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A general study is made of the partial-wave amplitudes and their unitarity relations for the
general N-body-to-N'-body process in the helicity formalism. The partial-wave amplitude
is so defined that it is a function of the subenergies that correspond to the noncoincident poles
in a tree diagram. The partial-wave unitarity relations introduced here are diagonalized,
and may supply the basis for introducing m.ew models or improving others. The Wigner ro-
tations and the crossing angles in the partial-wave expansion are explicitly given in terms of
invariant variables. Some related topics such as the partial-wave recoupling condition, re-
coupling coefficients, etc., are discussed. The expressions obtained here can be applied to
multiperipheral models and others. As a simple example, the contributions, elastic and in-
elastic, to the partial-wave amplitude via unitarity are obtained in a model of direct-channel
scalar-meson dominance, with some approximations.

I. INTRODUCTION

Recently, Chew, Goldberger, and Low' and
Halliday and Saunders' have revitalized the unitarity
integral approach in the Amati-Bertocchi-Fubini-
Stanghellini-Tonin model, ' and extended this ap-
proach to more general multiperipheral calculations
such as the multi-Regge model. Chew and col-
laborators utilized this powerful approach to de-
termine trajectory functions, ' to generalize it to
the spinning-particle cases, ' and to study cut-pole
correlations. ' Since then many advances in var-
ious directions have been made. ' " In those papers,
multi-Regge expansions were either assumed with-
out explanation, or obtained by expanding the pro-
duction amplitudes in terms of the irreducible
representations of their little groups O(2, 1) in the
physical region of interest. In the latter case,
Regge poles are picked up during successive con-
tinuation of the "angular momenta" in the O(2, 1)
sense; these poles surely control the asymptotic
behavior in their respective subenergies. However,
there is no confirmation, though one may believe it
is true, that these poles are related to the reso-
nances and/or the bound states in the physical
region of the proper crossed channel. This as-
sumption underlies the use of the Chew-Frautschi
plot, "which relates resonances and/or the bound
states in the crossed channel to the corresponding
Regge poles in the direct channel and vice versa,
and thus provides great power of prediction in the
analytic S-matrix theory. "

In this paper, we investigate partial-wave ex-
pansions and related topics which are useful for
introducing models and for bootstrap ealeulations.
Assuming" that partial-wave expansions for a pro-

duction process in one channel are continuable
through Sommerfeld-Watson transforms into the
physical region of its crossed channel, we con-
firm the Chew-Frautschi interpretation of Regge
poles in the production process, since the cor-
responding quantities in the partial-wave and in
the multi-Regge expansions have the same func-
tional form. Encouraged by this correspondence,
we can easily see that one may use the technique
developed here to study a production process in
the physical region of interest, and to expand the
production amplitude in terms of the irreducible
representations of the little groups, which depend
on the.unitarity diagram one chooses and can be
O(2, 1) and/or O(3) groups. In the heIicity formal-
ism, we have to remove Wigner rotations in the
amplitude before expanding it.

One of our other purposes is to provide a variety
of realizations of unitarity. Since no model has
been nearly perfect in strong-interaction physics
so far, it seems useful to investigate other pos-
sibilities. Beginning with the partial-wave ex-
pansion in the crossed channel, we have obtained
in the direct channel the multi-Regge description
of the unitarity with a coupling diagram shown in
Fig. 1(a); it turns out that in the forward elastic
scattering the poles in CD's version' are related
to the Regge poles in CF's version" through con-
tinued Clebsch-Gordan coefficients of O(2, 1). With
a unitarity diagram in Fig. 1(b), we get diagonalized
unitarity relations; the integrations over the little
groups have been performed, and thus the number
of independent variables reduces to about one third
of the original number. Following the CGL model, '
we have obtained in the whole physical region one-
dimensional linear integral equations for the auxil-
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iary functions which are algebraically related to
the total absorptive part of the scattering amplitude.
This provides a tool for calculating the contributions
from the direct-channel resonances in the produc-
tion process to the total absorptive part of a two-
body-to-two-body process. One may also realize
unitarity with other coupling diagrams such as in
Figs. 1(c) and 1(d). It is emphasized that a choice
of various unitarity diagrams depends on the re-
gions of the subenergies in which most of the events
in the production processes occur. If one saturates
a production process with complete sets of reso-
nances or Beggeons (including background term if
any), the choice of diagrams, is immaterial. All
these applications will be discussed in detail else-
where.

On the one hand, once a preliminary success of
a simple model in which only spinless particles
are produced is achieved, the next step is to take
baryon-antibaryon pairs and others as intermediate
states. On the other hand, one must consider uni-
tarity for at least one production process in order
to determine the residue functions of Reggeons or
the coupling function of resonances through con-
sistency or bootstrap calculations. Hence, we
study unitarity for a production process with in-
termediate particles of arbitrary mass and spin.
We carry out these studies in the helicity formal-
ism.

The helicity partial-wave expansion in the two-
body-to-two-body scattering process, introduced
by Jacob and Wick, "has been widely used by ex-
perimentalists to describe data and by.theorists
to introduce Regge poles. It is -natural to gener-
alize this formalism to the N-body-to-N'-body
production process. Macfarlane" has investigated
production amplitudes in the canonical formalism;
in particular the two-body-to-three-body ampli-
tude has been obtained explicitly. Chew and collab-
orators' "have introduced the BCP amplitudes by
expanding them in terms of the irreducible repre-
sentations of the little groups. In the case where
all the external particles are spinless, the BCP
amplitude and the helicity amplitude are equivalent"
if the roles of the t and z axes are exchanged.
Hartle and Jones" have expanded the production
amplitudes in the c.m. frame, and they were inter-
ested in the latter's high-energy behavior. We
shall first derive angular momentum states for the
multiparticle system, and then the helicity partial-
wave expansions; both depend on the coupling
scheme of the system. This gives us a physical
or geometrical interpretation of the quantities in-
volved. In the helicity formalism, one can fix the
relative normalization of the partial-wave ampli-
tudes for the production processes in the unitarity
relations. In addition, the helicity formalism per-
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FIG. 1. (a) Unitarity diagram for multiperipheral
models. (b) Unitarity diagram for models of resonance
dominance. (c) Unitarity diagram for modeIs in which
the amplitude is saturated by Regge poles on one line
and by resonances in other lines. (d) Unitarity diagram
for models in which the amplitude is saturated by Regge
poles and resonances.

mits the calculation of some interesting properties
of scattering amplitudes, such as partial-wave
recoupling conditions, recoupling coefficients, "
etc.

In Sec. I we introduce notation and kinematics.
In Sec. IA we define various rest frames for the
scattering system, and the Lorentz groups (includ-
ing the little groups) connecting them. In Sec. IB
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we express the parameters of the Lorentz group in
terms of invariant variables; we particularly dis-
cuss how to determine the parameters uniquely,
since the invariant variables alone are not enough.
In Sec. IIC we express the phase-space volume
element in terms of the little-group parameters
and the invariant mass corresponding to various
coupling schemes.

In Sec. III we introduce multiparticle angular
momentum states and their corresponding pseudo-
particle states, which will be defined later. We
calculate the transformation matrix between the
plane-wave state and the pseudoparticle state, and
the orthogonality relation for the latter, and we

point out the difference between the real particle
state (a dynamical system) and the pseudoparticle
state (a kinematical system). It turns out that
these properties and expressions, derived from the
standard coupling scheme, hold for other coupling
schemes also if a proper replacement and re-inter-
pretation is made.

In Secs. IVA and IVB we derive the helicity par-
tial-wave expansions for general production pro-
cesses with any coupling scheme. As an example,
we derive the helicity partial-wave expansion for
the six-particle system with the coupling scheme
shown in Fig. 2. This expansion has been dis-
cussed in BCP's version by Misheloff, "who intro-
duces two different parametrizations of the little
groups which depend on the range of subenergy.
We instead use one parametrization, which is
applicable for all subenergies. In Sec. IVC we
calculate the Wigner angles which appear in the
partial-wave expansion with an arbitrary coupling
scheme. In Sec. IVD we derive the crossing re-
lation for the partial-wave amplitude correspond-
ing to an arbitrary coupling scheme, if that of the
helicity amplitudes is given, and vice versa. We
infer in general that the partial-wave expansion
must contain Wigner rotations or the like in any
formalism (including the helicity formalism), if
we assume that the scattering amplitude satisfies
the substitution rule' and analyticity. In the case

Pb

FIG. 2. The coupling
scheme for three-Reggeon
vertex.
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where the scattering system involves less than five
particles, this need not be true in special Lorentz
frames. In Sec. IVE we derive the crossing ma-
trices for a general production amplitude.

In Sec. V we reduce the recoupling coefficients"
for multiparticle angular momentum states. We
emphasize that the recoupling coefficients relate
partial-wave amplitudes with different coupling
schemes, and thus they can be used to determine
the analytic structure of one partial-wave ampli-
tude if the other is given (partial-wave recoupling
condition). In Sec. VI we derive the unitarity re-
lations for the helicity partial-wave amplitudes of
the N-body-to-N'-body process in the standard
coupling scheme, thereby diagonalizing the uni-
tarity relation. We also discuss some consequences
of the Hermitian analyticity of the reaction ampli-
tude.

In Sec. VII we express differential and total
cross sections in terms of helicity and partial-
wave amplitudes, respectively. These amplitudes
should be useful for the phenomenological analysis
of production processes. We point out that the
unitarity relations here are simpler and thus more
manageable for bootstrap or consistency calcula-
tions. Viewing" the unitarity relations as a coun-
terpart of perturbative expansions in local field
theory, we may use it as a basis for proposing new
models and possibly for improving others. We
illustrate this in a simple (possibly unrealistic)
model of direct-channel scalar-meson dominance.
Further models for various coupling schemes will
be discussed elsewhere.

II. KINEMATICS

We are interested in the process

0+1+.~ ~ +N 0'+1'+ "+N'.

The number of particles is, at least on one side,
greater than 1. The kinematics of such processes
have been worked out by BCP" and CD, ' in par-
ticular for the process a+ b-0+1+ ~ ~ ~+¹We
shall describe these processes by helicity ampli-
tudes and thus have a different parametrization.
The group parameters of the momenta and the
little groups are different in BCP amplitudes and
in helicity amplitudes because the roles of the z
and t are interchanged, "as mentioned in the Intro-
duction. However, the corresponding parameters
of the little groups in these two amplitudes are
the same functions of the invariant variables up to
a sign; this difference of sign comes from the
choice of definition. Hence, we shall use a nota--
tion as close to BCP's as possible.
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A. The Frames

In the helicity formalism, the 4-momentum p of a
particle with mass m and spin o in the initial sys-
tem is parametrized by

P =m(cosho. ', sinhn sin8cosg,

[.i, u] =u;[i, l],
where

(6a)

instead of the positive z axis will be clear later.
By definition, the frames [i, l] and [i, u] are related
by a rotation ui.'

sinho. sin8 sing, sinho. cos8). (2)
u; =u,(r;)u, (P;) (6b)

The parameters o., 8, and P depend on the choice
of the frames, as will be discussed later. Symbol-
ically, one may write

P=L(P)(m O 0 0) =L(P)P-

The 4-momentum Q;, is along the positive z axis
in the frame [i, l], and the rotation u; carries the
frame [i, l] to [i,u]. Hence, the group parameters
of ui specify the orientation of Q;, in the frame
i, u, i.e.,

where the particle boost L(P) is defined by P =8"" andy. =~""
Oi -1 yi Y Oi-1 (6c)

and

L(P) =u(p)b(P),

b(P) —= b(o') —= e '

u(p) =—u, (P)u„(8) —= e 'e 3e '

(4a)

(4b)

(4c)

The parameters 8'' ",~ and P, ' ",I are, respectively,
the polar angles and the azimuthal angle-s of Qi,
in the frame [i, u]. Similarly, the frame [i, u] is
related to [i+ 1, l] by a boost b;, the parameter of
which is determined by the orientation of Q; in the
frame [i+1,l]:

We shall sometimes label the momentum p, the
rotation u, the boost 5, and their group parameters
with superscripts and subscripts to indicate, re-
spectively, which frame and which particle they
refer to. The operator K; is the boost generator
of the Lorentz group, while J; is the generator of
rotation. The conservation of 4-momentum implies

[i+ 1, l] = b, [i, u],

where

P2

(6d)

Fl n

ZP =ZP'
i =0

(5a)

the 4-momentum -p in the final system may be
considered as that of the (n+ n'+ 2 —i)th particle in
the initial system and vice versa. We shall take
the coupling scheme shown in Fig. 3, unless we

specify otherwise. We shall call this the standard
coupling scheme.

