
PHYSICAL REVIEW D VOLUME 4, NUMBER 6 15 SEPTEMBER 1971

Asymptotics in Inelastic Electroproduction and Photoabsorption
Jean Pestieau*

Centavo de Investigacion y de Estudios Avanzados del Instituto Politecni co Nacional,
Apa&ado Posta/ 14-740, Mexico 14, D. I'.

(Received 23 November 1970)

It is shown that the use of normalixable states in quantum field theory strong1y suggests
that scattering processes at high energies may be determined solely by light-cone contri-
butions. Then configuration-space analysis of electromagnetic current commutators gIld
observed behaviors of photoabsorption and of inelastic electron-proton scattering imply
that scaling for deep-inelastic electroproduction cannot be related to a diffractive mech-
anism and that the scaling limit of vlV2(Q, v) and 8'&(Q, v) is broken when cu =Q /2M v is
very small (co«0.05). It is shown that our results are consistent with the observed scaling
behavior, the par'ton model, and duality.

I. INTRODUCTION

Inelastic lepton-proton scattering at high ener-
gies revealed two remarkable features'. (i) a very
large cross section and (ii) consistency with scal-
ing behavior. ' These remarkable properties were
related to Regge asymptotics' ' and have been used
to study the structure of the matrix elements of
electromagnetic current commutators near the
light cone. ' " They are also suggested by the de-
scription of the scattering in terms of pointlike
constituents of the proton, the partons of Feyn-
man. "'" Another important property is that the
behavior of electroproduction of resonances is re-
lated to that of deep-inelastic electroproduction on
protons. "

It is the purpose of this paper to investigate the
structure of commutators of electromagnetic cur-
rents in the light of the scaling behavior of inelas-
tic electron-proton scattering and of the experi-
mental observation which establishes that the total
photon-proton cross section is constant at high en-
ergy. " In Sec. II, it will be proposed in contra-
distinction with Refs. 7, 11, 12, 17, and 18 that,
even in the case where the external masses are
small, the scattering processes at high energies
are dominated by light-cone singularities and are
not affected by the behavior of the commutators
inside the light cone. This result will be strongly

suggested by the usual assumption of quantum the-
ory that any physical system is localized in space.
It will be particularly important to notice that, in
quantum field theory, we must work with noxmal-
izable states and be very cautious if we use plane-
wave solutions. "

In Sec. III, we will show that the leading singular-
ities on the light cone are different for deep-
inelastic electroproduction and photoabsorption, if
we take seriously the present experimental data. ""
Furthermore, we will see that scaling behavior for
the deep-inelastic region is decoupled from Pome-
ranchuk exchange. This will imply that the scaling
limit as given by Bjorken is broken when (d =Q2/2M(&

is very small (((& «0.05), far away from the range
of ~ presently accessible. ' We will obtain

lim vW, (Q', () =E,((u) if (() )(d, (((&, «0.05), (1)
Bj

limMW, (Q', ()=G,((d) if (2)
Bj

M is the proton mass and P q = Mv, where v is the
energy of the photon in the rest frame of the pro-
ton. q'= -Q', with q' the squared mass of the vir-
tual photon. lim B; means v- ~ with (d fixed. As
we will see, +, can be arbitrarily small.

In Sec. IV, it will be shown that our results are
consistent with the parton model"'" and with dual-
ity. " Finally, the content of the paper will be sum-
marized.

II. CONFIGURATION SPACE PICTURE

We consider the two;body scattering a+P- e'+P', w'here 0., P, u', P' represent w'ave-packet states. '
Ot and ot' are neutral spin-zero particles. The generalization to particles with spin and charge can be done
in the usual manner. Applying the LSZ reduction technique, we can express the S-matrix element of this
process as

(a', () oni(a, (); in& = n„, ~', , „x+i'fn'x) n'xf.' (x)(( .+n')( .+ n')i(i')x(x x )((i(x)y(x)l .I()&}f-.(x.), , .
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where the functions f„(x) are normalized according to the condition

n 8 ~e8'
8X0

In many applications the wave packet f (x), which is spatially localized, is allowed to approach a plane
wave:

fn(y)-f. (y) (2 -)isa(2„)s)2
0

with q'= p, '. But this modification can be made only after the completion of all partial integrations which

re(luire that f„(x) is spatially confined. Hence, any consideration which involves the region where lxl is
large does not allow the replacement of f„(x)by f,(x) because the latter is not spatially confined.

