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A perturbative evaluation of the S matrix is used to compute the production of particles in an ex-
panding flat Friedmann-Robertson-Walker universe in the presence of small inhomogeneities. We
first consider the production of massless conformally coupled and weakly nonconformally coupled
particles, obtaining known results, and then we consider the production of massive particles. The
production of massive particles cannot be treated only perturbatively and a method is proposed to
compute this in general. The pair-production probability is computed using two different, but relat-
ed, methods: in one we directly evaluate the number of particles produced and in the other we con-
centrate mainly on the vacuum-to-vacuum or vacuum persistence amplitude.

I. INTRODUCTION

Quantum field theory in curved spacetime which has
been developed during the last 15 years or so? is a semi-
classical theory in which the fields of particles are quan-
tized over unquantized curved spacetime. This theory
becomes a testing ground for the, still unknown, exact
theory of quantum gravity since one expects that the re-
sults of the semiclassical theory will be recovered by the
exact theory in appropriate limits. Physically relevant
situations where such a semiclassical theory is applicable
are those involving strong gravitational tidal forces, near
black holes, or those involving very rapid time variations
of the gravitational field, near the Planck time (10~ ¢)
in cosmology. For black holes, we have Hawking’s cele-
brated result®* on black-hole evaporation (Hawking radi-
ation) and in cosmology we have Parker’s pioneering re-
sult>® on particle production in Friedmann-Robertson-
Walker (FRW) expanding cosmologies. The theory plays
today an important role in our understanding of the early
Universe; as an example we may cite that the quantum
fluctuations that it predicts for the scalar field in the
inflationary cosmology may generate the initial density
perturbations’ ° that will form galaxies.

In the cosmological context, the theory becomes great-
ly simplified when spacetime is conformally flat, such as
in FRW cosmologies, and it has been extensively studied
in this context. But spatially homogeneous and isotropic
cosmologies are not the most general and, for instance,
small deviations of such geometry must have been
present in the past, otherwise galaxies would not have
been formed.

It is thus natural to consider more general spacetimes
and, in fact, Zel’dovich!® speculated that particle creation
near the Planck time in an arbitrary cosmology would re-
sult in a homogeneous and isotropic spacetime as a result
of the dynamical back reaction of the created matter.
This speculation was in agreement with Misner’s!! chaot-
ic cosmology program aimed at providing an explanation,
independent of initial conditions, to the homogeneity and
isotropy of the present Universe.

This led to the study of quantum field theory in spatial-
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ly homogeneous but anisotropic cosmologies. The aniso-
tropies break the conformal invariance and massless con-
formally coupled scalar particles are produced. This has
been computed by Zel’dovich and Starobinsky,'>!3 Hu,'*
Birrell and Davies,!> and Hartle and Hu.'® Exact results
cannot be found when anisotropies are present and
different approximation methods have been developed to
find the anisotropic contributions, assumed small, to the
Bogoliubov coefficients which relate the creation and an-
nihilation operators between the two vacua (usually “in”
and “out” vacua) of the theory. These coefficients are
directly related to the number of particles produced. In
cosmology the rate of particle production is important
even for massless conformally coupled particles because
the energy for such production is provided by the expan-
sion of the Universe whereas the small anisotropies pro-
vide the breaking of the conformal invariance that makes
possible such production.'’

Yet one would expect that the Universe coming from
the quantum-gravity era would contain a large number of
gravitons and therefore spacetime would have spatial in-
homogeneities. In recent years inhomogeneous cosmolo-
gies have been intensively studied (see Ref. 18 for a re-
view), especially in connection with the possible existence
of a cosmological gravitational-wave background.!®?°

The purpose of this paper is to study the production of
scalar particles that result from the presence of inhomo-
geneities in an expanding cosmology. The first step is to
develop a formalism for such computation. Here, as for
the case of anisotropies, exact calculations cannot be car-
ried out and we must appeal to approximate methods as-
suming that the inhomogeneities are small. For homo-
geneous spacetimes the time evolution of the modes of
the field equation (Klein-Gordon equation for scalar
fields) can be separated. Although in general one cannot
find exact solutions that give exact Bogoliubov
coefficients for small anisotropies, one may use methods
to find approximate coefficients.!>!> For small inhomo-
geneities we shall develop a method based on the interac-
tion picture and the S matrix. Such a method has been
used in the case of small inhomogeneities on Min-
kowski?!'!* and cosmological'’ backgrounds and recently
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has been studied intensively in connection with the
analysis of self-interacting and mutually interacting fields
in curved spacetime??”2® of such great interest in
inflationary cosmology.

In this approach the Lagrangian density for the scalar
field is separated into a ‘“free” Lagrangian density, L,
containing the spatially homogeneous background and an
“interaction” Lagrangian density, L, containing the in-
homogeneities as external fields. Provided that the inho-
mogeneities vanish, i.e., are switched off, in the “in” and
“out” regions, the production of pairs of particles in the
presence of external fields can be evaluated with standard
S-matrix techniques in a way similar to the electron-
positron pair production due to the presence of an exter-
nal electromagnetic field.2” To simplify our computation
we shall further assume that the background spacetime is
conformally flat.

The back-reaction effect so crucial to test the
Zel’dovich speculation, for instance, will not be con-
sidered in this paper but it will be the subject of further
work. An approach based on the effective potential®®
may be of use for this subject.