The 4-momentum Q, in Fig. 3 is parametrized
by the set (o.„,8„,$0;), and its invariant mass is
denoted by s;:

Pn'

Q t Snt Unl

~nn' = u-' u &

n n

Q, =-p„ s, =

Q. =P + 4-i= QP,

(5b)

(5c)

Qn sn uh

(n~n-) sh-I Un 1

We shall sometimes use a superscript to label the
frame in which the 4-momentum is defined.

The frame [i, l] ([i,u]), for ¹i~1,is defined to
be a rest frame of Q; in which the 3-momentum

p, (p„,) is along the negative z axis and p;„(p„,)
in the xz plane; symbolically, we write

Pn-(

and

[,i]=[Q;P;,P .,] (5d)
P( Po

[i, u] = [Q, ; P;„,P„,]. (5e)

The purpose of taking p& (p;„) along the negative
FIG. 3. The standard coupling scheme for the process

0+1+~ ~ ~ +N 0' +1' + ~ ~ ~ +N'.
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b&—= b(5;) and 5;=o.o; (6e)

Note that u '"' ' = a '"'" —= o.''" where [i+1]
indicates an arbitrary rest frame of Q;+, .

From (6a) and (6d), one can easily see that the
frames [i, I] and [j, l] are related by a general
Lorentz transformation L;~:

[i, I] = L,„[q,I] for i &q,

where

L;; =L;,L;, "L; and Li =brut ~

Similar expressions to Eqs. (2)-(7') can be obtained
for the final system. We shall label everything in
the final system with a prime in order to distin-
guish it from that in the initial system (if needed).

B. The Group Parameters

In this subsection, we shall express all the group
parameters in terms of 4-momenta of the external
particles (or their invariant variables). For con-
venience, we introduce the following notation:

cosP„=G [G(x, y, w)G(z, y, w)] (Qd)

wow Gj
2 Z JW

jzyw

sing, = z„[G(y, w) G(x, z, y, w)/G(x, y, w)G(z, y, w)]'~',

(Qe)

where e„equals+1 or -1, and is to be determined
later.

By convention, the ranges of the group parame-
ters in the physical region are defined" as follows:

0&a„&, 0~8„&s, and-v~y, ~w. (10)

Hence, sinho. „(sin8„) is always positive in this
region, and thus determined if cosho.„(cos8„)is
given. However, sing, can be negative, and thus
its sign needs to be determined. By direct calcu-
lation, one can easily show that

XP'' w

~ ~ ~ w

=det

G(x, y, ..., w) =-G
xg '"w

xp '"w
(6b)

k„,=2p„p„k„=k—,„, and p;q =Qpg,
i=i

(&c)

where p„, etc., can be any linear combinations of
the 4-momenta p s. With these notations, we
may write 2s' —k(pi) and 2m =k&, for instance.
Note that k&„& (=

2p& „&'= 2Q ) and k„(=2p, p, ) are
different.

In a rest frame [w] of P, in which the 3-momen-
tum p„ is along the "negative" z axis, and p, in the
xy plane, i.e., [w] =—[p;p„p,], the group param-
eters of the 4-momentum p„are denoted by a„
8„and P,. By a straightforward calculation, one
can express n„, 8„, and P, in terms of the invari-
ant variables:

Therefore, only one of e"; needs to be determined;
it cannot be determined merely by the invariant
variables. We can do this in two ways: One is
just to assign one of z; to be positive (this is
equivalent to the choice of the Ieft- or right-handed
coordinate system), while the other is to specify
one of c; by the orientation of its 3-momentum in
the frame [w]. Once the sign of e; in one frame is
chosen, then it is determined in any other frame.
From now on, we shall not specify the signs for
sing; since they can be determined as we have
stated.

The determinants G(x, w) and G(x, y, z, w) are
negative, while G(x, y, w) is positive, if p„p„p„
and p are real. By convention, we take positive
values for the square roots in (Qa)-(9e). Since the
right-hand sides of Eqs. (9a)-(Qe) are functions of
invariant variables, one may use 4-momenta of
the external particle in any Lorentz frame. We
shall show later that all parameters such as those
of the little groups, Wigner relations, and crossing
matrices can be written in the forms as in Eqs.
(9a)-(Qe). For convenience, we shall abbreviate
the expressions in (9a)-(Qe) by

cos8 =G

x w x w

[G(x, w)G(y, w)] (Qb)

[~., 8., e.] =[p.:p.; p„p.].
In the frame [i, l], for example, one has

pw poi& py pi& and p» pi+y'

(9')

(12)

sin8, = [k G(x, y, w)/G(x, w) G(y, w)] "', (9c)

The group parameters of aI' '~, 8I' '~, and p&l" 'l

for 4-momentum pz can be obtained by replacing
p„, p, p„and p, with p;, p„, p;, and p;„, re-
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8""=w ~""=0 and ~""=0 (18b)

as they should. Note that the polar angle 8
differs from the scattering angle between the par-
ticles p; and p& by a negative sign, since the latter
is defined as the angle between two 4-momenta,

spectively, in Eqs. (9a)-(Qe); from (12), one may
write symbolically

i 1 4 j ] [Pf' Poi( Pil Pi+1]'

One can easily see that

[+J t J l 4) ] [Pi &oft Pi+i& Pi+3]' (14)

From (6c), (6e), (14), and (9a)-(9e), one can
easily obtain the group parameters of u& and 5&'.

one in the initial and the other in the final system,
while the former is defined as the angle between
two 4-momenta in the initial system or in the final
system. In the frame [i, I], the group parameters
of 4-momentum p~ can be expressed in terms of
invariant variables:

cosh6i k(oi)(oi+i)/[k(oi)k(oi+i)]

sinh6; =[-G((0i), (Oi+1))/k(„)k(„„)]'",

(15a)

(15b)

cosP; = -G
i+1 (Oi)

i (Oi)
[G(i, (Oi))G(i+1, (Oi))] "', (15c)

sinp; =[k(„)G(i+ 1, i, .(Oi))/G(i, (Oi))G(z + 1, (Oi))]' ', (15d)

i+2 i+1 (Oi)

cosp~ = -G
i i+1 (Oi)

[G(i+1,i, (Oi))G(i+1, i+2, (Oi))] ' ', (15e)

siny, =+ [G(i+ 1, (Oi))G(i+ 1, i, i+ 2, (Oi))/G(i+ 1, i, (Oi))G(i+ 1, i + 2, (Oi))] (15f)

As mentioned before, the sign of the right-hand side of E(l. (15f) is determined if the azimuthal angle of a
4-momentum p& in one frame is given.

Finally, we quote" three useful elementary formulas in the theory of determinants:

I

X g ' W

XI yI ~ ~ ~ WI

~ ~ ~

w ««« w
(16a)

yz "W Z ~ ~ ~ g0 3l Z '" gO

G

X Z "' gO X Z "' g0 Z '" W

(16b)
I

P
I Z I ~ « ~ g0 Z '« ~ ~ g0

I '«' W X Z "' g0 Z ~ ~ ~ gO X Z «« ~ W

and

X P Z u ~ ~ ~ g0 u « ~ ~ gO x u' "' go z u " w

X 'V Z u «««g0' u '"w x u "'g0 ' p z u 'w

x u '"w p z u '"w x u '" g0 p z u "' w

u « ~ ~ g0 x' z'u' "w' ZI uI ''' gOI XI yI uI

(16c)
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On the other hand, because of the dimensionality
of Minkowski space, any five 4-momenta are lin-
early dependent; in mathematical language, one
has

G(x, y, z, w, v) = 0.

We have used these relations before and will use
them frequently later.

C. Phase Space

dg» = sinP»dP» dy» . (22)

We have to emphasize that, if one chooses the
frame [i] as the frame [i,I), the group element I,
in Eq. (22) equals»»» in Eq. (6a); in general, they
are different, even though we have used the same
notation for both of them. The freedom of choos-
ing these reference frames will be useful later.

One may further change P, to q„express Q, in
terms of its group parameters in the frame [2],
and obtain

with

(16}

Byers and Yang" have made an extensive study
of the physical regions and the phase-space volume
element for the multiparticle system. We are in-
terested rather in expressing the latter in terms
of the parameters of the groups u& and 5, . The
phase-space volume element dC „„for an (n+ 1)-
particle system of total 4-momentum Q„ is defined
by

d@3 =(q»q3/16w, w3)d»»»dM3ds»d Q35(pQ+ p»+ p3 Q3)

x 8(4 (»u „m3,m, ))8(i)(w „m„w,))8(4(w„m„w, )).

(22)

It is obvious that one can continue in this manner.
Finally, one obtains the (%+ 1)-particle phase-
space volume element

yf g

dc „„=p(n 1+)e(n 1+)II d»»»II ds, 5 Qp, —Q„ I d'Q„,
i=1 &=&,g=o

(24)where

5'(P, '-m, ') =8(P;, -m, )5(P,'-m, '), (16')
5

p(n+1) =—II q',
g = j.'4wa

(24')

where 8(p;, -m, ) is a step function, and p« is the
time component of the 4-momentum p&. From Eqs.
(5b) and (5c), one may make a change of variables
from P, and P, to Q, and Q„ to obtain

and

e(n+ 1) —= 8(a(w„m„m, )) II 8(&(w», m„»u, ,)).

d43 = 5'(Q, ' -m, ') 5'((Q, —Q3)' -m, ')

Xd'Q3d Q, 5(p3+p, —Q»). (19)

Since each of the factors in Eq. (19) is Lorentz-
invariant, one can calculate each of them separate-
ly in some convenient frame. Expressing d'Qo in
terms of its group parameters in a rest frame
[1]of Q„one obtains

(24 t t)

Note that the 5 functions in Eqs. (20), (22), and
(24) are important, since they may provide con-
straints on the ranges of integrations over ds&.

Should four particles P„P„P„andP, be cou-
pled in the scheme shown in Fig. 2, one would de-
fine the submomenta Q; such that

@o =&o @x = Qo+&i (25a)

de3 = (q,/4w, )du, d'Q, 8(&(w„m„m,))
& 8(i), ( „w„mm))Q5(p, +p, —q, ), (20)

and

W

QO p3 Q3=QO+p3 (25b)

2 jv
Wg = Sg = pI»:(og)q Wo =Sloq

and

q
3 = -G(i, (Oi))/2f»& »)3

(21a)

(21b)

The rotation u& specifies the orientation of the 3-
momentum Q», in the frame [i]; its solid angle
d»»» is given by

where the triangle function &(a, f», c) is defined by

&(a, f), c) = (a —5+ c)(a —b —c)/2a. (20')

In generaI, q, and w, are, respectively, the rel-
ative momentum of P, and the invariant mass of
Q, in a rest frame [i] of Q, ; they can be expressed
in terms of the invariant variables:

4W

Q3 Q3 Q» PQ +pl p3 p3' (25c)

From Eqs. (25a)-(25c), one may change, in the
phase-space volume element, the variables P„
p„p„and p, to the variables Q„Q„Q,', and Q„
respectively, and then express dQ„de, and d»»I3

in terms of the group parameters in the rest
frames of Q„Q„and Q, separately. Following
the steps leading to Eq. (24), one obtains

, 3 a
dc, = p(4)6 (4) II d»»» II dg,. 5(p, +p, +p, +p, —q, )d'q„

f=j.

