3+1)-dimensional chiral QED taken as a theory
without constraints.

The Lagrangian for this theory is given by

,L={/;iD¢—%F‘WF‘”, (3.33)
where now
D=a+ieAPL, PL=‘;-(1+'}/5) N
S 0123 (3.34)
Y =Wwrrvw

and the gauge field 4# is Abelian.
In consequence, the generating functional we consider
is

GW,7,m= [ DnaDE DA,DI DY

X exp ifd4x(1roaoA0+E60A+i17’-?’oao'/’

—H+T-A+dm+7yY) | . (3.35)
We will calculate the commutators between the charge
density and the canonical momenta of the gauge fields.
The charge density operator is chosen as the temporal

component of the gauge-covariant current. Therefore
under the transformation

1lf(x)—»eia(xm"¢r(x) ,

‘ (3.36)

J(x)—»;f(x)e xa(x)PR ,

the Jacobian for the fermionic measure is!®
. 2
— e 4 = v
J=exp | = — Jd*x a(x)F, Fo | (3.37)

For the commutator between 7, and j° we have the ex-
pression
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6J >
8€(t) | jr=rys,3)

where the Jacobian appearing in (3.38) is the one corre-
sponding to the transformation

W(t,z)—>Y(t,Z)—ie(t)d(Xx —Z)P Y(t,Z) ,
J(t,i)—»tz(t,f)+ie(t)8(f—E)J(t,E)PR .
Then we find

L%, 7),m(t,%)]= —< , (3.38)

(3.39)

L%, 7),m(2,%)]

2
= I |y
__ ie?

o (E/t,5)B/(1,7))]
o

H=”0“’E)=O , (3.40)
where the expectation value in presence of the Hamiltoni-
an my(¢,X) is evaluated by a procedure analogous to the
one employed in the CSM.

Finally, we can calculate the commutator between the
same current and the field E. In this case we have

1 2 . .
[i%t,5), E(£,%)]= —ijT—Z(Ej(t,f)Bf(t,)—))>|H=Ek(,j)

)
e efe =
=—————;1T2Bk(t,x)8(x— ).

(3.41)
|
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Note that the different Hamiltonians give place to
different expectation values of the same operator.

Although the antisymmetry of the commutators is not
explicit in the above calculations, this property has been
proved in general (Appendix B) and can be checked in
each case. As an example we calculate the commutator
(3.29) between E(t,x!) and fo(t,yl) in the reverse order
to the one chosen in (3.29). Following (2.29), we first con-
sider the transformation generated by j°(z,y') with pa-
rameter a(t):

Ytz ) >tz ) —ia()d(z'—y )P (t,2Y)
(3.42)
Y,z > P(t,z ) +ial(t)d(z! —yHdir,zHPy

under which the measure acquires the Jacobian
= — i v__ — v 1
J(a)=exp S#fdt a(t)[e”—(1—a)gh*13,4,(1,y") |.

(3.43)
Now we perform the transformation generated by
E(t,x"),

A (t,z)— A, (t,z") +e(t)d(z'—x) , (3.44)

under which the only modification is that the Jacobian
(3.43) will change to

J(a,e)=exp ——é%fdt{a(t)[e“”—(l—a 18418, 4,(t,y ) +a(D[éDd(x'—y " )1+a)+e()d'(y' —x")(1—a)]}

Integrating by parts and recalling (2.29), we have to cal-
culate
8J ie

_ le .. 1_ 1
86(t)(a’€) 87T[oc(t)«f)(x y)

+(1—a)a)d'(yl—x"], (3.46)

and then taking the limits @¢— 1, € —0, A—0 we obtain

[E(t,x"),]%t,p")]= —é%ﬁ(xl—y‘) , (3.47)
which must be compared with (3.29).

Finally we make some comments about the calculation
of current-current commutators. It is readily verified
that the second term in the RHS of (2.29) does not con-
tribute to these commutators. In Refs. 12 and 13 it is
shown that using a point-splitting definition of the
currents and canonical anticommutators for the fermion-
ic fields, the commutators between currents so obtained
are in agreement with the results obtained with the BJL
limit. Therefore the result for these commutators is
correctly given by the first term in (2.29). However, we
remark that the point-splitting definitions employed in
Refs. 12 and 13 do not agree with our definitions, but us-
ing them the same results can be obtained.'*

(3.45)

IV. CONCLUSIONS

We have derived a method for the calculation of quan-
tum commutators in the functional integral formulation
of quantum mechanics. This method leads to a general
expression for ETC’s where anomalous contributions
arise when the FIM has anomalous transformation prop-
erties. In order to get results in agreement with the BJL
method based on perturbation theory one should make
the correspondence between the regularization involved
in the perturbative calculation of anomalous Ward identi-
ties and the associated regularization of ill-defined trans-
formations of the FIM.