Let us forget this difficulty for the time being. Introducing E(I. (4} into E(I. (3}and integrating with re-
spect to y, we get the invariant scattering amplitude M:

2&i.,~,,~. , 2, ,„&..., ,.„~(~+&-~'+ ))t= f(&'*~"-*(o.+~')&(~)'())'I(4(*),)(0)II))).

We have used (,+ p, ')(QI)(y) = j(y}, where j(y} is the
source of the field (t)(y); q, q', P, P' are the four-
momenta of the states ~, ~', P, P', respectively,
which at this stage in the argument are plane-wave
states.

Now, we will consider the forward scattering
(q=q'; P=P'). Taking the target P at rest (PD=M)
and choosing q along the z axis, we get, in the lim-
it P q=—Mv

q =(v, 0, 0, v(1 ——,'tu'/v')) .

Hence ln E(I. (5)
iq x iV(g0-xs) +i&(P /v)x3

(6)

The x, —x, integration in E(I. (5) selects only the
region l x, —x, l& O(1/v). This follows because,
for lx, —x, l»1/v, lim, „e"(" &0oscillates to a
zero contribution since the argument of the expo-
nent cannot vanish in the range of integration. A
similar statement can be made for the region
where

l x, l &O(2v/t), '). Otherwise, when
l x, l

» 2v/t(. ', exp[i-,'(t('/v)x, ] oscillates to a zero con-
tribution. Thus, in the limit v-~, the contxibu-
ting range of x' is given by

0~@ ~0 ——
2

The lower bound is fixed by mierocausality:
(x, —x,)(x, +x,) & x,' —lx l' & 0. The upper bound

has been obtained, observing that x, =x, +O(1/v).
As discussed by Gribov, Joffe, and Pomeran-

chuk, "'"there may be two completely different
behaviors of M(o(+P- n'+ P') which satisfy inequal-
ities given in (7') when v- ~:

(I} lx. -x. l&O(1/v) and lx. l or lxl-O(»/t ');

then, x' & O(4/it') and the leading contributions can

be inside the light cone.

(ii) lx, -x, l~o(1/v) and lx, l
or lxl&O(2v/t'}

and the leading contributions are on the light cone.
The first alternative, (i), which involves the re.-
gion where lx l- ~, has been obtained because the
modification given by (4) —the replacement of a
loealizecL wave packet by a plane wave -has been
applied outside the limit of its validity. Of course
the fact that f„*.(x) and f„(x)are smearing func-
tions is not a sufficient condition to claim that only
the regions where lx l

and ly l
are finite contribute

to E(I. (3), because j(x) and (t)(x) are highly singular
objects which are not spatially confined. " Never-
theless, we have to be very cautious with alterna-
tive (i) in contradistinction to alternative (ii) where
the infinite spatial distances are unimportant [at
least when lx l «O(2v/p')]. Hence, in strongly in-
teracting processes, we suspect that the light-cone
singularities do play the dominating role in the
asymptotic energy region, the Hegge region.

These considerations cast some doubt on the va-
lidity of the analysis given in Ref. 17. They can be
immediately applied to high-energy Compton scat-
tering on hadron II [y(q)+H(P}- y(q')+H(P')] and to
high-energy photoabsorption [y(q) +H(P)- anything],
where the total cross section is proportional to the
imaginary part of the forward scattering amplitude
of photons on hadron K And we can conclude that
it is very doubtful that, for these last two process-
es, the leading contributions are inside the light
cone.

In Sec. III, we will use these considerations to
study the leading space-time singularities which

correspond to the high-energy region in inelastic
electroproduction and yhotoabsorption.
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III. APPLICATION TO INELASTIC ELECTROPRODUCTION

The hadronic part of electroproduction and photo-
absorption is usually defined by1PqPq

Spv —
2 Pp g qp Pv —

2 qv Wq y u Q2
vW, (Q', v), 4m'e (10a)

the data are consistent with scaling as defined in
Eqs. (Sa) and (Sb) when &u&0.05.

Now for small Q', one can relate the inelastic
electroproduction structure functions to the total
photon-proton cross section o&2(v):

— g„,-q&q" ~, Q', v

~P dx
(8)

W, (q', v),,„-,
'I Q

Experimentally, "
(10b)

limMW, (Q', v) =E,((d},
Bj

(Sb)

where E,((d)) (i=1,2) are smooth functions for
(1&(o & 0).

