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We study high-energy elastic and inelastic processesina ¢3theory based onthe following model:
For the elastic-scattering amplitude we first sum the leading terms in each order of perturba-
tion of the ¢ -channel straight ladders, plus those obtained by interchange of the Mandelstam
variables s and #. We then perform the s-channel iteration with the ¢ -channel ladders as sin-
gle units. ‘We are only interested in the physical regions in which the incident particles re-
tain their large momenta. This procedure leads to the eikonalization of the ¢ -~channel ladders.
For the inelastic production amplitude, the dominant contribution comes from diagrams with
any number of totally open ladders (i.e., multiperipheral chains) modified by unopen ones. The
main results are: (a) The total cross section approaches zero, approaches a constant, or
increases as (Ins)? according as the coupling constant is smaller than, equal to, or larger than
a critical value. (b) Elastic and inelastic differential cross sections are computed, and they
have many nice features, as suggested by the absorption model. (c) Nonforward s-channel
unitarity is explicitly verified. (d) One-particle and multiparticle spectra, the average multi-
plicity, the number distribution of the final particles, etc., are obtained. The implications

of these results to hadron physics are discussed.

I. INTRODUCTION

Even though quantum field theory may be the
only theoretical structure which incorporates all
fundamental properties of relativistic invariance,
quantum superposition, unitarity, etc., it has not
‘proved to be very successful in the analysis of
high-energy scattering in strong interactions, be-
cause of the lack of a better alternative to the con-
ventional perturbation expansion. People thus have
turned to phenomenological frameworks such as
the Regge theory and the absorption model. These
theories are based on ideas abstracted from non-
relativistic potential scattering, and are not pre-
cisely formulated relativistically. In particular,
the production processes and their connection with
elastic scattering through unitarity constraints
have not been studied in detail, with the possible
exception of the multiperipheral model.? Some
qualitative predictions about inelastic production
have been made by the recently proposed parton
model? and the hypothesis of limiting fragmenta-
tion.®* These models are also semiphenomenological
in the sense that many of the abstracted empirical
facts are taken as inputs in the formalism. As
the recently developed infinite-momentum tech-
nique enables one to handle the leading high-energy
behavior of a very wide class of Feynman dia-
grams,*”? it is hoped that study of certain field-
theory models will at least reveal some general
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qualitative features concerning the questions men-
tioned above. Much work along this line has been
done by many authors.®"!° Some nice features of
the scattering theory, which previously could only

"be understood through analogy with nonrelativistic

potential scattering, can now be related to the con-
tribution from the sum of certain classes of Feyn-
man amplitudes.

On the basis of their results of high-order cal-
culations of the elastic-scattering amplitude in
massive quantum electrodynamics (QED), Cheng
and Wu® recently made a number of predictions

‘on the elastic-scattering amplitude, on the differen-

tial and integrated elastic cross section, and on the
total cross section for hadron-hadron scattering at
infinite energy. Their central results derive from
the fact that the sum of the (Ins)" factors in the
“tower diagrams” exponentiates to a power of s,
and the s-channel iteration of these tower diagrams
gives an eikonal form. These logarithmic factors
(Ins)" have been naturally attributed to a purely
longitudinal phase-space effect.® The eikonal form
emerges from the intuitive expectation that in the
infinite-energy c.m. system, because of Lorentz
contraction, the colliding pérticles have almost
instantaneous interactions as they pass through
each other. Hence, the potential picture should
apply. Since the result is essentially kinematic

in origin, one may expect that a simple model with
@® coupling will also give the same qualitative pre-
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dictions as QED. Furthermore, the simplicity of
the model allows one to draw more physical con-
sequences. The search for a simple model is mo-
tivated by the belief that these field-theoretical
model calculations have value mainly in extracting
physical pictures. The essential physical content,
we believe, is best illustrated by the use of the
simplest possible mathematics.

Previously, there has been some reservation in
pursuing the perturbation calculation in ¢® theory
because, to any finite order of perturbation expan-
sions, the high-order diagrams are always smaller
than the Born term by at least a power of s, within
powers of Ins. Hence, if one believes in the phi-
losophy of keeping only the leading terms in the
perturbation theory, one should only keep the Born
term, which is not interesting. However, it is
well known that after summing over a selected set
of diagrams, such as {-channel ladders, the re-
sultant amplitude may acquire an s dependence
which is larger than each of the individual terms.
In fact, the sum over {-channel ladders leads to a
Regge pole,'! whose intercept @(0) is a function of
the coupling constant g2. For large g%, «(0) be-
comes positive. Consequently, the amplitude due
to these ladder exchanges dominates over the Born
term. This result demonstrates that accumulation
of diminishingly small effects may become impor-
tant. It also suggests that one could not draw any
definite quantitative conclusion from a perturbative
leading-term-summation calculation, since it is
not possible to establish that terms neglected will
not add to a comparable contribution. Thus, one
should be careful about how to use perturbation
theory as a guide. Although these leading-term
summations may not be reliable numerically, the
results could still be qualitatively useful. What
we primarily search for are the physical mechan-
isms and pictures associated with certain high-
energy characteristics of the scattering amplitudes.
A simple example of such an association is that
of the lns factors with the degrees of freedom in
the longitudinal phase space mentioned before.
Understanding the underlying mechanisms and phys-
ical pictures responsible for the high-energy be-
havior of the scattering amplitudes is the principal
goal of any diagram analysis. This understanding
will help us to anticipate what general qualitative
features might persist, or in what way they might
be modified when the analysis is extended to in-
clude a wider class of diagrams and/or to keep
more nonleading terms. Hence, one should feed
in additional physical requirements to select the
set of diagrams, and/or the specific integration
regions that one should analyze in order to under-
stand a particular mechanism.

In this paper, we report in some detail predic-

tions on elastic and inelastic hadron scattering at
very high energies, based on a simple ¢ model.
The main results of this paper were published in

a Letter.”? The set of diagrams that we have
studied in this paper is the s-channel iteration of
t-channel ladders (see Fig. 1). The legs of the
ladders are permuted in all possible ways on the
incident-particle lines. We.are only interested in
the kinematic region in which the incident particles
retain their large momenta during the scattering,
i.e., the legs of the exchange ladders do not carry
any appreciable fraction of the large incident mo-
menta. The s-channel iteration of these ladders in
the manner described above gives the standard
eikonal form.%'®:*® A {-channel ladder is the sim-
plest connected exchange which gives rise to an
absorptive part in the eikonal function. Hence, it
leads to nontrivial production processes. It can
be shown that the inclusion of any other connected
exchange does not affect our qualitative predictions.
Thus we are content with our simple model.

We would like to emphasize here that the main
purpose of this paper is zof to study the validity of
the eikonal approximation for the diagrams under
consideration by analyzing the leading (Ins)¥ terms
in each diagram. Rather, we are extracting that
part of the iterated ladder graphs whose asymptotic
behavior of the sum possesses a simple physical
interpretation. The kinematical region in which
the incident particles retain their large momenta
does not necessarily pick up the leading terms of
each individual diagram. This point was studied

L +
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FIG. 1. (a)t-channel ladders. (b) Example of s-channel
iteration of the ¢ -channel ladders in (a); permutation
among the legs of all ladders is understood.
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in a recent paper of Cicuta and Sugar and will be
discussed in a note added to this article.

The physical reason for making the above kine-
matic restriction will be given in Sec. II. Here we
merely mention that with this restriction only
pionization processes are considered in which the
secondary particles have small momenta in com-
parison with the incident momenta in the c.m. sys-

tem. As we shall see later, pionization is the dom-

inant mechanism contributing to the total cross
sections at very high energies.

We also study the inelastic processes which con-
tribute to the absorptive part of the above elastic
amplitude. They are associated with the unitarity
diagrams with any number of totally open ladders
modified by unopen ones. A typical example is
given in Fig. 2. This can be viewed as a general-
ization of the conventional multiperipheral chain
to multichain processes, modified by the unopen
ladders. These unopen ladders lead to an absorp-
tion correction through which the s-channel uni-
tarity is explicitly maintained. The main results
of our calculations are the following:

(a) The total cross section has completely dif-
ferent high-energy behavior for the weak-coupling,
the critical-coupling, and the strong-coupling
case according to whether

&
(0) = 1672 u? 1

is less than, equal to, or greater than one. (The
coupling constant g is defined by £;,=-1g¢°% and p
is the meson mass.) In the first case the cross
section goes to zero as s—«, In the second, the
total cross section approaches a constant. In the
third case, however, the total cross section in-
creases like (Ins)? at large s, i.e., it saturates
the Froissart bound.**

e ———— ——d it -

Py= Py *d

Loots

FIG. 2. Example of unitarity diagrams for a general
production process in which two ladders are open. The
solid lines cut by the dashed line correspond to the real
final particles. On each side of the dashed line, permu-

tation among the legs of open and unopen ladders is un-
derstood.

(b) The total, elastic, and inelastic cross sec-
tions o5, 0z, and oy are the same as those obtained
from an s-dependent absorption model:

op= Zfdzb(l - e’A(s,T;))’
O'E=fd2b(1 _e-A(s.E’))z,

o= fdzb(l _e-zA(s,F)),

with b being the impact parameter and A(s, b) an
opaqueness given later. At large energy, and for
the strong-coupling case, these cross sections
reduce to

=g, =15, = 2
UE—O'[—ZOIT"'bem,

where b, =bp,,, is found to be proportional to lns.
These results agree with those in QED.® For the
critical case, only a single ladder contributes at
large s. It leads to a constant 0, and og<1/Ins.