Having obtained a general expression for ETC’s a nat-
ural step is to analyze general properties of them. In par-
ticular it would be interesting to know under what condi-
tions one could expect a violation of Jacobi identity. In
this respect the application of this method to the calcula-
tion of the ETC between electric fields in the (3+1)-
dimensional non-Abelian chiral gauge theory is certainly
interesting. This method can be very useful in the search
of a consistent quantization of chiral gauge theories, par-
ticularly if one employs the method proposed in Ref. 7.
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In this appendix we reexamine the results obtained in
Sec. II in terms, of the usually employed relation between
the operator formulation and functional integral formula-
tion of quantum mechanics. We think that this appendix

_

Tg:<qF“e—(i/ﬁ)AlH)N‘ql>

N-—1
:fdPN I1 dp.dq,{q"lpy){pyle "M Hlgy ) gy,

i=1

X(pN71|e‘1i/ﬁ)AtHIqN72> e <¢12]P1 ><p1184(iAl/ﬁ)H|ql>, NAt=1t .
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will help to clarify certain points of Sec. II. In particular
we are interested in questions such as operator ordering,
border terms, and the operator version of the first term in
the RHS of (2.28).

Let us consider the transition amplitude

THE=(g%tlg"0)=(gFle ""/PH|gl) (<1, (Al)

where g and ¢ denote certain values for the coordinates
of all the degrees of freedom of the system. For further
use and in order to fix notation we derive, following the
standard procedure, the functional-integral version of
(A1). We rewrite (A1) as

PN —1 )

(A2)

In order to evaluate the matrix elements appearing in (A2) we choose a definite operator ordering in the Hamiltonian.
Following Ref. 15 we adopt the convention that in H all the p’s are to the left of the ¢’s. We denote this particular
operator ordering by semicolons on each side of the operator in question. With this convention we have

—u H: 1 —i
G /MALH: )y — ] .
(ple g )= (2#)1/2exp P [pg+H(p,q)]At |, Ar<<1; (A3)
inserting (A3) in (A2) we obtain the result
dpy N1 dp;dg; i N 9n+1"4n
= [N kiR L . | ,q,) |At (A4)
Ty Mo exp 7= Pn+1 At (Pu+1:9n
Now we proceed to undo time evolution. Let us consider the following family of unitary operators:
G, =exp énm:H; , n=0,1,...,N . (AS)
Inserting these operators in (A2) we can rewrite T/ as
N-1 ‘ .
Tg = fdPN I1 dpidg, <qF| G;/ Iy (py|Gye M“/mA"H’G;\r/ “ilgy 1)
i=1
X <QN—1|GN—1G;/—1 oy 1) - (g, |G1G“P1 pilGre™ WmAhH:G(HqI) ) (A6)
noting that
G e li/matH:gt =1
n n-— ’
(A7)
Fl ot 1 _ i F F
(g"IGylpy) = Gy 2P |~ 5 Hpya D) (¢flpy), T<<1,
we get
dpy N1 dp,dg; i N 9n+1"9n
TH= gra i —2’# exp | — Eo Prtg—— A tHpy.ar) (A8)
The last term in the exponent of (A8) is exactly the contribution of the border terms,
t
e (I)“) .
Jyar [®"+ 2 |27 (A9)

that we have neglected in (2.11). Now neglecting this border term corresponds to setting G,t,=l in (A6). And this is

the same as considering the trivial transition amplitude
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Tgl=<qF|GNe-(i/ﬁ)rH}ql> =(qFlg!) ,
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(A10)

that is what we wanted to consider in (2.11). The procedure employed in obtaining a evolution from the trivial transi-
tion amplitude (A 10) is the same. We consider the following family of unitary operators:

U,=exp —é—am:A: , ay=0.

