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The machinery developed in paper I is used to compute the operator-product algebra (OPA) of an
operator constructed from the third-order Casimir invariant of the superalgebra SU(m|n). The ver-
tex operator construction of SU(m|n)" is used to find a realization of the OPA for level k =1 in
terms of free bosonic fields only. It turns out that in many respects the conformal structure of the
affinized Lie superalgebra SU(m|n)!!") is similar to that of the Ka&-Moody algebra SU(m —n)'"". An
intermediate result suggests the occurrence of extended conformal symmetries in bc systems, to

which we will devote a separate discussion.

I. INTRODUCTION

Two-dimensional (2D) conformal field theories (CFT’s)
play a profound role in a lot of recent theoretical
research, both in elementary-particle physics and statisti-
cal mechanics, as well as in mathematics. It has been ar-
gued that by studying all possible extensions of the con-
formal symmetry one may come to a classification of
these theories. In this paper we investigate the possibility
of generalizing a particular construction of extended con-
formal symmetries, called the Casimir algebra or extend-
ed Sugawara construction.!2

There are (at least) two possible routes toward a *“‘super
generalization” of Refs. 1 and 2. On the one hand, one
can try to “‘supersymmetrize” the Casimir algebra in the
sense of trying to extend a superconformal algebra. A
useful starting point in that respect might be the super
Wess-Zumino-Witten (WZW) model.? (The results of Ref.
4, however, indicate that there exists no associative ex-
tension of the spin-3 algebra in terms of superfields of di-
mension J and .) Alternatively one might try to gen-
eralize by using the Casimir invariants of a Lie superalge-
bra. This will be the approach taken here. As we will see
this construction does not give rise to fields of half-
integer dimension. However, as far as a classification of
rational conformal field theories is concerned, this is be-
lieved not to be a restriction.>® Furthermore, this latter
generalization is particularly interesting from the
mathematical side where the field of infinite-dimensional
superalgebras is only recently being explored in detail.

Let us discuss the idea underlying the construction.
Kac-Moody algebras have been successfully applied in
understanding and proving properties of CFT’s, as well
as in their construction. The basic ingredient is the
Sugawara construction,” which provides a stress-energy
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tensor (generating the Virasoro algebra) bilinear in the
Kacd-Moody currents. Moreover, the Virasoro algebra
obtained in this way commutes with g, the horizontal
finite-dimensional Lie algebra of the affine Kaé-Moody
algebra g. Thus we may interpret the Sugawara construc-
tion as the construction of the symmetry algebra of the
coset pair (g,8). The Goddard-Kent-Olive (GKO) coset
construction® generalizes this to a Virasoro algebra asso-
ciated with every coset pair (g,g’) g Dg’ of affine Kac-
Moody algebras.

_ One of the applications of this coset Virasoro algebra
%YV uses the fact that integrable highest-weight modules of
g are finitely reducible in highest-weight modules of the
direct sum g'@ <V if and only if the central charge ¢ of V
satisfies ¢ <1. A motivation for generalizing the
Sugawara construction is to extend the coset Virasoro
algebra for a general coset (g,g’) to a closed algebra W,
commuting with g’, such that highest-weight modules of
g will be finitely reducible with respect to g'®& W also for
central charges ¢ > 1. Clearly, the maximal extension is
given by adding to the Virasoro algebra all singlet fields
under g’. The question is whether all these singlet fields
can be grouped into primary fields and their descendants,
and whether there exists a finite set of primary fields
which, together with their descendants and normal-
ordered products thereof, form a closed operator-product
algebra (OPA). In particular, for the coset (g,g), singlet
fields under g are easily constructed by contracting the
Casimir invariants of g with the g currents.

In a previous paper,’ henceforth referred to as I, we set
up the machinery for the actual computation of this pa-
per. We determined the f and d symbols as well as their
mutual contractions. We also gave the level-1 vertex-
operator realization for the affinized Lie superalgebra
SU(m|n )V, and showed equality of the partition func-
tions at various stages of the bosonization that is in-

415 © 1989 The American Physical Society



416 PETER BOUWKNEGT et al. 40

volved.

