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Effective Lagrangian models, constructed from fields transforming as (3,3) + (3, 3) and (1,1)
in SUyx SU;, are studied in the tree approximation to learn how solutions having broken scale
and chiral symmetries are related to underlying limit solutions exhibiting spontaneous
breakdown of these symmetries, The requirement of a smooth transition to the limit of scale
invariance leads to restrictive conditions on the structure of the model and its solutions, For
a special case of the general model, it is possible to compute explicitly the squared masses
of the single-particle excitations in terms of symmetry-breaking parameters, The condition
of stability (m?=0) leads to the allowed domains of Okubo and Mathur, and hence, provides
a physical interpretation to their result. It is noted that there are several ways to normalize
the ninth axial-vector current by placing its divergence and the trace of the energy-momentum

tensor in a representation of Uy x Uy,

I. INTRODUCTION

The study of Lagrangian models has provided
considerable insight into the nature of approximate
chiral symmetry.! Much of this work has been
concerned with “nonlinear realizations” since
current-algebra soft-meson theorems are auto-
matically satisfied, and the coordinates of heavy
or dubious particles can be eliminated. A similar
situation obtains in much recent work on models
of scale invariance and its breaking.?2™* For many
purposes®® it is useful to study ordinary linear
realizations, not only because the particles in
question might actually exist, but because the dy-

‘namics of the underlying spontaneous-breakdown
mechanism is much clearer at this level. Further,
the nonlinear realizations can be regarded’ as
certain limits of the usual linear theories.

The present paper is concerned with the phenom-
enon of spontaneous breakdown of scale invariance
and the additional stringent requirement that such
solutions change smoothly when scale-invariance-
breaking operators are turned on. The calcula-
tions are carried out in the semiclassical (tree-
graph) approximation, with canonical commutation
relations assumed. (Modifications due to renor-
malization will occur in the next approximation to
the self-consistent ground state used here.) The
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theory used is described by an old-fashioned re-
normalizable polynomial Lagrangian which is a
slight generalization of the SU, “o model,”® called
the “20-meson model” in Ref. 7.

The existence of finite masses in a theory having
no fixed dimensional quantities involves a number
of tricky questions which we plan to discuss else-
where. Some authors® have, in fact, claimed that
the foregoing situation is impossible. Here we
only note that the key assumption of Ref. 9, that
the dilation current can be cast in the form x’©,,
depends on the possibility™ of “improving” the
canonical energy-momentum tensor by certain
terms which do not modify the generators of the
Poincaré group. In fact, the extra terms do
change these generators when there exists a mass-
less scalar particle (dilaton) in the theory.!' Since
the latter particle is vequived in theories exhibit-
ing spontaneous breakdown of scale invariance, the
aforementioned assumption is wrong and the atten-
dant rigor is beside the point.

The idea'? that there exists a limit of spontane-
ously broken scale invariance is frequently ac-
companied by a more optimistic assumption of
“PCDC” (partial conservation of dilation current).
PCDC hopes to imitate the success of PCAC (par-
tial conservation of axial-vector current) by sup-
posing that the trace of the energy-momentum ten-
sor (6",) be dominated by the dilaton (and perhaps
a few other scalars). It is important to realize
that the existence of the dilaton does not neces-
sarily imply PCDC, although it would be hard to
imagine the success of the latter in the absence of
the former. Although a phenomenological analysis®®
of hadron masses based on PCDC gives reasonable
results, several difficult experiments need to be
performed to test this idea.*

In Sec. II the properties of the model are set
forth in canonical detail. Special attention is
given to the question of the “ninth” axial baryon
current &5, , although these ideas are more rele-
vant to an earlier paper by the authors!® than to
the subsequent development. The new idea set
forth here is that it may be possible to normalize
the ninth current by means of a nonlinear commuta-
tion relation relating Fg, 9*%5,, and 6%, by
placing the latter two operators in a representation
of U;XU,. (This result generalizes the proposal
of Ref. 7 and provides examples of the theoretical
structure presumed in Ref., 14.) Possible experi-
mental manifestations of the current 33, have re-
cently been discussed.®

In Sec. III various possibilities for spontaneous
breakdown of scale invariance are studied. It is
found that the quantity b = £,/V2 &, (§,=(0y), &
=(0g) being vacuum expectation values of the SU,
singlet and octet scalar fields o, and og) has only
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four possible values in this limit. These four
values can only exist when a certain constraint is
satisfied by the quartic coupling constants of the
theory. A further interesting point is that the four
allowed values for b are the boundaries of the
“allowed domains” for the symmetry-breaking
parameters discovered by Okubo and Mathur.”
The next interesting question is whether the fore-
going solutions are stable in the presence of an
external perturbation which violates scale invari-
ance. Here only linear fields are allowed as per-
turbations so that we have operator PCDC. (The
case of cubic scale-invariance-breaking operators
was considered in Ref. 7.) It is found in the
18-meson model that, if the breaking term £g
is —(€,0, +€40,), then the requirement that the so-
lution join smoothly with a spontaneously broken
one in the limit €,—~ 0, €,~ 0 determines the ratio
a =es/ﬁ €,, when the quartic coupling constants
are held fixed. However, the limiting values of a
lie outside the allowed domains'” and correspond
to some (mass)® being negative. This difficulty is
avoided by allowing the quartic coupling constants
to vary as €,, €, are turned on.