(26a)

where
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3

p(4) = Q 4
', u =-s; =- q,.', i =1, 2, 3

»-g 4k»

and

(26b)
A. Two- and Three-Particle a.m. States

The helicity state of a particle of spin 0, helicity
A., mass m, and 4-momentum P is defined" by

8(4) 8—=(&(cu „m„m,))e(&(ro„m,„mo)l

&& 8(b, (e„m„m,))8(A(sV„m„m, )) . (26c)

Ipo~& =L(p) Ipo~&,

where the rest state IPoX& transforms as

(27)

The relative 3-momentum q, and the solid angle
du, are defined in the rest frame of Q„similarly
for q„q„du„and du3. One c'an easily find, by
comparing Eq. (26a) with Eq. (24), that they have
the same form except that (a) the step functions
e(n+ 1) may be different in order to fit individual
coupling schemes, and (b) the quantities such as
q;, su;, Q; and g, have different interpretations;
each refers to its own coupling scheme.

Calculating the phase-space. volume element in
various coupling schemes (such as, for example,
those shown in Fig. 4), one can convince himself
that the phase-space volume element in Eq. (24) is
applicable to any scheme, , if the quantities q;, w„
and s, are properly interpreted, and if some of
the step functions are properly replaced. This
extension of the range of validity for Eq. (24} is
important for calculating the recoupling coefficient"
(and thus the partial-wave recoupling condition)
between two different coupling schemes, and also
for deriving the partial-wave unitarity relations of
various coupling schemes.

g Ipo» =gD:~(g) Ipo~& (27')

under the rotation g. The particle boost L(P) was
defined in Eqs. (4a)-(4e) and (2). The helicity
state transforms under the Lorentz transformation
A as

A Ipo& & =gD„'„[A,p] IApo v&, (28a)

where D„'&[A, p] is a matrix element of the Wigner
rotation [A, p]:

[A, P] =I. '(AP)A-L(P), (28b)

We choose the normalization of a helicity state with

6(p'-m')(p'o'~'Ipo~& = 6'(p —p')6. ..6».. (28c)

Let us first consider the standard coupling.
scheme shown in Fig. 3. In the frame [1], one can
project out from the two-particle plane-wave state
an a.m. state, which plays the same role as Ipoh. &

does for a one-particle state:

III. MULTIPARTICLE ANGULAR

MOMENTUM STATE

An angular momentum state (a.m. state) can be
projected out from either canonical states ' or
helicity states. " In order to avoid Clebsch-Gordan
coefficients in a partial-wave expansion, we shall
deal with helicity states. The 2-particle and 3-
particle helicity a.m. states have been worked out

by JW." As a preparation for more general cases,
we shall briefly review their work.

&& Ip,' ' o x ' p~' 'lo I &

where

Ip,op.„p,o,x, &
-=Ip,op, & 8 Ip,o,x, &.

Our definition of the two-particle plane-wave state
differs" from JW's by a phase factor (-1)~i "x.
The first particle in the 2-particle state on the
right-hand side of Eq. (29) has its momentum along
the positive z axis. We still have freedom in the
choice of the reference frame. Here, we have
chosen the frame [1,/]. In general, the normaliza-
tion constant N; and the helicity index p. ; are de-
fined by

Ã, —=[(2j, + I)/4v]"' and p, ; —=m;, —X„ (.30)

where mo= Xo, and m; (i &0) is to be defined later.
As for the one-particle states, we can define a

helicity state of 4-momentum Q, corresponding to
the a.m. state in Eq. (29):

(b) IQiimi&i&0& -=L(Qi) IQ~i"i,m, &A, &. (31)

FIG. 4. Some coupling schemes for the multiparticle
angular momentum states.

Substituting Eq. (29) into Eq. (31), and using Eq.
(28a) and Eq. (19), one obtains



PAR T IA L - WA VE P HODU C T ION AM P I .IT UDE S. . . 497

IQj,m, »,», ) j),[=p(2))"*Jd@+»»' (»», ')QO„"»
V.i

x[L„,P,(1, l)]D„"„[L„,P,(1, l)]

IPO 0"Oj Pl 1~1) j (32)

and

& q,'j',m,'~,'~,'Iq, j,mp, ~, &

5(QI QI)5I j'»5)2 m. 5~ )(e5g )»».

(33b)

where the summation is over all Ij; [i.e., vO and

)II in Eq. (32)], and

Lll L(QI)uI (32')

p. =I. p(& i) g=o i (32"}

=[p( )] '", (P.+P, —9,) „' (, ')

1

II D:,',[L P;(1 1}]
i =0

(33a)

The particle boost L(QI) is determined by Q„while
the group parameters of the rotation u, are dummy

variables. Note that for convenience, we have re-
placed p

'~ by p, (1, l) in the Wigner rotations.
From Eqs. (28c) and (32), one can easily obtain

&PO[JO&0'j P6'I&I I'QIHImI&I~O)

Given P, and P„ the particle boost L(QI) and the
rotation u, can be determined. In our choice of
[1,l] as a reference frame the group parameters
of u, are given by Eqs. (15c)-(15f), in which P, and

P, may be viewed as constant 4-vectors. Thus all
quantities in Eq. (33a) are known [the Wigner rota-
tions in Eq. (33a) can be calculated by Wick's
method" ].

One can easily show that the state IQI jlmIAIXO)
transforms under the Lorentz group as the helicity
state of a real particle with spin j„but it has a
continuous mass spectrum. Comparing Eq. (33b)
with Eq. (28c), one sees that the normalization of
this state differs from that of a real particle. In
this sense, we call it the helicity state of a pseudo-
particle or a kinematical system. "

In the frame [2], one can project out an a.m.
state from the pseudo-two-particle state:

1/2

l@2 j2m 2~2 sl j)lmI~I~O) +2 4 du2 )I (u2 }u2 III jlml 1~0 P2 2 2)
4m2 P 2m2

where

I@Ijlm1~1~0 P2o2~2) IQIjlm1~1~0) IP2~2~2) ~

(34}

(34')

We have chosen the frame [2, l] as the reference frame. As in the two-particle case, one can define a
helicity state of a pseudoparticle, substitute Eq. (34) into the latter, and then express it in terms of the
three-particle plane-wave state:

IQ2j2m2&2) sljlmI4~0) =L(Q2) I@2 j2m2&2' sly Imll[I&0)(2) ~

where

2

=»)»»I)»(2))"'Jd" d" 0„';.,(. ')Ol'...( ')Q 1IO:.' [j' j»( ))Ilj». ~ ', j»" I»* ~ .), '

(35)

and

L22 —L(Q2)u2) L20 L21 L(Q2)u2L(QI )ul, (35')

(35)l)P(i, i) P(o, r) P(x, r)

Once again, L(Q2) is determined by Q„and by construction L(Q,' ) = b„' the parameter 5, of 5I can be ex-
pressed in terms of s, and s, [see Eqs. (15a) and (15b)]. The group parameters of u, and u, are dummy
variables.

Using the relations

(35a)

and

PD,',[L,P]D:.* [L, Pl = 5» (38b)
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and replacing du, du, in Eq. (35) by d'4, in Eq. (23), one can easily calculate the transformation matrix and

the orthogonality relation;

&Po&o~oi j'Pl "l Pmomlta I@2jmlllm&a' sl jP4&l&o)
2

=~,N. [p(3)] "'5(j. j, j. O-)5((j. j,)' ,-)D„".(.-')D„".(.,-') g D:., [I..„j,(f, f)]8(3)

(3'la)

&Q,'j,'m,'X,', s,'j'm'X'X'[Q j,m, X,; sj mX, X,) = 5(Q, —9')5(s, —sl) g (5! &..5 „.) Q 5q, l j8(3).
o '' ' 'i-o (3Vb)

All quantities on the right-hand side of Eq. (37a) can be determined from the 4-momenta p„P„and P,.
In our choice of the reference frames, the 4-momenta P, and P, in the expressions for group parameters
of I, and u3 may be considered to be constant. The orthogonality relation for the three-particle a.m. state
is known. "

8. (M+1)-Partic1e a.m. State

The (N+ 1)-particle a.m. state can be defined step by step beginning from the two-particle a.m. state, or
by mathematical induction. Let us project out in the frame [n] the (N+ 1)-particle a.m. state from the
pseudo-two-particle plane-wave state, including the particle P„and the N-particle a.m. state:

(ff) ~

I@. u n nt sn-lan-l~n-l w-lt I slll~l~l~o)

1/2
( )~ ~ . ,„.8 ~~g g ~ P( )o

(36)

Above we have chosen [n, E] as the reference frame. Once again, one may define a pseudoparticle state,
substitute Eq. (38) into the latter, and replace the N-particle a.m. state by the (N 1)- prati -lcea.m. state,
and so on. One then obtains

(39')

~(i, l) I -L ~(o, l) ~(x, i)
i ni i & no yt 1& 0 0 (39tt)

I „,=I (Q„)u„b„," haul, i ~ 1. (39tII}

It i.s interesting to note that no matter what the group parameters of u, 's are, the 4-momentum Q„ is kept
unchanged. This property will be important in performing unitarity integrals later.

From Eqs. (24), (28c), (36a), (36b), and (39) we can calculate the transformation matrix and the orthog-
onality relation:

& poo'oltoi '"i p o' v IQ j m„tl; "'; sl jim, x,xo)

n-1 N tf

=gn+1)[p(s+ 1)] '! 5 Q p; —Q„g 5 Q p! —sl Q Dp (sl ) QD !), [I,„l,pl(i, E)]8(n+1),
=o i i g=o~ „ i=a ' i i o
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and
n-1 n

(Q„'j„'m„'&; ";s,'j,'m', XPo'IQ„j„m„X„;";s,j,m, &,&,&=5(Q„—Q„') Q 5(s, —s,') +[5»l5„.] Q 5z z 8(n+1}.
5=1 ()

(40b)

From Eqs. (V') and (39'"), the Lorentz transformation L„; is related to b„,u, (P„,)L„„asfollows:

L„;= [L(Q„)u„u„(y„,}][b„,u„(P„,)L„„). (41)

The group parameters of the last factor in Eq. (41) can be expressed in terms of products of the 4-mo-
menta p,. through Eqs. (15a)-(15f). The Lorentz transformation L(Q„)u„u,(y„,) carries the frame

b„,u„(P„,)[n —1, l] to the working frame in which the 4-momenta P, are defined, and thus can be deter-
mined by the 4-moments. P;. The group parameters of u„and u, (y„,) are given by Eqs. (15c)-(15f) also,
if one identifies p„+, and p„+, properly. For example, in an (N+1)-to-(N'+1) process with the coupling
scheme shown in Fig. 3, one must take -P„' and -P„'. , as P„„and P„„, respectively. The particle boost
L(Q„) is determined directly by the total 4-momentum of the initial system. From Eq. (40b), one can
easily obtain the completeness relation of the pseudoparticle states:

(42)J
n-1

, d'Q„Q ds, 8(n+1) Q IQ,j,m ~,i '"&& Q.j.m.&.;" I
=1.

i=1 1-m

The ranges of integrations over ds, are determined by the step functions 8(n+1), which in general depend
on the coupling schemes.

