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We show that all Lagrangian functions of scalar fields yielding conformally invariant actions
may be expressed in covariant derivative notation. We study the nonlinear pion Lagrangian
and break both the chiral and conformal symmetry with partial conservation of axial-vector
current, If we require smoothness of the 0+7' amplitude, we find that the axial-vector current
divergence and the pion field have unit scale dimension.

Using the same techniques that Weinberg' applied
to the study of nonlinear realizations of chiral sym-
metry, Hankey' recently showed that the conformal-
ly covariant derivatives derived by Salam and
Strathdee' are unique except for canonical trans-
formations of fields. These covariant derivatives
are functions of the Goldstone fields o and P„as
well as of non-Goldstone fields P. We shall show
that any conformally covariant Lagrangian density
of scale dimension four that can be represented by
a power-series expansion in scalar fields 8 and

X (where X = e "), and which is second order in
derivatives, may be expressed in the covariant de-
rivative formalism. We then show that such an ex-
pansion is essentially unique for a chirally sym-
metric pion Lagrangian density that produces a
conformally invariant action. The chiral and con.-
formal symmetry is then broken by the PCAC
(partial conservation of axial-vector current) as-
sumption s„A", =f„p,,'4;, where the physical pion

field 4,. is assumed to have scale dimension d. We
then calculate the oner amplitude. If we require it
to satisfy a smoothness criterion, we find that
d= l.

We shall first review the transformation prop-
erties of the Goldstone fields' g and p":

[D, o] =i/g, [D, y ]= -iy,

[lP, o]=0, [If" P~]= ig" /f-,

where D and K" are the generators of scale and spe-
cial conf ormal transformations.

If afield P satisfies [D, P]=-id', [K~, g]=0, it
is said to be a conformally covariant field with

scale dimension d. For example, X =e ~' is such
a field with d=1.

The following conformally covariant derivatives
may be derived using the well-known commutation
relations of D and K" with the generators of Lorentz
translations:

2
D o = S o +—p scale dimension 1

lI g

D~P„=S„P,—2fg„p„+fP'g„„, scale dimension 2

D~&/i= e"(8„—2dfp„+2ifp" Z„„)p, scale dimension d

(2)

where Z~„ is the spin matrix for the field P.
A Lagrangian density formed by combining conformally covariant fields and derivatives in a Lorentz-

invariant way, and which has scale dimension four, will produce a conformally invariant action.
Let us write L(B,o) in the covariant derivative formalism and examine the constraints imposed upon L

by demanding that there be no conformal symmetry-breaking terms [8 is a covariant scalar field of scale
dimension d and L has scale dimension four and is assumed to be represented by the power-series expan-
sion (choosing f=g = 1)]:

I.=+exp([(m+2)d —2]oj(o. 8 s„Bs"8-p 8 "s„Bs~o+y 8 "s„os"g).

Inserting s&g=D&o -2p& and s&8 =e D&8 2dp+&8 into Eq. (3), we find terms bilinear in covariant derivatives
which are therefore automatically conformally covariant, plus the additional terms

8 exp([(m+2)d —2]o'][(4o.'d+2p )Be p"D&B —2(p d+2y )8 Q"D„v+4(d n +dp +y )8'p ].
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Noting that the following interaction is conformally covariant with scale dimension four:

L7=8™+2exp/[(m+2)d-2]ojD„p"=8 ~exp/[(m+2)d -2]oj (e„p"+2p')
= s„,(6 "exp/[(m+2)d-2]e)p"} —p"e„(6 ~exp([(m+2}d -2]o))+28™+'exp([(m+2)d—2]oj p'

= -8"exp([(m+ 2}d—2]o}Om+ 2)Be 'y„D"6+[(m+ 2)d —2]8'y„Dt'o+ 28'y'},

we see that the preceding set of terms will equal

g —2(d'a„+ dP„+y )L I if and only if for each m

d[(m+2)d —2]c.„+[(m+2)d —1]p +(m+2)y =0.

(4)

Equation (4) is the same result' that one obtains by
using the Callan-Coleman- Jackiw' condition for L
to produce a conformally invariant action, namely,
the condition

51. 5L
58pe 58PX

d6+ X=8„o"' (y=8 ').

It is interesting to note that the presence of both
or either of the Goldstone fields o and Q„ in a La-
grangian density is not required for conformal in-
varianee of the action, in marked contrast to the
necessity for the Goldstone pion field's presence
in any chirally symmetric nonlinear Lagrangian
involving isospin-bearing fields. For example,
from Eqs. (3}and (4), we note that both the La-
grangian —,'8„88".8 of the free massless scalar field
with d= 1 and the Lagrangian —,'e "B„ob"aproduce
conformally invariant actions. An example of a
Lagrangian interaction containing only 8 (with d= 1)
and Q& which yields a conformally invariant ac-
tion is

'6'D&P" = 8 Q
——88„6$",

where we have ignored a divergence term.
We now wish to use the covariant derivative for-

malism ln oux' Study of the scRle dimension of the
axial-vector current divergence in a nonlinear
z-o Lagrangian model. In this model, we break
the chiral and conformal symmetry by the PCAC
hypothesis B„A",=f, iI. ,'4;, wh. ere 4, is the physical
pion field. The requirement that the off-mass-
sheQ geo amplitude vary smoothly will determine
the scale dimension of the pion field and of the
axial-vector current divergence. We shall now
leave g and f arbitrary as in Eq (1). .