The plan and summary of the main results of the paper
are the following. In Sec. II we define the notation and
explain the procedure to be used in the paper. We then
compute (Sec. II A) the particle production of massless
conformally coupled scalar particles in an expanding spa-
tially flat FRW background in the presence of small inho-
mogeneities. In this case the conformal symmetry is bro-
ken by the inhomogeneities and the production of parti-
cles is only due to such perturbations. We recover a re-
cent result by Frieman!” who obtained it by conformally
transforming the result found when there are inhomo-
geneities on a Minkowski background using the fact that
the number density of particles produced is proportional
to the square of the (conformally invariant) Weyl tensor
due to the inhomogeneities.

In Sec. IIB we consider the production of massless
nonconformally coupled scalar particles in the same grav-
itational field of the previous subsection. Conformal in-
variance is now broken by the coupling and particles are
produced also by the expanding background. However,
if we consider only a small deviation from conformal cou-
pling the coupling term can be written in the interaction
Lagrangian and the computation can be done computing
the S matrix perturbatively. Now the nonconformally
homogeneous term is seen as an external field responsible
for particle production together with the inhomogeneous
terms.

If the deviation of conformal coupling is large one can-
not treat the corresponding term perturbatively and one
can apply the technique to be described in the next sec-
tion. The results giving the probability of pair produc-
tion can be written in terms of geometric quantities and
agree with those by Birrell and Davies,! for anisotropic
perturbations, and with those by Frieman.!”

In Sec. III we consider the production of massive parti-
cles in a conformally flat background in the presence of
small inhomogeneities. Here the mass breaks conformal
invariance and particles are produced by the homogene-
ous background. The main difference with the previous
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section is that now it is not possible to treat perturbative-
ly, i.e., to write into the interaction Lagrangian the mass
term, even for a small mass. The reason is that such a
term cannot be switched off simultaneously in the “in”
and “‘out” regions.

First, in Sec. III A we consider the case in which the
conformal factors in the “in” and “out” regions coincide,
and the conformal function can be written in the interac-
tion Lagrangian. Then the problem can be treated as the
production of massive particles in a Minkowski space-
time with conformal homogeneous and inhomogeneous
perturbations. Our computation, in agreement with pre-
vious results,'>!7 gives the pair-production probability in
terms of geometric quantities only. From the cosmologi-
cal point of view however this case is not too relevant be-
cause the background spacetime has not expanded.

Thus we next treat, in Sec. III B, the problem of an ex-
panding background, i.e., when the conformal “in” factor
is smaller than the conformal “out” factor. Now parti-
cles are produced by the homogeneous expansion of the
background and there is a Bogoliubov transformation be-
tween the “in” and “out” vacua. To find the modes that
are required in order to compute the S matrix we need to
know the specific form of the conformal factor. In gen-
eral it will not be possible to find an exact solution for
these modes. However we can treat the problem in the
following way. We may choose a “background” confor-
mal factor such that it allows for an explicit computation
of the Bogoliubov transformation connecting the “in”
and “out” vacua. The difference between the given con-
formal factor and the background chosen is then written
into the interaction Lagrangian together with the inho-
mogeneous perturbations. Our election will guarantee
that the interaction term is switched off at the “in” and
“out” regions on one hand, and on the other it will allow
us to give specific formulas for pair-production probabili-
ty without explicitly knowing the conformal factor, in
analogy with the situation in all previous cases studied.

As a background factor we shall take a step-function
expansion since it gives the simplest possible background
modes. This implies a sudden approximation and the in-
troduction of a time parameter 7, where the matching
between the two Minkowski modes takes place. This also
implies a cutoff parameter in the momentum of the
modes of the order of the inverse of the transition time,
because modes with larger momentum are exponentially
damped. From the cosmological point of view, however,
this is physically reasonable because to have a well-
defined “in” vacuum we match to Minkowski spacetime
and the adiabatic “out” vacuum can be approximated by
a Minkowskian region too.

As an explicit example we consider the case in which
inhomogeneities are not present but we have an arbitrary
(but bounded) conformal expansion. Our results are then
compared with those of a tanh conformal expansion since
exact computation of the particles produced can be given
in this case. The computation is done using two different,
although related, methods. One is by directly computing
the number of particles created, the other is by comput-
ing as the fundamental quantity the vacuum persistence
probability, and the results are compared.
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II. MASSLESS PARTICLES

In this section we compute using the S-matrix ap-
proach the production of massless conformally coupled
and weakly nonconformally coupled scalar particles in a
flat FRW expanding background in the presence of small
inhomogeneities. Here we set up the notation to be used
throughout the paper.

We start with the Lagrangian density for a scalar field
¢(x) on a gravitational field with a coupling to the curva-
ture scalar

L=3V—g(g"$ b ,—m’$’—ER$?), 2.1)
where g,,,(x) is the spacetime metric, R (x) the Ricci sca-
lar curvature, m the mass of the scalar field, and £ the
coupling parameter. We take the signature convention
(+,—,—,—), and R“VPU=F‘V‘p,0— -+ . The scalar field
equation is then the Klein-Gordon equation

(O, +m>+ER)$(x)=0, (2.2)

where [J, is the D’Alembert operator constructed with
the metric g,,,.