In Sec. IV we compute the squared masses for
the 18-meson model in which both scale and U;X U,
symmetry are broken by £ 5 =—(€,0, +€40,). We
are able to express these quantities explicitly in
terms of the parameters a=¢,/v2 €, and
b=£/Y2 & . The requirement that several of the
m? values be positive leads directly to the more
formal result of Ref. 17, while the positivity of
the remaining m? give slightly more stringent con-
ditions on the allowed values of a and . There-
fore, we are led to interpret the physical signifi-
cance of the “allowed domains” to be simply that
of stability of the single-particle excitations. An
incidental feature of this model is the n'-7 degen-
eracy, which has been noted elsewhere.! This re-
sult points to the physical inadequacy of this type
of model, as stressed previously.” The 20-meson
model exhibiting PCDC does not modify the n’-7
degeneracy and leads to nothing especially interest-

ing. Finally we study the question of the existence

of a perturbation expansion about the chiral-invar-
iant limit (which is, in the present model, the
same as the scale-invariant limit) when this limit
exhibits spontaneous breakdown. We give an ex-
ample in which there is a finite radius of conver-
gence in the symmetry-breaking parameters. This
feature is true in much more realistic models, as
will be reported elsewhere.'® The radius of con-
vergence of the perturbation series turns out to be
much smaller than the value required by experi-
ment. This result suggests an explanation for pre-
viously reported'® failures of perturbation theory
about the SU, X SU, limit.
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II. A LAGRANGIAN MODEL OF MESON FIELDS

A. Construction of the Lagrangian

In order to analyze in detail the physical ques-
tions posed in the Introduction, we construct a
fairly simple canonical field theory from the 18
meson fields o0;, ¢;, ¢=0,1,...,8, which belong
to the representation (3, 3) +(3, 3) and two meson
fields S and P which are SU;XSUg-invariant, but
transform into each other under the ninth axial
charge Fj. The assumed commutators are®

[F;, 0,-] =ifi ;10

[Fy, &;1=f 15000, 2.1)
[F%,0,]=~id,; 00,

[F3, o;)=id; 404,

where ¢ runs from 1 to 8 and (j, #) run from O to 8,

[Fg,S]=—iP, [ngoi]=—i¢i:

[FS,P]=iS, [F(5J5¢£]=iai~ 22)
The charges F;, F; can be constructed from the
currents given in Eq. (2.6) and the relations (2.1)—
(2.2) can be verified explicitly.

Our Lagrangian is a simple extension of the usu-
al SU, 0 model (without baryons) which was called
the “20-meson” model in Ref. 7. We insist that
&£ be of standard polynomial form with renormal-
izable interactions, writing

£=F+8, . (2.3)

Here £ would have dimension four in the absence
of the scale-invariance-breaking term £5 ; , and
has the form
£=3Tra, M ¥ +3[(8,S) + (o, P
+f(TrI'M)? + £, Tr 90'M I I
+f5 TrOIM(S? + P?) + f (S + P2), (2.4)
Here the matrix N is a convenient way of writing

the (3, 3) fields, M= >};(0; +i¢;)A;/¥2 . The scale-
invariance-breaking interaction is taken to be

L5 p. =2, (detIN +H.c.) +2,S Tr MM +g,S(S? + P?)
=50 2 Tr I = $m 2(S? + P?)
—€,0,— €505 — €5S. (2.5)
The constants g; have dimension one (in mass
units), while the €; have dimension three. The

only violation of SU,; XSU, in the Lagrangian is due
to the linear terms o, and og.

MATCHING EXPLICIT AND SPONTANEOUS... 1817

B. The Currents and Their Divergences

The currents of the theory are explicitly
gou =0,
gip=fi‘jlk(°)8pok+¢jau¢k), (2.6)
Fou=P0,S+¢;8,0;,
Fu=di;n$; 8,04

The current divergences are given in our model
by
orFy, =ilFy, L5551,
8“5?;1 = l[Ff) £s. B. ] ’
where i=0, ..., 8. (This makes use of the fact that
£ has U,xU, symmetry as well as scale sym-
metry.) In order to categorize more completely
the behavior of the various interactions under com-

mutation with the charges, we note the following
relations:

[F5, 0; +i;] = =(0; +i9;),

(2.7)

(2.8)
[F3,S+iP]==(S+iP),
or their finite equivalents
iFBN ~iFSN _ i\
e "o M Me ot =" I, (2.9)

e FONS +iP)e™FE = oINS +iP).

These relations show that 99N and S* + P2 are in-

variant under F3, and that the only violations of

U; XU, are due to £5 5 . The mass terms are

U; X Ug-invariant. Of the remaining terms in £5 5 ,

only o, and o, violate SU;XSU;, so that the octet

currents obey
3#€Fiu=€sfi8jgj, (2.10)

0lF3 = —€odig ;10 — €4dig ;0.