C. Other Coupling Schemes

We shall show that Eqs. (40a) and (40b) can be applied to other coupling schemes. For example, we
consider a four-particle system with a coupling scheme shown in Fig. 2. One can project out a two-par-
ticle a.m. state, and define a pseudoparticle state for the particles P, and P, (P, and P,). Then one may
couple these two pseudoparticle states in a rest frame [3-]of Q„ in which the 3-momentum q, is along
the negative z axis, and obtain a four-particle a.m. state:

IQojomo; so j,moA. ,Xo; s~ j~~X~Ao& —= L(Qo)IQ~~ ~jomo; ~ ")
3

=N(4)[r(4)l'" g [d;D-„,'.,( ')l
5=1

where

3

x Q II »'& [ o»p&(~& l )llpoooto pro&x+x poco&vo»oo ~ &&oo
v. 5=0t

(43)

P, =X —A1, P =A. —A, P, =m, -m, (43')

p L p(~. &-) p(0, r-) —p(1., t-) p(3, l ) —p(2, f )

The frames [i, l-], f = 1, 2, 3, are defined to be

[1,l-l -=[Q,; p„Q.],

[2, l-] -=[Q.; p., Q,],

(43")

(43 &I &)

(43IV)

[3,l-] -=[Q.; Q., P.], 43v)

(44)

One can easily show that such a constraint can be satisfied. Hence, the Lorentz transformations L„'s in
Eqs. (43) and (43") are given by

where the 4-momentum P, may be considered as free parameters in the four-particle system. With these
definitions, one must impose a consistency condition on [1,l-] and [2, 1]:.-

t,u, [1,l-] =[3,l-] = l,u, [2, l-].
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Lsi= (Qs) 3bi v so= si (45a)

L~2=L(Qs) 3 2 2~ ~~= s2 ~ (45b)

We shall explicitly express the group parameters of Qy Q2, and u, in terms of the invariant variables later.
As in the case of the standard coupling scheme (see Fig. 3), we have already made a specific choice of the

frames [i, I-]; our choice will be seen to be the most convenient and suitable for our purpose.
From Eqs. (26a) and (43), one can easily obtain the transformation matrix and the orthogonality relation:

(Poo'Ovo; P,o', v„P2o'2v2; P o'sv, ~Qs j,m, ; s2 j,m2ASX2; s,j,mP, )(o)

3 3 3

=X4)[P( 4)]
"'6 gP —Q 5((p +P,)' —,)6((p. +P.)'- .)8(4) PD:,.',.[L„,P;(, &-)] IIf),";,(; ')

4=0 5=0 k=1

(46a.)

and

( Q3 j,' m,'; s,' j,' m,'X,'A.,', s ', j,'m,'X,')(0
~ Qg

jism,

; s,j,m, )I,A„s,j,mykyko )

(46b)

The particle boost L (Q,) can be determined by the total 4-momentum QP; of the four-particle system.
From the definitions of [i, l-] and Eqs. (45a), (45b), and (9a)-(9e), one can calculate the group parameters
5„P„and y; of b; and u, :

cosh5, = k«, )(pp) j[k(oy)k(03)] y
(47a)

cosh 52 —k(2g)(pp)/[k(23) k{ps)] (47b)

cosPg = +

cosPg = C

cosP, = +

1 (01)

(23) (o1)

3 (23)

(01) (23)

(23) (03)

4 (03)

[G(1, (o1))G((23), (o1))] '",

[G(3, (23))G((01), (23))] '",

[G((23), (03))G(4, (o3))] "'

(47c)

(47d)

(47e)

cosy, = t"

cosy, = G

1 (23) (01)

4 (23) (01)

3 (01) (23)

4 (01) (23)

[G(1, (23), (01))G(4, (23), (01))] "',

[G(3, (01), (23))G(4, (01), (23))] (47g)

cosy, = G
(23) 4 (03)

5 4 (03)
[G((23), 4, (03))G(5, 4, (03))] '". (47h)

The expressions for sinh5; and sinP, are uniquely determined by Eqs. (47a)-(47e). The expressions for
siny; are determined by Eqs. (47f)-(47h) up to a sign, "which can be fixed by the prescription stated be-
low Eq. (11). For production processes, the choice of P, and P, depends on the coupling scheme of the
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total system. For example, for the coupling scheme shown in Fig. 2 (Fig. 5), the momenta P, and p, may
be taken to be -P, and -P, (-Q,' and -Q,').

Comparing Eqs. (46a) and (46b) with Eqs. (40a) and (40b), one can easily see that they are formally equal
to: each other respectively, if the rules (a) and (b) stated below Eq. (26c) are observed (the reinterpreted
quantities should include L„;). One may assert that the above statement holds for any coupling scheme.
Similarly, the completeness relation (42) can be applied to the case of any coupling scheme if one ob-
serves the above-mentioned rules.

IV. PARTIAL-BLAUE AMPLITUDES

The canonical partial-wave expansions for general production processes has been discussed by Macfar-
lane", in particular, the expansion for the process a+ b- 1+2+ 3 has been given explicitly. As is well
known, the helicity partial-wave expansion (h.p.w. expansion) avoids complications resulting from Clebsch-
Gordan coefficients. The h.p.w. expansions for the processes a+ b - a'+ b', and a+ b - 1+2+ 3 has been
worked out, respectively, by JW;" and others. " We shall treat the most general production process
0+ 1+ ~ ~ ~ +N-0'+ 1'+ ~ ~ ~ + N' and suppress all internal quantum numbers such as strangeness, hypercharge,
isospin, etc.

A. Process a+ b ~ 0+ 1+ '-+ W

We shall first derive the h.p.w. expansions for all the processes involved in the unitarity relation for the
process a+& a'+ b', a typical production process is a+b-0+1+ ~ ~ ~ +K We shall deal with the h.p.w.
amplitudes for arbitrary coupling schemes.

We begin with the standard coupling scheme shown in Fig. 6. Let us define the helicity amplitudes" as
follows:

T)p p), )p )I (sai +»')6(Pa+A)) P~' Pp'):&Pg'+p'(p'iPp'+p')pn'ITIPp+p)ppp Pppp) s& (48a)

n
p :,(s;, ;;s„„„u~;N+1,2)p(p, p, -rp)-=(ps, v;-;p„v„„(T(p,tr, „ptr, v, ),

k=0

where the T-matrix operator T is related to the scattering operator S by

S=1+iT.

(48b)

(49)

In Eq. (48a) Ior Eq. (48b)], one has s(, =s(, (or s(, =s„), and u» (or Mp„) is to be determined. In an arbitrary
frame, we define the h.p.w. amplitudes T~~ and T'~'& as

and

T(~, ,z, ,), z,(s,)5(Q, —Q, .)6y, ,5„,-=&Q, Jb m() &, &,. I TI Qp, mX, X,) (50a)

(50b)T),&p), z (s„s» N+ I, 2)5(Q, —Q„)6&, 6 =—&Q„j„m„g;";s,&,m, p.,&, ITIQ~j, m, z~p, , )

In defining these h.p.w. amplitudes, we have used conservation of 4-momentum and angular momentum,

P~ P) Po Pj Po

is'Q~= Q~
&b= Qn

P P, Po

Pb

FIG. 5. The coupling scheme for four-a, eggeon vertex.
FIG. 6. The standard coupling scheme

for the process a+ b 0+1+.. +N.
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and the Wigner-Eckart theorem.
In an arbitrary frame, we insert two complete sets (42) of the pseudoparticle states into the right-hand

side of Eqs. (48a) and (48b): one for each side of the T-matrix operator. We then substitute Eqs. (33a)
and (40a) into Eqs. (48a) and (48b), respectively, and after a straightforward calculation obtain

T, „,» (s„u», ) =[p*(b)p(b')] "'g [N(b)]'D„' t„(u»,-') II D„'5), [L,,„P,(i, l)]
jb X. =a' b'

b i t

II D:,'",[L,P (, l)]T".. ., , ,( )e(b' )e(b)
t

(51a)

n- j.

T„» (s&, u&)s(), u»N+1, 2)=[p"(b)p(n+1)] '~ g N(b)N(n+1)D&~&& (u~ ') IID~& (u,. ')
&0«« "« i=1

n

x IID„~t„[L„,P (i, l)] II D„*[L,P;(i, l)]T'„' „(s,s; N+1, 2)8(n+ 1)e(b),

(51b)

where j„in N(n+1) is equal to j&. Note that Eqs. (51a) and (51b) contain step functions. " All quantities in
Eqs. (51a) and (51b), except u»l and ut„, are defined or given in Sec. II and Sec. III, if one counts the par-
ticle in the order (a, b) for the initial system and (a', b') for the final system. The group elements u». and
ub„are defined by

-1 -1
Qbb =Qb Qb and Qb„' -=Qb Q . (52)

One can easily show that u( (u»1) is a rotation along the y axis, which carries the frame [n, l] ([b', l]) to
the frame [b, l]:

u()„=uN(lIt„) and u» u)((P()=()~ ) (53)

If one takes -P, and -P, as P„+, and P„+„respectively, the parameter P,„ is given by Eqs. (15c) and (15d),
and similarly for ll»5

It is easy to check that if one considers the parameters P«and y«and the invariant mass s«as indepen-
dent variables, one has 3N 1independe-nt variables as expected [3(N+ 3) —10 = 3N 1]. This giv-es rise to
a question: Which is it better to take, the above set or the invariant variables (products among the mo-
menta), as independent variables'P The advantage of choosing invariant variables as independent variables
is that the Wigner rotations and crossing angles can be neatly expressed in terms of them. However, in
case the number of the particles in the total system (including the initial and final systems) is equal to or
larger than six, some of the invariant variables are quadratically related and then the analytic structure
of the helicity amplitude becomes more complicated. On the other hand, if one takes group parameters and

invariant masses, both depending on the choice of coupling schemes, as independent variables, the Vfigner
rotations in the h.p.w. expansion will be very complicated functions of the latter (in the case where all par-
ticles in the total system are spinless, this difficulty disappears). Besides, it is not easy to relate two

sets of these independent variables corresponding to different coupling schemes. This difficulty of choos-
ing independent variables may be inherited from the complicated analytic structure of the helicity ampli-
tudes for production processes (this may be true for any other formalism). We shall not discuss it further
in this paper.

Finally, one can easily project out the h.p.w. amplitudes from Eqs. (51a) and (51b). One should first
remove the Wigner rotations by multiplying the h.p.w. expansion with their inverses and by summing over
the intermediate helicities. Then, one can immediately obtain the h.p.w. amplitude by projection method
as used in the two-to-two process.

B. Other Amplitudes

For a general process 0+1+ ~ ~ ~ +N-0'+1'+ ~ ~ ~ +N' with the standard coupling scheme shown in Fig. 3, we
can define the helicity amplitude and the h.p.w. amplitude as follows:

n n'

T„„('' 5„„,5„„; „;;N' 1, N 1)ll rp, —rp+')-=—(p,' ';-",5„' 5„' „' (T(p, „' ":",5„„„) (5 5)I «.V««~ aP nn ~ nn ~

i=o i=o
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and

T~. "P~ „(s,', s„„., s, ;¹+1, N+ 1)5& &., 5 ~ 6(Q„—Q„'.)~-=(Q„'j„'.m„"A'.; ";s,'j,'m', XQ~~T[Qj„m„g; "';s,jm&&&Q)

(54b)

Proceeding as in the derivation of Eqs. (51a) and (51b), we obtain

Tyiy (sg, u(q s„„~u„„ l sg~ ug,
' N + I, N+ 1)

n -1I n-1
=[p(¹+1)p*(N+1)]"' g N'(n'+1}N(n+1) Q D„;;(u,' ')g-', ,(u„„')QD„'* (u, ')

sj] m) X]j]nt] X]

x QD„„[L„'„P,'(i, l)'] gD„'„[L„„P,(i, l)] T ' ""„' (s,', s„„,s„' ¹+1,N+1}8(n'+1)8 (n+1).
eo ' ' $O

(55)

All the quantities in Eq. (55) have been previously defined or given, except for u„„i (=u„u„i), which car-
ries the fraine [n', l]' to the frame [n, l]. The group element u„„.is a pure rotation u„(P„„)around the y
axis and its parameter p„„ is given by Eqs. (15c) and (15d) if one views, -p„and -p„, as p„'+, and p„'+,.