We shall assume now small inhomogeneities in the
gravitational field and that the spacetime metric can be
written as perturbations on a spatially flat FRW back-
ground metric:

gpv=ﬂz(npv+hyv) ’

where () is the conformal factor of the FRW metric

considered with 7=x° the conformal time and |, | <<1.
Expanding L in powers of h,,, using (2.3), the La-

grangian density (2.1) can be separated as follows:

(2.3)

L=LO+LV+0(h?), (2.4)
where
Q.
’C(O)zT(Q 217;4. ¢,y¢,v_m2¢2_§R(0)¢2) ,
(2.5)
M= o 1 vo —2 (0) 42
LV=""[1h5 0 8, ~ER V4)
—hQ7 6 —ERVg—1mng]
with
RO=6Q730 (2.6)
and

R (l)=Q_2n#Anav(hpk,av _h;w,ak )
— -3 v v
6Q " (n# Fﬁvﬂyp-i-h" Q,,w) ,
where '), =3m"(h,, ,tho,,— hﬂ'v,a ). Indices of h,,
are raised with the Minkowski metric Ny and, from now
on, h =hg.

The Lagrangian L1 is greatly simplified with the
“synchronous” gauge condition

2.7

which can always be imposed on the perturbations;?*3°
then it becomes
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L(l):—gil = yvi Q—2¢ ¢ +lhm2¢2
2 T2 P2
+& R+ 2R ¢2] , 2.8)
with
RY=Q7 g p}(h gp =y ) F3000Q7], 29

where we have used £#"Q) , =0 because 2=(7), and an
overdot means derivation with respect to 7.

A. Massless conformally coupled particles

It is well known® that massless conformally coupled
particles are not produced in conformally flat back-
grounds, but here the inhomogeneities break the confor-
mal invariance and particles are produced. Since we as-
sume small inhomogeneities such production can be
treated perturbatively by separating the Lagrangian den-
sity for the scalar field into an homogeneous part (“free”
Lagrangian) and another part containing the inhomo-
geneities up to the first order (“interaction” Lagrangian).
Then the problem is reduced to that of the coupling be-
tween the scalar field and an external (unquantized) inho-
mogeneous gravitational field and a perturbative ap-
proach can be used.

Therefore taking m =0 and £=1, the Lagrangian den-
sity (2.1) may be split into L, and .L;:

L=Ly+L,+0(h?), (2.10a)
with
Lo=LYm=0,6=1), L,=LV(m=0,=1),
(2.10b)

where .L; may be seen as a “free” Lagrangian density and
L, as the “interaction” Lagrangian density. This one is
linear in the inhomogeneities (unquantized external field)
and quadratic in the scalar field. We can now consider
particle production in perturbation theory provided that
the interaction vanishes in the “in” and ‘“‘out” regions
which we can impose by assuming that the inhomo-
geneities vanish at least adiabatically in these regions
(symbolically, n— o0 ):
=0

Now in the interaction picture the states are described by
the free modes, i.e., modes that are solutions of the field
equation corresponding to the Lagrangian density L:

(O +LR)$=0. (.11

By making use of the relation (O,++¢R ©)¢
=Q_3EI,,( Q¢), the modes (2¢) correspond to solutions
in flat space. Therefore the positive-definite normal
modes normalized in a box of volume L3 are

e—tk-x

=m with k-k =0 .

(2.12)

uy
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In the asymptotic “in” and “out” regions we assume
that spacetime becomes flat:

lim Q=Q, lim Q=Q,;

n——® n—+ o

(2.13)

then the modes become the ordinary flat-space modes.
The field operator can be expanded as

¢(x)=3 [auy(x)+afut ()], (2.14)
k

where a,,a| are the creation and annihilation operators
satisfying the usual commutation relations

[ak,alr]=5k’kr . (2.15)

The vacuum |0) is defined by
ak IO) =0 .

Since there is no mixing of positive- and negative-
frequency modes in the “in” and “out” regions [the
positive-frequency modes are defined in (2.12) in both re-
gions], there is no particle creation by the background,
and the “in” and “out” vacua can be identified.

We turn now to the interaction term. In the interac-
tion picture the states |¥) evolve in time according to
the Schrodinger equation

.3lw)
H,|w>=,£—n,

where H; is the interaction Hamiltonian constructed
from the interaction Hamiltonian density #,(x). This
equation can be formally solved by means of the S-matrix
operator connecting the “in” and “out” states, and given
by

(2.16)

S="Texp -—if?-[,d“x] : 2.17)
where T is the time-ordering operator. Then we can ex-
pand S perturbatively up to first order in 4, it becomes
S=1—iT [ #,d*x.