The isospin and hypercharge vector currents are
conserved, and the octet axial-vector currents
obey “operator” PCAC.

The ninth current is nonconserved by the cubic
and linear terms occurring in £5 ;5 . These opera-
tors transform differently but all belong, along
with their pseudoscalar counterparts, to simple
representations of U; X U; characterized by the in-
dex «,

ilF3, ug) = kv, 2.11)
ilF3, vyl = —ku,.

Table I gives the value of « for the pairs (u,, v,)
arising from the constituents of £5 5 . For brevity
in writing we shall frequently denote the operators
detdt +H.c. and (detd - H.c.)/i by 6 and 6, re-
spectively. Noting that (0;, ¢;) transform into each
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TABLE I. The operator pairs (u4,v4) belonging to the
representation U; X U, characterized by the label « [see
Eq. (2.11)] are listed for the model Lagrangian.

U 9 v 9 K
detdl+H.c. detdM —H.c.)/i 3
s Tranon P TrIWIN 1
S(S%+ P%) P(S%+P? 1
S P 1

other in the same way as (S, P) under F3 [Eq. (2.2)],
we find the following:

8“&78“ =3g105 +g2PTr$mT$m +8,P(S*+P?)

— €,0,— €,04 — €,P. (2.12)

Equation (2.12) is extremely complicated and would
seem to preclude any simple approximations to
matrix elements of EF?,,, . However, as stressed by
Dashen,'® the criterion for PCAC is not that opera-
‘tor PCAC hold, but rather that there must exist a
Goldstone limit in which the current is conserved.
(This means that the limit £- £ must be character-
ized by the spontaneous breakdown of scale invari-
ance for PCDC to be possible. Even given this
circumstance it can happen that the symmetry
breaking is too severe for PCDC to be a reason-
able approximation.)

C. Connection Between Scale-Invariance-
Breaking Operators and Fy

Since the nonconservation of &; . is caused by the
scale-invariance-breaking interactions, it is use-
ful to study the scaling aspects of the model.
These are usefully formulated in terms of the im-
proved energy-momentum tensor of Callan,
Coleman, and Jackiw,'® which is for our model

©,,=3Trd I 8,9
+(8,88,S+0,P8, P)~ g,,(£+L 5 )
- 18,8, - £,0°)(3 Tr MM +S52 + P?).
(2.13)
The canonical dimension d is given by commutation
i[D(t), 0alx, )] =(d +x - 8)04(x), (2.14)

where D(¢) =fd Sx x"em, . The scale-invariance
breaking is then measured®' by the trace 6%,

e“p=z(_di+4)wi’ (2.15)

where the operators w; have dimension d;. For
the model of Eqs. (2.3)-(2.5) we find, denoting the
operator detdlt +H.c. by -9,

0", =-g,6 = g,S TrIMIN — g;S(S? + P2) + o2 Tr MM
+ M2 (S? + P?) + 3(€,0, + €505 +€45) . (2.16)

We now ask whether ©",, which is also the di-
vergence of the dilation current, has any simple
relation to 8"&5, . To study this question, we ask
how 6", is transformed by F3:

i[F5,0",]=~[3g,5; +g,P Troom +g,P(S* + P?)]
+3(€,p, +€5Pg +€,P). (2.17)

We note that the right-hand side bears some re-
semblance to (2.12), except that the linear terms
have acquired a factor of 3 because they have di-
mension unity. If we compute i(F5, 8*F5,], we see
that a structure similar to (2.16) is generated, ex-
cept for the mass terms. In order to obtain a
closed algebraic structure, we set p,%>= m,>=0 for
the rest of this section.

The right-hand side of (2.17) is proportional to
a“sg“ only for three choices of the constants g;, €; .

Case 1. g,=8,=8,=0.
ilF, 6% ,]1=-0"55,, (2.18)
ilF5, 0" g5, ]=50",.

This fits the pattern (2.11) with

(g, vg) = (30, —8"F;,) and k=1.

Case 2. €,=€z3=€4=g,=0,
ilF3, 04 ,]=-0"53,,
ilFs, o433, 1=0",.

(2.19)

Here the operators (u,, v,) are (©*,, -3"5;,) and
k=1.

Case 3. €,=€,=€;=g,=g,=0.
i[%Fﬁ,e“d:—éa"EFgu, (2.20)
il5Fg, 50455, 1=04 .

If we introduce F3, =555, , we get
(ug,v9)= (0", —8“53;).

In each of the foregoing cases, we have been able
to put 6, and 8"F;, into a representation of U, XU,
whose form does not depend on a specific canonical
description of the ninth axial-vector current.
Among the above models only case 1 (absence of
cubic and quadratic scale-invariance-breaking
terms) possesses opevator PCAC and PCDC.
Cases 2 and 3 have operator PCAC, but not oper-
ator PCDC. The advantage of case 1 is somewhat
dubious, but we shall give closest attention to this
case since it is the simplest to analyze.