(c) The one-particle spectrum for a detected
production particle with four-momentum %, is
given by

6 s \&(0)-1
o= (33)

d%q 1 d%e

@n)* @+ pTE +@)*+p®* (2m)°2°
with @(0) = a(0) for weak and critical coupling,
2(0) - 1=[a(0) - 1]/[2a(0) + 3] for strong coupling.
The s-dependent factor drops out for the critical
case. The one-particle spectrum exhibits a dx/x
distribution in the longitudinal momentum, and an
s-independent transverse-momentum distribution.

(d) The number distribution function P(») for the

strong -coupling inelastic processes is a superposi-
tion of Poisson distributions in the impact space:

Pl = (a2 [[ap e D BB
where B(s, b) is related simply to the opaqueness
Als, 5), and has the same size b,. The above dis-
tribution has a longer tail at large #» than a single
Poisson distribution. For weak and critical cou-
plings, the number distribution is simply a Poisson
distribution,

0)+1]1 2)}n
P(n) = {[a((s/) ;z)lzg()f{: | )

This paper is organized as follows: In Sec. II
we describe our model in detail. The elastic am-
plitude, is obtained, and so are the elastic and total
cross sections. The existence of three distinctly
different classes of solutions is demonstrated. We
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TABLE I. A summary of various results.

Weak coupling Critical coupling Strong coupling
Og, 01, Op o’s—0 O'EOCE; O‘I=GE=%0T
op < const o (lns)2

One-particle

-, d3k
Same as multiperipheral model: s*®-1f (kz)-gko—

spectrum
©-1¢ @ % Frd’ky
Multiparticle Same as multiperipheral model; s*V7If (k;, ..., K, sij)I_Il %D Product of one-particle
spectrum = spectrum in b space

s;j=subenergy of particles ¢ and j

Correlation be-
tween particles

Some?

None

Number Poisson distribution®: Poisson in b space:
distribution
1 . s\"/ s —ot(0)-1 BT
;l—![a 0) +1J" <1n“—2> <M_2> fdzlbe Bls,b) gn /iy |
2See Ref. 17. bSee Ref. 18.

then study the production processes in Sec. III.
The inelastic amplitudes are obtained and the s-
channel unitarity is verified. In Sec. IV we obtain
many distribution properties for the production
processes, such as one-particle or multiparticle
spectra, the number distribution of the final par-
ticles, etc. The main results of this paper are
summarized in Table I. In Sec. V we discuss the
possible generalization and implications of our
model calculation for hadron physics.

II. THE MODEL

To understand the motivation behind the present
study of a ¢®-type coupling as a model for high-
energy hadron scatterings, let us recall the main
conclusions obtained in the recent work on high-
order calculations in massive QED. Essentially
there are two main points, namely, the eikonal
representation of an elastic amplitude at high en-
ergies,®'® and the power dependence on s of the
sum of the so-called “tower diagrams” of the elastic
amplitude.®’ 1*

The simplest example® " of an eikonal amplitude
in massive QED is obtained by summing to all
orders the multiphoton exchanges in electron-
electron scattering. The sum gives an elastic am-
plitude proportional to s and a constant total cross
section as s— . If one considers the same set of
diagrams in a scalar field theory with the electrons
and the vector photons all replaced by spinless me-
sons, only the Born term survives and the total
cross section vanishes as s— . This distinction
between a vector and a spinless elementary-par-

ticle exchange, in these simple examples, some-
how generates the incorrect impression that in

field theory, exhange of elementary spin-1 particles
is essential to have a nonvanishing total cross sec-
tion at high energies, despite the well-known fact
that higher spin can be produced by a composite
system of two spinless particles.

Cheng and Wu® and Frolov et al.'® have shown
that by summing the so-called “tower diagrams”
in massive QED, the forward elastic amplitudes at
large s behave like

git(11/3zmal

with a=e?/4n. This result necessarily violates
the Froissart bound. Later, it was found that this
difficulty can be overcome by including those dia-
grams which are the s-channel iteration of this -
selected set of diagrams. The total cross section
then saturates the Froissart bound, (Ins)®. It
should be noticed that this saturation of the Frois-
sart bound by the total cross section occurs for
all nonvanishing values of the coupling constant,
no matter how weak the interaction may be. This
is somewhat disturbing since it leaves no room for
the possibility of a constant total cross section at
high energies, which is currently believed to be
the true high-energy behavior for hadronic cross
sections, although a logarithmic growth cannot be
ruled out by the present empirical data.

It would be more interesting to have a model which
is capable of producing an entirely different high-
energy behavior for the scattering amplitudes
and the cross sections, depending on the strength
of coupling.
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With these remarks in mind, we look into a scalar
field theory with ¢® coupling for a clue. It turns
out that such a simple model has all the features
we desire. It gives a nontrivial scattering ampli-
tude as s— =, and its high-energy behavior is dif-
ferent for different coupling strengths. We achieve
these results by summing a certain class of dia-
grams to all orders, so that individually small
terms add up to a nontrivial result. Another ad-
vantage of ¢® theory is that, unlike the amplitudes
in QED, there are no complicated y matrices in
the numerator functions. This simplification en-
ables us not only to carry out with ease further
calculations involving production processes, but
also to see clearly the underlying physics. We
believe that important physical consequences can
be deduced much more efficiently from a model
that does not involve complicated mathematics.

Our model is defined as follows. For the elastic-
scattering amplitude we first sum the leading terms
in each order of perturbation of the {-channel
straight ladders, plus those obtained by interchange
of the Mandelstam variables s and #. We then per-
form the s-channel iteration with the ¢-channel
ladders as single units. In the s-channel iteration
we have included all diagrams generated by per-
muting the legs of the ladders on the world lines of
the incident particles. Thus the s-u crossing sym-
metry is maintained by the s-channel iteration.

We make the further physical assumption that we
only consider the integration regions in which the
incident particles retain their large momenta dur-
ing and after the scattering. As is pointed out in
Ref. 8, this procedure leads to an eikonal form
for the elastic amplitude with the ¢-channel ladder
amplitude as the potential. For thc inelastic pro-
duction amplitude, we include all inelastic states
which contribute to the absorptive part of the
elastic amplitude. We find that the dominant con-
tribution comes from diagrams with any number of
totally open ladders modified by unopen ones.
Each rung of the totally open ladders corresponds
to a particle in the final inelastic states. The
diagrams contributing to the elastic and inelastic

n+l 74
Tf")=i(ig)2("+2) I d°q;

scattering amplitudes are shown in Figs. 1 and 2,
respectively.

The choice of the particular class of diagrams
and particular regions of kinematics is based on
simplicity considerations. As mentioned already,
a t-channel ladder is the simplest structure which
produces inelastic states. However, the sum of
t-channel ladders alone violates the Froissart
bound for sufficiently strong coupling. The mini-
mum extension to preserve the Froissart bound is
to perform the s-channel iteration in the manner
described above. If we do not make the assumption
that the incident particles retain their large mo-
menta during the scattering, the results will be
much more complicated. However, the corrections
to our assumption can be understood at least qual-
itatively, and will be mentioned later.

The contribution due to the ¢-channel ladder dia-
grams is well known.'! The leading term of the
T matrix for the sum of a ladder and a crossed
ladder with » rungs is

T4 () = _ing? [ + 1]"8’;1‘[11n(s/u2)]"’ 2.1)

where

2 2
2 _g [ 2%q 1
) +1=47 ) oy (G I+ G-+ 17

(2.2)

We have followed the conventions used in Refs. 7
and 8 and work in the c.m. system. The large
momenta of the incident particles are in the z
direction, and the momentum transfer k is in the
(1, 2) plane. The coupling constant g is defined
through £;,=2%g¢? and u is the meson mass. The
above result can be obtained by the standard meth-
od as given in Ref. 4. In the following, we shall
give an alternative derivation based on the infinite-
momentum technique developed earlier, because
it will help us to introduce our notations as well
as to understand forthcoming calculations.

The amplitude for ladder and crossed-ladder
diagrams with # rungs is (see Fig. 3)

X 1 ]

i n i i i
jo1 Cm* (b, - q)% - uP+ie ,I;E[ (g5 - q;4)° - p2+ie g% — p+ie (q,+k)2-—u2+iej]

Gnat® = W2 +1€ (gey +R)* — Ul +ic

where p, and p, are the initial momenta of particles
a and b. Note that p,=-P, lies on the z axis. The
final momenta of the two particles, P/ and p}, are
P, +k and p, -k, respectively.

By a technique similar to that developed in Ref.

I3 1
— + - )
(qnﬂ'p;)z‘“-z"'ze (q,,+1+p,,)2—u2+ze]

(2.3)

r

8, the leading contribution of (2.3) in the limit
s can be easily extracted. The general pro-
cedure of that technique, adapted to the present
case, is briefly sketched here.®

(1) Instead of the four-vector components p,,
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q|+k qi+k qn+|+k
ARSALD)

- !/ o o o q. * o 0 +
Pa™81a"ey g ol Viaray, P e
9 9 An+l
Pa Pb

+ Crossed Ladder

FIG. 3. Kinematics of a single ladder in detail.

we use the following combinations:

by =P
and the transverse components p, , as our vari-
ables. The usefulness of the “+” and “~” com-
binations is that p, undergoes a simple scale change
under a Lorentz transformation in the 3 direction,
and integrations over either all p,’s or all p_’s
automatically give results equivalent to the “infi-
nite-momentum limit.”