Now for a nonderivative coupling we have

in our case, however, the Lagrangian contains a deriva-
tive interaction, but it is not hard to see using for in-
stance path-integral methods®"3? that the substitution
(2.18) also applies. Thus we may write

S=1+iT [L,d*x=1+5". (2.19)

Since .L; is quadratic in the field and its derivatives, to
first order in A, the particles are produced in pairs, and
the probability amplitude for pair creation is given by the
S-matrix element

Sty = (pk|S|0)
= (pk|if [ £,d*x|0)
=i [d*x (pk|TL,]0) . (2.20)

This gives the transition amplitude from the vacuum
state |0) to a two-particle state |kp) with momenta k

and p. The total pair-creation probability is then given
by

S s,
kp

But before we compute this quantity, since there is no
particle production by the background we may follow a
procedure which is familiar in flat spacetime for the
creation of charged particles in the presence of a classical
electromagnetic field.?” We shall focus our attention in
the vacuum-to-vacuum or vacuum persistence probability

S,=1(0,0ut|0,in)|?, 2.21)

where |0,in) is the “in” vacuum state (no particles in the

“in” region), and |0,out) is the final evolution of this
state as a consequence of the interaction: i.e.,

|0,0ut ) =S/0,in) . (2.22)

S, gives the probability of no particle production, that is,
the probability of measuring no particles in the region
1n— 0, if no particles were present in the 7— — « region
in the presence of the interaction. This quantity can be
easily computed in our case up to first order in perturba-
tion theory:

S,=(0|slo){o|s|o)

=1- 3 —(olsln)(nls"l0) ,

n>0 """

where all states are carrying the flag “in,” which we drop
for simplicity, and we have used the completeness of the
Fock-space basis elements. Expanding S perturbatively
as in (2.19) and using that £, is quadratic in the fields we
have

So=1—3 {0l [ d*x £, |kp)|?
kp

=1—3 IS, 1*. (2.23)
kp
On the other hand, since the probability is less than 1,
let us write?’
—fd4x1/:—§ wix) |,

So=exp (2.24)

where w(x)=0 can be interpreted as the ‘“probability
density of particle production.” This can be justified as
follows.?” Let us divide spacetime into small cells of
volume Av; and let us call w; the average value of w(x) in
the cell; then

So=exp

-3 w;Av; ]= 1 exp( —w;Av;)
=~ H(l—wiAU,') .

As 1—w;Av; is the probability of no particle production
in the cell labeled i, w (x) is the probability density of par-
ticle production.

Therefore the quantity

WEfd4x\/——g w(x) 2.25)
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is interpreted as the total probability of particle creation.
We may now expand (2.24) in powers of h,,, and get, to
first order,

J. CESPEDES AND E. VERDAGUER 41

decomposition of the field operator in terms of creation
and annihilation operators (2.14), and the modes (2.12)
for u,, we find uy , =(—ik,—Q ,/Q)u, and

~1— 4./ 5 D) _
So=1— [d*xvV =g w(x) . (2.26) 6,=—07'0 6—i 3k (au—alu}). (229
Comparing (2.23) with (2.26) we have thus that, as ex- .
pected, to first order, the total pair-creation probability is ~ The brackets of interest are
wi=3 |s|? 2.27) (kp|T¢sl0)=2u2us ,
N (kp|T¢ .6 100 =2u*ut [Q,0Q 02—k, p
In order to compute S through formula (2.20), we need KTV P HY )
to know the expression of ¢, Using the standard —i(k +p)(pQ,V)Q-I]
J
and it follows immediately that
SL‘,,’=ifd4x Qutuf Q7 nfwh —h* |[Q,0Q 072k, p,,—ilk+p),Q 0" 1]— RV + gR“” } . 29)
Substituting the expressions for R ‘¥, RV, the modes u, and the gauge conditions, we arrive at
1(k+p)x itk +p)x
(1) — 4 _ ;w Ao uv 1 — 4 uv 1
i [d* LV e [ = A By g — Ry o) H R, b~ LhEp]— [[dix Rk rQ7'Q )
(2.30)

The surface term vanishes by the boundary conditions imposed on the inhomogeneous perturbation in the “in” and
“out” regions and the condition that the conformal factor goes to a constant in these regions, i.e., the spacetime be-

comes Minkowskian.

At this point it is natural to introduce the direct and inverse Fourier transforms of the field 4, defined through
Fap)= [d*x e?h,(x), h,(x)=2m)* [d*% e~ **h, (k) . (2.31)
Then S|} can be rewritten as
lh Sk +p)
Sip = W[k“ V= Lk +pWk +p)— Lk +pP(k +p),] . 2.32)

Now, in order to perform the summations and return to normal spacetime (not a box), k* should become a continu-

ous variable and the sums be replaced by integrals

3
L .
z;l Ja;

then (2.27) becomes

d’kd’p 4 s
d*q b
(2,”.)6 f 4L6k0 0 q (q

—p—kh,

Ag)kFpY— 344" — 339

2V o (— @)k °pP—2q°gP = g*n")

where we have introduced an integral over the four-momentum g* and a four-delta 8*(g¢ —p —k), so that ¢ =p +k.

This integral can be written as

W‘”=(217')'6fd4q R, (@)h,,(—q)[ 477 (q)—+q"q*B*°(q)—+9°q° B""(q) +(5;9"9"q"q" + 54 vnPo)Cl(q)] ,

where we have introduced the notation

4#7(g)= f—Rz P ‘;kko 5%(q —p —k)kkp*kPp®,
dk
Clg)= -—2——54< —p—k).
1 2p° 2k° a-r

B*(q)=

(2.33)

d’p

2p° 2k084(q —p —k)kFp”

(2.34a)

All these integrals are the well-known phase-space integrals in Minkowski space and their explicit values in the massive
case (substituting m =0 we obtain the values for the present case) are
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APYPo(q)= —q—[ 15g#q%qPq° +5(¢>—4m?)(P*'qPq® + PP g q")+ (g2 —4m?)2(PFYPP° + PFPP Y+ PO PPY)] |
172 (2.34b)
C v v 4m?
B‘”(q)=—;ql[q“q +1(g2—4m?)P*], Clg)=— |1— = ] 0(g°)0(g*—4m?) ,
where we have introduced the transverse projector
PH=nqt—gqkg¥q~? . (2.35)
This projector is interesting because it is not difficult to show that for the inhomogeneous metric
(2.36)

gqunyv+huv ’

which is conformal to our metric g#v=92§uv, the Fourier transform of the scalar curvature to first order in & can be

written as
R(@)=—P"(q)q?h,,(q) ,
and the scalar invariant as

R (@)R 1,0 (—)=q*P*" PR, (h ,,(—q) .