It is entirely possible that none of the simple
patterns (2.18)-(2.20) holds. That would not nec-
essarily preclude the utility of the idea expressed
by such relations. It could easily be that case 3
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is close to reality, with the linear terms compris-
ing a small correction.

D. Spontaneous-Breakdown Mechanism
in the Tree Approximation

Currently available techniques do not provide a
reliable solution to the system described by the
Lagrangian of Eqs. (2.3)-(2.5). However the nature
of the dynamics characteristic of spontaneous
breakdown of symmetry leads naturally to a sug-
gestive approximation scheme justified by many
successful antecedents in many-body theory. This
approximation, which exhibits many of the inter-
esting features expected of the actual solution, is
usually called the tree approximation (since closed
loops are banished). It could equally well be called
the Weiss or Hartree approximation, since its idea
.is physically similar to that of the “mean-field”
theories which are associated with these names.

In these theories certain dynamical coordinates
have average values determined self-consistently

1819

by interactions with the whole system. Although
the actual values may fluctuate about the average
values, interesting results follow when the fluctua-
tions are ignored in lowest order.

The linear and cubic terms in £5 5 tend to induce
instabilities in a “normal” vacuum characterized
by (S), =(00), =(0y),=0. Because of this we expect
that, in general, the physical vacuum will be char-
acterized by nonvanishing values for the constants

£ =000,
£3=(0g)o»
$=(S), -

(2.21)

The nonvanishing of s, £,, &, implies, respective-
ly, the noninvariance of the vacuum under F3,
SU,X8U,;, and SU, transformations. The dynamics
of £ +£g 5 is such that a “spontaneous breakdown”
of symmetry is dynamically favored for many
choices of the coupling constants.

Once it is known that one or more of the con-

TABLE II. The contribution of the various operators in £ to the linear and quadratic displaced fields are listed. Here
the quantities &,, &5, s are, respectively, ©p,, ©go, (S);. We have omitted several operators whose contributions can

be found by inspection,

(TrIN )2 Tr UM TrIn M (s? + P?) S TrIn™Im detd+H.c.
s’ 0 0 2s(£q° +£40) £+l 0
af 4E4(&e2+EgD) $(EP - EP N +3E k) 2£s* 248 @2 —EHNB
- 4482 +£4) 2%+ 28582 — V2 £gtgh) 2£gs? 2£gs 28450 +EN2)NB
(0p)? 2(3£02+ £5%) 2(52 +£4) s s 263
(03)? 2(3tg2 +£%) 38 +262 — 22 £k st s — (&g + V2 EQNT
ojog 8o W2 £ A2 Eg—Ep) 0 0 —2£,W3
.U(;sl 0 0 4§OS 2§0 0
o§s’ 0 0 445 2¢g 0
s")? 0 0 g+ &g 0 0
231"1'2 2(£° +&47) (g +VZ ¢))? s? s —(§y—V2 EN3
40‘i2 2(e2 +£4Y) £ +282 = VT £yt s? s —(Eg+EN2INE
o 2(5¢° +£4) Lt +egh s? s —25,N3
b4 2(5P+£4) 1385 +260" - 2V2 &4k s? s (5o + V2 EQNB
¢0Ps 0 '31;'2‘/—2-53(2‘/550—‘53) 0 0 258/‘/-5
3
2 i 2(¢02 +£¢) L(gg+v2 £)? s? s Eg=VZ EJNT
7
;‘yﬂ 2(62+£gD) Lagd 282 = V2 gy s s Eo+ENEINT
p? 0 0 £l + kg 0 0
¢gP 0 0 0 0 0
¢ P 0 0 0 0 0
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stants (2.21) is nonvanishing, it makes sense to
rewrite £ in terms of the physically relevant quan-
tities, the fluctuations about the average values of
(2.21):

0 =05+ &,,
0g=0g+&g,

S=8"+s.

(2.22)

The primed fields are the ones to be identified
asymptotically as those carrying particle excita-
tions.

If we rewrite £ in terms of the primed fields,
we find a new set of interactions. The ideas of
small-oscillation theory may now be applied to the
non-kinetic-energy part of £. If the constants &,
£g, and s have been correctly chosen, this should
be a quadratic form (with anharmonic corrections)

J

25f3(E> +E57) +4f 8% - smo? +3g,8% +g,(E7 + £7) — €,=0,
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about these values. Hence £ - £4 must be extremal
at the proper values of £,, £,, and s. The curva-
ture of the various “potential wells” is to be identi-
fied with the (mass)® parameter, which must be
positive for stability. This procedure does not
completely diagonalize H, but hopefully accounts
for a large portion of the interaction which accounts
for the single-particle spectrum. When appropri-
ate, this semiclassical approach provides a new
reference point to which further approximations
are referred.

If we substitute (2.22) into (2.3), we find a vari-
ety of terms involving the primed fields. The con-
tributions of the nontrivial operators to the terms
linear and quadratic in the fields are given in
Table II.

