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Assuming the hadronic energy density has the decomposition 600=§00+6 +u (where 500 is
chiral- and scale-invariant, 6 is chiral-invariant but violates scale invariance, and # vio-
lates both chiral and scale invariance), we find rigorous bounds on the dimensions of 6 and »
in the (actual) SU(2)-symmetric limit and in the SU(3)-symmetric limit. If we further assume
that 6 is a ¢ number, we derive a new sum rule which leads to satisfactory bounds on the
dimension of # in the SU(2)-symmetric limit but not in the SU(3)-symmetric limit. Saturation
of this sum rule with a scalar meson having a mass of 700 MeV leads to a value of 1.9 for the

dimension of » .

In a recent paper Li and Pagels® have derived an
upper bound on the derivative of a certain combina-
tion of K, form factors. Subsequently their method
was strengthened and generalized by several au-
thors.?3 In the following we apply the same power-
ful analysis to derive bounds on the dimensions of
scale-invariance-breaking interactions.

We begin the derivation by noting the Lehmann-
Killén representation for the propagator of ©, the
trace of the symmetric energy-momentum tensor
O,

A(qz)=i_/d4xe'"(0|T[e(x)9(O)] |0)

ST M
to t+q° ~ie
where the positive spectral function is

Po(=F?) = (2m)* 336 (p, - £)[(0]©(0) | n) .

n
In an SU(2)-symmetric theory there are three
states of two Cartesian pions which contribute at
the threshold of pg (t,=4m,?); in the limit of SU(3)
symmetry there are eight threshold states, each
containing two pseudoscalar mesons with common
octet mass, m, (t,=4m,?). In each case the inter-
mediate states with lowest mass contribute the
following terms to pg:

2(; _ 4 )1/2
PT(t) = 3§f7ﬁ lH(t)lt(1t/2 tO) ’ (2)

where H(t) is the “mechanical” form factor? of the
pion,

(4D, 25V /%010(0) [7(p), 7~ (p")) =H(=(p +1')?)
and

N= 3 for SU(2) symmetry
8 for SU(3) symmetry.

Since each intermediate state contributes a posi-
tive amount to the spectral function, we have pg(t)

4

= pp(t) for t = t,; therefore, Eq. (2) implies that,
for t=t,,

473 1/4 .
)] < e e lool0]*2. 3)

Thus, the form factor is bounded by the spectral
function i the region above thveshold. The tech-
niques of Refs. 2 and 3 use the analytic properties
of H(t) to transform Eq. (3) into a similar in-
equality in the region below thveshold. A straight-
forward application of those methods® leads to the
result (¢<t,)

[H(D)| < (t, - tfn+D/2 [1+ (_tq_>1/2]n+1/z

to—1
87 ) p(s))‘/z
X [ — Eo\2/
<Nf,ods =) 4

where » is an arbitrary real number. From the
definition of H(f) we know that H(0) =3 ¢,; therefore,
at =0, Eq. (4) becomes, for n=1 and n=0,

o[ Pe(S))l/z
t°$16<N.[0 ds=>) (5a)
3/2 8< 1rf°° )1/2
s —
to v, dspe(s) . (5b)

These inequalities will be useful if we can eval-
uate the integrals of p(f). To do this we exploit
the fact® that © is the divergence of the current as-
sociated with the generator of scale transforma-
tions (D):

8,D,(x)=0(x),

D(x) = —i f 4°xDy(x).

We work in the context of a model of scale-invari-
ance and chiral-symmetry breaking, which has
been advocated by Gell-Mann and others.”'® The
energy density is assumed to be the sum of three

(6)
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terms:
B40=0g+0+u.

O, is invariant under scale transformations; that
is, it transforms with dimension equal to four. &
and # are Lorentz scalars which break scale in-
variance; hence they transform with dimensions
(d’ and d, respectively) not equal to four:

i[D(0), 5(0)]=a’5(0) ,
i[D(0),u(0)]=du(0).

The 6,, and 6 terms are invariant under chiral
SU(3)® SU(3). Chiral-symmetry breaking is pro-
vided by u, which transforms® as the (3, 3*)®(3%, 3)
representation of SU(3)® SU(3):

u=¢€o(S® +av25®), (8)
ey 8; §,£=0,1,...,8)

[F(i) (%), Sm(x)] =ifijks(k)(x) ,

[FD (xg), PP (0)] =i f1j PP (),

[FEP (%), SP ()] =idy;, PP (x)

[FE (), PP (x)] = =id; 1 S P (x) .