Experimentally, "' if we choose the following
kinematic conditions: W= [(P + q)'] ' ' & 2 GeV
(above the first four resonances) and Q2 & 3 GeV,

This second-rink tensor is proportional to the
imaginary part of the forward scattering amplitude
of photons of four-momentum q by protons. J„(x)
is the electromagnetic current, P is the proton
four-momentum, and a spin averaging is under-
stood in Eq. (8).

In the scaling limit, Bjorken has suggested' that

lim vW(Q', v) =F2((d)),
Bj

lim W, (Q', v}= g2(Q2) v
v~~ Q2 fixed

(12a}

lim W, (Q', v) =g, (Q2) v".
v~~ Q2 fixed

(12b)

We are going to show the effect of the constraints
imposed by Eqs. (S)-(12) on the configuration-
space representation of commutators of electro-
magnetic currents. The space-time representation
of commutators of electromagnetic currents is
given by"

o„~(v), „- const.

This experimental result is consistent with the
usual Regge asymptotic behavior, assuming that
the Pomeranchuk trajectory with 0.=1 dominates, "
so that

M'(Pl[J„(x), J(0)]l }=(g„„&-s„s.)c,(x', x P) + I [P„P„&-(P s)(s„P„+s,P„) +g„„(P 8)']c,(x', x P),

(13)
where c,(x', x ~ P) =-c,(x', -x P)(i = 1, 2). Notice that the Fourier transform of W„, [see Eq. (8)] is a caus-
al commutator, which is zero when x'& 0. The connection between Eq. (8) and Eq. (13) is given by

W). =( g.q'+q q-')'& (q' v) . [-PvP. q'+(P—q)(q, P, +q.P2) 82. (P q)']G (Q-', v),
1

(14)

where

C&(Q', c)= (f d xe"'*c,(x-', x X) (15)

C,(q', v) = (q'I}-'W„ (16a)

Gl(q', v) =(-Q') '~1+ v'(Q') 'W2 (18b)
It is interesting to notice that going from Eq. (13)
to Eq. (14) or Eq. (8), we have used a four-dimen-
sional integration by parts and we have neglected
the space-time surface terms. Now Suura and
Meyer" have shown that c,(x', x P) are causal using
two facts:

(i) [J„(x),J'„(0)]=0 when x'&0,

i.e., the commutator satisfies microcausality.

(ii) lim c, , (x', x, LIB=0
jx)

when x, is fixed, i.e. , the c&'s have to vanish for
infinite spacelike distances [this requirement, by
the way, is necessary but not sufficient in order
to pass from Eq. (13}to Eq. (14)].

Then, the general structure of the functions
c, ,(x', x P) in terms of their light-cone singulari-
ties can be taken' on the basis of locality and
causality to be of the form

c, ,(x', x P) =6(x P)[8(x')f, 2(x', x P)

+ g 5'")(x')si") (x P}]
(17)
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c,(x', x P) e(x P)5(x')
is proportional to

c,(x', x P) e(x P)8(x')

In other words, the presence of singularities such
ss 5~") (x'} (n ~ 0) in c,(x, x P), and 6~ ) (x') (m ~ 1)
in c,(x', x P), would be incompatible with the scal-
ing of the structure functions W, (q', v) and

vW, (q', v), respectively, in the entire physical
region: 1 ~ ~ ~ 0. With this result we are able to
write

)im ))',(ii*, v)= iQ'vMJ d'-xe"'"~(x P)
Ij ~oo

xg(x') f,(x', x P) (18)

and

lim vW, (Q', v) =F,(e)
Bj

=-4miv d x Z e'"("'

x f, (0, x P)x P,

(19)
with 1& co & 0. A similar expression can be writ-
ten for W, (Q, v).

