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The canonical quantization of the topological field-theory model fMF A B, proposed by Horowitz,
is examined through the Becchi-Rouet-Stora-Tyutin approach. With this approach we have a mani-
festly covariant description of a certain class of topological quantum field theories. However, if M
in the present model is any orientable four-dimensional manifold, one would end up with different
theories when different polarizations are chosen. Therefore a restriction M =R ' X 3, as pointed out

by Horowitz, is required for consistency.

Topological field theories are theories that have no
classical physics because they have no local dynamics.
However, when quantized, the consequences are extreme-
ly rich. For instance, topological quantum Yang-Mills
theory in four dimensions gives . path-integral represen-
tation of the Donaldson invariants.! And topological
quantum Chern-Simons theory in three dimensions pro-
vides a natural framework for studying knot theory. It
has also been related to (1+ 1)-dimensional conformal
field theory by establishing the correspondence between
conformal blocks? and quantum states.® Recently, a cer-
tain class of exactly soluble difftomorphism-invariant
theories has been suggested in Ref. 4, where the author(s)
showed us a three-dimensional Chern-Simons action ap-
pearing in the solution of a four-dimensional topological
quantum gauge theory, and they gave a natural descrip-
tion of the linking number in terms of a two-point func-
tion of a topological field theory.

As is known, for conventional constrained systems, one
usually is free to solve constraints before or after quanti-
zation. But for topological field theories, the procedure
of imposing constraints first and then quantizing, which
has been used in Refs. 3 and 4, becomes very subtle since
the reduced solution spaces usually are finite dimensional.
Now we pay attention to the model proposed by
Horowitz in Ref. 4.

This is a system with two fields: a Maxwell field
F,,=9,4,—9,4, and a two-form axion potential B,,,
on a four-dimensional manifold M. The action reads

s=fMF/\B . (1)

It is easy to see the theory possesses two gauge invari-
ances:

(1) A=dp (2a)

and

(2) B=d¢, (2b)
where d is the exterior differential operator, and p(x) and
§(x) arbitrary zero- and one-forms on M, respectively.
The variations of (1) with respect to B, and 4, give
“equations of motion”
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F,,=0 and H,,,=39.,B,,,=0. (3)

vl

It has been shown* that modulo the gauge transforma-
tions (2), the reduced classical solution spaces of 4, and
B,, are exactly the first and the second cohomology
group of M, respectively. From action (1), one can see
that potentials 4 and B are conjugate fields with each
other. On the other hand, however, since the dimension
of the first cohomology group is unnecessary to equal the
one of the second cohomology group in a general four-
manifold, the reduced solution space cannot generally be
identified with the phase space. Therefore when quan-
tized, a restriction

M=3XR' 4)

is required, where X is a three-dimensional compact man-
ifold, on which it certainly satisfies dimH'(Z)
=dimH*(3) (Ref. 4).

At first look, it seems that if with the Becchi-Rouet-
Stora-Tyutin (BRST) quantization restriction (4) could be
relaxed since coupled with auxiliary fields the potentials
do not satisfy flat connection conditions (3) any more and
the corresponding solution space would be infinite dimen-
sional (see below). Therefore the phase space would be
well defined on any orientable manifold M. In this paper,
we shall examine this issue and we find that with the
BRST quantization restriction (4) is still required other-
wise the different polarization choices would probably
lead to different quantum theories although BRST quant-
ization could be formally done.

The BRST quantization will be done in the Lagrangian
formalism.® This is because, first, topological field
theories have vanishing Hamiltonians, as a result of
diffeomorphism invariance. And second, we try to avoid
treating Lorentz components of fields unequally so that
the manifest Lorentz covariance of the theory can be
maintained in each step.

At the classical level, the covariant description of the
canonical formalism has been investigated and covariant
symplectic structures for gauge field theories have been
given in more or less different spirits.”!® Now we
present a more practical procedure to construct a co-
variant symplectic structure for a relativistic theory.
Suppose a  theory described by Lagrangian
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L=L($;,0,¢;), i=12,...,n. Instead of specially
treating time ¢, we define the conjugates of configurations
¢; as my,=[dL/3(3"¢;)]le*, where e+=(—)dx'
Adx?A - -+ Adx? with dx* missed behaves like a vector
in the tangent space of M. Then all ¢; and 7,; will span
the phase space, which is a cotangent bundle of the
configuration space ¢; at space-time point x € M if a sym-
plectic structure is supplemented. To do so, we define
one-forms 8¢; and 8wy, on space (¢;,m,). Then
Q= f y99; Ndm,; defines a symplectic structure, where
the integration will be performed over an arbitrary
initial-value hypersurface Y of M. Such an Q is certainly
Lorentz invariant. If the theory at hand is a constrained
one, { will in general be degenerate. A well-known ex-
ample is Yang-Mills theories. In this case, one has to
define  on either the moduli space, the original phase
space modulo the transformations generated by the con-
straints® or the enlarged (super)phase space correspond-
ing to a covariantly gauge-fixing effective theory.!°