(2) For the straight ladder we carry out the g_
integrations by closing the contours from above.
For leading contributions we only need to keep the
poles

(qj - qj+1)2 - ;}.2+i€=0, j=0,1,2,...n
(2.4)
do=Dq-

These poles are in the upper half plane of (g;.,)_,
provided

Das=VS > 14> @i > >(@ye)) + > Dpa = w/Vs.
(2.5)
Then

_ @ =Gt (2.6)
(qj - qj+1)+

Note that the ordering restriction (2.5) fails for
small ¢, (su?/Vs). However, these nonordering
integration regions do not contribute to the lead-
ing ladder amplitude.®

(3) A further simplification follows from the
observation that the dominant contribution from
the q. integrations comes from the regions

(‘Ijn)_:" qi-

Do+ = Vs > Q14> Qa2 G P Dy = u/Vs .
(2.7
Thus, all the ¢;,’s are only a very small fraction

of Vs,
/s < g <&(gio)s, 0<€g <1 (2.8)
In the regions (2.7), the integrals decouple.

(4) The crossed ladder can be calculated simi-
larly. Alternatively, it can be obtained from the
straight ladder by the crossing substitution s—u
~—g,

The sum of the straight and crossed ladders
(2.3) now reduces to

TM(R?) = —i L g2 <g2)"+1f = aq. ., dps
u

S 4_1T 2/‘/? q1+ qn+
X < ﬁiﬁ% s ,1 = >"+1.
(2m? (& + pd[(@; +K)*+p?]

. (2.9)
The longitudinal phase-space integral in the re-
gion (2.7) can be easily worked out. It is

f‘/; dq;|+ fq”' dq2+ “.f(a""l)* dqg+
[N

p2/vs Q1+ 2/V5 Qa2+ n2/vs  Gn+
L ® dg. . g
n!Jy2/5 Gy Gn+

[~

n
=!(m%>'
Putting this factor into (2.9), we obtain (2.1).

Note that in these integration regions a typical
4.4 is small in comparison with §%+u? as can
be readily verified by using (2.6) and (2.8). All
the ¢;’s are then spacelike in these regions of
interest. This is important for our later discus-
sion to identify the possible inelastic states, as
well as in verifying the s-channel unitarity.

It is easy to see that, to each order of pertur-
bation series, the amplitude T,E") goes to zero like
s In(s/u?]" at large s. However, after summing
over all n, the resultant amplitude exponentiates
to

(2.10)

N

T, (k%) = ~i (k2 (s/u?) ¥,
with
Blk?) = 1g 7 k) + 1]/ 42,

where an arbitrary scale factor u? for the power
of s has been inserted in (2.11) to make the di-
mensions on both sides correct. Its exact value
can only be determined if the next leading terms
are considered.. If the coupling is very strong, the
resultant amplitude can be very large at s—«, In
fact, it increases faster than s in the forward di-
rection for g2/1672u®>2. Thus, for the strong-
coupling case, the asymptotic behavior of the re-
sultant amplitude has no resemblance at all to the
individual terms in the perturbation calculation.
The order-by-order perturbation analysis does
not give us a clue to the behavior of the sum.
Hence, additional information is needed for choos-

(2.11)

(2.12)
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ing a particular set of diagrams. This selected
sum of diagrams, leading or nonleading alike,
makes sense only after further physical justifica-
tions and interpretations are fed in.

At large coupling constant, the absorptive part
of the ladder amplitude T, will violate the Frois-
sart bound s(Ins)? imposed by the s-channel uni-
tarity. One way of avoiding this difficulty is to
perform the s-channel iteration with #-channel
ladders as units. Under the assumption that the
incident particles retain their large momenta dur
ing the scattering, the s-channel iteration of ar-
bitrary connected pieces will exponentiate into an
eikonal form, with the eikonal function being gen-
erated by the sum of all individual connected
pieces. This result was proven in QED,® and can
be generalized to ¢® theory. Physically, this re-
flects the additivity of the eikonal function which,
in many aspects, is equivalent to an effective po-
tential.

Hence, the s-channel iteration of these ladders
leads to the standard eikonal form

Te(s, k%) = —2isfd2b =K B (] _gmals, D))

(2.13)
where
A(s, b) = ~ix(s, b)
in our model is given by
1 f iKeb prayf S a®®
\ A(s, b)= @nF e Bk )( F)
ng? a’r  w.mr - s \ KD
=__qu2 @ © k b[a(k2)+1]<-u—2> .
(2.14)
The “potential” (or the eikonal function) y given by

Eq. (2.14) is purely imaginary. Thus, our model
is an absorption model, and the elastic amplitude
is dominated by its imaginary part.

Once the elastic amplitude is known, one can
compute the elastic cross section, and through the
optical theorem, the total cross section. The
differential elastic cross section is

1 _1 oAby A%}
dox= < 3EE, 1=l 357507 3Eg2m
X(2m)*6%(p, + p4 - P), (2.15)

where p; and p; are the momenta of the final par-
ticles @ and b, and (P°=vs, P'=0) is the total mo-
mentum. After integrating out 5*(p.+p. - P) and
making use of v,;,=2, we have

doE 482 ,TEIZ (2 )2, (2-16)

where k is the (transverse) momentum transfer.
Substituting Eq. (2.13) into Eq. (2.16) and carry-
ing out the k integration, we have the total elastic
cross section in our model:

Og= szb -ik- b(l e~Als, b))

(2 )2

= fdzb(l —e~Als Fy2. (2.17)

where we have extended the range of integration,
0<k?< s, to 0 <k?<e, The error introduced is
negligible. The total cross section, obtained from
the optical theorem, is

Op= -—i— ImTy(s, k=0)= 2f d%p(1 - e~Als: D)),

(2.18)
and the total inelastic cross section is

0;=0p—0p =f d?p(1 - e~240s, B)), (2.19)

In the next section we shall study the inelastic
processes as well, and verify that the total in-
elastic cross section, as a sum of contributions
from all channels, is indeed given by Eq. (2.19).
The explicit verification of Eq. (2.19) is an im-
portant consistency check on our model and our
approximation used. The three relations (2.17),
(2.18), and (2.19) are a more detailed check of
unitarity than the Froissart bound, which only sets
an upper limit on the growth of the total cross
section.

Before we analyze the production processes, let
us study the total cross sections given in (2.17)-
(2.19). 1tis 1mportant to notice that the absorptive
potential A(s, b) will lead to different asymptotic
s dependence of the cross sections as the coupling
constant increases. Three cases are noted: for
a(0) (=g3/167%u%~1)>1, =1, or <1. We shall
discuss their properties according to increasing
coupling strength.

(a) @(0)<1. This is the weak-coupling case.
The potential A(s, b) approaches zero at large s
as a negative power of s. Consequently, the total
cross section approaches zero as

N (0) a(o)-1
Or~ O~ 2 EE ,

o ( s )2[0:(0)-1] 1
E wE Ins”’

(b) a@(0)=1, the critical- -coupling case. The
-asymptotic behavior of A(s, b) is determined by the
small k2 integration region in (2.14), where a(k?
~1- ck® with c=1/3u2 A(s,b) can be computed as
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N 2 N o ®2)
A(S, b)=2ls'f (d21|"§2 ei?-?ﬂ(kz)(%>

~ B(0) d* iK-b e--cln(s/ua)i)2
2u® J (27)?

- B(0) o-F 3 acin(s/u?)
8wculn(s/u?)

24 2 3u? =,
= Tn(s/i®) exp [— 41n(s/u2)b ] (2.20)
Even though A(s, b) ~ 0 at s~ = as before, the inte-
grated total cross section approaches a constant:

0T=2fd2b(1 -e'A(s'?))zzfdsz(s, b)

= B(0)/u2=647%/u’. (2.21)

The absorption range is b,,~[In(s/ uz)]‘/ 2/u. The
elastic cross section, on the other hand, vanishes
like 1/1ns,

0'E=fdzb(l—e—A(s'g))zzfdzb[A(S, g)]2

B B(0)? 38475
" 32mcpin(s/u®) T In(s/uul’

This particular s dependence of oz is a conse-
quence of the fact that the height of the elastic
peak is s-independent, while its width shrinks log-
arithmically with s.

(¢) a(0)>1, the strong-coupling case. The
elastic amplitude in this case has completely dif-

(2.22)

ferent nature from those in the previous two cases.

The absorptive potential A(s, b) becomes very
strong at small b, and falls off to zero rapidly

——t——t—-——-7

Pa Pp

FIG. 4. Example of a unitarity diagram which does not
contribute to the production process, The dashed line
represents the unitarity cut.

when b= [b| becomes larger than its size b, ~Ins.
This is similar to the results obtained by Cheng
and Wu based on QED calculations.® Nevertheless,
their results predict a large amplitude for all cou-
pling constants no matter how weak the coupling
constant « is.

To compute the asymptotic behavior of A(s, b) at
large s, we find that, just as in the critical-cou-
pling case, the important contribution of the inte-
gral (2.14) comes from the region of small k2
~ u?/In(s/u?. In this region of small k, we can
approximate a(k?) by a(0) - ck?® with

c=a'(t=0)=g2%/967%u". (2.23)
Hence
=2
. 1 d% T s a(o)-ck
Als,B) s [ e ¥ P00 ()
,3(0) s a(o) -1 2 2
- Srenin(s/n (TF) e~ 9%/ acin(s/u?)
)
8mcuiln(s/u?)

s b
xexp\[ [@(0) - 1]ln 2 (1 - )], (2.24)
with
b,2=4c a(0) - 1][In(s/u?®]?