This paper is organized as follows. In Sec. IT we will
give the general result for the operator-product expan-
sions (OPE’s) among the fields obtained from the second-
and third-order Casimir invariants of the Lie superalge-
bra SU(m |n), using the contraction identities in paper I.
In Sec. III we restrict to level-1 modules, and employ the
vertex-operator construction to realize the Casimir
operators of Sec. II in terms of (free) bosonic fields only.
‘Using these reduced expressions we will, in Sec. IV, com-
pute the OPA of Sec. II once again and explore the
consequences of putting m —n =3, which is the analog of
the SU(3) case of Refs. 1 and 2. As a by-product of our
calculations we discover an extended symmetry algebra
in the ¢ =—2 bosonized bc system. Because this is
relevant on its own we explore the occurrence of extend-
ed symmetry algebras in this context in Sec. V.

II. CASIMIR OPERATORS FOR AFFINIZED
LIE SUPERALGEBRAS

In this section we will review how to associate a con-
formal field theory to a super Ka¢-Moody algebra and we
will show, in the specific example of SU(m |n), how to
discover extensions of the conformal symmetry by ex-
ploiting the Casimir invariants of the superalgebra. The
mathematics of infinite-dimensional superalgebras is still
quite unexplored. Because it is not our purpose here to
be ‘““as general as possible” but merely to illustrate some
ideas we will restrict ourselves to a convenient subclass;
J

A(z)(Bc><w>=2+ﬂ95@ dxz[A(z)B(x)C(w)+(—)ABB(x)A(z)C(w)],

zZ X —

where (—)48 equals —1 if 4 and B are both fermonic
operators and 1 otherwise. A lot of useful identities and
rearrangement lemmas, easily generalized to include fer-
mionic fields, can be found in Ref. 1.

To an affinized Lie superalgebra (2.1) one can associate
a conformal structure by the super-Sugawara construc-
tion (provided k¥ —h V) (at this point we explicitly re-
quire that the invariant metric y 45 is in invertible)

1

the (untwisted) affinized contragredient Lie superalgebras
(see, e.g., Ref. 10).

A contragredient Lie superalgebra g is defined by a
Cartan matrix which directly leads to a superinvariant
supersymmetric bilinear form (, ). Choosing a basis
{T,A=1,...,dimg}, for g, we put y z=(T,,Tg).
The affinization g =g ‘U of g is conveniently encoded in a
set of currents J 4(z) with mutual OPE’s:
cJc(w)

+f an Z —w + e

kv 48
z—w)?

J 42V g(w)= ( (2.1)
There exists a Z, grading g =g,®g; which determines
the bosonic (fermionic) character of the current J 4(z) ac-
cordingto T, €55 (T 4, €87).

In dealing with operator-product expansions of com-
posite operators there are two important ingredients.
(We restrict the following discussion to operators of in-
teger dimension, single values on the complex plane.)
First of all, composite operators at coincident points are
ill defined unless one specifies a normal ordering. We will
choose the point-splitting prescription, which we will
denote by parentheses:

1 dx
27i 7Gx —z

(AB)(z)= A(x)B(z) . (2.2)
The contour @, surrounds the point z counterclockwise,
and operators at noncoincident points are always impli-
citly assumed to be radially ordered. Another ingredient

is the Wick theorem

The currents J 4(z) are primary fields of dimension 1 with
respect to T'(z).

Let us now restrict the discussion to SU(m |n). As we
have shown in I, the contractions between the various
super f and d symbols (i.e., at least up to order 3) for
SU(m|n) are of identical structure as those of
SU(m —n). (Similar results were found in Ref. 11.) The
same is true for the third-order Casimir algebra. Put (for
conventions see I)

Q,=3d,%UcJp),
e 2.7)
0= 3 dBJc(JpJ ), @.