(A11)

Inserting the U,’s in the trivial transition amplitude (A10) in the same way as the G,’s were inserted in (A6) and

evaluating matrix elements one gets

dpy N-1dp;dg, i NS! 9u+174n  Qp41 QA i
Te= 2r 1 2'7T-—'—exp % ngO Pn+1 . At - At s APy +1:9,) _EO‘NA(PN’QF) (A12)
Neglecting the border terms in (A12) is equivalent to considering the transition amplitude
Tp’}=<qFJUN|q’>=<qF exp —éa,,:A: q'> , (A13)
|
that corresponds to (2.16).
In order to obtain the ETC between the operators 4 and B we consider the following unitary operators:
V,=exp —-éen:B: . (A14)
Inserting these operators in (A13) we have
N—1
E ¥ —G/Ma, A+
T#= fdPN I1 dp;dg;(q"1Vylpy ) py|Vye Vi-1lgy-1)
=1
X (9N71|VN71V;’71 lv—1) - g,V VHPl ><P11Vle~i/ﬁ:A:Vg|ql> ’ (A15)
noting that
Vne4(1/ﬁ)oz”:A.V:-1 _ Vnev(z’/ﬁ)a":A:VIVH V:~1
_ i . . i €0 €p—
=exp —Z(a,,:A:—a,,e,,[:A:,:B:])At eXp | =24, :B:At |, (A16)
where
a, —a,
I Al7
a, Az ( )
Replacing (A16) in (A15) we get
N-1 s .
_ + —(i/f)€, At:B: —(i/flay(:A:—€, [:4::B: DAL
Tﬁ”‘fdl’zv Hdpidqi<qFlVNle)(pN|e e TN ‘ lay—1)
i=1
—(i/h)é At:B: —(i/f)a,At(:A:—€,[:4:,:B:])
X Cqylpw—1) * (aylpy ) (pyle AT T mASEATARAE g 1) (A18)
[
As T4 is independent of the €’s, then taking the deriva- ®,(q,P)=3 qPi+adlq,P). (A19)

tive of (A18) with respect to €, at €;=0, ¥; and equating
to zero one gets an expression that shows us that the first
term in the RHS of (2.28) is the canonical commutator of
the ordered operators 4 and B.

All this derivation does not touch upon the appearance
of AT’s in ETC’s. In order to get an idea of the origin of
these terms in the present discussion we briefly reconsider
some points of the preceding derivation. Let us consider
the identity component of the group of PBPT’s of the
phase space of the system. Each element of this group
can be represented by its generating functional,

To the group product of two elements there corresponds
a generating functional that is obtained as a Baker-
Haussdorf type of expansion (16). The algebra of this
group is the Poisson-bracket algebra; even for only one
degree of freedom this is an infinite-dimensional Lie alge-
bra. In formulas such as (A5), (Al1), and (A14) we are
dealing with an infinite-dimensional representation of this
group. To a group element of the generic form (A19) we
associate the following unitary operator acting on the
space of states of the system:
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U,=exp[—ia:4(p,3):], (A20)
it is important to note the ordering symbol in (A20). This
representation is in general a projective one (17). If this
were not the case, then the following equation would be
valid,

[:2:,:§:]=:{A,’P}:, (A21)
which is not in general true. The representation (A20)
will in general produce phase factors in the group compo-
sition law and the corresponding extensions of the Lie
algebra of this group. Anomalous terms arising from the
second term in the RHS of (2.29) arise in a similar way.
If for certain subgroups we have, in addition to the
operator-ordering phase factor appearing in the composi-
tion law, extra projective phases, then the Lie algebra will
have additional extensions that are the anomalous terms.
From this point of view the present work just gives a
method for calculating these extensions in terms of the
transformation properties of the FIM.

APPENDIX B

In this appendix we consider the antisymmetry and dis-
tributivity under addition of the ETC’s. We remark that
a priori the expression (2.29) for the ETC does not seem
to have any simple transformation property under inter-
change of its arguments 4 and B. Therefore for the mo-
ment we take the convention that the first operator in the
commutator is the one that dictates evolution and the
second argument is the one for which we calculate the
equation of motion. The strategy we employ in proving
the above-mentioned properties is the following. We first
show that [0, A ]=0; using this result we next prove that
[ A, A]=0; finally we derive distributivity in both argu-
ments. From the last two properties antisymmetry fol-
lows.