The extremal conditions are that the coefficients
of the linear terms vanish, i.e.,

4f1§o(£oz+€sz)+%fz(£oa- 583/‘/‘3— +3§o§gz)+2f3§osz_ “ozéo/ﬁ +28,605 +8160(26 4~ Es)/ﬁ'{o:Or
4f1§8(§o2+532)"'2]‘2(593*253502“/_2— §0§82)+2§832f3—uozgs/ﬁ+2g2§83 ‘(2/‘/—3—)&‘58(&0"‘ ‘Es/*/_z—)‘%:o'

The physical content of this set of cubic equations
will become more clear when we analyze special
cases of particular interest.

III. SPONTANEOUS AND EXPLICIT BREAKDOWN
OF SCALE INVARIANCE

A. Introduction

The limit in which £ has SU,XSU, symmetry
seems to resemble the real world in a qualitative
way. It is reasonable to ask whether there exists
a further limit, that of scale invariance, in which
further rough symmetries become exact. If the
vacuum is invariant under scale transformations
in this limit, all masses have to vanish and the
limit of scale invariance might not be useful. The
alternative possibility is that of spontaneous break-
down of scale invariance; in this case all masses
need not vanish as £ 5 = 0 and the limit of scale
invariance may bear some crude resemblance to
the real world. (As a further consequence the
massless “dilaton” required in this case may have
a massive counterpart and play a role in determin-
ing hadron masses.)

In the present section we investigate the struc-
ture of the spontaneously broken theory described
by the scale-invariant Lagrangian density £, which
has canonical dimension four. We consider cases
in which one or more of the vacuum expectation
values §,, &4, or s are nonzero. Only ratios of
these (dimensional) quantities can be determined

(2.23)

T

in this limit, in contrast to the case in the pres-
ence of scale-invariance-breaking operators.
(Thus scale-invariance “breaking” includes scale
“fixing.”)

In order to determine whether a solution exhib-
iting spontaneous breakdown of scale invariance is
a reasonable physical limit, we have to see whether
the scale-invariance-breaking theory can go over
smoothly to such a limit. This requirement turns
out to be very strong, and special procedures are
required to achieve a smooth connection. Con-
versely, “turning on” a weak scale-invariance-
breaking interaction, in general, will destroy the
Goldstone nature of the ground state unless done in
a very specific way.

Following a study of the spontaneously broken so-
lutions of the theory defined by £ (in Sec. IIIB), we
study the problem of “turning on” the interactions
which violate scale invariance. Rather than deal
with the entire set of interactions appearing in £4 3,
we only consider the violation of scale invariance
by linear terms (i.e., we deal with models having
both operator PCAC and PCDC):

£=8 ~ €0, €,05—€S. (3.1)

Section III C treats the case of fixed quartic cou-
plings in the 18-meson model. Since none of these
solutions is stable in the presence of scale-invari-
ance breaking, we consider in Sec. III D properties
of the solution in which the quartic couplings are
allowed to vary with €, and €;. Some of the ques-
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tions raised in this section are clarified in Sec. IV,
in which the relations between couplings and sta-
bility conditions are studied.

When the Lagrangian has the form of Eq. (3.1),
the extremal conditions (2.23) simplify to the form

€o=2[27,£,(8,2 +£4)
+3(EP+3808,2 = ESN 2 )+ 05 ol
€5 =255[2F (£ + %) (3.2)
+H(2E2 +Es = V2 £okg) 3 +5%f5l,
€,=2s[ fo(£2 +£2) +282f,].

We shall often find it convenient to use the param-
eters a and b of Ref. 20,

€g g

a=‘/-§—€0, _b=\/7€0. (3.3)

B. Analysis of Solutions Exhibiting
Spontaneous Breakdown of Scale Invariance

Our first goal is to classify the solutions to Egs.
(3.2) which have one or more of (£,, &4, S) non-
vanishing even when €,=€,=€,=0. It is remark-
able that we can obtain a relation between £, and
£ which is independent of s and the couplings f; .
Multiplying the first and second equations of Egs.
(3.2) by £, and &,, respectively, we find (denoting
by a bar quantities belonging to the scale-invariant
limit)

Eg(—V2 ES+3E,E2+3V2 E2E,—4E,%)=0.

(3.4)

This relation is entirely due to the coupling
TrIn'omIn'on and is absent if f, is zero. Equation
(3.4) shows that if £,=0, then £, also must vanish.
However, it is possible to have £,#0 when &,
vanishes. Hence we can have spontaneously broken
solutions of SU,;xSU, for which the vacuum is SU,-
invariant. However, £,#0 automatically implies
£,#0.

Dividing (3.3) by &, and introducing the param-
eters of Eq. (3.3), Eq. (3.4) has the form

b(6®-352-3b+1)=0. (3.5)

The cubic term is easily factored, giving
b(b-2)(b -3)(+1)=0. (3.6)

It is very interesting that the roots of (3. 6) coin-
cide with the hovizontal lines bounding the allowed
domains of Okubo and Mathur.' In Sec. IV we
shall exhibit in detail how the full boundaries are
related to the positivity of (mass)? in a model with
€0,€5#0.