A,B,C

then Q ,(z) and Q (z) are primary with respect to T'(z) of
(2.4) and in particular we have

T(z)=————y?4J ,Jp)2), 2.4)
2k +hV) " TATElE
where the dual Coxeter number 4 V is defined by
FPaScop=2n"7 4 2.5
and the central charge is given by
ksdimg
= (2.6)
T k+nv
]
TO()T ()= —L_ 1 2Tw) | OT(w)
(z —w) (z —w) (z —w) (z —w)

1

+——(b2A+ LT+ 10R )(w)+ -
zZ—w

S(262A+ 3°T+R,)(w)

- , (2.8)
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where
1 172
TO(2)=MKk)Q(z), Nk)= . ,
Q 3(m—n+k) | 2(m —n +2k)[(m —n)*—4]
16 k[(m —n)*—1]
2 = =[(TT)— 28T , 2.9
b 450 P AZ)=[(TT)— %9°T1(z) (2.9)
1
R, (z2)=—2b2A(z)— 43T (z2)+ m(aJAaJA Nz)+9(m —n +k)[NK)HQAQ  Nz) .
[
To derive (2.8) it suffices to observe that the possible J,=(—)idp'—idgp! ™Yy, a=I=1,...,m+n—1,
minus signs in (2.3) arrange themselves such that the con- o
tractions between indices follow the tensor rules of I. Jc,,,j-_—e'("S —dﬂ)ca'j )
This allows one to apply the results of Ref. 1. T
Let us recall that in the “bosonic” case of SU(m) it J, ___=e_’xe’("’*¢j)ca___ , (3.4)
could be shown that R,(z) is a null field precisely for Y e Y
m =3, k =1 (Ref. 1). In that case the algebra closes on J, =3(eX)e'? _"’])cai ,
T(z) and T**(z) only. This result is most easily derived iy - __—
by employing the k =1 vertex operator realization for Jau=a(eiX')e"iX]ei(¢'“¢1)ca_
SU(m). Similar issues for the supercase SU(m |n) will be i i

discussed in the next section.

III. VERTEX-OPERATOR REDUCTION
OF THIRD-CASIMIR OPERATORS

In this section and the next we will consider the
Casimir algebra of Sec. II for level k =1 representation
only. In that case we can use the vertex-operator realiza-
tion to deduce a realization of the OPA (2.8) in terms of
scalar fields. In the ‘“bosonic” case of SU(m) this has
proved very useful to eliminate explicitly the null fields
which could be present in the discussion of the symmetry
algebra as in Sec. II. As discussed in I, the vertex-
operator realization for SU(m|n)"" [but also for
OSp(m|n)'V, see Ref. 12] can most easily be found by bo-
sonization of the free fermion representation (also called
“symplectic boson” representation) of Refs. 13 and 14.
This procedure also provides an explicit realization of the
various cocycle factors c, that are involved. For con-
venience we recall the results of I.

Introduce a set of m +n scalar fields ¢I, I ={i,7},

i=1,...,m,i=1,...,n, with the two-point function

($1(2)¢”(w)) =—(—)8"In(z —w) , 3.1)

where
I 1, I=1,

(—) —1, I=7 (3.2)
and a set of n scalar fields (of conformal charge ¢ =—2
each) ¥/, i=1,...,n with

(X2 (w)) = —8UIn(z —w) . (3.3)

Then, in the super-Chevalley basis for SU(m |n ) we
have

(Please note that the conventions are related to those of 1
by ¢'— —¢'and x'— —x")

To avoid a proliferation of ’s and partial derivatives
later, but also to be able to write the result in an elegant
form we introduce

— [Zis]

]:' I__
H'=id¢ "

_ (3.5)
=gy .