Now we consider the BRST canonical quantization of
model (1). The point of BRST quantization is as follows.
Choosing covariant gauge functions and making up a few
degrees of freedom (ghosts and Lagrangian multipliers),
one converts the local gauge invariances of the theory
into a global BRST symmetry. After quantization one re-
quires the quantum physical states to be annihilated by
BRST charge to respect BRST invariance. Thus BRST
quantization essentially is an approach with which one
quantizes first and then imposes constraints.

The symmetries of (1) have been analyzed in Ref. 4.
First, like any two-field theory, it is invariant under
transformations

8A,=VPF,,, B, =VPH,, 5)

for arbitrary vector field ¥ on M. However, the invari-
ance under (5) leads to no constraint. So that if two sym-
metries differ just by (5), they are equivalent. Next, (1) is
diffeomorphism invariant. Since the Lagrangian is a top
form in four dimensions, under a diffeomorphism trans-
formation generated by an arbitrary vector field V on M
via a Lie derivative, it gives

LyS= fMd[(F/\B)( 1+[d(FAB)IV)=0, (6)

provided M is boundaryless or ¥” vanishes on the bound-
ary of M. The corresponding diffeomorphism transfor-
mations of 4, and B, are

Ly A, =3, A,VP)+VFF,, (7a)

LyB,,=—23,,(B,,V)+V°H,,, . (7b)

vlp

Finally, action (1) has the gauge invariances (2a) and (2b).
Comparing (7a) and (7b) with (2a) and (2b), one immedi-
ately finds that modulo transformations (5),
diffeomorphism transformations (7) completely fall in to
gauge transformations. As a result, the constraints of
theory (1) only relate to the gauge symmetry. In other
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words, only gauge transformations (2a) and (2b) need to
be gauge fixed.

The BRST gauge fixing is realized by introducing prop-
er ghosts so that a covariant nilpotent (off-shell) BRST
symmetry holds. The gauge fixing for (2a) is very com-
mon: We define Ac (x)=p(x); here, A is a Grassmannian
parameter and c¢ (x) anticommuting zero-form with ghost
number one (usually one does not have to introduce
ghosts for the Abelian gauge potential since they are
decoupled; here we do so just for convenience and make
it more straightforward to generalize to non-Abelian
cases). We also introduce an anticommuting zero-form
antighost ¢(x) with ghost number minus one, and a com-
muting zero-form Lagrange multiplier D (x) with null
ghost number. The BRST transformations are

sA4,=XA3,c, sc=0, sc=IiAD, sD=0. (8)

The ghost structure for fixing (2b) is a little more compli-
cated because gauge parameter { in (2b) is a one-form.
Therefore we need two generations of ghosts.'""!> The
first generation denoted by & and &, being anticommuting
one-forms with ghost number plus and minus one, respec-
tively, is used to fix (2b). Since £ and & behave like gauge
fields, the gauge fixings for them are needed. It leads the
introduction of the second generation ghosts ¢, 77, and ¢,
commuting zero-forms with ghost number two, zero, and
minus two, respectively. Then three Lagrange multi-
pliers G, the commuting one form with null ghost num-
ber, and E and E, anticommuting zero forms with ghost
number plus and minus one, respectively, also are intro-
duced so that BRST invariance will be off shell. The
BRST transformations are

sB,,=A0,§,—9,8,), s§,=—ild,$, s¢=0,

s§#=kG#, SGHZO, sP=AE , 9)
sE =0, s¢=AE, sE=0.

The relations of all fields in (9) are shown as follows:

Form number

2
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é 0
-2
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§
¢ E
ghost number 2 1

It is easy to see that BRST transformation is nilpotent,
i.e., s2=0 for all transformations of the fields.

To complete gauge fixing, we also need to introduce
gauge functions. Taking into account of (8) and (9), we
choose

#4,, B, 8, ¥E,. (10)

With all these ingredients, we can write down the
effective Lagrangian with the requirement of BRST in-
variance:
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st[E(a”A“—;—aD)+§T"(6"BW—%BG#)+17(8"§T”—%yf)+$(a“§#+%yE)]

=[ FAB+ [ (D& A4,—LlaD’~id*ed,c)+ [ (G*3"B,, — 1BGHG, +1d"G, +8"43,¢

where §,,=9,8,—9,§,, and a, B, and y are gauge param-
eters. All fields above are real by definition.