(2.37a)

(2.37b)

After a rather long but straightforward computations we get, finally,

w=(2m) =8 [ d &g’ lql) T3R# (R

720 ‘wpo

9607rf (27 )4‘9“10“1q|)é”v"°(‘1)‘~3uvpa(_‘1)’

where C¥,  (q) denotes the Fourier transform of the
Weyl or conformal tensor of the metric g,,. Since this
metric is conformally related to the metric (2.3) it is also
the Fourier transform of the Weyl tensor of g,,,. In the
last equality we have used that the quadratic invariant
obtained from the Weyl tensor is

Cpivpo C*P° =R,  R¥P° —2R , R+ 1R?

pvpo (2.39a)

uvpo

and that in linearized gravity (i.e., for g,v) we have the

identity
R,,,cR¥P°—4R , R¥+R?*=0 .

uvpo

(2.39b)

Equation (2.38) gives the probability of pair creation of
massless conformally coupled scalar particles due to
small inhomogeneities (they are included in the geometric
term) This expression agrees with the results of Frie-
man!” obtained by conformally transforming the energy-
momentum tensor of order (h,, ), and also with the result
by Hartle and Hu'® and Birrell and Davies!® for small an-
isotropies on conformally flat backgrounds

In the particular case in which |C Wpa(q)lz

=|C,,,0(9)1?0(g°—1q|) one can make use of Parseval’s
theorem to change g integration into space integration
and one obtains, from (2.25),

1

(1) =—C
w'(x) 9607

for the probability density of pair creation.

(x)CH*P9(x) (2.40)

uvpo

B. Massless nonconformally coupled particles

In this short subsection we consider the production of
massless weakly nonconformally coupled scalar particles
in the presence of small inhomogeneities. In this case

—¢)—R(q)R(—q)]

(2.38)

r
conformal invariance is broken by both the inhomo-
geneities and the coupling factor. Now the free Lagrang-
ian (2.5) leads to the following equation for the free field:

[O,+(E—HRP]p(x)=0 (2.41)

which must be solved to find the Bogoliubov transforma-
tion relating the “in” positive-definite modes with the
“out” modes. Since the background undergoes expansion
there will be mixing of positive and negative modes indi-
cating that the “in” and “out” vacua are different. We
should find first the “free” field by exactly solving Eq.
(2.41) but this requires knowledge of the function Q(7)
and exact solutions cannot be given in general. Thus to
simplify matters we shall assume that

e=f—1l«1, (2.42)

i.e,, a weakly nonconformal coupling. Then the term
with € can be written in the interaction Lagrangian, and
the condition that the spacetime becomes flat in the “in”
and “out” regions,

lim R@=gp,
q—»j:oo

(2.43)

guarantees that the interaction is switched off as re-
quired. Thus the “free” Lagrangian is now

Loy=L"Y(m =0,6=1) (2.44a)
as in (2.10a) and the interaction Lagrangian is
L;=LVm=0,6=1)+€eQ*RV¢?, (2.44b)

where we have used the definitions (2.4)—(2.6) and (2.8) for
L9 and LV, Now the background does not create par-
ticles and formula (2.27) also applies. Using now the
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modes (2.12) we can separate

S =s{D(m=0,6=1)+S((e), (2.45a)

where the first term is given by (2.32) and the second is

(1)(6)__l€fd4xel(k+p)x92R(0 (2.45b)

From this we can compute the probability of pair
creation which is given by

W= |S,,(m =0,6=1)1>+ 3 S, (e)|>, (2.46)
kp kp

since the crossed term is easily seen to be zero after a par-
tial integration and using that 4, vanish in the “in” and
“out” regions. Thus we concentrate in the computation
of the last term of (2.46), which becomes, with obvious
notation,
(D py= 1 4/ "o (R (02
we)=—— [d*xV =g (eR"). (2.47)
167

This gives the contribution to pair creation of the weakly
nonconformal coupling. We may note that this term is
geometrical as the first term in (2.46). Collecting these
results we get

(1) —=

9607rf_q_9(q —|q))C ##7(g)C

p.vpo . )
_— 4o/ — (0)y2
+ 1617' fd x g (eR™)" .

(2.48)

In the particular case in which |C #vpa(q)lz
=|C'”vpa(q)|29(q0—|q|), using Parseval’s theorem, one
obtains that the pair-creation probability may be written
as spacetime integration of geometrical terms and one
may read the probability density of pair creation from
(2.25) as

(1)(x)_—9‘6—0—*‘[cﬂvpo

This expression agrees with that of Birrell and Davies
when restricted to small anisotropies.