Let us consider in more detail the space-time
structure of vW, (Q', v) when v-~. Taking, as in
Sec. II, the target proton at rest and choosing q

along the z axis, "" we can replace in Eqs. (15)
and (18) e"'" by

& v( -x,) e-& —,(q'/ v) 3

[see Eq. (7}]. Exactly as in Sec. II, the contribut-
ing range of x' is given by

0~x ~O (20)

with [x)=)x,)&O(1/(oM) =O(2v/Q') and (x, —x, )

s O(1/v). Hence in the scaling limit, when v- ~,
Q'- ~, all contributions come from the surface
of the light cone, x2=0. That is why, in Eq. (19),
F,(&u) depends only on the region x' =0. But in the
diffractive region (Regge limit) where v- ~ with
Q' fixed (asymptotic photoabsorption is a special
case of this, with Q' =0), the contributing range of
x' ean be not only on the light cone but also inside
if ~x(-O(2v/Q'), i.e., if the spatial distance be-

where N is a finite number,

d
d(x')"

and the functions f, , and s,", are even in (x P}.
Assuming that f, ,(x', x P} and sI")2(x P) are suf-
ficiently regular and uniform for various manipu-
lations (e.g., interchange of limit and integration),
it has been shown' ' that nonzero limits of W, and
vW, , when v-~ with e fixed, exist when the lead-
ing light-cone singularity of

lim o~~(v) -1/v, (22)

in contradiction to the present experimental data

[see Eq. (11)]and Hegge parametrization [see Eq.
(12a)]. For this reason, it has been proposed'
that in the Begge limit the leading contributing
range of x' has to be inside the light cone and
therefore )x ~-~x, ~-O(2v/Q'} should be the region
of interest.

But in Sec. II, we saw that, in the case where
the photon is real, it is improbable that we can
have such a situation where an infinite spatial dis-
tance gives the main contribution, because we
must use localizable states and not simple plane-
wave solutions. We can extend this observation to
the case where the photon is virtual in the following

way. Strictly speaking —if we want to satisfy the
requirements of quantum field theory' -the
second-rank tensor W„, in Eq. (8) should have the
non-normalizable state ~P) replaced by a normal-
izable and localizable state ~n) . Furthermore, q„,
the four-momentum of the virtual photon (the four-
momentum transferred from the initial electron to
the proton) is not unambiguously defined because
the initial and the final electron states are normal-
izable states defined through wave packets and not
plane waves. Then e"' should be xePlaced by a
spatially confined wave packet.

Now we have a reasonable argument for propos-
ing that all asymptotics, especially in inelastic
electroproduetion and photoabsorption, are only
determined by Bght-cone contributions. But we
must overcome the difficulty we met in Eq. (22).

To solve this problem, we will take the experi-
mental data and the Regge parametrization seri-
ously, i.e., Eqs. (9)-(12), with the following clari-
fying point: Scaling behavior is consistent with
experimental data for 1&w & 0.05. If we assume
that, scaling behavior is broken for small
&u (~«0.05}, we can replace Eq. (18) by"

tween the two currents which appear in Eq. (8) is
infinite, as v-~. And the higher the value of Q', "
the nearer we come to the light cone. When Q' is
large enough for the light-cone singularities to
dominate —the deep Begge limit'- it should be pos-
sible to relate scaling and the Regge limit' '" ":

lim vW, (Q', v) =F, (0) =g, (~) (21)
i

using Eqs. (9a) and (12a). Now, Eqs. (18) and (19)
tell us that (i) if the space-time structure for
vW, (Q', v) really is given by Eq (18.) when v-~,
(ii) if all contributions come from the region x2 =0
when Q' is finite, and (iii) if Eq. (10a) is taken into
account, then

W (Q' v) -Q'/vIr~~, q2fiXed

and
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(im xm((i*, x)=-i(i'vM f1'xx"'*x(x 'Xl( (X x f((x*,x i')xii(x(x,"(x i')]

=-4'(d d x.P e' "',0, x ~ P x P+ &Q' d x P e' "' s,' x.P, (23)

with the condition that

d(x P)e' '"' 's',"(x P)=0~
~

~

m oo

(24)

if (d &(u, ((a,«0.05).
With Eqs. (23) and (24), we get perfect agree

ment with all the constraints represented by Eqs.
(9)-(12). Let us notice that, as we have already
explained in Sec. II, it is perfectly allowable to
use plane waves in Eq. (23), because we are only
considering finite spatial distances. An example
which satisfies Eq. (24) is

sin(i(2(x P) (25)

because

x I e I sIn
~

~~

I

x I P ~
~

~0d(x .P) ((x((x P) 0( )
8((d 2 +2)

x P

(26)
and (d, can be arbitrarily small.