Property (1) [0,4]=0. (B1)

Let us consider the following matrix element for evolu-
tion with the null operator
A(A)E <qF'eiAOAe ‘iAOlql)
i rA
— dt .q:
ﬁ f“A ;pl ql

= [[dply A(0)exp (B2)

We note that in writing (B2) we have used the assumption
J({q,p},q_gx)=1. We can express A(A+¢€), e<<1, as
follows:

A(A+e)=A(A)+e=2- 4(A)

oA
=AM +ef [dp]HA(O)fA— %foAdt 3 pi
X exp %foAdt gp,.q,- (B3)
By means of the Hamilton-Jacobi equation,
g_i -H, (B4)
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we obtain
A(A+e)=A(A) (B5)
so that
.,dA —n—
zhdA(A) 0=[0,4]. (B6)

We note that using this result and the expression for the
commutator as given by (2.29) we obtain the following
identity between matrix elements:
. 6
0, A]1=lim —#—J({q,p},g 4(€))=0.
[0, 4] Zg}) e (19:r}:84
—0

Property (2) [A4,A]=0. (B8)

(B7)

From (2.29) the expression for this commutator is

[4,4]=—lim ﬁZ%J({q,p},g,,(e)ogA(a))
d—*]

€e—0
A—0

= —lim #2J({q,p}.g,(e+a))
a—1 O€

€—0
A—0

= —lim #2J({q.p},g,(€)) , (B9)
a—1 O€

€e—0
A—0

where for the last equality we have used the fact that due
to the initial condition a(0)=0, if @—1 and A—0 then
a—0. From (B9) and (B7), (B8) follows.

Property (3a) [B+C,A]=[B,4A]+[C,A4]. (B10)

The anomalous contribution to the commutator in the
LHS of (B10) is given by

[B+C,A4],,

=—# lim iJ({q,p},g,,(a)ogjg(e)ogc(e)) . (BID

a—1 Oa
€e—0
A—0

This contribution is the one for which distributivity is not
obvious. By repeated application of (2.22) to the Jacobi-
an appearing in (B11) we obtain the identity

J({q,p},g4(a)oggle)og (e))
=J({g,p )54 g (eI ({q,p)5*' ", g5(€))
XJ({q,p},gA(a)) ’

now inserting (B12) in (B11) we have

(B12)

[B+C, 4],,=—# lim
panc;
A—0

&J g (aPggle)
5a!({q,p] ,8c(€))

o) g 4(a)
+ = 4
an({q,p} ,8p(€))

)
+ Y J({q,p},g4(a))
(B13)
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the last term in the RHS of (B13) vanishes because of
(B7). The second term gives just [B, A ],, and the first
term gives [C, 4 ],,, using the same argument that lead to
the last equality in (B9). So we obtain

[B+C,A),,=[B,4],,+[C,4],,, (B14)
which leads to (B10).

Property (3b) [4,B+C]=[A,B]+[4,C]. (B15)
We have

[4,B+C],,

=—# lim %J({q,p},gg(e)ogc(e)og,,(a)) ;
a—1

e—0

A—0
(B16)

by using (2.22) we can rewrite (B16) as

[4,B+Cl,,=—# lim sl 8cte)

a—1

o)
gg]({q,p ,84(a))

€—0
A0

8
5t {q,p}.8p(€)ogc(€))

(B17)

The last term vanishes because of the analog of (B7) for

the operator B+C. Neglecting terms of O(e?), which
vanish in the limit € —0, the first term can be written as

. (e)0g(€)
—# lim iJ([q,p}gB 5 g 4(a))
a —1 Se
€0
A -0
2 g 8 gBlsl
=—#lim |—J({q,p} , 8 4(a))
a1 | O€
e—0
A0

+~§—J({q,p}gcl€),g,,(a)) ,

8¢ (B18)

so that we obtain

[4,B+Cl,,=[A4,B1,,+[4,Cl.. , (B19)

which leads to (B15).
We note that (B8) together with (B10) and (B15) imply

[4,B]=—[B,A4]. (B20)

A direct proof of (B20) can also be obtained by using
(B7), (B8), and (2.22).

It is important to remark that in proving properties
(3a) and (3b), we have assumed that the Jacobians associ-
ated with the transformations generated by the two
operators appearing in the commutator satisfy the condi-
tion (2.22). If one of them or both do not satisfy this con-
dition then we have no proof of these properties.
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