Suppose we couple the particles in a scheme shown in Fig. 2 for the process a+ b-0+1+2+3. Proceeding
as before, one can obtain the h.p.w. expansion for this coupling scheme. This expansion has exactly the
same form as Eq. (15b), if the proper replacements and re-interpretations are made (see the latter part
of Sec. IIIC). The O(2, 1) version of the BCP amplitude for this case has been discussed by Misheloff"; he
made two different parametrizations for the little groups, depending on the values of s„s„and s3
[—= (p, +p~)']. The helicity amplitude here has only one parametrization for all s, 's, and can be continued to
the physical region of any crossed channel. In general, the transformation matrix between the multiparticle
plane-wave state and the pseudoparticle state has the same form for different coupling schemes, and thus
so does the h.p.w. expansion. Therefore, the h.p.w. expansions (51a), (5lb), and (55} hold for any coupling
scheme.

The decay amplitude for the process a-0+1+ ~ ~ ~ + N is useful for the calculation of form factors via
unitarity relations. We can define the helicity decay amplitude and its h.p.w. amplitude in the same manner
as for general processes. One can easily obtain the h.p.w. expansion:

T„„(s;,u, ; N+ 1, 1)

n-1 n

=[p(n+I)] '" g N(n+1) Q „, .(u; ') gD;, 'q,.[L„;,p;(i, l)]D„' q [L„„,p, (n, l)]T'z, , +(s,;N+1, 1)8(n+I).

(56)
Once again, all the quantities in Eq. (56), which depend on the choice of coupling schemes, have previously
been given or defined. In this special case, the rotation u„equals the identity and Q 1 is merely a rotation
around the y axis. In the standard coupling scheme (as shown in Fig. 3), the frame [n, l] is defined to be
[p„'p„, p„,], i.e., y„,= 0. Finally, we mention that the h.p.w. amplitudes in Eqs. (55) and (56} can easily
be projected out as in Eqs. (51a) and (51b).

C. Wigner Rotations

The h.p.w. expansions in general have matrix elements of Wigner rotations. We shall express these ro-
tations in terms of the invariant variables.

The matrix element of the Wigner rotations can be decomposed into a product of two parts; for example,
for the process 0+ 1+ ~ ~ ~ + N- 0'+ 1'+ ~ "+N', one has

D„'j„[L„„P,(i, l)] =gD„'!~[L(Q„)u„,P, (n, l)]D„'~,[L„,,P, (i, l)]
and

(5'Ia)

(5Vb)
~t a' fy I

D..';[L!,Pl(~, l)'] =gD.' [ (QL.) ., ul( Pln)]D ',.[u..L!~, Pl(i l)'].

The Lorentz transformation L(Q„)u„carries the frame [n, l] to the working frame in which the reaction
process is considered, and can be determined by the 4-momenta of the external particles in the latter
frame; the group parameters of L(Q„)u„may be viewed as free variables, independent of the invariant
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variables. With these group parameters given, one can calculate the first Wigner rotation in the right-
hand side of Eqs. (57a) and (57b) by means of Wick's method. ' En the analytic S-matrix theory, one is
usually interested in the amplitudes which. can be expressed" in terms of only the invariant variables, i.e.,
one must choose some special frame (such as the frames [n, l], [n', l)', etc.) such that the Lorentz trans-
formation with free parameters becomes the identity. In the following, we shall deal with the amplitudes
in the frame [n, l].

Let us define a rest frame [P;] of the particle P„such that [P,] =[P&,' Q&, P„,]. The frames [n, l] and [P,]
are related by a general Lorentz transformation

[n, l] =T,„,L,(pI' ")[p,], (56a)

where

X„;L(p, ' ' ) =u, (p')u„(8') b(u')u, (g')u„(8')u, (p'). (56b)

The group parameters n', 8', and P' are already determined by the orientation of P; in the frame [n, l],
while the parameters 8' and p' are determined by that of Q„ in the frame [p;]:

(59a)

cos~ = -cose()„~ = -G~(a.)
(On) i

[G((0n), i)G((Oi), i}]-'", (59b)
(Oi) i

sin8' = sin80~$) = [k;G((0n), (Oi), i)/G( (On),
'

i)G( (Oi), i)]"',

(On) (Oi) i

(59c)

and

cosP' = cosQ ' = G

sing' = —sing'g~)

i+1 (Oi) i
[G((On), (Oi), ilG(i+1, (Oi), i)] ' ', (59d)

= -e~~&)[G( (Oi), i)G((0n), i+1, (Oi), i)/G((0n), (Oi), i)G(i+ 1, (Oi), i)]"',
where e,~~ (= +1 or -1) can be determined as before.

The calculation of the parameter fr is more complicated. First, one may introduce two intermediate
frames [n, i] and [n, i]', defined by

[n, i] —=u„-'(8')u, '(P')[n, l] =u, (g')[n, i] ',

=u,(f)') b(n')u„(8')u, (p')[p;],

where u, 'u, ' may be rewritten" as

uy '(8')u, '(P')= (wu)u, (8')u.( vy').

(60a)

(60b)

(60c)

From the definition in Eq. (60a), we have [n, i] =[@„;Q„-P„P„], and then the group parameters of the 4-
momenta P, in this frame are given by Eqs. (9a)-(9c) and (9'):

[~(n, i) 8(n. a) p(n, a)] [p . q. q p (61)

(Oi) i (On)

On the other hand, the corresponding group parameters in the frame [n, i]' can be obtained by applying

b(o.')u„(8')u, (P') on the momentum P, in the frame [P&]. The rotation u, (g') carries the frame [n, i]' to [n, i],
and the parameter Q' can be obtained by comparing the group parameters of Q; in these two frames. After
a tedious but straightforward calculation, one obtains

~ ~

cosg' = -G
n i (On)

[G((Oi), i, (On))G(n, i, (On))]

sing' = col' [G(i, (On-))G((0i), n, i, (On))/G((Oi), i, (On))G(n, i, (On))]'~'.

From Eqs. (4a), (28a), (26b), (55), (57a), (58a), and (58b), one can then obtain

(59g)
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D:.'~[L.;, P~(i, f)] =e '"*~d."~ («se*)e '" '. (62a)

The Wigner rotations for the particles P& in the final system are given by Eqs. (59b)-(59g) and (62a) with

Q;, P;, and P;„replaced by Q,', P,', and P,'+„respectively. Obviously, if one works in the frame [n.', f]',
one obtains the Wigner rotations, as in the working frame [n, f], by interchanging the roles of the particles
in the initial system and in the final system. It is interesting to note that the Wigner rotations depend on
the five momenta only, irrespective of the number of particles in the total system. If the total system in-
volves only four particles, the Wigner rotations become multiples of the identity, a fact which is well
known.

Suppose that a general coupling scheme is defined such that the reference frame for P; (P,'), corresponding
to the frame [i, l] ([i, l]') in the standard coupling scheme, is [P«, P„P„]([P,'&,'P(, P,',]). The working frame,
in which the amplitudes can be expressed in terms of only the invariant variable's, is defined to be
[Q„;P~,P„], where the 4-vectors P„, P,'„etc., can be any linear combinations of P s and P,"s, respectively.
Then, the Wigner rotation for the particle P; (P&) can be obtained by Eqs. (59b)—(59g) and (62) with P„, Q&,

and P„,replaced by P„P„(P,';) and P„(P,';), respectively.

D. Crossing Relations

Assuming that the scattering amplitude satisfies
the substitution rule and also analytieity, one
can show that the amplitude for one channel is
proportional to that of the crossed channel in the
same frame, provided the helicities of the crossed
particles change sign. We shall prove the crossing
relation between the corresponding h.p.w. ampli-
tude, and detel mine the pl'opol tlonallty constant,
which depends on the helicities of the crossed
particles only.

The h.p.w. amplitudes of the process 0+ 1+."
+N-0'+1'+ ~ ~ ~+¹(process A) and the process
0+1-0'+1'+ "+¹+2+~' ~ +N(process B) in the
standard coupling scheme are both functions of the
subenergies s; (in addition to the helicities and
angular momenta). On the other hand, the matrix
elements II D'(u& ') for the initial system in the
h.p.w. expansion of process A can be expressed in
terms of lID'~(u ') for the corresponding particles
in the h.p.w. expansion of process B. One then
finds that the h.p.w. expansions for process A
and process 8 differ somewhat in form; the dif-
ference, which depends on the subenergies as well
as other invariant variables, must be compensated
by those Wigner rotations which have different
reference frames in process B.

We first extend definitions of the frames [i, l],
[i, u], [P;], etc., to the cases in which some of the
4-momenta have negative time components and
are also timelike (the latter will be referred to as
negative timelike). In the definitions of such
frames, the z component of a real 4-momentum
will be defined to be along the "negative" z axis if
its t component and z component, have opposite
signs. This extension automatically satisifies the
crossing condition in the sense that since a
"negative" timelike momentum in one channel is
positive timelike in its crossed channel, this def-
inition is consistent with the previous one for the

[i, f] =u„(P„'.,„,)[u'+I —i, f]' (62b)

[n'+ u i, f]' = u, (P—,)[i, f],
l.e.,

u, (p;) =u, '(p.'". ;)

(62c)

Then, one can transform the frame u, (P;)[i, l] to
[i+1,/] along the left line in Fig. 7, and then go
back to the original frame via the right path; one
has

u, (y;) b(5, )u,(y„'.,„g,)b(5„',„, ,) = 1,
4l.e.,

u.(y;) =u. '(y.',. ;,)
(63a)

[i+i, 2] u&(p ~ .
, ) [ n'+n-i-l, X]

fn'+n —i- I, u']

z ~on'+n-i-~ ~

u&(pi ) [ i, X] = r. n'+n-i, 2)

"I (pi)
I

uy (pn'+n -i )

FIG. 7. Helations between the frames
for process A and process B.

positive timelike 4-momentum.
Let us work in the physical region of process A.

The 4-momenta, P; (i = 2, 3, ..., N) in process B are
negative timelike, and hence we need the extended
definitions for the reference frames. One ean
easily show (see Fig. 7) that
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ancl

b(5, ) = b-'(5„'„„, ,). (63c)

In the physical region of process A the boost
b(6») (i =2, ..., N) transform Q;"" to a 4-momen-
tum with a positive z component in the frame
[i+1,I], while b(6„'.,„;,) (i =2, ..., N) boosts Q„,
in the frame [n'+ n i —-1,u]' to that with a, nega. —

tive z component in the frame [n'+n —i, l]'. From
Eqs. (62b) and (62c), one also knows that the mag-
nitudes of 5i and 5„',„;,are equal. Hence, the
decompositions Eqs. (63b) and (63c) are unique.
In our convention, ' b(6„'.,„») and u„(P„'.+„»)
(i = 2, ..., N) are not a pure e boost and a y rotation,
respectively, but are in fact inverses of the latter.
And conversely, b(5, ) and u„(P») (i =2, ..., N) must
be considered as inverses of a pure z boost and a
y rotation, respectively, in the physical region of
process B. From Eqs. (62d) and (63b), one obtains
n-1

q D„'!*,(u; ') = g D'.„(u„',„» ') g exp(i& y„',„;).
(64)

Here, the relations yn=0 and y„' 1=0 have been
used.