=(g2/24n2u")(g?/167%u” - 2)[In(s/u?)]?. »
(2.25)

Results similar to (2.24) and (2.25) can be obtain-
ed more rigorously by the method of steepest de-
scent. It gives an identical result for @(0)~ 1, and
leads to a slightly different coefficient in (2.24)
when @(0)>1. For our purposes, Egs. (2.24) and
(2.25) are accurate enough for all future discus-
sions. If b/b,<1, A(s,b) is seen to increase as
a power of s. Hence it corresponds to an infinitely
strong absorption. In this case, we can approxi-
mate the attenuation factor ¢ by zero. On the
other hand, if b/b,>1, the absorption potential
A(s, b) acquires a negative power of s and van-
ishes rapidly at large s. Then we can approxi-
mate e by 1, or 1-e™* by zero. Thus, e 4(s:?
~ 0(b/b,,—1). This indicates that the target at
large s is completely absorptive for b/b,,<1, and
completely transparent for /b, >1. The quantity
b,, describes the size of the absorption disk. In
the present case, b,, increases as lns, as was
demonstrated by Froissart for a strong s-depen-
dent potential.

Now we can compute 0z and o for the strong-
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coupling case easily. Using

e t=0(b/b,-1), 1-e*=6(1-0/b,), (2.26)
we have, through Egs. (2.17)-(2.19),
Op=0;=30p=Tb,>. (2.27)

These results agree with similar massive-QED
calculations.®

III. PRODUCTION PROCESSES

The study of inelastic processes is important for
at least two reasons. First, in addition to the
total and elastic cross sections, it supplies further
information about multiplicity, one-particle and
multiparticle spectra, number distributions, etc.
Second, it provides a consistency check of the
approximation scheme employed, since inelastic
processes are related to the imaginary part of the
forward elastic amplitude by the optical theorem.
So far a field-theoretic description for both elastic
and inelastic high-energy scattering is still lack-
ing, since the existing calculations have been con-
fined primarily to the elastic amplitude. The re-
sults for production processes derived from a
simple class of diagrams studied in this and the
next sections, together with those for elastic scat-
tering obtained in previous sections, represent
our attempt to supply such a more detailed picture
for these high-energy elastic and inelastic pro-
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cesses.

The inelastic states which contribute to the ab-
sorptive part of the elastic amplitude can be deter-
mined by all possible unitarity cuts. Under the
approximation of keeping only the leading (Ins)¥
terms in the ladder amplitudes, the inelastic states
are rather simple. They correspond to opening up
completely any number of ladders modified by
unopen ones. A typical diagram is shown in Fig. 2.
Under the leading (1ns)¥ approximation for com-
puting a ¢{-channel ladder, it was pointed out in the
previous section that the sides of a ladder carry
only spacelike momenta, and hence cannot be
realized as real physical particles. Thus, a uni-
tarity diagram such as Fig. 4, which cuts through
only part of a ladder, does not contribute, because
it has to cut through its side at least once. Actual-
ly, the vanishing of this type of contribution fol-
lows directly from our assumption that the inci-
dent particles retain their large momenta during
the scattering. By cutting only a part of a ladder,
one makes it necessary to supply these intermedi-
ate particles (particles 1, 2, and 3, in Fig. 4)
with a finite fraction of the large incident momen-
tum p,. Hence these processes should be excluded.
This conclusion is rather general, and is not re-
stricted to ladder diagrams.

The T-matrix amplitude for a typical production
process as in Fig. 5(a) is

s

s dg,_
T rig. 5@ =i23f ‘I;Il 2(1_; 2716(2 ‘h-) II

along particle a

(Do +2 9% - p2+ie

Vs

all propagators
X f

T dais '
IT =2 208( 3 ats) 11

i=1 all propagators
along particle b

* d?, 2 >
X EW(ZW)6<ZI‘—q>

m

IN.

[\

with

l;=03+0y Ly=G5+0,

(by—239'f - ut+ie

where T is the ladder amplitude with momentum transfer i given in (2.9), and

i

M(s, by, ..., k) = ilig)"" 1

X eeeX
2o ut+ie (I+ky+ ootk,)? - ul+ic

x‘< _S)M(s,fl;kfl)s) (%)M (s, T &{yyS) < —%) Tyi(s, 1) ( -%) Tyo(s, 1), (3.1)
(3.2)
! (3.3)

is the multiperipheral amplitude [see Fig. 5(b)]. Equation (3.1) is véry complicated and it requires some
explanation. The amplitude for Fig. 5(a) in the form (3.1), as written, is obtained from the standard Feyn-

man rules by noting the following:

(1) In the kinematic regions of interest a momentum transfer d to or from the energetic lines correspond-
ing to the incident particles is almost transverse, and all the secondary particles carry only negligibly
small fractions of the incident momenta. Thus we can write
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|

2m)*6* (3 q; — 9) ~ 22m8( D, )(2m8(Dai+) 21?63 TG; - §)
~ 2(2m)8( ;) (2mM8(Daf.)(2m26* (X, - §).

(2) The amplitude for a single straight ladder plus the crossed one can be given a simple representation.
Let us write (2.3) as
e L (e, 4] Vs : s ]
v =ilig) 5 @0 @0 | o= a)? - p2+ic | (bi+d)’ - nP+ic

X

i i B.(d1 a0, 2 i i [ s . is ]
q," - u® gt - pt TR TR G u® g - u® | (Bt a])* - pPrie (05— g - uPrie |’

where we have exhibited explicitly only the dependence of the amplitude on the legs ¢,,, and g, , attached

to the incident-particle lines p, and p,. All the other loop integrals are collectively represented by the
single function B,(q,9,, 9:93). Now, as s- « we have

s . s ivs s

: - — - — + -
(Pe—a P -nP+ie (p)+q) —pui+ie  —p,.q,_+i€ p,.q,_+i€

= Zﬂé(ql_)’

and similarly,

ivs Vs

!
Gyt @iV — P+ ic  (Dh— q)F - pi+ic 2m(gi.)-
Pg *a Ky Kz
f'l =q) a;
k2
B k(2)2 e e )
2°92 q
I
ds 93
95 Ny
Q4 ql4 5
| (a)
q6
qG
(a) °
SN N (S N S .
g+l K, Kz kn
L L+k
L+ k) +-- +kp
Pa (b)
(b) FIG. 6. (a) A ladder with crossed rungs produced by
FIG. 5. (a) Kinematics of a typical production ampli- squaring the production amplitude of Fig. 5(a). (b) Inter-
tude in detail. The dots represent point @3vertices. (b) ference between two ladders produced by squaring the

Kinematics of an open ladder in detail. production amplitude of Fig. 5(a).
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Thus we obtain finally

d?q, d3q; 1 1 1 1 dq,, dqj_ .y
G Go @i G i) G Gerid ) an ar DG 64D

(n) = z(Zg)4 1 .
Q. =qi+ =0
(3.4)

In (3.4), the limit of the dg,, and dg{_ integrations is restricted to (=Vs, Vs). This integration limit re-
flects the total available longitudinal phase spaces, and is crucial for the understanding of the (Ins)” factors
appearing in the ladder amplitude. This point was discussed in the first paper of Ref. 8, and will be clar-
ified in more detail in a forthcoming paper.

(3) Inthe amplitude for Fig. 5(a) we collect together the g;_ (¢/.) integrations for the left (right) loops
attached to the fast-moving lines and the corresponding propagators for the fast-moving line segments.
The remaining factors in the amplitude can then be identified as a product of the amplitudes associated
‘with single ladders, (3.4) or (2.6), and the multiperipheral diagrams. This gives (3.1). In doing so we have
anticipated the result that all the ¢;_’s and ¢{,’s are small by the 6 functions produced when all permuta-
tions of the legs are included (see below). A simplified result can be obtained if we include all other dia-
grams with the same final states. Within our model, this means that for a given set of open and unopen
ladders, we include diagrams obtained by permuting the legs of these ladders attached to the incident-par-
ticle lines ¢ and 5. The sum of these diagrams results in the total cancellation of the principle parts 1n
the propagators along the incident lines. Hence, the first two integrals in (3.1) reduce simply to 1/2" =%,
since as s— 0,

2 fgdf‘ "6<Z"‘-)n<pa+22)¢’§-uz+i€

permutatlons
N d ’ . 1
qi+ Vs
X ! -—
fgll 27 2116<Zq¢+>n (0r =239 - ul+ie 2V

where N is the number of ladders exchanged. This factor 1/2" arises from the overcounting due to the
two-fold symmetry of a ladder under reflection, if we permute at the same time all the legs attached to the
line a and the legs attached to the right line 5. Equation (3.1) now simplifies to

Twith all perm. = iZSfII é_jrl‘;i (2ﬂ)252<2 fi - 6)( - 2LS )Ml(s, Tl)
(- )5, 20 (= ) T T (= 2 ) Tuats
<ias [ ato et 5= L), B (- 5 ) ts, D) (- ) T, B) (- ) Bl B, 39

where M and T are Fourier transforms of Mand T, M (s, 1) and M (s, b) are shorthand notations for