CHP? +60(eR V)] . (2.49)

15

III. MASSIVE PARTICLES

Finally in this section we consider the production of
massive nonconformally coupled scalar particles in the
presence of inhomogeneities. In this case the term giving
the coupling of the mass m to the conformal function
Q(7n) cannot be included in the interaction Lagrangian,
even for small mass because as remarked in the Introduc-
tion the coupling cannot be switched off in the two
asymptotic “in” and “out” regions.

However we may distinguish two cases.
when the asymptotic
are the same,

lim Q=Q,,
N—tew

The first is
“in” and “out” conformal factors

(3.1

and we can consider that (Q?/Q3—1) is small, then this
term can be written in the interaction Lagrangian and the
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problem is reduced to that of a massive particle in flat
space with an homogeneous perturbation due to the con-
formal factor and with inhomogeneous perturbations.
The second case is when

lim Q=0,

n——x

lim Q=Q,,
n— +

(3.2)

where Q,>Q, (say). This case is relevant in cosmology
since it describes a real expanding background and it will
be considered in the second part of this section.

A. Minkowski background

In the first case just mentioned we have, for the metric
tensor,

gpvzﬂ%(nyv+i;yv) (3.3)
where
-0}
ﬁ’w:f(n)‘nﬂv—i—hw f(’r[)=T (3.4)
defines now the perturbations over flat space. Using

(2.5)—(2.9) (note that R‘®=0 in this case), we can write
the following free and interaction Lagrangians:

Lo=Lm =0,6)—m202Q%*
———(nf% w8, —mQi¢?), (3.5a)

L;=L"(m =0,6)—1m Q- 0%’

2 4
=.'Q'2— gnlﬂ'_hﬂv ¢’#¢,v_%(§R(l)+%m2h)¢2
—im2(Q?—-0h)Q%? . (3.5b)

Here the interaction is switched off in the two asymp-
totic regions as required. Note that the coupling con-
stant £ already appears in the interaction part.

The wave equation for the free modes is now

(O, +m?Q})$=0 (3.6)
which has plane-wave solutions
up=— m?Q3 3.7
k ‘/2L 3k 0’ ’ .

describing massive particles in flat spacetime. Therefore
we can identify the “in” and “out” vacua as |0).

Following Sec. II the amplitude for pair production
can now be written to first order in perturbation theory.
For the probability of pair production we finally get
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4 0 2 2 2 172 2 2
W“):f d q 9(q )o(q —4m*-) _ 4m (q)cl“,pa(_ ) [1— im
( 2 )4 96071 q 2 :‘"’Pa q 2
2 4
+R(@R(—q) [60(6— 172 —40 (g—1)+ 227 ] ] (3.8)
q 3 ¢

after using definition (2.34a) and relations (2.39).

As expected the probability of pair creation depends on local geometrical quantities. Here |R(g)|? includes the effect
due to the conformal factor as well as inhomogeneities, i.e., & uv» Whereas C Wp(,(q)C K¥P9( —q) takes into account the in-
homogeneities only, i.e., A,

The result (3.8) is in agreement with a recent result by Frleman, except for the sign of the 2(m / q)* coefficient, and
reduces to that of Zel’dovich and Starobinsky'® when £= +and m =0. It may be used to find particle production in flat
space with perturbations of gravitational origin. Note that since all the geometrical quantities can be written via
Einstein’s equations in terms of the energy-momentum tensor of the source that produce the gravitational perturbations
there is no need to know the gravitational field explicitly; all we need is the energy-momentum tensor. In fact using

(2.39) and Einstein’s equations R ,, =87G (T, —3Tg,,) we can rewrite (3.8) as
4 172 am? 2
(”"——3fd4q 0(g°)6(g>—am?) '" T @T*(—g) [1--2
15(2)
+T(g)T(—¢q) |— ; 1= 47 0e—
10 m*
—20_(§“‘ 1 )+—3—'—4 l ] N

and of course the same is true for the pair-creation proba-
bilities of Sec. I which are also expressed in geometrical
terms. This fact has been used by Garriga, Harari, and
Verdaguer> to compute particle production due to cosm-
ic strings. Note also that static sources do not produce
particles at this perturbative order.

B. Cosmological background

We shall now consider the case when the background
spacetime expands and the conformal factor satisfies
(3.2). The coupling between the mass and the conformal
factor has to be taken into account in the free field equa-
tion. There is now particle production by the back-
ground, besides we must give an explicit form for the
conformal factor in order to compute such particle pro-
duction. This means that in general it will not be possible
to give an exact solution for the modes and consequently
it will be difficult to go a step further in order to take the
inhomogeneities into account.