A fit to the pseudoscalar mass spectrum suggests
that the physical value of a is about -0.89; in the
SU(3) limit, a=0. For future reference we note

(M

where® (i =1,

that the above model satisfies the “virial” theorem”:

60=4-d)+(E-du. 9)

This equation and the covariance condition,
(0le,,[0)=0, give a useful relation between the
vacuum expectation values of 6 and u:

(4-a')0]5]|0)=~(4 - d){0]u|0). (10)

We are now in a position to determine the right-
hand side of Eq. (5a) in terms of d’ and d. We be-
gin by combining Eqgs. (1) and (6) and then using the
standard Ward-identity techniques:

_[()wdt 2D - i [ %07 (3,0, (DO O} )

=-i(0|[D(0),6(0)]]0). (11)

The right-hand side can be evaluated'* with the aid
of Egs. (9), (1), and (10):

f dt == ”“(t) ~(d - d")(4 - d)0|u(0)]0). (12)
to
The vacuum expectation value of # can be deter-

mined in the following way.'* Set &, ,=(0|S°'#(0)|0),
b=(3)!"2t,/k,, andy=-%(eoé,). Then, Eq. (8) gives

(0]u(0)]0) = =3 (1 +2ab) . (13)

On the other hand, defining the spectral weights
pi;(t, A) by

| >

pi;(-F,A)=(2n)° 55 6“ (p, k)02 , AP (0) | m)
x(n|2,AY(0)]0),

where AP (x) (i =1
current densities,

,...,8) is an octet of axial-vector

F{ (xg) =i [ a®% AP (),

and setting

Tiy= fo “at 9—”%—‘4) , (14)
we know that

T =y (1+a)(1+5)=0, (15a)

Tes =Y (1—a-0b+3ab)=0. (15Db)
Therefore,

—{0]u(0)|0) =3 (745 +Tgg) = 0. (16)

Thus, Eqs. (12) and (16) lead to the well-known
inequality*

(d=-d)4-a)>0. 1n
Moreover, we note that

3 733(1 +2ab)
—0]u(0)|0) = ———+. 18
(0]u(0)]0) =5 L~ (18)
Since the vacuum is believed to be approximately
SU(3)-invariant, we expect® b=0. Approximating
T3 by the pion-pole contribution, we find the rela-
tion

3 mwfw
~(0]u(0)[0)= 3 HIx-. (19)

Equations (12) and (19) imply

pe(t) , fr 2)
J a0 - ava- o (20)
Fiually, Egs. (5a) and (20) lead to the desired in-
equality, which strengthens the bound in Eq. (17):

(@-aa-a= X5 ( ”f“) . (21)
In actual [SU(Z)-symmetric] theory, m,/f .=~ 1.05,
and Eq. (21) becomes

(d-d)4-d)>0.01 [SUQ)]. (22)

In the SU(3) limit m ,/f, ~m,/f,~ 3.2, and Eq. (21)
means

(d-d)4-d)=2.2 [SU@3)]. (23)

Notice that, if d and d’ are restricted to integers
in the interval 0 <d, d’ <4, then Eq. (23) implies
d’ =0; this suggests that 6 may be a ¢ number (see
the related discussion below).

It is important to understand that the derivation
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of Eq. (23) depends on the assumption that the di-
mensions of  and # do not change or become in-
definite in the SU(3) limit; that is, we assume that
there is no anomalous dimension® in the theory.
Recently, some authors'® have considered the pos-
sibility that & is a ¢ number; in that case d’ is
zero, and Eqs. (22) and (23) serve to restrict d to
the following ranges:

0.0025 <d<3.998 [SU(2)], (24a)
0.66 <d<3.34 [SU(3)]. (24b)

The evaluation of the right-hand side of Eq. (5b)
requires that we assume from the start that 6 is a
¢ number (d’ =0); it is also necessary to use the
hypothesis of asymptotic SU(3)xSU(3). We begin
by substituting Eq. (9) into the spectral representa-
tion for the vacuum expectation value of [6,0]:

fwdtpe(t)=ifd3x<0|[é(0,§),9(0)] [0)
=i(4 - " [ 4*x(0] [i(0, ), u(0)] |0)