Next we consider the dependence of the full so-
lution on the quantity s. :

Case 1. §=0, £,#0, For this value of s the
third equation of Eqs. (3.2) disappears. The me-
sons S and P decouple and one is essentially left
with the 18-meson model. From Eq. (3.2) we see
that for each value of b we can determine the ratio
of f,/fz. Only when the quartic couplings assume
these ratios can the indicated solution exist.

b= 0 1 2 -1
fl/fz = _% —é‘ -
Case 2. §+0, £,#0, £,#0. In this case the
third equation of Eqs. (3.2) may be used (with B
€,=0) to determine the ratio 5/, in terms of b

and f 3/f 4. To conform to the notation of our previ-
ous paper,'® we introduce the notation

(3.7)
-1.

| -

b'=s/t,, b'=3/E,, (3.8)
and obtain from (3.2)
(B2 ==(1+202)f,/2f,. (3.9)

Equation (3.9) shows that f,/f, must be negative in_
order that this solution exist. We now substitute
Eq. (3.9) into the first two equations of Egs. (3.2)
(with €,=€,=0) and obtain for each allowed b a re-
lation among the coupling constants f; which must
hold if a spontaneously broken solution of the as-
sumed type is to exist (Table III).

For illustration we exhibit in Table IV the
“masses” of the 18 mesons belonging to (3, 3)
+(3, 3) in the case $=0. In every case we have a
massless dilaton, and for 5+ 0 a massless «. [The
vanishing of the ¥ mass is an automatic conse-
quence of the second equation of Egs. (3.2), with
€=0.] The relation of various domain boundaries

TABLE III. The existence of solutions exhibiting spontaneous breakdown only occurs when certain coupling-constant
relations are satisfied. In each case there is a definite value of the vacuum-expectation-value ratios b =¢5 /2 £y and
b’ =s/,. These relations are given by the columns of Table III.

b 0

3 2 -1

b"? - 413/
4(3fy +f)f =3

Consistency relation

- 2f3/fs
2(2fy +fo)fy=f5

- 33/ - 2f3/fs

43Sy + o) f 4 =314 4(fy+ff =13
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to subsymmetries of SU; XSU, and their relation to
particle masses has been analyzed by Okubo and
Mathur.!” Inspection of Table IV shows that one
can choose f, so that all m? are non-negative ex-
cept for the case d=3. The case of SU, invariance
(b=0) is characterized by a massless pseudoscalar
nonet, with the scalars massive except for the SU,
singlet (the dilaton). This solution seems most
attractive of those listed.

The main pdints of interest in the foregoing anal-
ysis are: (1) Only certain definite values of the
ratio b= £,/V2 £, are allowed when scale invari-
ance is spontaneously broken; (2) for each of these
values of 5, the coupling constants must have a
definite relation [given in Eq. (3.7) or Table III]
for the solution to exist; (3) the values of b ob-
tained in this model are closely related to the posi-
tivity conditions of Ref. 17.

Since the value of b is restricted to one of four
values, we see that in order that a scale-invari-
ance-broken theory go over smoothly to one of the
spontaneously scale-broken limits, it is necessary
that the scale-invariance-breaking parameters €;
be adjusted in such a manner that b~b as €; - 0.

A further physical requirement is that all (mass)?
be positive throughout this limit.

C. Turning on Scale Breaking
in the 18-Meson Model;
Case of Fixed Quartic Couplings

Before considering the intricacies of the com-
plete equations (3.2), we analyze in detail the be-
havior of the 18-meson model as we switch on the
linear scale-invariance-breaking interaction [(3.1)
with €,=0]. In this subsection we keep the quartic
couplings f,,f, of £ fixed, although we shall later
permit them to vary as the €; are varied. The
case (04)=0 (b =0) was already studied in Ref. 7,
where it was concluded (using a cubic scale-invari-
ance-breaking term that if the ratio f,/f, was held
fixed at that value (—3) for which spontaneous
breakdown is possible, then the solution goes over

_ to the normal vacuum in the limit of scale invari-
ance. The relevant equation follows from (3.2),
with £,=0:

€= %£o3(3f1+f2)-

If 3f,+ f, vanishes, then no solution exists with
€,#0.

Using the definition of b given in Eq. (3.4), we
rewrite (3.2) as

(3.10)

4§°3 = f,(1+20%) +3 f,(1 +6b = 2b°),
0

(3.11)

ﬁg—g =b[£,(1+2b%) + £,(1 +b2 = b)].

o>

TABLE IV. The masses of the SU, multiplets in the
scale-invariant 18-meson model are given for the four
allowed solutions to the spontaneous-breakdown equations.
The mass unit is £,%f,/3. Note that in each case there is
a 0" dilaton. The case b =% is unphysical since no choice
of f, makes every m? positive,

b 0 3 2 -1
Filfa -3 -3 -3 -1
mo,} 0 0 0 0
m02? -8 9 —72 36
m,rN2 -8 -18 —-72 36
m 2 -8 0 0 0

2
ma, 0 0 0 0
2
My, 0 9 0 36
m? 0 0 0 36
my? 0 0 72 0

Taking the ratio of these equations yields for the
parameter a [cf. Eq. (3.3)]

__€  b[(1+20%)f +(1 =0 +b%)f5]
=2 e, T (1 +20%)f, +5(1+60° - 269)f, °

(3.12)

We know that the right-hand side has a limit of the

form 0/0 as we approach the scale-invariant limit.
If we hold f,/f, fixed at the values given in Eq.