To overcome such difficulties we may proceed as fol-
lows. We first define a background conformal factor
Q,(7n) such that

lim Q,=Q,

n—— o

lim Qb = Qz (3.9)
n—+

and assume that (Q2/Q2 —1) is small. This last term can
then be written into the interaction Lagrangian and we
are left in the free Lagrangian with m2Q?} which we may
choose so that a simple explicit solution to the free field
equation can be found. Thus we consider

2
‘L0= &(nuv¢’”¢’v_m 29%¢2,_%9’2R (0)¢2) ,

) (3.10a)
0? Jh v h
L= | [0S~k 1 8,— S mi%?
_l (1 _’1 (0) 242
< [RV+RO 0%
m2
——2—(92—Q§)02¢2 (E—1) R<°’¢2 (3.10b)

The interaction Lagrangian is switched off in the “in
and “out” regions as required, and the free Lagrangian
defines the free modes which we need in order to compute
the pair-creation probability due to the interaction as

(3,+m*0})(Q¢)=0 (3.11)

To carry out explicit computations we shall take as a
background conformal function a step expansion

Qp(7)=Q,6(ng— 1)+ Q,0(n—174) , (3.12)

which is the simplest function we can take and gives the
simplest modes as solutions of the field equation (3.11),
namely, the plane-wave modes
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—iwi'y
elkx Xk("']) e , ’ 7,S""O ’
Uy =—F——"F7—7—>» Xk(n)= + (3.13)
Q \/ZL 3(0‘]:‘ Dp 2wy 7, -iwz“‘n_ @ —Ziw;:no iod"n
k;gut e (L)zm e » M > Mo »
[
where ponentially damped, ie., |B,/~exp(—mk%An). In

co‘k“=\/k2+mzﬂf, o =HoP—od™) ,
o =VK+m?Q}, of =Hof+of™) .

From this we can read directly the Bogoliubov
coefficients. The positive-definite modes in the n— — o
. in

region (u, ) are those proportional to e "k whereas the
positive-definite modes in the 7n— + « region (7, ) are

ut
those proportional to e Ok, they are related by

ay =aguy, +Bug (3.14)

and the corresponding vacua is denoted by |0) and |0),
respectively. Thus from (3.13) we read the Bogoliubov
coefficients as

o}

Vool

@k

Vool

s
= —2iemg

2iw,
kMo —
ay= » Be=

(3.15)

Although the step expansion that we are using gives the
simplest possible modes, it is not continuous and high-
frequency modes are not well represented. Thus we must
introduce a physically motivated transition time parame-
ter An between the “in” and “out” regions. Then the
modes with frequencies k°>(7An)~! can be excluded
since in a more realistic smooth transition they are ex-

cosmology particle production takes place mainly at the
beginning of the semiclassical approach, close to the
Planck time when one matches the cosmological metric
to Minkowski spacetime.!

Of course the main contribution to the production of
massive particles comes from the nonperturbative terms
on the right-hand side of Eq. (3.10a) but we are interested
in the evolution of the perturbative term here. Since we
now have particle creation by the background and furth-
ermore we have the interaction, we will treat the problem
in a somewhat different way than previously. We shall
consider two different but related approaches. In the first
(i) we shall directly compute the total number of physical
out particles created starting with no physical particles;
in the second (ii) we shall use again the vacuum per-
sistence amplitude as the fundamental quantity modify-
ing it to the present situation.

1. Number of particles created

Let us consider a physical state |¥), in the interaction
picture it evolves in time according to the Schrédinger
equation (2.16), let us assume that

lim |¥)=|0,in) ;
n——

that is, we have no particles initially. Because of the in-
teraction it will finally evolve to

lim |%)=5/0,in) =W |0,in)+2%|n,in)(n,inlS‘”|0,in) ,
77—) 0 n .

where N is a normalizing factor in order to have (W|¥) =1, the vector |n ) symbolizes any vector containing n parti-
cles, and we have used the expansion of S to first order in powers of 4,

Since the interaction is quadratic in the quantum field, the first-order contribution will come from the matrix ele-
ments {kp|S'"|0), i.e., the transition amplitude to two-particle states. It is easy to see that N=1+0 (h?).

Now in the “out” region the physical vacuum is given by |0,out). The Bogoliubov transformation (3.14) can be used

to relate the respective annihilation and creation operators as

Ek =qyay +B:0T_k .

Thus we may now compute the number density per unit volume of out particles in the mode k in the final state,

1im7]~++oc|\l/>’

lim (LQ)"(¥|ala,|¥) .
71—+ 0

The average total number density of created particles is then

22,17
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lim (2rQ)73 [ d’k(¥|a {a,|¥)

n—+ o

Note that whereas the first term contains the back-
ground contribution only, the second is due to the com-
bined effect of the interaction and the background. If
By=0, i.e., the background does not create particles the
second term is also zero, and thus we must go to the next
order to find the production of particles due to the in-
teraction. This is consistent with our previous results
where the relevant terms were of type 3, |Siy %

Example. As an example we shall consider an arbi-
trary (but bounded) conformal factor ((n) and assume
no inhomogeneities for simplicity, then we have

(kplS(”IO)=—-ifd4x Qzu{u;mzﬁﬂz ,

where 8Q*=(Q*—Q}).
We may now check (3.16) for an arbitrary (7)) with
the particle creation when

Q) =1[(Q,+Q,)+(Q,—Q))tanh(pn)] , 3.17)

which can be computed exactly. Here p is the inverse
transition time, when p— o this reduces to the step ex-
pansion. The Bogoliubov coefficient B, corresponding to
the tanh expansion is given by!