~a-ar [ atp, o, (25)

where

P (k%) = (21 35 6® (p, = B) [0 w(0) [} .

n

Now, asymptotic SU(3)®SU(3) relates the inte-
grated spectral weights of the scalar and pseudo-
scalar densities, S and P :

f p;;(t, S)dt = (constant),; =/ py;(t, P)dt
0 0

(,7=0,1,...,8), (26)

where

pu (2,430 -0

(o3 Gl

This last result, together with Eq. (8), implies

) =€, - oo\ls 2 i 8s\ly ]
_[()dtpu(t) € [’/; dt poo(t, S) + az_l dt pes(t, S)

=€ (1+2a%) f wdt pss(t, P). 27

We approximate the integral on the right-hand side
by saturating ps,(¢, P) with the single-pion state,

b - 3m 1r4f1r2
'/o- dt pgg(t, P)= de(1+al " (28)

Combining Eqgs. (25), (27), and (28), we find

° 2 (3m 1r4f1r2(1 +zaz)
fto dt pe(t) = (4 - d) <——m—> . (29)

The desired bound on d is derived by substituting
the above expression into Eq. (5b):

|4-d|> (%%’) Ve (—’}‘f) —L—Lr(l +12’;;’)1 S (30)
Numerically, this means

|4-d|=0.07 [SU(2)], (31a)

|4-d|=5.7 [SU(3)]. (31b)

As before, Eq. (31b) is based on the assumption
that the dimensions of 6 and « do not change or be-
come indefinite in the SU(3) limit.

If 6 is a ¢ number, the rather general condition,
Eq. (17), restricts d to the range 0<d<4. This is
not satisfied by the result (31b), which was also
derived for theories with a ¢ number 6. Therefore,
if the strong interactions are described by the
above model with a c-number scale-invariance-
breaking term, then there must be a breakdown in
our derivation of Eq. (31b). The possible sources
of such a breakdown include the following:

(1) # may not have a definite dimension in the
SU(3) limit; in this case we can retain only the
weak results, Egs. (24a) and (31a). Notice that the
inconsistency cannot be caused simply by a ckanged
(but definite) dimension of « in the SU(3) limit,
since that ckhanged dimension must still satisfy the
contradictory conditions (31b) and (17).

(2) Our assumption of asymptotic SU(3)®SU(3),
Eq. (26), may be wrong; in that event d is re-
stricted only by Eqs. (24a) and (24b).

On the other hand, if we accept the detailed argu-
ments leading to Eq. (31b), then the clash between
Eqgs. (31b) and (17) forces us to conclude that &
cannot be a ¢ number; however, d’ and d must
still satisfy Eqgs. (22) and (23).

Finally, we remark that Kleinert and Weisz!! es-
timated (d - d’)(4 - d) by saturating po(#) with a
single o-meson state. For 6 a ¢ number, their re-
sult may be expressed by the relation

2 2

F ?m 2~ d(4 - d) (%),

where the universal coupling constant F is defined
by

(26,V)*/%0[6(0) |0(p)) = F ym 2.

If we approximate the integral on the left-hand side
of Eq. (29) by the c-meson contribution, we obtain
the additional relation

- 3f,r2m 1r4(1 +Zdz)
Fozmo4~ (4 "d)z ( 4(1 +a)2 )

Equations (32) and (33) may be used to determine

(32)

(33)
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d and F in terms of the oc-meson mass:

4(1+24?)

= 1+2 +(1+a)my/m, )2’

3 1/2 34)
Fo=5%frd (m';g) .
Taking the ¢ meson to be the €(700) gives'®
d=19,
(35)
|Foy|=0.98m, .
If we use the relation®®
2m o Fogonr>ms’ (36)
to calculate the coupling of the o to the two-pion
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system, we find (with m,=m.) g, /47= 13, which
is in rough agreement with the experimental value,
Zonn’/4m=10. We emphasize that these results are
based on the assumptions that asymptotic
SU(3)®SU(3) is valid and that 6 is a ¢ number, in
addition to o-meson dominance. The qualitative
success of this approach suggests that the error

in the derivation of Eq. (31b) is associated with
possibility (1), discussed in the last paragraph.
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