(3.7) and analyze (3.12) as b~ b, we find the fol-
lowing ratios:

= 3z 2 -1

Sall

(3.13)

a= =1 -3 3.

We can obtain a more general result, which gives
b as a function of a, by substituting the allowed
values of f,/f, in (3.12) and simplifying the cubics
(one-term factors).

The resulting equations are

. » A1
CTwmEowm -1’ f, 2’

1-b fi 1

= — i — .1
a= 5> a3 (3.14)
R SR
Ty wseelr f,0 U

and the appropriate inverse relations are

b_2a+3—[(2a+3)2+8a2]1/2 fi_ 1
- 4o ' f, 2’
_ fi__ 1
b=1/(1+2a), 7o==3, (15
po20-[40’-8a@a-|"  f,
= 2(2a - 3) fa
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We now see that those solutions which connect
smoothly with the spontaneously broken limit are
characterized by

(@, 5):(—1, %); fl/f2=_é—1
=(—%22), fl/f2=—%’
=(%;_1)’ fl/f2=—1;

and hence lie outside the allowed domains of Okubo
and Mathur.!” The significance of this result is
that when the breaking of scale invariance is turned
on, one (mass)? (or more) becomes negative. This
means that the spontaneously broken solution is un-
stable to the type of external perturbation consid-
ered here, and hence is not an acceptable solution.
Hence in the 18-meson model, we find that if the
structure of £ (specifically the ratio f,/f,) is fixed
by the existence of a spontaneous breakdown of
scale invariance, there is no physical limit €,~ 0,
€y~ 0 which goes over smoothly to any of the spon-
taneous-breakdown solutions. \
However, if one is willing to vary f,/f, in addi-

(3.16)

—El

a

FIG. 1. The allowed domains for the parameters
a=€gN2 e, b=£yN2 &, resulting from the positivity of
squared masses are shown., When €£,<0 the positivity
of the k, 1, m, K (mass)? gives the squares labeled I-V.
For €,§,> 0 these same restrictions lead to domains VI
and VII. The remaining masses lead to positivity condi-
tions related to the solid and dashed curves, These con-
ditions eliminate parts of the domains I-VII previously
given,

tion to the other parameters, it is possible to
achieve the smooth and physical connection denied
us in the foregoing analysis.

D. Turning on Scale-Invariance Breaking
in the 18-Meson Model;
Variable Quartic Couplings

In the previous section we showed that although
the 18-meson model has spontaneously broken so-
lutions, they were all unstable under small per-
turbations. The point of view was that we should
take £, i.e., f,,f,, to be fixed once and for all by
its form in the absence of explicit breaking terms.
If we relax this constraint and allow f,, f, to vary
smoothly with the scale-invariance-breaking pa-
rameters, we can find stable solutions, as we now
show.

As we approach a spontaneously broken solution,
b must approach one of its allowed values b, and
f1/f» must approach its corresponding value (3.16)
(call it £, /7,). Let these quantities approach their
limits together as follows:

fi L -
— - ==p(b-0).
T 7, Pl
If we allow this freedom, then a is no longer deter-
mined uniquely but depends on p.

Going back to Eq. (3.12) and substituting (3.17),
we find for the three solutions the following cases

as b-b:

(3.17)

pl L 1 1(Bp-2)
2’ £, 2 2 (8p+1)°
27p+1
b2, %"‘5’“"2—_2272-8))’ (3.18)
/i 3p+1
b-1, Ze 1, a-- P15,

In addition, a— 0 as b- 0 (which case requires
f1/fs=~3%). These results reduce to those of the
previous section, (3.13), if we let p=0.

It is clear from Eq. (3.18) that ¢ can take on any
value by choosing p appropriately (real). This is
the freedom that saves the model from instability.
In terms of the Okubo-Mathur plot (Fig. 1), it
means that as we approach one of the horizontal
boundary lines b, we must adjust p so that a lies
in one of the allowed regions.

We note that if p—«, then for the three cases in
Eq. (3.18) @ - b. These are the points of “normal”
solutions corresponding to all masses zero.

In summary, this model exhibits the following
properties. If we start from a spontaneously bro-
ken solution characterized by b, and perturb it
with linear terms whose strengths are in the ratio
a, then we must first be sure that we choose a in
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an allowed domain. Having done so, a connection
between the vacuum expectation values and the
parameters of the scale-invariant Lagrangian is
established in order that the solution not go normal
(i.e., all masses zero) as we turn off the scale-
invariance-breaking terms.