M(s, 1 ky...k,) and M(s, b; By, ...y k,). It is tacitly assumed that all the ladders are different in Fig. 5(a), to
obtain (3.5). This can be readily generalized to include diagrams with N, ladders of the first kind, N, of
the second kind, etc., being exchanged. An additional factor 1/N; IN, !*-- will appear with

T(N N, )—z2sfd2be"a> F( % )M (s, b)(—'z—)Mz(S,g)

N N )

Summing over all possible sets of N;’s, we obtain the amplitude for N open ladders,
T(s, §; {k}):Z Tiw,.wg.)
{N‘}
a5 1% P\ o B
-_-izsf d2pe-td II <- -Z—S)M,(s, b)] e~4(s: B) (3.7)

i=1
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'S

where, from (2.13),
Als,B) = 25 5= T47(s, ). (3.8)
n

Note that M(s, b) depends also on the final-state momenta {#}, which are suppressed for notational sim-
plicity. From (3. 7) it is seen that the production processes with an arbitrary number of unopen ladders
can be obtained in b space from the simple multiperipheral processes by including an absorption correc-
tion. Furthermore, A(s, b) is the absorptive part of the multiperipheral amplitude. Thus, the absorptive
potential A(s, b) appearing in the correction factor is generated precisely from the same mechanism which
leads to the inelastic processes. For a process in which the nonleading (Ins)¥ terms or some more gen-
eral classes of diagrams are included, the eikonal function x(s, b) is no longer purely imaginary. However,
equations analogous to (3.7) are still valid, and now only the absorptive part of x(s, b) is given by the in-
elastic processes. The details of this result will be discussed in Sec. IV and in future publications.

From the inelastic amplitude (3.7), we can calculate the differential inelastic cross section by squaring
the amplitude and including proper phase-space factors. However, when we square the matrix element, we
include not only the unitarity diagrams given in Fig. 2, but diagrams with crossed rungs [Fig. 6(a)] and
mixed ladders [Fig. 6(b)] as well. Nevertheless, diagrams with crossed rungs do not contribute to leading
(Ins)¥ behavior, and the mixed-ladder diagrams correspond to exchange of different kinds of connected
pieces. To be consistent with the class of diagrams studied in the elastic amplitude, these extra terms
should not be included. They should be considered in connection with exchanges of other types of connected
pieces. Moreover, these additional terms correspond to the interference between one ladder contribution
and another. Since the interference terms do not have a definite sign, they tend to cancel each other when
all interference terms are included. Neglect of these terms is a kind of random-phase approximation.
Since we are only interested in the leading contribution and the general feature of the theory, we shall
ignore these interference terms, and other types of connected pieces. As we shall see in the final forms,
the neglect of these terms does not lead to any formal inconsistency as far as the leading (Ins)" terms are
concerned.

Hence, we only consider those processes in which the two halves of each open ladder rejoin together in
the unitarity diagram to give a simple ladder. In this way we obtain the differential inelastic cross section
as

do= —21? |T X (phase-space factor). ' (3.9)

If one does not measure the momenta of the fast-moving particles @ and b, the phase-space factor (P.S.F.)
in Eq. (3.9) reduces to

__dp, A%y _d% ( N _)
P.S.F.—-(zﬂ)szE; Gy aE] II (2ﬂ)32k0 @m)** ( py+ P4+ Y, ki = ba— by

‘ :
i=1

1 n o d%;
3.10
~2s (217) I;I ZTI)SZk; ( )
So we have
_ 1 f d%q - 2 a3k
do= (28)2 W IT(S’ 95 {k})l II (2,”. SZko
- [am e ®) 0| Lt &b 11 2% (3.11)
=1 2s i\oy My i )32k0 3
(over the ladder) )
where N is the number of open ladders. The integration regions of d° are restricted by
eVs 2k}, 1>e>0. ‘ (3.12)

This restriction is imposed by the requirement that the large momenta in particles ¢ and b do not change
during the scattering. This restriction is satisfied automatically for leading (Ins)¥ terms in the cross sec-
tion. An interesting feature of (3.11) is that the % integrations associated with different ladders are com-
pletely decoupled in b space, and can be evaluated independently.

The contribution due to a single open ladder with % rungs is [Fig. 5(b)]
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dd kj
fH (21r)32k°
1 d2 d2 -’1 d k -
= (Zs)zf (2732 (Zﬂq)z i(ﬁ’ ) b fH (2 3éko M(S’ q, )M*(S’ q’; kj)

=L 2(n+2)f d*q d? q i(q -q"). "fII d3k 1
@s)” @n)? (2n)? (2m)°2k°) (¢ - p*+ie)(q” - u®+ie)

| v

W (s, b; ;1) ‘

1 1
X eee X .
% [(g+k,)% - pZ+ie][(q’ +k,)% - u2+i€] [(g+h,+ oo +k,)? = u2+i€][(q' +hy+ o +k,)? = u®+ie€]
(3.13)
The leading term is, with the help of (2.3) and (2.9),
47Tg 1 S "f a*A R.B R a_l oz o
2 Z 2 ot A n+l_ - . 3.14
@sF nl <1n u> @mE © [a(Aa®) +1] s (s, b) (3.14)
If we sum over 7, the one-ladder contribution finally reduces to
1 > TG, b b
= n = . 3.
S T:"(s,b)=2A(s, b) (3.15)

After substituting (3.15) into (3.11) and inserting a correction factor 1/N! for all possible orderings of the
open ladders, we find that the total inelastic cross section due to N open ladders is

o= % f b e~ B2 A(s, 0)]". (3.16)
Therefore the total inelastic cross section is

oy = i: a‘"’:f d%be 24(e?4 - 1)=f A?p(1 — e~2ACs: D)), (3.17)
and conse;;uently, the total cross section is

O’T=O'E+GI=2f dzb(l—e"‘(s'?)). (3.18)

The results obtained here agree with those obtained from the optical theorem in Eqs. (2.18) and (2.19).
This is a direct check of forward s-channel unitarity. As we have seen, the presence of the absorptive
correction factor e A(s: B) in (3.7) is crucial for the resultant amphtude to obey the s-channel unitarity and
Froissart bound. Thus, the larger the production amplitude A(s, b) appearing in (3.16), the larger will be
the absorption correction e~Als. 3 ). The inelastic contribution can never violate unitarity and the Froissart
bound for any coupling strength.

We conclude this section by pointing out that the inelastic states studied in this model obey not only the
forward (¢=0) s-channel unitarity in the form of the optical theorem, but also the nonforward (but with
finite ¢) s-channel unitarity

%(Tﬁ—T}i)= -2 [ 1}, T, 11 d)g;,po zﬂ)46<}'_:p,_p,.>]

n Ie{n} (
= —Z [(T,$)*T,; X (phase-space factor)] (3.19)
as well.
To see how various terms work out, we first compute the contribution of (3.19) due to the elastic channel
(Fig. 7). It gives
[r.h.s. of (3.19)] castic channel = — 28 f d%p e i1 F (gats, B) _ 1)2sfd2b’ miT b (p=4ls, B _q)

d3 (:I d3plt
* Gy Gray (000 b= ) (3.20
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where Iis the momentum transfer in the elastic amplitude (2.13). After integrating out dp.’, dp}’
d%(p.' +p4"), we find that the phase-space factor in (2.20) reduced to (1/2s) d®g/(2m2. Hence, (3.20) be-
comes
[I‘.h.S. Of (319)] elastic channel = _23 f dzb e” 1-b (e-A(s"g) - 1)2- (3.21)

Next, we compute the inelastic contribution due to N open ladders. The phase-space factor in this case,
after the momenta of the incident lines p;’ and p;’ have been integrated out, is given by (3.10). Analogously
to the d’k; integrals in (3.11), the k-integration regions are restricted by eV's >kJ. Making use of (3.7) and

(3.10), we have
1 d?q

d®e - > -
[r.h.s of (3-19)]N open ladders| = _2_8 W llz{: [I;I W T(S, q—l, {k})*T(S, 9, {k})]

dZ
=-2s f (217)2 HHZ{‘" {I‘I

(Zi;fiko f d%p et =T F g-als, B)
i

xH[( )M, (s, b; {£}) :Ud b’ =i B gmAls B >H[<—§-—>Mf(s b’; {k}]}

=—Zsf d%pe TP

o2, T Y j( (2i3§2k°)ﬁ

1 - - 2
=M (s, b; {£}) l ,

all {n;} i=1

(3.22)

where {#;} denotes the numbers of rungs in the open ladders. The last integrals in (3.22) have already been
worked out in Eqs. (3.13)-(3.15). Equation (3.22) then becomes

oo o Y
[r.h.s. of (3.19)], openladdem:—Zsfdzbe"l "B gm24(5, B) ZAE\f’,b) ) (3.23)

The total inelastic contribution can be obtained from (3.23) by summing over N, giving

[r.h.s. of (3.19)] jeastic = =28 fdzb emil " gmaa(gea _

1)

=-2sfd2b emiT P (1 2 gm2Als, By, (3.24)

Adding together (3.21) and (3.24), we have

r.h.s. of (3.19) = —2sf d%b e~ P (2 = gpmAls. D)),

(3.25)

The left-hand side of (3.19) can be computed directly from (2.13) as

Lh.s. of (3.19) = -2sf A% e-iT P (2 -2 A6 B)) 1 b o of (3.19).

Thus, the amplitude of our model indeed satisfies the nonforward s-channel unitarity.