TO)

sinh?

|Bi*= . ; (3.18)
oY To"

sinh sinh

therefore, from (3.16),

1
T 2y Jawlpr

because there is no interaction term and |¥)=|0,in).
Assuming that p~! is small (an expansion “close” to the
step expansion), we can expand |B,|? to first order. The
zeroth-order term is, as expected, |B,|%, the average num-
ber density of particles created by the step expansion.
The interesting term is the first-order term, which is easi-
ly seen to be —(m/ 3pm 4 ﬂ%—ﬂ%)z, so, the contribution
to N of this first-order correction is

m* (Q1—Q3)

24 Q,3p ’
On the other hand, we can compute the particles creat-

ed by the “interaction,” i.e., the difference between the

real expansion (tanh) and the background expansion
(step), using formula (3.16), and obtain
4> (27Q)?

f dk
4 (QZ——Q )2
=_m___1_3_2__ , (3.20)
87 Qp

NV=— (3.19)

N(”__ 4 (QZ 02)2

m Ollt

(270) | [ d*IB+ [ 'k d’p 8k +p) Rel (kplS'[0) Byt )]

(3.16)

where we have introduced a cutoff in the momenta, due
to the sudden approx1mat10n we are using. The cutoff
has been chosen to be k%,, =mp as previously discussed.
The result obtained agrees with the exact result in its
dependence in the variables and the small numerical
discrepance between (3.20) and (3.19) is due to the fact
that we had to choose a cutoff parameter. Had we intro-
duced a smooth background conformal factor such a
problem would not have arose.

2. Vacuum persistence amplitude

Here we present an alternative computation, closer in
some sense to the way in which interactions are handled
in flat spacetime. The central concept in this discussion
is the vacuum persistence amplitude or

S,=1(0,0ut|0,in ) |?
—fd‘x w(x) ]Ee_w R

=exp (3.21)

which gives the probability of measuring no “out” parti-
cles if no ““in” particles were present.

When the background does not create particles, we
have |0,out) =|0,0ut) (but |0,out)#|0,in)), and in this
case

S,=1{0,0ut|0,in)|*=e i ,
as discussed in Sec. IT A (subindex I means interaction).

Here the background creates particles and the concept
of a particle is ill defined during the transition period.
Thus, it will make no sense to try to define a probability
density of particle creation out of this expression as we
did in Sec. II.

In the absence of interaction, the creation of particles

is only due to the background, so |0,out)=|0,in) (but
|0, 0ut )]0, 0ut ) ) and in this case
S,=1(0,0ut|0, out)|2=e_W” )
We know since Parker,? that W,= 3, In|a,|?

when |B,| << 1 one has
W,= 2 lBk|2 ,
X

that is, the total number of particles created by the back-
ground expansion. This shows again the relationship be-
tween S, and the number of particles created.

As S, contains also information on the background
production, and we are mainly interested in the effect of
the interaction, let us define the relative ratio

_ \12

R= |<_°’°“"°"“>‘zse—W‘”. (3.22)
[{0,0ut|0,out )|

Note that R =1 when there is no interaction

(= Ww'V=0), and when the background does not create
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particles it agrees with S;. Then W'!) is a genuine effect
of the interaction. A rather similar argument as that of
Sec. IT A shows that W'V can be interpreted as the proba-
bility of pair production minus the nonperturbative back-
ground effect. (In fact W'V can be negative, when there
is background contribution W, to the probability; then
W should be regarded as a correction to W,, and the
total sum W, + W' is positive.)

Let us now compute R. Since
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(0,0ut|0,in) = (0,out|S|0,0ut) ,
because |0,0ut)=S/0,in), and introducing a complete
basis of vectors,
(0,0ut|0,in)=3 ;1—'(5,out|n,out) {n,out|S|0,0ut) .

n

As the S matrix is quadratic in the quantum fields, the
lowest-order contribution is

{0,0ut|0,in ) = (0,o0ut|0,out ) (0,out|S 70, out ) + % S (0,out|kp,out ) {kp,out|S|0,0ut )
o

= (0,o0ut|0,out ) (0,out|.S'T|0,0ut)~+-i Ay {kp,out|ST|0,0ut)
2 o
p

where
_ {Olkp) )=2 ay '8, _ =28 ﬂe_zmi‘?"0
»="5l0) Bray Oy —p k=Pt
Then
R= (0,out|ST|0,out>+%ZAkp(kp,out|ST|0,out)
'
~1+2Re

% S Ay kp,out|S"1|0,out )
| =

to first order in the interaction. Thus we can read off the
expression for W'" from (3.22) as

w=_Re [2 Akp<kp,out|SmT|0,Out> .
kp

(3.25)

Example. As previously, we consider now an arbitrary
conformal factor ((u) and assume no inhomogeneities.
Then Eq. (3.25) becomes

sin2wg(7,—7)

’
wi

T
W(l)zz_ifdanSQZ
k O

where @ =in when 7 <7, but a =out when 7> 17,, and
the density per unit volume is

1 o) sin2wf(7,—7)
NVY=——[@%— [dym¥PBQPP——F .
8mQ3 f o} f K oy
(3.26)

As we did in the previous approach, we shall apply for-
mula (3.26) in the tanh expansion, and compare with the

(3.23)

(3.24)

[

exact and the perturbative results previously found. Us-
ing the conformal function given by expression (3.17),
and the same cutoff, we find, as the leading term in p~ v
y—_m* (Q}—03)
8T Q3p ’

which agrees with our previous result (3.20).

The more interesting case including inhomogeneities is
more complicated and is now under consideration by the
authors. This may be relevant for applications such as
those of Ref. 33 when one cannot ignore the cosmological
background.

(3.27)
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