In covariant gauge fixing, we have unavoidably intro-
duced a metric on M; therefore, the gauge-fixed action is
no longer diffeomorphism invariant. Since a metric in
general does not respect the difftfomorphism invariance,
topological field theories perhaps do not accept covariant
gauge fixings. However, till now no evidence has shown
that the metric introduced by gauge fixing will break the
general covariance of a topological quantum theory. For
instance, in topological quantum Yang-Mills and topo-
logical quantum Chern-Simons theories, it seems covari-
ant gauge fixing does not break topological invari-
ance."?> In the present case, as we shall see, physical
quantum states as well as the constraints those states
obey are metric independent. Moreover, as pointed out
in Ref. 14, the energy-momentum tensor ©,, associated
with the gauge-fixing Lagrangian is nonzero, but it takes
the form ©,,={Q,Y,,} for some Y,,, where Q is BRST
charge. This means the expectation value of ©,, between
physical states will vanish. However, a solid proof of
general covariance anomaly-free is still lacking.

Being manifestly covariant, the effective Lagrangian
(11) has an advantage for the partition function calcula-
tion as well as perturbative analysis; however, here
we would like to proceed in canonical description.
Extremizing action (11) gives field equations. Taking
the Feynman gauge (y=1), we find that all ghosts
D and G, are free fields satisfying 93,9 =0,
¢ =(¢,c,8,8,4,1,6,D,G,) (this is not a surprise since we
are treating an Abelian theory). While 4, and B,,, un-
J

1E®¢,,—IEE, +IEYE, +iyEE) , (1)

[
like the propagating fields in @, are governed by

€ F, =3#G", (12a)
2**3,B ,, =3"D . (12b)

Equation (12) shows us that with the covariant gauge
fixing unlike Eqgs. (2a) and (2b), the gauge and axion po-
tentials are no longer subjected to the zero-field-strength
conditions. (A similar situation occurs in quantum topo-
logical Chern-Simons theory even with an axial gauge,’
where, once Wilson lines are involved, a constraint such
as (3) obtains extra terms, which are interpreted as hav-
ing a quantum origin.) The important thing here is that
the solution space is infinite dimensional, and cannot be
reduced to or be identified with a finite-dimensional phase
space. Thus the standard canonical approach might be
used here.

To have the phase space, we identify configuration
space with ®=(4,,¢,t,§,8,4,4, and G,) at x EM. And
then define canonical conjugate 74, of ® as

T4y =[3Lg/8(3,4,)]e,, 7. =[3Lq/3(3,c)]e (13)

I,‘ I
and so on. Finally, equip it with a symplectic structure.
Phase space I'=(®,my) defined in this way is the co-
tangent bundle of ®, in which the fiber over ® is the set
of all linear maps from vectors in ® to reals via the map
f y 0P mge”, where we have defined the exterior deriva-
tive on I', noted with 8, which satisfies 82=0 and
gives one-forms 8P (as well as 6mg) in I'. Moreover

we define a canonical two-form on phase space
r,a= f y 07T A O®. Precisely,

Q= fy[aueﬂvplBM +8"D)AS A, +8(id"C) ASc +8(—idhc) AST+8(—BH +8n) ASG,+B8(iEF+iSHE) ASE,

+8(—iEF+iS*YE)\NSE,+8(3 ) A\ 8o+ 5(d d) A Sdle

P (14)

where the integral is over an arbitrary initial-wave hypersurface Y. Equation (14) is obviously covariant and BRST in-
variant by construction. Also it is closed and nondegenerate because the local gauge symmetry has been fixed while
BRST invariance is a global symmetry which brings no degeneracy into (14) (Ref. 10). So (14) does define the graded

symplectic structure for the gauge-fixed theory.

From BRST transformation (8) and (9) and gauge-fixed Lagrangian (11), we have a BRST Noether current J#,
AJH=[0L5/0(3,4,)]s4,+[3L5/3(3,B,,)]sB,, +[dL5/3(3,T)]sT
+[a,ceﬂ./a(aﬂgv)]sgﬁ[aLeﬂ/a(a#EV)]sEﬁ[a,Leﬁ/a(aﬂa)]s$+[a,ce,f/awun)]sn

=M2¢6"P*B,, 3 c —26""P A ,£,, —£"3,9) ,

which is conserved, a#J”=0, taking into account field
equations. Moreover, from (15) we define a covariant
BRST charge

Q=[ Jre, . (16)

(15)

[

Equation (16) generates BRST transformation (8) and (9).
It is real, with ghost number one, and nilpotent,
{Q,0}=0. As usual, the Poisson brackets is defined
through symplectic structure (14).