Notice that in our model

T}, =T =T},

so that the left-hand side of (3.19) is simply twice the imaginary part of the nonforward elastic amplitude

(2.13).

IV. PREDICTIONS AND RESULTS

In this section, we present various predictions
of our model in detail. We shall emphasize those
results which we believe to be more general than
the simple model suggests.

In Sec. II we have already discussed the high-en-
ergy properties of the integrated elastic cross sec-
tion and of the total cross section for various cou-

pling strengths. Let us now discuss the differential
elastic cross section (2.16). In the case of critical
coupling, we have
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doy _(dog EE_Z_ _s_)
3‘1?5— (d—k«rz->oexp< - 3 Nz In “2 , (4.1)

where (doE/dEZ)(,: n/4u? is the value of aiqr,g/dﬁ2 at
k*=0. This differential cross section has an s-
independent peak and a width decreasing logarith-
mically with s. For fixed s, the differential cross
section drops off exponentially with momentum
transfer squared.

In the case of strong coupling, the elastic am-
plitude is simply

Ty= -Zisf a%b e ¥V o(p, - b)

= —i(4mb,%s) i‘é—%’;&, (4.2)
where b,, is given by (2.25), and J,(x) is the Bessel
function of order 1. The differential cross section
is

dog . o[ Jy(b0) 12
8 = b, [—L———bmk ] . (4.3)

The height of the elastic peak grows like (Ins)*
since b,,~1Ins. The width of the elastic peak is
determined by the first zero of J,(x)/x, denoted as
X, l.e.,

b2k = %y, (4.4)

which implies that the product of k2, correspond-
ing to the first minimum of dogz/dk?® and of the total
cross section o7 is a universal constant. Further-
more, the width of the elastic peak shrinks as
1/1n%s, and the integrated elastic cross section be-
haves like (Ins)?. Notice that (4.2)-(4.4) are gen-
eral results of scattering by a circular black disk
of radius b,,.
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It is worth mentioning that a correlation general-
ly exists between the shrinkage of the width of the
elastic peak and the total cross section, if the
latter increases with s. This follows simply from
unitarity. The optical theorem states

dog\ _ 1 2 2
(58) - [ pren[]. 6o
Thus the height increases like o7%(s). On the other
hand, we must have oz <0; therefore the width
must shrink at least as fast as 1/07(s).

We now turn to the production processes and
calculate first the one-particle spectrum. The one-
particle spectrum is both useful and directly mea-
surable. We can learn from it not only the mo-
mentum distribution, but the average multiplicity,
inelasticity, etc., as well. To obtain the one-par-
ticle spectrum, we compute the cross section by
integrating over the momenta of all final particles
except one. This is equivalent to the experimental
situation of putting a counter at a fixed angle and
measuring the cross section and momentum distri-
bution of an arbitrary final particle. We shall
concentrate our attention only on the particles
whose momenta satisfy the restriction (3.12) in
the c.m. system. In this system the two high-en-
ergy final particles carry away practically all the
large momenta of the incident particles. Experi-
mentally, these particles move in the beam direc-
tion and can hardly be observed.

In a diagram with N open ladders, the differential
cross section is given by (3.11). When a particle
is detected, only the particular ladder in which the
detected particle is associated with will be affected.
The contributions due to the unopen ladders and
the remaining open ladders are the same as in
o™ [see Eq. (3.16)], and give a factor

1
sReTE

-24(s, B) 1 VN -1

=112 P
where 1/(N-1) ! instead of 1/N! appears since the
detected particle may originate from any one of the
N open ladders. After including the contributions
due to all N, we find that this factor reduces to

e

e-2Als, B) E U-v—_l-f)—" [2A(s, E)]N"‘: 1.
N=1 H

Thus, the contributions due to unopen ladders and
the undetected open ladders cancel each other. We
believe that the cancellation of the absorption cor-
rection and of the integrated production amplitude
is 4 general feature of the theory, and is not re-
stricted to the ladder diagrams used in our model.
The one-particle spectrum obtained from our
model is then identical to that obtained from the
simple multiperipheral model such as shown.in
Fig. 5(b),
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doy=| faro(I o)
=[ (—‘2’%(1}’(2{;’@2,20>

where H,-' stands for the product of all momentum
integrals except for particle .

Under the approximation of keeping only the
leading (Ins)¥ terms, we find that only the trans-
verse integrations over the two adjacent loops are
affected by fixing the observed particle momentum
as k (see Fig. 8 with A=0). The contribution due
to these two adjacent loops is

e A
g (k®) @0

1
?' b; {2:})

_]'Wq g? g2 dcr
(2m? (G +u?)? [([+EK)2+u®® (2m)328°°
(4.7)

where % is the momentum of the detected particle.
We have suppressed the dg.dq_ integrals which will
give a Ins factor as before. The contribution from
the remaining loop integrals is

g a(0)+ 11 LRt/

s¥(n-1)1"

where 1/(n-1) ! instead of 1/n! appears for the
reason that the detected particle can be any one of
the #n particles in the particular ladder. Combining
(4.6) and (4.7) and summing over »n, we have the
one-particle spectrum

a(o) - d
- 4m50) ) @)

(4.8)

(4.9)

This one-particle spectrum has several interest-
ing as well as some objectionable features. First,
we find that the longitudinal-momentum distribu-
tion exhibits a dx/x distribution law as suggested
by Feynman® and others,' and is supported by some
recent experiments. Next, the transverse mo-
mentum reveals an s-independent distribution.

qg+tld  q+l+k

R — (S ——— R

- -

q qtk

FIG. 8. Kinematics of the two adjacent loops affected
by fixing the momentum vector 2. The dashed line repre-
sents the unitarity cut.

= M(s, 1; {, })l ]

(27)%2°’

I

2 d3r
] (2m)32r°

a4k (4.6)

T
This s-independent transverse-momentum distri-
bution has been observed by both the accelerator
and cosmic-ray experiments. However, the trans-
verse-momentum spectrum predicted by (4.9) does
not decrease fast enough to account for the ob-
served fast falloff. Our model predicts a 1/*
falloff, while all present available data indicate
either a Gaussian or an exponential falloff for the
transverse momentum. This slow falloff for the
transverse momentum is due to the lack of long-
chain correlation and the pointlike vertices in this
model. Notice that in the case of weak and strong
couplings the one-particle spectrum has an explicit
s dependence. This s dependence disappears in
the case of critical coupling and (4.9) has the scal-
ing property proposed by Feynman.?
The average multiplicity is defined as
)= 2in0y . (4.10)
. O‘I

and is related to the one-particle spectrum by

fd01=2 no,=0;{n),

where 0, is the partial cross section from final
states with » particles identical to the one being
detected. From (4.9) we obtain

x| a0, T Lot 17 (55) ()

(4.12)
Note that the two fast-moving particles are not in-
cluded in (4.12). Thus, the total multiplicity should
be {(n)+2. The {n) may be viewed as the number
of additional particles emitted. For weak and
critical couplings [ @(0) <1], we obtain

(n)=[af )+1]1n<u) g1n<“>/16112u2.

(4.13)
0)>1], however, the multi-

(4.11)

For strong coupling [ a(
plicity is

(n)= const (_s__ a(o)-1
In(s/p?)\ p? ’
Expression (4.14) has a serious defect. As the
coupling becomes very strong, the multiplicity
predicted by (4.14) may increase faster than

V's/u. This is certainly unacceptable because the
total energy carried by the inelastic states is

(4.14)
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larger than the V's allowed by energy conservation.
The inconsistency in the present case can be traced
back to the inadequacy of our approximation, which
neglects the energies of the soft particles in the
energy-conservation condition and ignores the con-
tribution from nonleading (Ins)¥ terms. The (lns)¥
factors, which eventually exponentiate to a power
of s, come from the longitudinal phase-space
integrals

Vs 7,3 Vs
2f %’%—:2f ‘Z“ =1n<%>.
) I + 1%

The upper limit is only an order-of-magnitude
estimate. A more reasonable cutoff is to assume
that the upper limit is most probably given by the
average energy shared by each particle, s/(n).
If () grows as a power of s, as in the strong-cou-
pling case, the correction becomes significant. To
correct this error, we propose a self-consistent
physical procedure. Let us assume that, within
an insignificant logarithmic correction,

(n) < (s/u??,

where a is a parameter to be determined. This
procedure will affect our previous results by the
substitution

In(s/u?) - (1 - 2a) In(s/u?)

in the elastic and inelastic amplitudes. The same
cutoff is to be applied to every particle, virtual or
real, so that general principles such as unitarity
can be maintained. Equation (4.14) is modified to

__const (s
{n)e= In(s/u?) < u®

_ _const ( S )“
In(s/p?) \ p?/’

as we demand that this expression be consistent
with the original assumption (4.16). This gives

_(g%/167%u®) -2 _ a(0) -1
a= (g2/87%u%)+1 ~ 2a(0)+3

As g%~ o, g approaches the limit 3, no longer in
conflict with energy conservation. Thus, the only
modification is to replace a(k? +1 in the strong-
coupling case by @(k?)+1=(1-2a)X[ak? +1], in
the amplitude as well as in other final expressions.
Let us understand that this is done wherever it is
applicablé. Again, we are only interested in the
general features of the model, and none of these
features is affected by the modification.