Without loss of generality, we assign j„',
=j». In Eq. (55), the summation over m; can be
replaced by the summation over p, i„since they
are related by g;„=m; —A»„[see Eq. (30)]. From
the range of mi, one can obtain the range of p, i

and

I ) 'I
2n'+n- f I i+1+ Xi +1 ~n'+n-i (65a)

I ~ IJn'+n-i —1 I"i+1 2n'+n-i -1 (65b}

Equations (65a) and (65b) imply restrictions for the
range of m„'.,n i, in process B if one replaces
p.;„by m„',„;,and assigns

"n +n-i+lI g' 2y ~ ~ ~ p ny (65c)

Substituting Eq. (64) into Eq. (55), and changing the
dummy variables m; (i = 2, ..., n) to l»»+, (=m„'.,„;,},
one obtains a h.p.w. expansion for process A; the
matrix elements of the little groups in the expan-
sion become those for process B. Hence, the
crossing relation for the scattering amplitude,

T„.„„„...„(s,', u,', s„„., u„„.; s;, u»,
' N'+ 1, N+ 1) =K„.(2, ",N) T„„„(s,', u, s„„,„„u„„,„„'N'+ N, 2) (66a)

implies that for the h.p.w. amplitude,

[(2j„+I)/s„]~l2T&i"7&'z z ...z (s,', s„„,s, ;N'+1, N+1) =[(2j,+1)js,]'I'
~ty

x Tg»~ "g "g '(s» „,„r», N'+ N, 2)Kq (2, ..., n).nt» 0 1 1 n+n -1&

if the following relation is satisfied:
n +n-1 n

EC„(2, ..., n) Q D„'„.[L„';,p,'(i, 1)']e' "'"»-» =E„(2,..., n) D D„' z [L„;,p;(i, l)],V. &
~ ~ ~ ) Vi ~ nest

2

(66b)

(66c)

where

0'i = 'Jn'+n-i+&~ ~l ~ 1 n+n -1& 2nn Jn'I (66d)

ancl

I
~n'+n-i+ lI ' i "n'+n-i+1 (66e)

„[I.„,, P, (i, l)] (67c)

Note that the first index n in s„„,„ 1 Q 1 and
L„'; means that we work in the frame [n, l]. From
Eq. (62b), one can relate the frames [i, l] and
[n'+ n —i + 1, l]' by

=D g [(L„»,P»(i, l)](-1)"» *. (67d)

Substituting Eq. (67c) into Eq. (66c), one can easily
see that the condition (66c) is satisfied if one
chooses

[n'+ n —i+ 1, l]' = b(5„'.+„,)u, (y„'.,„»)[i,l],

'E

Z„(2, ..., N) = Q(-1)"*.
'i =2

(67e)

i=2, 3, ..., n (67a}

n'+ »+»b( »»n' n+- »)u( gny'+n- ») Ln» (67b)

From Eqs. (67b) and (66e), one can easily show
that

Literally, each crossed particle changes the sign
of its helicity v and introduces a phase factor
+ (-1)"in both helicity amplitudes and h.p.w. am-
plitudes. One can convince himself that this state-
ment holds for any coupling scheme and any pro-
duction process.

It is likely that in any formalism a scattering
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amplitude, with particles having definite helicities
or z components of spin, must have Wigner rota-
tions or the like in its partial-wave expansion if
it satisfies the substitution rule" and analyticity.
If the number of particles in the scattering system
is less than five, the Wigner angles may be zero
in some special frames.

E. Crossing Angles

D:x(a) =(-I)" "D-'.-) 4) (69)

One can convince himself that the crossing matrix
in Eqs. (68b}-(68d) can be applied to more general
processes by proper replacements.

Suppose we want to calculate the crossing ma-
trices which relate the helicity amplitude in the
frame [w'] to its crossed-channel amplitude in the
frame [w]. The frames [w] and [w'] are defined to
be

The crossing matrices, which relate the helicity
amplitude in one channel to those in the crossed
channel, have been worked out for the two-to-two
process" and the

two-to-reprocess. " We shall
calculate explicit expressions of the angles of the
matrices in these and more general processes.

Let us first calculate the crossing matrices,
which relate the helicity amplitude for process A

in the frame [n, l] to that of process B in the frame
[1,l]. These two frames are related by

[wl = [P-'P-. P.l and [w'1 =[P. ; P-, , P. ].
Let the Lorentz transformation, carrying the
frame [w') to [w], be L„

[w] =L...[w ].
Then the crossing matrices are as follows:

(-1)" "D-.-~[L,p.(w')]

for uncrossed particle p, .

(70a)

(7Ob)

(71a)

[n, l] =X„,[1,l]. (7') + (-1)"D:-.[L...P.(w'}] (71b)

It is interesting to note that in the physical region
of process A the Lorentz transformation L„, is
orthochronous. The helicity amplitudes for pro-
cess A in the frames [n, l] and [1,l] are related by

D„'~[L ., p, (w')]

for uncrossed particle P„,

(71c}

for crossed particle P„ in the initial system, and

T„., (...; N'+ 1, N+ 1; [n, l]) a(-1)" D'„&,[ L, P„(w')] (71d)

=Q g D„'t„-,[X„„p,(1, l)] g D„'„[X„„p,'(1-, l)]
V.V ~

x T„-;(...;¹+1, X+1;[1,l]), (68a)

for the particles p, and p„

D„,,',,[X„„p',(1, l)] (68c)

for the particles po, ..., p„'., and

where [n, l] or [1,l] in the helicity amplitude T
indicates the working frame in which the amplitude
is defined. Suppose that the crossing relation holds
true. Then, the amplitude on the right-hand side
of Eq. (68a) can be replaced by the amplitude for
process B in the frame [1,l]. In Eq. (68a), we

change the dummy variable v; (i = 2, ..., lV ) to -v, ,
and obtain the crossing matrices:

(68b)

for crossed particle P„ in the final system.
Now, the calculation of the crossing matrices

reduces to calculating the matrix element
D„'z[L i, P„(w')]. Since we have already calculated
the Wigner rotations in Sec. IV C, we prefer to
introduce an auxiliary frame [x] such that the
crossing rotation is the product of two Wigner ro-
tations which have been calculated in Sec. IVC:

[I...,, p, (w')] =[L.„p„(x)][I...„p„(x)] ' (71e)

(71f)

The frame [x] is defined to be a rest frame of P,
such that [x]=[P,; P P„]. The Wigner rotation
[L „P„(x)]([L .„P„(x)])is given by Eqs. (59b)-
(59g) if one replaces Q„, p„, Q&, p&, and p, +, by
P (P ), P„(P, ), P„(P„.), P„, and P„ (P„ ), respec
tively. Combining these two Wigner rotations in
Eq. (71e), one obtains after a tedious but straight-
forward calculation

+ (-1)"D",.—,.[L.„p;(1,l)] (68d)

cosQ„= -G [G(w, x)G(w', x)] '", (72a}
for the particles p„...,p„, where the choice of the
sign in Eq. (68d) does not affect measurable quan-
tities. In deriving Eqs. (68b} and (68d), we have
used the following gelation for any real rotation
group element g:

cos4„=G [G(w, w', x)G(y', w', x)]
I i'

(72b)
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cosC „=-G [G(»0, u»', x) G(y, w, x)] "'.

The signs for sin% and sinC can be determined by
the procedures outlined in the paragraph following
Eq. (1O).

Even though those two Wigner rotations depend
on the auxiliary frame, the crossing angles are
independent of it as they should be. Et is interest-
ing to note that the crossing angles depend on the
frames [u»] and [u»'] "partially, " in the sense that
the former depends only on P, P', P„, and P„',
while the latter depends on P, and P,' also. For
example, the angles of the crossing matrices be-
tween the helicity amplitudes of process A and
process B ean be obtained from Eqs. (72a)-(72c)
by replacing P„, P, P ., P„, and P,. with P;, Q„,
Q„P„„(-P„'), and P„respectively.

V. PARTIAL-VfAVE RECOUPLING

CONDITIONS

The h.p.w. amplitude for one coupling scheme
provides enough information to obtain the full heli-
city amplitude. We shall show how the h.p.w. am-
plitude for another coupling scheme can be obtained
from that for a given coupling scheme. This can
be done with the aid of recoupling coefficients,
which for the three-particle a.m. state have been
worked out by Wick" and others. " In this section,
we shall investigate the general case, and use it
to express the partial-wave recoupling condition
for the h.p.w. amplitudes which govern the dynamics.

The (N+ 1)-particle reeoupling coefficient I„„be-
tween two coupling schemes is defined as the con-
traction of two (N+1)-particle pseudoparticle states,
and can be expressed in terms of the transformation
matrices

I„„=&Q„'j„'m„'" ~-Q„j„m„"&

Here, the ith particle in the first coupling scheme
is assumed to be the i'th one in the second coupling
scheme, while the i'th particle in the second is the
i"th in the first. We shall label all the quantities
in the second scheme with a prime.

Let us first define the two frames [n, d] and

[n, d]' by

[n, d] =- b(5„,)u„(i}„,)[n —1, I] (74a)

[n, d]' =- b(5„',)u, (t}„',)[n —1, /]'. (74b)

By definition, they are both c.m. frames of the
(N+ 1)-particle system, and thus are related by a
rotation g, i.e.,

[n, d] = g[»», d] '. (74c)

[i, I] =I.; 'u.(r. ,)gu, '(r!,)L„'» [i', I]' (75)

The dependence of the recoupling coefficient on
the group parameters in Eq. (73) comes from the
transformation matrices. All these parameters,
except the two sets (y„, P„, y„,) and (y„', P„', y„',),
can be expressed in terms of the momenta P;.
However, one cannot take both sets as indepen-
dent parameters. One can easily show from Eq.
(74c) that they are related by

L(Q.)g.g=L(Q.')g.' or g.g=g.', (75')

where

g. = u.(r.)u,(i}.)u.(r.—,} (75 I I)

and

The frames [i, f] and [i', f]' are the reference frames
of the same particle in these two coupling schemes,
respectively. From Eqs. (74c) and (7), we can
easily show that

n

Q [dp, 5'(p, ' —m, ')]
P. 3=0 g.' = u.(r.')u, (P.')u.(r.' ). (75 st z)

& Q.'i.'m', - IPooouo, -., P.o.~.&

x&P,o, » „";P„o„»»„~Q„j„m„"&. (73)

After substituting Eq. (40a) into Eq. ('l3), one may
rewrite some of the factors in the following form
(note that a; = o,'., and o»" = o»):

D»n (u -')D»n-» (u ) =L»»n (g }D&n-» (u '(P ))e ' 4-» "n,
~nmn n ~n-1mn-I n-1 Pnmn n ~n-y mn- j. 3' n-1 (76a)

~

~

a ~

D..'~.[I.;,P;(i, f)]D:.*'~. ,[L.'», »»» (i', I)']=f1»,!,~.[U ' j'(i f)l f» i »u"
"t

(75b)
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„"&[L„„,p„(n, f)] „"&,[L„'„., p„',(n', I) ] =D„"...[U„,„,p„(n, I)]s'~.-i &.
~n

(78c)

Here, the Lorentz transformation U, , (U„„)carries the frame [i, I] ([n, d]) to the frame [i', I]' ([n, )]');
similarly for the second scheme. It is important to note that U&.;, U„.„, and U„„.» do not depend on the
group element g„. For example, if both coupling schemes have the form as shown in Fig. 3 but differ in
the ordering of the particles, one can show that

Ug. q =[b„' ~u„(P„' ~)X„' u ] g 'b„~u„(P„,)X„u, i 4n and i'&n (V6d)

U„„=[b„' ~u„(P„',)L„',„] 'g ', n' n (76e)

U„„"=g 'b„,u, (p„,)X„,„i,

(76g)

Since only D'~(g„') and D' (g~„' ') depend on the group element g„, one can perform the integration over dg„:

Substituting the phase-space volume element (24) corresponding to the first coupling scheme into Eq. (73),
and performing the procedures which lead to Eqs. (V6a)-(76h), one obtains the recoupling coefficient for
the (N+ I)-particle pseudoparticle states:

I„„=2vb(q„-q„)6, , 6...a„",, (g-')p(n+ I)X(n)X(n)

n-2 f7- j. ( $ 2

dcosp„, @du; Q 5
~

Qp' —s,' I p'( n+I)g[D„,(u; ')D ', i(u,' ')]
a=i ~=a t, =l

5
xD„'.-& [u,-'(p„,)]D„",-'„, [u,-'(p„',)] g a,', [U. ..p, (i, I)].

i=Q

Now, all the integrations in Eq. (VV) depend on the choice of coupling schemes. All the parameters of the
little groups and all the Wigner angles in Eq. (VV) have been worked out in Sec. IV. One must, however,
make a proper replacement for the 4-momenta in the expressions there.