The system is constrained by the equation >, (—)H!=0,
and we have

1J
(HI(2)H (w))=—Y—,

— )2
(12 ©) (3.6)
(g1
yr=(—) p——
and, for instance,
‘ 1
Jo=yJ,=(=) T (=VH’,
J=1
I=a=1,....m+n—1. 3.7
Having a bosonic representation of the affine

superalgebra SU(m |n)!) at level k =1 in terms of vertex
operators, let us compute the vertex-operator reduction
of the stress-energy tensor

1
2m —n +1)

Normal-ordered products (J,J_,) between the off-
diagonal generators can be evaluated by applying the
Campbell-Baker-Hausdorff formula after which the con-
tour integration of (2.2) can explicitly be performed. The
result of this calculation is

T(z)= Sy BJgd ) .
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@)= |S(-MHHE)+ X (KK +K) ). G.8)
1 i
For later use we introduce
Th=+—)(H'H") ,
_ (3.9) -

Ti=4K'K+3K') .

Of course, the result (3.8) was to be expected because
these are just the energy-momentum tensors of the scalar
fields H'(z) and K(z). [One might think that there is one
scalar field too many in (3.8) to obtain ¢c =m —n —1. It
should be remembered, however, that the fields H' are
constrained by the equation 3;(—) H’=0.] Neverthe-
less it should be emphasized that, contrary to the SU(m)
case, the result (3.8) is not proportional to what would be
obtained from the ‘“naive” Cartan subalgebra restriction
S vJ,J,), which would only give the first term in (3.8).
The so-called “quantum equivalence theorem”!® breaks
down because we are dealing with a nonunitary model.
To obtain the reduction of Q(z) we proceed similarly.
During the calculation one makes frequent use of the
identities (in particular the rearrangement lemmas) of

]

Q(2)=(m —n+2)(m —n+1) | S(—)(H(H'H"))+6 S(TyH)+2 3 ¥ |(2)

I

where we have defined

Vi =(K(K'K')+2dK'K)+13K " . (3.12)

As a check on the calculations we have verified that
Q (z) as given above is indeed primary with respect to the
total stress-energy tensor 7(z)=Ty(z)+Tk(z) of (3.8).
In fact, both 3,(—)(HI(H'H'))+63(TEH') and ¥k
turn out to be primary fields under 7(z). In Sec. V we
will argue that W’ is very interesting in its own right, but
let us now first discuss some features of the reduced Q (z)
in (3.11).

The corresponding result for SU(m) is easily read off
from (3.11) by putting n =0, to get

Q"= z)~ S (H(H'H")

~ 3 dPT,(J,J,) .
CSA

(3.13)

One sees that the reduced expression is proportional to
the “naive” restriction of Q(z) to the Cartan subalge-
bra }(CSA). This is related to the statement that the d
symbols restricted to the Cartan subalgebra satisfy simi-
lar contraction identities as the full d symbols. In partic-
ular, the fact that Q" ~%(z) is primary is a consequence
of the fact that the restricted d symbol is also traceless.

In this context the use of the ‘“‘constrained” fields H'(z)

Appendix A of Ref. 1.
Let us give the intermediate result of Q ,(z) (in the
Chevalley basis of I):

Q,=2m—n+2)(=)T!—T*),

I=a=1,... m+n—1,
Qo =(m —n+2){(H'+H, }
Q.. =(m—n +2)[(H"+H7)Jai__}
J ] (3.10)

+(m —n)KiT, ),
ij

Q.. =(m—n+2){((H+H)J, }
ij ij

B ij
+(m —n)az(e"x;)e"“”i”’fj)ca?j ,
Qq-=(m —n +2)[{(H'+HI+K+K)J, }
j +aK7ef‘X7—X;+¢7—¢;)ca_J] :
i
where { } stands for the weighted symmetrization
{AB}=1(AB +BA). After another contraction with

J 4 one finally arrives at the result

(3.11)

now has a very simple interpretation. For U(m) a basis
of the Cartan subalgebra can be chosen for which
dij...=1if i=j=k="--- and d;j... =0 otherwise.
Therefore the Casimir operators of U(m) have very sim-
ple expressions, which are in fact exactly the SU(m)
Casimir operators if we restrict to the subspace given by
the constraint 3;(— ) H/=0. The reason for mentioning
this is that representing the Casimir operators in the
U(m) context, in which all the d symbols are simple,
might be convenient to perform similar computations for
higher-order Casimir operators.