Our proposed cutoff procedure, which makes the
average multiplicity consistent with energy con-
servation, can only be regarded as temporary. A
more satisfactory solution is certainly needed.
However, even in this crude treatment, our pro-

(4.15)

(4.16)

(4.17)

>0t(0)(1-2a)-(1+2a)

(4.18)

=a(0)-1. (4.19)

cedure has the interesting consequence that the
total cross section cannot grow indefinitely with
increasing coupling constant. It approaches a
limit:

UT;;: gl’.z. In?s.
The multiplicity difficulty encountered in this
study is a warning of the danger hidden in this ap-
proach of summing leading terms. This is par-
ticularly so as the inconsistency cannot be easily
detected in the gross results such as the elastic
amplitude and the elastic and total cross sections.
For a many-particle spectrum and for a number
distribution, the situation is rather subtle. For
example, there are two competing mechanisms
which contribute to the two-particle spectrum.
Namely, either these two detected particles are
from the same open ladder, or they are from two
different open ladders. The contribution due to the
first mechanism, for the same reason as in ob-
taining the one-particle spectrum, leads to a two-
particle spectrum which is the same as those
derived from the multiperipheral process. In par-
ticular, it has a simple s-dependence factor
s¥9-1" just as in the one-particle case. However,
the contribution due to the second mechanism
leads to two independent one-particle emissions
in the impact-parameter space. Hence, in the
impact-parameter space, the two-particle spec-
trum is simply a product of two independent one-
particle spectra. It has an s-dependence factor
s2[(0-11 " which is the product of two s-depen-
dence factors for individual one-particle spectra.
Thus, the first mechanism dominates over the
second if a(0) - 1<0, and vice versa if a(0)-1>0.
Hence we find that for weak coupling, the first
mechanism always dominates, and the multipar-
ticle spectrum is given by the same amplitude as
in the multiperipheral model. For strong coupling,
on the other hand, the second mechanism dominates
and the multiparticle spectrum in the impact space
is predominantly the product of individual one-
particle spectra. For critical coupling, the two
mechanisms are comparable. A careful study re-
veals that the first mechanism still dominates
through factors of Ins. The above results are gen-
eral, and are nof¢ confined to ladder diagrams.
A simple consequence of the above results is that
we should expect some correlation in the multi-
particle spectrum at high energy for weak and
critical couplings,'” and should see none in the
strong-coupling case. The multiparticle correla-
tion effects should be looked for experimentally.
Once we know that the multiparticle spectrum is
dominated by the multiperipheral amplitude in the
weak and the critical coupling, we can compute
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the multiparticle distribution function easily. The
distribution laws for the multiperipheral process
are well known. Readers are referred to the orig-
inal literature for details. In particular, the
number distribution due to leading terms is a
Poisson distribution.’® Thus, the number distri-

o>

The average multiplicity is {w) =[a(0) + 1]in(s/u?)
as obtained in (4.13).

For strong coupling, the spectrum for N particles
detected is the product of individual one-particle
spectra in impact-parameter representation,

bution in our model for weak and for critical cou- N [ d°k; ]
doy= | d? .
pling is likewise a Poisson distribution, ¥ f biII=1 (s, b; ki) 75 vadrs @r )azko (4.21)
s\ /s -a(0)-1
P(n =—[a(0 +1]" <1HF> (F) . (4.20) where
- a3k 1 2
B(s,b; k) = f <-—-———“——) —M(s b k,) (4.22)
7 Z n=1 undetectedtungs (2m)° 2k ’

with M (s, b, k,) being given in (3.3) and (3.5).
a single open ladder reduces to

Bs, b; ) = fz)ze'A {Ef(z

l

0)(5/112)“(0) ! -b2/4cln(s/u

2) "2
cln(s/u?) fG,
with

1

n=1 undetected rungs

In analogy to (4.9), a typical one-particle contribution from

(‘%ﬁ)[ L s, Tk )M 1 s, T+R, k)]*}

(4.23)

(oY

(4.24)

1@, )= [ 24
WEE ) @n)? @@ 2+ pf] [+ i [@G+K + 22+ ]

£0,K) = £(&?),

and c is given in (2.23).

(4.25)

The number distribution for strong coupling can be obtained easily from the multiparticle distribution
(4.21). Since the individual emission is an independent event in the impact-parameter space, one expects
a simple Poisson distribution in the impact-parameter representation,

P(N ——fd be s B B(s, B)]*/NI.  (4.26)

B(s, ) is obtained by integrating over the one-
particle spectrum function:

B(s, b) f )32k° B(s, B, k)

7rg f(zﬂ)z ezA b[a(A2)+1]

( s >a(32)-1 s
X\ — In —
u u

:const(s/MZ)a(o)-1e-b3/4c1n(s/u2)_ (4.27)

Note that B(s,b) is related simply to the opaqueness

Als, b), and has the same size b,. The last re-

lation implies that
ZPN=lfdzbe-B(s,E’)(eB(s,-b))_1)
N=1 Or
lf 2 -B(s,b)
=— | d?p(1—-e "5 "))
Or

~7b,2/op=1, (4.28)

as required. Equation (4.26) has a longer tail at
large N than a single Poisson distribution.

As a check of (4.26), we compute various mo-
ments of the number distribution from both (4.21)
and (4.26). The moments of the number distribu-
tion from (4.21) give
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=A—;_! f a2y B(s, b)]¥, (4.29)
where CYf=N1/M |(N-M) ! represents the number
of ways that M particles can be selected from a
final state with N particles identical to the ones
observed, and 1/M ! is a statistical factor asso-
ciated with M identical particles. Equation (4.29)
implies

G N(N=1)-(N=M+1))= fdzb[B(s, By~

(4.30)
This is precisely the moment of the- number dis-
tribution predicted from the Poisson distribution
(4.26). Thus, Eq.(4.26) reproduces all moments
of the number distribution, and is indeed the cor-
rect distribution.

V. DISCUSSION

Even though our result is based on the sum of
leading (Ins)” terms in /-channel ladders, it can
be generalized to include nonleading (Ins)¥ terms
or other types of exchange as well.

Before we sketch how the generalization can be
actually carried out, we like to emphasize that
grouping together terms in the perturbation series
with same powers of the coupling constant and
same high-energy behavior is not the most effec-
tive approach to reveal the general features of the
problem. That is because various terms of this
nature may correspond to different physical mech-
anisms. If one wishes to study the general features
of a specific mechanism, obviously one should
sum only those terms which correspond to this
mechanism, and should not group those terms with
others strictly according to the conventional per-
turbation prescription.

For example, we recall that the leading term in
a t-channel ladder with (z+2) rungs behaves like
s~ Y(Ins)¥, and this contribution comes from the
kinematic region where the momenta p,’s of the
n inelastically produced particles satisfy the re-
striction (2.7). In other words, the p, of a par-
ticle in the chain is much smaller than that of the
particle before it and much larger than that of the
one after it. Let us call “the projectile” the par-
ticle with large p, in the c.m. system, and “the
target” the particle with large p_ in the c.m. sys-
tem. If we now allow the large p, (p_) to be shared
by two or more particles, these particles will
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have s-independent finite momenta in the rest
frame of the projectile (target). Inclusion of these
additional kinematic regions will produce certain
nonleading terms to the f-channel ladder ampli-
tude. There is another mechanism to produce
nonleading terms: to allow several particles next
to each other in the middle of the chain to have
comparable p,’s. These two types of nonleading
terms, are, however, associated with totally dif-
ferent physical situations. Therefore, they should
be treated separately. The first type is associated
with the fragmentation processes, and the second
type with the correlation of the pionization pro-
ducts. [We adopt the definition that particles
which carry finite momenta in the rest frame of
the target (projectile) are the fragments of the
target (projectile). The upper limit of these mo-
menta may be chosen to be rather large or rather
small; nevertheless, it is s-independent. We call
all remaining particles pionization products.
These pionization particles carry a typical energy
s% 0<a<1, atlarge s in the rest frame of the
target or the projectile.]

In the present paper we concentrate our attention
on the pionization processes. Any possible frag-
mentation events are totally neglected. What we
like, to generalize the results obtained in the pre-
vious sections, is to introduce correlations among
the pionization particles, and to include other kinds
of connected pieces beyond the simple #-channel
ladders. Therefore, we will still make the as-
sumption that the incident particles retain their
large momenta during the scattering, so that only
pionization particles are produced. This assump-
tion is sufficient to obtain the eikonal form for the
elastic amplitude. As shown in Ref. 8, the s-
channel iteration of an arbitrary connected piece,
either leading or nonleading, leads automatically
to an eikonal form,

—2isfd2b KB (1 gmAls. B)) (5.1)

where iA(s, b) is a (complex) potential due to the
particular connected unit. When more than one
kind of connected pieces are iterated, A(s, b) is
the sum of the contributions from each connected
unit.