For three-particle states, the integration can be performed easily since there is only one integration
variable and one 5 function. One can easily see that adding one more particle results in an increase of
two in the number of integration variables, and of one in the number of 5 functions, giving a net increase
of one in integration variables. Therefore, the larger the number of particles inthe system, the more
complicated the expression. When the number of the particles becomes five or more, some of the relations
between the invariant variables even become quadratic. This makes the integrations more difficult.
Nevertheless, for particular cases, the calculations are not too complicated. For the three-particle case,
one ean obtain Wick's result" immediately from Eq. (VV). For spinless external particles, Eq. (77) re-
duces to a much simpler form. For the four-particle case, there is only one nontrivial integration. Ne
shall not investigate these cases further in this paper.

The h.p.w. amplitudes with different coupling schemes in the initial systems can be related through the
recoupling coefficient:

j N-1
T~', '„(sf, s, s„ iV'+ I, N+ I)= d'Q„g ds," T„l '„(s,', s, s,",N', N) (Q„"j„"m„""~Q„j„m„").k$fi i i

~ 25$ *

This is the partial-wave recoupling condition. If the h.p.w. amplitude for a particular coupling scheme is
given, one can check by means of Eq. (78) whether the h.p.w. amplitudes for the other coupling schemes
develop poles in the subenergies. Equation (78) is very useful for checking whether the models introduced
via partial-wave unitarity relations have duality properties, and also to study the singularity structure of
the h.p.w. amplitude corresponding to other coupling schemes. If the coupling schemes for the final system
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are also different, one may introduce another recoupling coefficient in Eq. (78).

VI. UNITARITY FOR PARTIAL-%EAVE AMPLITUDES

The unitarity relation, SOS = 1, can be expressed in terms of the T-matrix operator [see Eq. (49)]:
zT' -zT= T'T.

Bilinearity in T and T forces us to introduce a complete set of intermediate states on the right-hand side
of Eq. (79). In this paper, we suppress all the internal quantum numbers, such as strangeness, isospin,
hypercharge, etc. , and deal with number space only.

I et us first consider the scattering process a+ b a'+ b'. The unitarity relation [Eq. (79)] becomes

& ))y() () ( y' ub'5) cT
(,,p p(,(s5 ubb') Q A(( p )) (sb ubb' N+ 1)

where the (M+ 1}-particle intermediate-state contribution is defined by

.„„„,(s„u,„„N+i) gfde„„=2, , „,( ;a+i-2)rg, , , ( ;a+i, ~-). (80 )

If there are bound states below threshold, one may include" their contribution in Eq. (80'). Diagonalization
(or reduction) of integrations in Eq. (80') depends on the coupling scheme one chooses; one special coupling
scheme may be more suitable than others for handling a particular approximation. For convenience, we
shall label the little groups and Lorentz transformation in the upper amplitude with a prime. We work in
the frame [b, I] in which the Wigner rotations in the two-to-two scattering amplitudes become multiples of
the identity.

Suppose we choose the standard coupling scheme (see Fig. 6}. The diagrammatical representation for
the (N+ 1)-particle intermediate state is shown in Fig. 1(b}. The 2-particle intermediate-state contribution
to the unitarity relation is well known. We write it down with our notation and conventions as

A„,„~„„~(sb,u((; 2) =[p*(b)p(b')] "' Q [N(b)]'D„',
( (u, () ')Tq,'~ „,(s,)Tg,'q, q, g, ,(s,)8(b)8(b')8(2).

(81a)

The complex conjugate and the step functions are written explicitly in the hope that they may help further
an understanding of the assumptions which are made in the helicity formalism in order to satisfy the
axioms of an analytic 8-matrix theory.

The calculation of the three-particle intermediate-state contribution is more involved. We first express
both the lower and upper two-to-three helicity amplitudes in the frame [b, I] and take the same reference
frames [i, I] (i = 1, 2) for the intermediate state. The choice of [2, I] as the reference frame of the particle
P, for the upper helicity amplitude is especially suited to the treatment of unitarity. Previously, we took

[Q,;P„-p(, ] (=[2, f]') instead of [Q„'P2, -P,] (=[2, I]). However, we can make the above choice, since we

have freedom in choosing a reference frame. With this choice, the group u,' is no longer a y rotation.
Substituting Eq. (51b) into Eq. (80'), and summing over the X s, one can easily see that the Wigner rotations
for the intermediate particles in the upper and lower amplitudes (after combined together) are reduced to
unity. On the other hand, one can easily see that

2
= +bb'+2 (82)

Substituting Eqs. (23) and (82) into Eq. (80 ), and performing the integration over du, first and then over
du2, one obtains

A, ,„,„„(s„u„.; 3) =[p*(b)p(b')] "'Q [N(b)]'D ')( u('))

ds, T j~&'( „„{s„s„3,2) T'y'( „,„,,(s„s,; 3, 2)8(,b)8(b')8{3).
1 1 1

Proceeding as above, one can extend this derivation to more general cases, and obtain the (N+ 1)-particle
intermediate- state contribution:

A.„,„„„„,(s„u„,; X+ 1) = [p+{b)p(b'}]-'~'Q[Qb)]'D„'~ „(u„,-')A„'~,„,„„(S„X+1),
~b

(8lc)
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~4 „„„(S„N+1)-=g Q ds, Z',
~~y „„(s„s„N+1, 2)T'„i'„~*„,„,(s„s,; N+ 1, 2)e(f )e(f ')e(n+ 1).

We have written the step functions in Eqs. (Bla)-(Blc) because they determine the limits of the integrations
in these expressions. Observe that Eqs. (Bla)-(81c) have common factors. We define the total "absorptive"
part of the h.p.m. amplitude 4T ~:

la*(&)p(&')1 '"ZlN(f O'Dp', p (&sn ')~Tv",v, ~ v (sd =&Tv*. ~,u, (» ~ » b) —»v ...,v w (sg', ~gg ) (84)

I"rom Eqs. (80), (80'), (81a)-(Blc), and (83), one can easily obtain

(85)

Equation (85) provides us with the unitarity relation for the h.p.w. amplitude in the standard coupling scheme.
The unitarity relation is completely diagonalized in this scheme in the whole physical region of the process
6+5~6 +5 ~

The unitarity relations for the general process a+ b+. ~ ~ + e a'+ b'+ "+e', including decay processes,
can also be obtained. We first define the generalized "absorptive" part of the h.p.w. amplitude 4T'~~~~

[see Eq. (55)]:

where A.„ is a collective symbol for (A, , X&, ..., X,), etc. Proceeding as above, one can obtain the diagonalized
unitarity relation:

9'H„
&T~ "q (s„', s, s,; N. ..N, )=QAq'„*. q (s„', s, s„;N;, N;, N+1), (87a)

where the (N+ 1)-particle "absorptive" part is defined by

tf j.

g ds( Tgm. g m (s~ si s~; N+ 1~ N~)Tg ~.*pi~.(sg, ss s»; N+1~ N~i)9(Ne)8(N~r)9(N+ 1),
S X I XX

(Blab)

The diagrammatical repres'entation for the (N+1)-particle intermediate state contribution is shown in Fig. 8.
The unitarity relations for the helicity amplitude or the h.p.m. amplitude with other coupling schemes

can also be diagonalized, at least in part of the physical region of the gener al production processes. A
detailed discussion wiii be given elsewhere. We have to emphasize that the unitarity relations in Eqs. (85)
and (Bva) include the connected and the disconnected parts of the helicity amplitudes. As demonstrated by
Mandelstarn, '~ one can separate these if he vanishes.

It has been shown by JW" that under time reversal the pseudoparticle state ~Q,j,kP.,& in its rest frame
(and thus in any frame) behaves as the helicity state of a real particle. By mathematical induction, one can
easily show that the a.m. state" for the (N+1)-particle system has a similar property under time reversal
Ug.

U, ~q„'" "~„~-&=~{-I)'-"~q„'""~„-~"-&, (88}

where e = e ""in our normalization of the helicity states. In the derivation of Eq. (88) we have assumed
that under complex conjugation q& changes to e'"q&. Assuming the scattering operator (and thus the T-ma-
trix operator) to be invariant under time reversal, i.e., U, 'SU, =S {and thus U, 'TU, = Tt), one can easily
show that the h.p.m. amplitude is symmetri. c:

Tgm vw'(su~ s ski NeiNe') =Tvm'x ng (sr~ s ski Ng Ng) ~x x x X X X X
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For the process a+ b- a'+ b', one can show from Eqs. (51a) and (89) that the helicity amplitude in the
frame [b, I] or fb', I]' is skew-symmetric (note uaib= ub; '):

T„„„,„ i(sbi, ubab) —— „ tv, v u (Sbiubbi). (90a)

In deriving Eq. (90a), we have assumed that under complex conjugation the factor [p*(b)p(b')] "' changes
sign, hut the scattering angle pbb is unchanged. The negative sign in the right-hand side of Eq. (90a) stems
from the fact that T„„,„,„,has a factor [p(b)p*(b')] '" while T„,„,,„,„,a factor [p*(b)p(b')] "'. In usual
treatment, these two factors are not distinguished in the derivation of the h.p.w. amplitude, . and thus there
are no negative signs in front of the right-hand side of Eq. (90a). On the other hand, one can show that for
spinless particles the combination of time-reversal invariance and parity conservation implies that the
helicity amplitude is either symmetric or skew-symmetric. Hence, Eq. (90a) may also he considered as
a consistency condition for determining the relative phase factor of time reversal and parity when they act
on the particle states. Assuming the helicity amplitude is Hermitian analytic, "one can show that it is
"imaginary analytic" instead of "real analytic":

Tv
b vayu, ub(Sr& uba') = Tv,v, v v (Sb& ubb')

below threshold. From Eq. (90a), one can easily show that the discontinuity AT across physical cut is
given by

Tuuaub, uuub(sb) ubbr) Tvuwbevuub(sb& ubba)+ Ty~iub, vuub(Sb& ubb )

= 2Ite Tu, .ubiu, ub(sb~ uba'). (91a)

One can also show that the h.p.w. amplitude is "real analytic, " and that its discontinuity across the physical
cut is

jb bk~T .. ., , ,(Sb &ab ) =iT. . ., (&a ) —iT, ,(&a)

(91h)

(92a)

From Eqs. (91a) and (80) [Eqs. (91h) and (85)], one can set up a dispersion relation for each helicity am-
plitude (each h.p.w. amplitude).