Let us now return to the full SU(m |n) expression. In
this case the corresponding ‘“‘naive” Cartan subalgebra
restriction of Q would only give rise to the first term on
the right-hand side of (3.11). This is clearly not the
correct result, since 3 ,(—)(HX(H'H)) is not even pri-
mary. The reason is that, contrary to the SU(m) case,
the Cartan subalgebra restriction of the d symbol is not
traceless, while the full d symbol is. [This can be traced
back to the fact that there is a U(1) factor present in the
even part of the Lie superalgebra SU(m |n).] In fact, the
abstract proof for the proportionality (3.13) (and similar
ones for the higher-order Casimir operators) breaks down
for nonunitary models.!® It is an intriguing question
whether one can still predict the outcome (3.11) of the
vertex operator reduction without doing the reduction
explicitly.
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IV. THE LEVEL-1 THIRD-ORDER CASIMIR
OPERATOR-PRODUCT ALGEBRA

In the previous section we computed the reduction of
Q(z2)=3d*BJ.(JpJ 4)) in the (k =1) vertex-operator
realization of the affinized Lie superalgebra SU(m|n).
After normalization T®Yz)=WNQ(z), where N=WN(k

]

T2 52
m — 2 2b

R,(2)=

_m=n S vgIlHI{HH! +
+2(m_n_2)21,( Y(H'(H'(H'H!)))(2)

3(m —n)

* 2(m —n —2)

{~a2TK+§z_(H7 0@ .

(TT)(2)+ (262 —1)3’T (2)+ [

6(m —n)
m—n—2

EXTENDED SUGAWARA CONSTRUCTION ... . IL. ... 419

=1) is given by (2.9), the operator product T (z)T*(w)
should reproduce the result (2.8) with ¢=m —n —1.
This we have explicitly verified. [An intermediate result
in this computation is the operator product W (z)¥ g (w),
which is treated in more detail in Sec. V.] As a by-
product we find the expression for R,(z) in this realiza-
tion

1. 1 S (HH!
2+m_n_2‘§< Y(H'32H")(2)

2(T§T,§>—22_(T;}T;’,) (z)

i i

4.1)

One clearly sees the appearance of the field ¥ ,(— Y(HIH(H'H'))), which would be present in the vertex-operator
reduction of the fourth-order Casimir operator of SU(m |n). In the bosonic case (n =0) we know that this fact picks
out m =3 as a special case. Since we have seen that all the d-symbol contractions, etc., depend only on m —n, this sug-
gests that for the case m —n =3 we might find special properties.

By using the rearrangement lemma [see Eq. (A15) in Ref. 1]

S (— (=Y (H'HYHH) =3 (= Y(HHHH) +23(—)(H'PHD
LJ J I

we can write, for m —n =3,

4.2)

Ry (2)=2 S (= (HIHHHN) =L (==Y (HHHH'))— 2T Tg)—4TxTy)
1

LJ

+12(TL T ) —24 S(T Th)—39* T +8

Before we discuss the general situation, let us put m =3,
n =0, which effectively brings us back to_the “bosonic”
Lie algebra SU(3). In this case the fields ¢’ and x' are ab-
sent, so we just have

Ry (2)=1 (S(H(H(HH"))

—%Z(H’(H‘(HJH/))) , (4.4)
ij

which vanishes identically because of the constraint
$3_,H'=0. [This is just the statement that
TrA*=1(Tr4?)?, for traceless 3X3 matrices.] For
SU(m), m =4 the two terms in (4.4) are never propor-
tional. Of course, this is all equivalent to the statement
that in SU(3) the fourth-order Casimir operator is pro-
portional to the square of the second-order Casimir
operator. So we have reproduced the result of Ref. 1
which states that the field R4(z) in the SU(m) third-order
Casimir algebra is a null field precisely for m =3, k =1,
and actually identically vanishes in the vertex-operator
realization.