The commutators [Q,'. , p„] and [Q'„o] are zero,
since P~ and o are isoscalar fields. Assuming
that 4,. transforms as a eonformally covariant field
of scRle dlmenslon d we define R covR1 ianna field
of dimension zero: 4',. =e~' 4,. Then, from Eq.
(2), we note that the following is a conformally and
chirRQy covariant derivative having scale dimen-
sion zero:

a„4',- = e' $„4',.

f'( )+ ( ) (-o -o) oI
[f'(X) + XP ~' f'(A)+ X

(5)
where X = (4')' and G„ is the chirally covariant de-
riviative operator. ' Canonical transformations of
the form 4O-I (X)4', cannot affect the off-shell be-
havior of the- guar amplitude, so that, without loss
of generRlity in this study, we may Rssume that

[Q,', 4q ] =i' f(A) =i6;;(f,' —A)'~'. (8)

Then the unique p-g Lagrangian density, second
order in field derivatives, that produces a chirally
and conformally invariant action, is

/

L, =-,'e ~ s„4',(4, o)a"4,'(C, o)+-,'e ~ s„oe"o.

The absence of the field P„ in L, indicates that
the assumption of invariance of the action under
speclRl conformal trRnsformations 18 unnecessary
in the derivation of Eq. (7).

Indeed, from Eq. (3), we see that the only v-v
Lagrangian density having scale dimension four,
which is second order in field derivatives and is
also chirally symmetric, must be

e,e ~'$„4', &"40+y,e "a„oe"cr

Equation (4) imposes no additional constraints. A
glance at Eq. (2) shows that there are no interac-
tion of pions with P„'s, which are less than third
order in field derivatives that yield eonformally
and chirally invariant actions. Hence, the form of
L0 given in Eq. (7) is unique 'to within canonical
transformations of the fields.

Our PCAC assumption s„A";=i[@,', Lj =f„p„'4, im-
plies that 8&A"; transforms as a conformally eo-
variant operator with the scale dimension d of the
physical pion field. This assumption also requires
the chiral and conformal symmetry-breaking term
to be

L'=f.V.'e "f(~), (8)
where f(X) is specified in Eq. (8) and L =Lo+I.'.

Separating out the wno interaction terms of I.
using Eqs. (7) and (8), we obtain

L„,=g[(d —1)o@4 e"4+de"&r(4. e 4}--'y, 'de'].
(8)
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Equation (9) allows us to evaluate the rvo scattering
amplitude in tree-graph approximation:

M(o(k)-w(q) + n(p)) =M(k', p', q') =M(k', q',p')

=gI(d —1)(k' -p' —q')

+ d(p.,' —k')i. (10)
For on-shell pions we obtain Ellis's result'.
M(k', p.,', p,„')=g[(2 —d)p„' —k'). For off-shell
pions, our amplitude differs from Ellis's because
our assumption of PCAC relates our pion fields to
his by the canonical transformation e "~'. Our
PCAC assumption also requires that our amplitude
M satisfy

M(p, ',I,',V, ')M. (4„',0,, p, ') =,0,

since the left-hand side of this equation is just the

and

M(V. ', u, ', u. ') = gV.'(I d)—

M(p, ', p,„',0) =0.

If we demand that M(k', P', q') be as smoothly
varying as possible, i.e. ,

then we find that d = 1.' This value of d also pro-
duces a second-order zero in the coupling of the
o pole in the n-n amplitude at the Adler point.

coupling of the 0 pole in the mg scattering amplitude
at the Adler point. ' Indeed, from Eq. (10) we see
that
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The elastic amplitude describing a scattering of a free particle on a two-particle bound
state is here considered as a function of cos0, where 8 is the scattering angle. The two-body
interactions were taken to be s-wave and separable. Our results are: (1) The on-shell
amplitude is analytic inside a Lehmann ellipse for all real energies, except for a finite in-
terval on the negative E axis, and (2) for negative energy, the off-shell amplitude is analytic
in the whole coso plane, apart from possible real left and right cuts, and in the, Lehmann el-
lipse. Its asymptotic behavior in cose is determined by the leading Regge trajectory.

I. INTRODUCTION

The study of multiparticle scattering amplitudes
is essential not only for the calculation of cross
sections, but also for the establishment of com-
plete S-matrix theory and dispersion relations.

In nonrelativistic potential scattering, dispersion
relations in the total energy for fixed directions of
the individual momenta have been proved for three-

, particle amplitudes. '

Analytic properties in the scattering-angle vari-
able for the three-particle amplitude were studied'
by Immirzi, and by Hartle and Sugar 3 Immirzi,
using the invariance of the three-particle Green's
function under rotation, has established a Lehmann
ellipse in the cos8 plane, in which the off-shell
elastic amplitude describing a scattering of a parti-
cle off a two-particle bound state is analytic for all
values of the total energy E. Hartle and Sugar have
generalized Immirzi's result, and have also estab-