From this analysis, we conclude that the struc-
ture functions which scale appear to depend on
which kinematical region we are considering:

lim vW, (Q', v) =F2(e) if (d &&@„
Bj

lim MW, (Q', v) = G2(&u) if (d & v, .
Bj

In the same way, we can get

(2)

lim MW, (Q', v) =F,(ur) if (27)
Bj

lim M W, (Q, v) = vG2((V) if (28)
Bj

To ensure that lim2, vW, (Q', V) and lims, W, (Q', v)
scale everywhere it would have been necessary to
choose n =0 in Eqs. (12a) and (12b), as we can see
from Eq. (22).

IV. CONCLUSION

The above conclusion could be expressed in the
frame of the Deser-Gilbert-Sudarshan (DGS) rep-
resentation. Following Brandt's work, ' we should
replace his Eq. (2.12) by

da o2(a, (d) (29)10 if +&co,

to get Eqs. (1), (2), (27), and (28). Furthermore,
due to Eq. (29), it is not necessary to have a2(a, b)
-lnb, when b-0 [see Eq. (2.36) of Ref. 7]. An in-
teresting point of the unsubtracted DOS representa-

G, ((v) = (vM/Q2)G2((i() if (30)

It is interesting to understand our results in the
light of the parton model. "'" In the infinite-
momentum frame, P-~, of the proton, it.is pos-
sible to treat the interaction between the proton
and the virtual photon as the collision between the
constituents of the proton, the partons (treated as
instantaneously free during the interactions), and
the virtual photon. Then co is the fraction of the
longitudinal P carried by the parton from which
the electron scatters. When v is very small, we
have to deal with very slow partons in the P- ~
frame, the impulse approximation fails and the
basis of the parton concept becomes doubtful. " So,
it is perfectly possible to propose, in agreement
with our results, that the parton model predicts
scaling behavior as defined in Eqs. (1) and (27).
Then we can interpret ~, as the fraction of the
longitudinal momentum for which the impulse ap-
proximation is not applicable. And when e & v„
we are in another asymptotic region, where scal-
ing is applied to W, (Q', v). It would be important
to see if such scaling behavior is consistent with
another version of the parton model which could
be applied in this kinematical region. Finally, let
us notice that it is not necessary to assume that
the proton has an infinite number of constituents
[if E2((v)- const as (v- 0] "because we do not as-
sume that vW, (Q', v) scales for very small (d.

Recently, it has been emphasized" that the be-
havior of resonances at high energies is related to
that of deep-inelastic electroproduction on photons,
i.e., on the average, the resonances are moving
along the universal curve vW, (Q', v) plotted against
I/(d'= (2Mv+M')/Q'. This universal curve is de-
fined in the region beyond the first four resonances
and for Q'& 3 GeV'. Duality would imply that if the
Pomeranchuk exchange were the only contribution
related to scaling behavior, these resonances
would disappear at high energies, leaving all the

I

tion is that it requires that c;(x', x P) cannot have
higher light-cone singularities than 5(x') [see Eqs.
(2.8) and (3.58) of Ref. 7]." It is then straight-
forward to show that Q'C, (Q', v) = -W, +(v'/Q')W2
must scale when v ~, for any value of (d (1 & (d ~ 0),
l.e.~

lim [(Q')'v ']C, = E~((d-)
Bj

Using (2) and (28), we then have the relation
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room to the background, instead of moving along
the universal curve (or "scaling-limit curve"").
Therefore, the resonances might even dominate
the deep-inelastic region, when e «0.05. This is
another reason to believe that our analysis is con-
sistent.

It was the purpose of this article to show that a
diffractive mechanism is not related to scaling be-
havior in deep-inelastic electr oproduction. The
reason why these two asymptotics are decoupled is
related to the fact that nucleon and photon states
which are involved in deep-inelastic electroproduc-
tion have to be spatially confined. Then, when
v- ~, all the contributions must come from the
light-cone singularities. As we have seen in Sec.

II, this result is also valid for hadron-hadron col-
lisions.

Our analysis has been made using general re-
quirements of quantum field theory and experimen-
tal facts. We have seen that there exists a value

&o, above which vW2(Q', v) and W, (Q', v) do scale and
below which W, (Q', v) and v 'W, (Q', v) scale. Such a
division does not contradict the parton model and

is consistent with Regge parametrization and the
observed scaling behavior.
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