For general m —n =3 the expression (4.3) clearly does
not vanish identically. In fact (for m#3) one easily con-
structs states |y) such that (x|R,)#0 where
|R,)=1im, R 4(2)|0) is the state corresponding to the

z_mfwi)

(4.3)

[

field R,(z). This proves that R,(z) is not a null field.
Hence, for general m —n =3, k =1 the Casimir algebra
does not close on the second- and third-order Casimir
operators only. Nevertheless, there is something special
about m —n =3; it turns out that R,(z) is a norm-zero
field (i.e., {R4|R,)=0), or equivalently has a vanishing
two-point function { R,(z)R,(w)) =0, for all m —n =3.
This can straightforwardly be proved by showing that the
central term in the OPE R ,(z)R 4(w) vanishes.

As an independent check on this computation we also
showed that

T3(2)R ,(w)=0 !

(z—w
which, in particu{lgr, implies that that OPA structure
constant € vanishes, such that the three-point

(4.5)

)3

T(})R4T
function (Tm(zl)Tm(zz)R4(z3))Rvanishes. This would
be in contradiction with @T@)T(;) 40 [see (2.8)] unless

R ,(z) has a vanishing two-point function.

To summarize, the “super”’ generalization of the re-
sults of Ref. 1 is that the field R,(z) has a vanishing norm
for all m —n =3, k =1. (As a side remark let us mention
that for unitary representations zero-norm states |y ) are
automatically null states, since if for some state |¢) we
would have {¢|y )70 then the norm of |¢) +€lx) could
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be made negative for |e|— «.) To answer the question if
it would nevertheless be possible to have a singlet algebra
based on a finite number of primary fields would require
an explicit computation of operator products R 4(z)R 4(w)
and so forth. Clearly, to extend the previous analysis of
the third-order Casimir operator-product expansion to
operators of higher dimensions would be notoriously
complicated. To make some progress one would certain-
ly need more powerful machinery, as for instance the
theory of quantum groups (see Ref. 17 in this context).
Still, the more straightforward analysis of this paper
(though admittedly not complete), is useful in the sense
that it sheds light onto what kind of structures one might
expect to emerge.

V. EXTENDED CONFORMAL SYMMETRIES
IN bc SYSTEMS

In the reduction of the third-order Casimir operator
Q(z) for SU(m|n) we have seen that the following field
appears [see Eq. (3.12), we restrict to one index i]:

W, =(K (KK))+2(3KK)+ 13K , (5.1)

where K =idy corresponds to a bosonized spin-0 bc sys-
tem of central charge ¢ = —2. Its stress-energy tensor is
given by

Ty =1((KK)+9K) . (5.2)

With respect to this stress-energy tensor, ¥x turns out to
be a primary field of dimension 3.

By invoking the free field Wick theorem, or repeatedly
using (2.3), one shows that the normalized field
Uy =V'2/27 Wy satisfies

40
- - -2 2T (w) ATk (w)
V()P (w)=—
K (z—w)®  (z—wi (z—w)
1
+ [N T Tg)— 10T J(w)
(Z _w)z [ 3 K4 K 2 K]
1
+- _w[ga(TKTK)—%&TK](w)
+ - (5.3)
This is precisely the spin-3 algebra (2.8), without the field
R ,(2), for ¢ = —2. If we would have known this before-

hand we might have anticipated the occurrence of the
field (27\1/}'( )(z) in the vertex-operator reduction of Q(z).
[Of course, the sum Wy =27\I’§< does not satisfy a spin-3
algebra with ¢ = —2n. The difference, which occurs at
O(1/(z —w)?) because this term is nonlinear both in Ty
as well as in ¢, is absorbed in the field R ,(z).]