Classical ‘“observables” of the theory are defined as
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real, null ghost number functions of phase space. As any
observable, for instance, T, should be gauge invariant in a
gauge theory; it must be BRST invariant here; ie., T
obeys {T,Q}=0. Taking into account the nilpotency of
the BRST charge Q, it can be seen that observables form
the BRST cohomology classes—two observables will be
identified if they differ only to {Q,K} for some K. It has
been proved’ that any observable T of a theory in BRST
approach can be decomposed as T+ ‘ghost terms,”
where T, is ghost-free and exactly the same with the one
of the observables of the theory in the Dirac approach.!'?
It is obvious the statement is also correct here.

Now we come to the critical point—how to choose a
polarization. Since phase space I' is cotangent bundle of
the field configurations ®, it seems one could have a natu-
ral polarization; i.e., either ® or ®_ might be chosen as
“coordinate,” which acts on a linear space of functional
of coordinate as multiplication; the other as ‘“‘momen-
tum” acts as functional differentiation. We shall see,
however, the two polarizations will probably lead two
different quantum theories if spacetime manifold M is ar-
bitrary.

According to the correspondence principle, observ-
ables become Hermitian operators with null ghost num-
bers, and they will commute with the BRST operator.
And the BRST cohomology property of observables still
remains at the quantum level. Consequently it selects a
subspace of the Hilbert space as the space of “physical
states” (see Henneaux in Ref. 7). On the other hand, if
two operators T and T'=T +[Q,K] are identified, they
should have the same expectation value

<¢1'T|¢2>=<¢1|T’|¢2> . (17)

It is certainly not all states in the Hilbert space that satis-
fy the equation, but those, we call physical states, which
obey

Qly)=0. (18)

Equation (18) defines the physical subspace of the Hilbert
space. Notice the nilpotency of BRST charge Q, physical
states form the BRST cohomology classes:
l¥)~[¥)+Qly). Of course, any physical state with
form Q|y) is a zero-norm state. We emphasize that all
states here are only degenerate vacuum states as the
Hamiltonian is zero. This is a main difference between
topological field theories and conventional field theories.
To complete BRST quantization procedure, we need to
examine the physical state condition (18) further. First
we consider the polarization with & as coordinate. One
always can decompose any physical state into a direct
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product [¢)=|4,) X|ghosts), where | 4,,) does not in-
volve the ghosts and |ghosts) does not involve the gauge
field either since the ghost fields are decoupled in the
present case [for non-Abelian gauge theories, a similar
expansion of any physical state in the power of ghosts ex-
ists (see Henneaux in Ref. 7)]. Then we can rewrite the
BRST charge as

Q= [ (—2ce"'3,B,, — 26" F, 6, —E*B ple, . (19)

Because the ghost states c|x), &|x), and £*3,¢|x) are
orthogonal with each other, the physical state condition
(18) can be replaced by

€"P'F 1 4)=0, (20a)
e*"*d B, |4)=0, (20b)
EH9,4|ghost ) =0 . (20¢)

Equation (20c) is a condition for the ghost state (another
possibility is |4 )=0, which is trivial and ignored).
Equation (20a) just tells us that state |4 ) has support
only on flat connections, since, as we have chosen, A4 u act
as multiplication. While (20b) implies that state | 4 ) is
gauge invariant since €****3 B o 18 the generator of gauge
transformations of 4,. Putting these together, we realize
that the | 4, ) parts of physical states are defined on the
first cohnomology class of M.

On the other hand, however, if we take the polariza-
tion with @ _ as the coordinate, the arguments of physical
states in (20) should be replaced by B and the conjugates
of ghosts, while operator B acts as a multiplier and A4 as
functional differentiation. By the same reason it results
that |B) parts of physical states are defined on the
second cohomology class of M.

For an arbitrary M, the dimensions of the first and the
second cohomology group of M generally are unequal;
therefore, the two polarization choices are not equivalent
generally. However, if taking M =3ZXR!, the
equivalence can be guaranteed.

In summary, we have investigated canonical BRST
quantization of an example of a topological field theory in
a manifestly covariant version. We found the restriction
M =R'XZ could not be removed in this approach. This
method can be generalized to other topological field mod-
els, such as the wide class proposed by Horowitz,* only
with technical complications in general.
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