The total elastic, total inelastic, and total cross
sections for processes involving the iteration of

one or more arbitrary connected pieces are found
to be

aE=fd2b(1-e-A‘s-F))(l-e'A(S-F’)*, (5.2)

- -k
0';=fd2b(1—e-A(s'b)-A(s'b) ), (5:3)
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and

- - X
O.T=fd2b(2‘_e-A(s.b)_e-A(s.b) )= 0g+0y
(5.4)

respectively, where the over-all potential ZA(s, b)
is obtained from the sum of all possible connected
diagrams. The high-energy behavior of the cross
sections, and the general distribution properties
discussed in the previous sections, remain qual-
itatively valid if we define the weak, critical, and
strong coupling according as

ReA(s, t=0)<s, ~s, or >s, (5.5)

at large s. At the present time we are not able to
say much about this over-all A(s, b), except that

it has a positive real part for all b. A positive
ReA(s, b) implies an absorptive potential, and is
necessary to insure the amplitudes to satisfy s-
channel unitarity. It is hoped that the power de-
pendence of s in the over-all potential A might
approach a limiting value at the strong-coupling
limit, as a too rapid increase of the potential leads
to a too rapid increase of the final-particle multi-
plicity. In other words, the difficulty encountered
in Sec. IV may cure itself in a more complete the-
ory, without our having to impose the energy-con-
servation condition explicitly. To a lesser degree,
we have studied the effect of other connected pieces
by including also the nonleading (Ins)” terms in a
ladder diagram. A preliminary investigation in-
dicates that the correction due to these nonleading
(Ins)" terms is indeed in the right direction, and
the resultant s dependence in the full ladder am-
plitude increases much slower than that in the orig-
inal ladder amplitude. The result of this investi-
gation will be published in the future.

Our model may be viewed as a field-theoretical
justification of the conventional absorption model.
In particular, our calculation leads to a generali-
zation of the absorption model to the production
processes. One can see from this model that it is
the virtual pionization processes which are re-
sponsible for the s dependence in the absorptive
potential. The production and absorption mech-
anisms are closely related. It is the self-consis-
tency of the model and the intrinsic relation be-
tween the absorptive correction and the production
processes that we would like to emphasize here.

Our model has also important implications on
the recently proposed model(s)" based on the
unitarity correction to the simple Regge ampli-
tude, by using the simple Regge amplitude as a
potential in an eikonal form. If one accepts that a
Regge amplitude is generated from the sum of a
set of ¢{-channel connected exchanges, such as in
the ladder diagrams, we find that the eikonaliza-

I

tion of the Regge amplitude emerges naturally
after s-channel iteration. In particular, the same
mechanism which generates the Regge amplitude
as a potential is also responsible for the produc-
tion of the final inelastic states.

As mentioned before, we have not taken any
fragmentation process into account. Obviously,
many of our results will be modified, if the large
momentum of an incident particle is shared by
two or more particles. These particles will be
realized as fragments in the final states. Those
results that are based on a single impact param-
eter are very likely to be modified. However, the
distribution properties of the final states in the
region of small p.’s in the c.m. system and the s
dependence of the cross sections, which are dom-
inated by the pionization products, will probably
not be affected. This is based on the observation
that a typical pionization particle travels with a
momentum which is vastly different from those of
the incident particles, and is produced in general
through a cascade of real or virtual processes.
Hence, the dependence of the distribution proper-
ties of these pionization particles on the incident
particles is very likely to be washed out, and we
end up with some universal distribution. This is
particularly true for the cases of weak coupling
and critical coupling in which the particles are
emitted from a long chain.

In a more general, though not necessarily per-
fect, approach, we may picture that both the col-
liding particles first dissociate into fragments,
and that the fragments from the target scatter with
those from the projectile. Our present calculation
presumably applies only to the individual scattering
between the fragments.

Perhaps a remark on some related calculations
in QED is in order. It is known that the general
eikonal form holds also for e~e* scatterings in
QED after the s-channel iteration of an arbitrary
connected {-channel exchange. We expect that
many of our results generalize to QED. Recently,
the s-channel iteration of tower diagrams was
carried out and led to results similar to those of
the absorption model. Nevertheless, there is a
fundamental difference between QED and the ¢°
theory. The basic interaction in QED is vector in
nature, and the potential is proportional to s, to
start with. The high-order interactions seem to
increase the power dependence of s in the effec-
tive potential, and thus lead automatically to a
strong-coupling theory for any nonvanishing cou-
pling. Indeed, the results obtained in QED calcu-
lations are analogous to our results for the strong-
coupling case. However, according to our calcu-
lations, the strong-coupling case is only one of
the possible alternatives. At the present time,
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one cannot tell which one of the alternatives is the
best description of the real world. Further ex-
periments on total cross sections, multiplicities,
and multiparticle spectra should differentiate be-
tween them.

To conclude, we remind ourselves, and the
readers, of two central questions remaining un-
answered in this diagram-analysis approach.

(1) There are infinitely many classes of dia-
grams in any field-theory model. Yet we are able
to study only very limited classes of these, and
only in certain kinematic regions. We would like
to know whether the qualitative properties inferred
from such a limited study as ours will persist when
other classes of diagrams are included. A point
of special interest lies in the question: What is
the effect of enforcing the full crossing syinmetry,
not just the su crossing symmetry ?

(2) So far, field-theoretic studies have to rely
on perturbation expansions. The usual procedure
is to first take the high-energy limit of each term,
and then resum again to obtain the result. Although
this exchange of limit is known not to affect the
qualitative feature of the true limit of the sum for
the simple multiperipheral amplitude, is that also
true for more general amplitudes ?

Added note. Since this work was finished we
have received preprints on related subjects by
various authors.?® These papers are concerned
with the validity of the simple eikonal represen-
tation for the elastic amplitude arising from the
s-channel interaction of {-channel ladders, or the
overcounting problem peculiar to a ¢ theory.

As we have already emphasized and indicated in
the text, the simple eikonal form for the elastic
amplitude emerges only if it is assumed that in
the c.m. system the two incident particles retain
their large momenta in the scattering process.
This assumption is equivalent to the neglect of all
fragmentation events. We also suggested that the
pionization and fragmentation processes (as de-
fined in the text) should be treated separately. The
simple eikonal representation no longer holds once
the fragmentation events are included. In the ex-
ample of two-Reggeon exchange considered by
Muzinich, Tiktopoulos, and Treiman, both pioni-
zation and fragmentation events are treated simul-
taneously. In this example of two-Reggeon ex-
change the fragmentation contributions introduce
only an s-independent multiplicative factor. There-
fore it is not suprising that although the coefficient
differs from the simple eikonal picture, the power
dependence on s is the same. Tiktopoulos and
Treiman show that if one includes all the permuta-
tions of the legs of the exchanged ladders attached
to the two incident-particle lines, many of the
resultant diagrams are topologically equivalent,

since the exchanged lines and the incident-particle
lines are identical in ¢°® theory. Moreover, some
of these diagrams possess totally different asymp-
totic high-energy behavior from what one expects
if eikonalization is to work. The latter high-ener-
gy behavior comes about as a result of the fact
that the large incident momenta can flow along
more than one path in these diagrams.

Overcounting has never been a difficulty in our
study because of the assumption that the two in-
cident particles retain their large momenta dur-
ing the scattering. Consequently, all the diagrams
with attached legs permutated in all possible ways
are different from one another via the distinct
momentum values assigned to the various lines.
This will cease to be true when the large incident
momenta are allowed to be shared by several par-
ticles. In such a case these particles can no longer
be distinguished by their momentum values and
may therefore become identical. Thus, this com-
plication of overcounting, as discussed by Tikto-
poulos and Treiman, will arise when our consid-
eration is extended to include fragmentation.

The question of overcounting is studied in some
detail by Cicuta and Sugar, who reach essentially
the same conclusion as ours. They explicitly show
that each of the “overcounted diagrams” corre-
sponds to each possible path for large-momentum
flow in a single Feynman diagram. They also show

‘that the diagrams with unusual high-energy be-

havior discussed by Tiktopoulos and Treiman
actually correspond to exchanges of objects more
complicated than the simple ladders between the
two energetic lines. In addition, Cicuta and Sugar
are able to show that the contributions from multi-
ladder exchange summing to an eikonal form are
those which give the leading contribution to the
N-Reggeon cut in the weak-coupling limit.

Note added in proof. In their recent papers,
Cheng and Wu?! criticized in general the validity
of the eikonal approximation in ¢® perturbation
calculation and emphasized the distinction between
the ¢° and the QED calculations. In particular,
they referred explicitly to our work (Ref. 12).
Thus, we would like to make a few remarks here:

(1) The validity of the eikonal approximation is
guaranteed in our calculation as was explained in
this paper and in Refs. 8 and 12. As we have
pointed out, the eikonal approximation fails if one
takes more complicated fragmentation processes
into account. As far as the failure of the eikonal
approximation is concerned, however, there is
no fundamental physical difference between the ¢*
and the QED calculations. In both cases, the frag-
mentation regions will sum up to the same s-power
dependence as the leading terms do. These higher-
order fragmentation terms violate the simple
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eikonal picture.

(2) Inclusion of the fragmentation processes will
probably modify the full amplitude into an operator
eikonal form, as suggested by the operator droplet
model.?? This possibility was remarked upon in
Ref. 12 and is also discussed in the main text of

the present paper. In contradiction to that claimed .

by Cheng and Wu,*® the operator-droplet-model
calculation reproduces the correct leading QED
scattering amplitude, including the (Ins)¥ terms.?
(3) As we have explained in the Discussion, we
expect that the s dependence of the total cross
sections and the distribution properties of the final
particles in the pionization region are independent
of the approximation used in the fragmentation
regions. These properties have a simple analogy
in the properties of a real gas. (See Refs. 2 and
25 for the analogies of the high-energy scattering

and a real gas.) Namely, the distribution proper-
ties in the interior of a gas (which is analogous to
the pionization region) and its pressure [which is
analogous to the trajectory function a(¢) in the s
dependence of the amplitude] depend only on the
density and the temperature of a gas, independent
of the shape and the composition of the wall (which
is analogous to the fragmentation region).
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