It is well known that one can find a realization of the
spin-3 algebra (for every ¢ value) in terms of two scalar
fields coupled to a background charge.'® This corre-
sponds to the Feigin-Fuchs construction for the level-1
vertex-operator representation of the Ka¢-Moody algebra
A =8SU(3)V (Ref. 2). It is remarkable however that
one can also find a realization, though nonunitary, of the
spin-3 algebra in terms of one scalar field only.

To investigate in general the possibility of having an
extended conformal symmetry in a bosonized bc system,
we investigated the question whether it is possible to con-
struct polynominals in K,0K,3’K, ... which are pri-
mary of spin-A with respect to

Tx=1((KK)+Q3K), c=1-302. (5.4)

By writing down the most general polynomial and requir-
ing it to be primary under T we found (up to an overall
constant factor) the following possibilities for A <5:

A=1, ¥=K, c=1,

A=2, ¥=(KK), c¢=0,

A=3, V=(K(KK))+21QQKK)+13’K, c=-2, (5.5)

A=4, ¥=(K(K(KK)))+3(dK3K)—(3’KK), c=1,

¥=(K (K (KK)))+2Q (3K (KK))+1(3K3K )+ +(’KK)+ LQFK, c=—2,
A=5, V=(K(K(K(KK)))+3Q(3K (K (KK)))+3(dK(dKK))+ 3(3’K (KK))+ L Q(3’KdK)
+ 2 Q(PKK)+ LK, c=—7.
I

For every allowed ¢ value the two roots Q =+1v'1—¢ cause the same ¢ = —2 system is used in the construction
give rise to primary fields W that are related by the parity ~ of the fermion emission vertex.”® The A=4, c=—2

transformation K — —K.

The A=1 and A=4 solutions are well known from the
Virasoro representation theory at ¢ =1 [they correspond
to the Schur polynomials x5 and g (Ref. 19)]. The other
solutions all correspond to nonunitary models. As we
have seen the A=3, ¢ =—2 solution turns up in the
Casimir operators of affinized Lie superalgebras. It
might also be relevant with regard to string theory be-

solution might also have interesting applications because
this is the ¢ value describing the Lee-Yang edge singulari-
ty in the Ising model with an imaginary magnetic field.?!

Additional information is obtained if one notices that
the nonunitary solutions for ¢ are present in the list of
minimal models c (7,5)=1—6(r —s)?/rs and that the field
W, corresponds to the field W; ;) in the grid of conformal
dimensions
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(rs) _ (pr —gs)*—(r —s)?
h > p.g) 4rs

1<p<s—1,1=g=r—1.

(5.6)

From the known fusion rules of the minimal models?? one
immediately concludes that for A=3,4,5 no additional
fields appear in the singular terms of the operator-
product algebra of T'(z) and W,(z), so that T and ¥,
form a closed symmetry algebra by itself, as we had
found for A=3 by explicit computation. Let us remark
that for generic ¢ values the spin-5 operator-product alge-
bra is not associative. The value ¢ =—7 is however pre-
cisely one of the ¢ values found in Ref. 23 for which there
does exist an associative spin-5 algebra.

It should be emphasized that the presence of an
integer-dimension field ¥, in the column 4 "*(p, 1) of the
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grid of conformal dimensions of a minimal model in gen-
eral signifies the presence of an extended algebra.”> What
is remarkable however, is that for the cases discussed
here the fields W,(z) turn out to be polynomial expres-
sions in K,0K, . ... If this is not just a coincidence one
could anticipate the existence of a polynomial in
K,0K , ... primarily of spin-A for ¢ =1—3(A—1)%/
(A+1), i.e., the c value for which A "*(3,1)=A.
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