An alternative prescription is to assume that the momentum transfer t instead of the scattering angle

P» is unchanged under complex conjugation. Hence, under the latter operation the factors cosP». and

sinP». change to e "'cosP». and e "'sing». , respectively, because they both have a denominator

[G(b, (ab))G( b', (a'b'))]'". With this prescription, we have
-tvrpm-&)

(Sb'~ubb~a)-e Tu v u u (S» Sab~)
a ba' b' a'b'ab

iT„*„„„(s,, u...) —iT, , „„(s„u„.)=-2iIIeTu v vu(s„u„.) ifm=integer or zero
V VbV rVbg 9 b V IVbbV Vb a'bab (92h)

= 2lmTv, v, u u (sr» "bbb~) if m = half -integer, (92c)

where m is the larger of )ibb( and (pb ~. From Eqs. (92h) and (92c), one can easily see that the helicity am-
plitude can be "real analytic" or "imaginary analytic, " depending on whether m is a half-integer or an in-
teger. The h.p.w. amplitude is real analytic as in the first prescription [see Eq. (9lh)]. The p.w. unitarity
relations in Eqs. (85) and (87a) have some additional phase factors in the second prescription. It seems
that this prescription may have some defects. However, we shall not discuss it further in this paper. The

purpose of this paragraph is to demonstrate the effect on a helicity amplitude (and an h.p.w. amplitude) of
the different behavior of cosP». under complex conjugation.

For the reaction processes involving more than four particles, their h.p.w. expansions are functions of

the little groups (one Toiler angle at least) and sometimes the Wigner rotations. Given Eq. (89), it is not

clear, to the hest of this author's knowledge, whether the full helicity amplitude are, in general, symme-
tric. In the spinless case the combination of time-reversal invariance and parity conservation implies
that the full helicity amplitude is either symmetric or skew-symmetric. A careful .study. is needed for par-
ticles with spin.

Under the multi-Regge hypothesis, one may perform a Sommerfeld-Watson transform in j; for Eqs. (83)
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(93)

and (87b); these processes change the sums of products of the. h.p.w. amplitudes into the sums of products
of the Regge residues plus the background terms (if any). One can also carry out the Sommerfeld-Watson
transform in j„, j„, and j(j,) so that the unitarity relations for the h.p.w. amplitudes become a relation for
the Regge residues; the choice of one form or another depends upon the range of subenergies of interest.

Finally, we write down the explicit limits of integration in Eqs. (83) and (87b); these limits are deter-
mined by the step functions and sometimes also by the conservation of total momentum. For the standard
coupling scheme, the limits are fixed only by the step functions

J
n-1 ~n-1 tl 2 j S1
g dsj6(n+1) = ds„, ds, " ds, ,
.j=l N "Nn-1 fl «2 1

M, =-mo+m, + "+m

and

Sj (Bj»j mj»j)

(93')

(93II)

VII. APPLICATIONS

As in the two-to-two scattering process, the
helicity amplitude for a general process is useful
for phenomenological analysis. Our normalization
of single-particle state is different from JVP s.
For the process a+b- a'+b', we have the c.m.
differential cross section

do = IT„„„(sj, u;.; sj„uj;N+ 1, 2) i dc „», /4( 2 j)jqjjo j,

(95)

The parametrization of dc „„discussed earlier in
Eq. (24) is particularly suitable for phenomenologi-
cal analysis. In case one is interested in the total
cross section without distinguishing the helicities
of final particles, one obtains

do= qa' IT@ v v v (sj» usa') I dub'/16(2jj) b qj»

(94)
do'= kg+ 1 Ty ~ p 1I sq, sy~ N+ 1, 2

j j m

where du, is the solid angle of the final system.
We can easily see that our amplitude differs" from
L. L. Wang's by a factor of 8m. For the production
process a+5--0+1+" +N, we have the c.m. dif-
ferential cross section

FIG. 8.. Unifarity diagram for the process u+ 5 + ~ '
+8~0 + 5 +"'+8

n-1
~ II« /(2jj)'q, (96)

where the subenergies s; and the total energy
s„(s„)are defined in Eqs. (5b) and (5c) (see in Fig.
3). Each term in Eq. (96) gives the contribution
from a "generalized" partial wave. Equation (96)
is particularly useful if one can saturate the h.p.w.
amplitudes with a few resonances. If one needs
one internal line, or more generally x internal
lines, for the amplitude t'o be saturated by Regge
poles, one can achieve it by considering coupling
schemes similar to those shown in Fig. 9(a) or
9(b). A detailed discussion of these will be made
elsewhere. If one is interested in the decay rate
or in the process a+ b-O+(anything), one can use
Eqs. (56) or (51b), and derive the proper formulas.
In case there are more than two particles in each
system, initial and final, we would have more
coupling schemes; each has its own advantage for
certain ranges of subenergies if one wants to sa-
turate the amplitudes with a few resonances or
Hegge poles.

One of the most important properties for the
unitarity relations corresponding to the standard
coupling schemes shown in Fig. 1(b) and Fig. 8 is
their diagonalization for any momenta P„and P'.
The expressions in Eqs. (83), (85), (87a), and
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n- r +I n-r 0

a
(&)

FIG. 9. Some coupling schemes.

(87b) hold for particles with arbitrary mass and

spin, in the initial, final, and intermediate states.
The simplicity of these expressions makes boot-
strap calculations more manageable, particularly
when 6T"~'» in Eq. (87a) is proportional to Im T~»"»

or ReT'»~'» If not, w. e can use dispersion relations
for the full helicity amplitude instead of the h.p.w.
amplitude. In general, the full helicity amplitude
has a simpler analytic structure than that of the
h.p.w. amplitude, and the unitarity relation for
the latter is more compact in form. Hence, in
bootstrap calculations, the full helicity amplitude
may serve as a candidate for the dispersion rela-
tion, and the unitarity relations for the h.p.w. am-
plitude as a bridge relating the associated ampli-
tudes. The N/D method of bootstrap calculation
for spinless particles has been discussed by
Mandelstam, "in particular for the three-to-three
scattering amplitude. The unitarity relations in
this paper are valid for the particles with spin.
Thus one can generalize Mandelstam's method for
the latter case. Finally, we remark that the h.p.w.
expansions (51a), (51b), (55), and (56) and the

helicity unitarity relations (83), (85), (87a) and (87b)
may provide a simpler representation for studying
the analytic structure of production amplitudes.

The unitarity relation for a reaction amplitude or
an h.p.w. amplitude may be viewed as a counterpart
of the perturbative expansion in local field theory.
In the latter the expansion is a power series in a
coupling constant, which cannot converge in strong
interaction physics. , A unitarity relation relates a
reaction amplitude to a sum of terms, each coming
from the contribution of one independent intermed-
iate state. By definition, this sum exists in the

T(s;, s; 2N, 2) =g g [g/(s„—p')].
i=1

(97)

This amplitude can be used as the full amplitude
after multiplying it by a factor (p(b)p(2N+2)] "',
since all partial waves other than the s wave vanish.
The diagrammatical representation of unitarity in
the standard coupling scheme is shown in Fig. 10(a).
If we adopt the coupling scheme shown in Fig. 10(b),
we have the simplest version of the ABFST model. '
In field-theory language, the production amplitudes
in these two coupling schemes are the complementa-
ry part in the lowest approximation (Born term),

physical region of the reaction amplitude considered,
and thus provides, through dispersion relations, a
representation of the reaction amplitude for strong
interactions or others, as long as the latter can be
governed by an analytic S-matrix theory. Unitarity
can be utilized in two ways which are closely re-
lated. One way is to examine which models, with
or without approximation, satisfy unitarity. Most
of the recent work on the CGL model or multi-
peripheral models is inthis category. This is
somewhat a consistency calculation. As we pointed
out in the introduction, the CGL model or multi-
peripheral models essentially take the coupling
scheme shown in Fig. 1(a). Other coupling schemes,
instead, play an important role if some of the sub-
energies in the intermediate states are not high;
similar calculations in these schemes would pro-
bably prove themselves equally important.

One can also use the unitarity relations in an-
other way, as a basis for proposing new models
and possibly for improving some existing models
by introducing inelastic contributions. One may
introduce a model, as in local field theory, by
choosing vertex functions in the tree diagrams
(the coupling-scheme diagrams) for the helicity
amplitude or the h.p.w. amplitude. Thus the heli-
city formalism provides a tool for extensive

. studies of unitarity. The investigation of the uni-
tarity diagrams shown in Figs. 1(c) and 1(d) is in
progress.

Finally, we demonstrate the usefulness of uni-
tarity in a simple (and probably unrealistic) model.
We also illustrate (a) the effect of using different
coupling schemes with similar approximation and

(b) the kind of approximation that must be made in
order to transform the unitarity relation into a
linear integral equation. Consider a scattering
process a+ b- a'+ b'. All particles in the initial,
final, and intermediate states are scalar mesons
with mass p. . Suppose that the amplitudes involved
in the unitarity relations are dominated by this
scalar meson pole. In this model, the h.p.w. am-
plitude for the process a+ b-0+1+ "~+(2N+1) is
given by
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b' 0 then

pS
B(s„s„'2N) =Jl ds'(s' —s,)B(s» s', 2N- 2)(g/s')'.

$2

(100b)

Here we have interchanged the order of the inte-
gration variables and then performed one integra-
tion in Eq. (100b). In Eq. (100a), we have replaced
the lower limit of the last integration by M' ()0} in
order to avoid divergences. Defining

B(s» s) = Q B(s» s; 2N),
E=x

(101a)

b
I

I

I
I

0 one obtains, from Eq. (100b), the integral equation

B(s» s) = B(s» s; 2) +g' ds'
S

(101b)

where

B(s„s;2) =g'. (101c)

(b)

FlG. 10. Unitarity diagrams for the pion system.

One can easily see that Eq. (101b) can be trans-
formed into an integral equation in which both the
kernel and the inhomogeneous term are functions
of s/s„and thus so is B(s„s). Changing the vari-
able s/s, to r, one obtains

while in the language of s-matrix theory, they are
related by crossing and continuation. From Eqs.
(83), (85), and (97), one has

( )
. f d, (r',-r')a(r')

+p2

where

(101d)

T(s,) = g A(s„2N+2)
X=1

(98a)
B(r) =B(s„s)and r=s/s, . (101e}

2n n + 2

A(s„' 2N+2) =g P d,P, . (98b)
S2& P, B(s» s) = C[a (s/s)))" +- a( ss/)'))-], (102)

The integral equation (101d) is readily transformed
into a differential equation, the solution of which is

We make the further assumption, as in the
ABFST model, ' that the mass p, is negligible.
From Eq. (93), one can see that the integration
limit becomes very simple:

with

2a, = 1 a (1+4g')'", C = -4g'/(1+4g')'".

(102')

2tl
t Sb

'Qds;- ' ds,„
4 f x 4o 4o

'2tl
)' S2

ds2„," 4s„
4p

(99a)
From Eqs. (98a), (100a), and (102), one can obtain
the total absorptive part of b T(s,). We write the
leading term for large s„

~ ~ ~

Sb Sb 2&i

2n 2n- 1
p Si SjJ

(99b)

As in the COL model' and in the ABFST model, '
we define

A(s» 2N+2) -=I ds, ds, B(s~, s,; 2N)(g/s, );
g2 4S

1

(100a)

&T(s,) - Ca, M"-s, '-. (103)
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