IV. STABILITY CONDITIONS AND ALLOWED
DOMAINS FOR SYMMETRY-BREAKING
PARAMETERS IN THE 18-MESON MODEL

A. Introduction

The significance of many of the results of Sec.
III is made more transparent if we compute the
masses. At the same time we are able to give a
physical interpretation to the allowed domains for
a and b found in a formal (and more general) anal-
ysis by Okubo and Mathur.!” It is not completely '
surprising that the results of our approximation
must satisfy these more general conditions be-
cause the tree approximation is in essence a semi-
classical one in which the fluctuations are.consid-
ered small. The classical limit must surely obey
the general requirements. The specific features
of the model under consideration lead to slightly
smaller domains than those of Ref. 17.

The 18-meson model with a linear £ 5 is suf-
ficiently simple that we can write the m;? as sim-
ple explicit functions of @ and . The stability re-
quirement ;%> 0 then gives constraints on the
parameters. Four of these conditions give precise-
ly the U, XU, domain structure of Ref. 17 while the
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remaining conditions constrict the allowed domains
somewhat more.

B. Positivity Conditions for Squared Masses

In order to compute the masses, we need the co-
efficients of the quadratic terms in £, expressed
in terms of the displaced fields. These are given
in the first column of Table V. If we eliminate the
f; in favor of the other parameters, we obtain the
expressions given in column two of Table V.

The desired relations for f; are obtained by sol-
ving the extremal conditions

€0 =2£5(27,(1+26%) +5 £,(1+6b% - 20°%)],

€, =4E VI B[f, (14207 + f,(1-b+p?)] &1
for f, and f, (recall a=¢€,/V'2 ¢,);
€ a(2b°-6b2—1)+3b(b*=b +1)
f1= £,2 8(1+262)b(b -3)(b+1)(b-2) "’
(4.2)

_ € 3(a-0)
Je= I BB D)0 -2)

Mixing occurs for the pairs (¢,, ¢g) and (0§, 05 ).
For ¢,, ¢, we define physical fields 1, 7’ in the
usual way by

n=¢gcosf - p,sinb, (4.3)
N’ = ¢g8ind + ¢, cosb.

It turns out that the n— 71’ mixing problem has a
very simple (and wrong) solution in this model.

TABLE V. The quadratic terms in the displaced fields are given in the first column, When
the quartic coupling constants are eliminated using Eq. (4.2), the masses are expressible in
terms of the parameters ¢ and b as indicated in the second column,

oy 20f,(3+2b%) + f,(1+26%)]

oy 2[f1(1+68%) + f,(3b2 — 2b+1)]
A 42 b2f;+ (2 =b)f5)

1210‘2 207, (1 +20%) + f,(1 + B)?]

iziia‘z 2[f1(1+2b2) +fo (B2 = b+1)]
o L +209)(3f,+ 1)

o5 L[3f1(1+20%) +f,(3¥ = 2b+1)]
b3 4V20fy(2-b)

iZi)irsz L(3f,(1+20) + £, (L+ )]
§¢¢2 L(3f,(1+20%) + £,(182 = b+ 1)]

my? see text [Eq. (4.6)]

my,? see text [Eq. (4.6)]

2. Sofa, ___ %@=b)
My TTE b T @b-1)(b+1)(b-2)
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The mixing formulas are as

%moz‘f’oz +3m g Pg + Mog Doy
From Table V we see that provided b and f, are
nonvanishing, we get the joint results

tang=1/v2,

27M5°
tan26 =m ,

2 2 2 2 qin2 2 o3
my? =mg? cos?0 +m,® sin®0 — my,® sin26, (4.4)
2 2
my? =m,?,

77, = (%)1/2‘}53 + (%)l/zd)o )
n=(3)"2¢, — (5)2¢,.

my? =mg? sin®0 +m ? cos?0 + myy® sin26, (4.5)

where the quantities m 2, mg?, m,g® enter in —£g

This result is remarkable not because it disagrees with experiment (it was evident from the beginning that
the 7’ would give trouble in a model of this type), but rather that the mixing angle 6 and the 7-7’ degener-
acy are independent of the values of the coupling parameters of the model. This feature suggests the exis-
tence of extra symmetries in the model beyond those assumed.

The 0,-0, mixing is not so simple. In this case the mixing angle depends on b and on f,/f,. In order to
analyze the positivity conditions, it is convenient to use the combinations m . +m ,? and m ,%m .2 rather .
than the m? of the separate eigenstates o, o’. These quantities are somewhat lengthy as given by

€0 a(8b® - 9b%— 6b +2) — 3b(b% +2b — 2)

mee+ my?=

T 2g, b(b - 1)(b +1)(b ~2) ’ @6
s 2 3 €72'2a%b(2b +3b — 4) +3b%(-2b%+ 20+ 1) + a(-6b* — 4b° + 3b% — 6b +2)
MMy =7 = .
oo T 9 E 2 (202 +1)b(b = 1)(b +1)(b - 2)

Now we note from Table V that the conditions
that the K, 7(n’), 1, and x (mass)? be positive are
exactly the same as given by Okubo and Mathur'”
for the case in which £has U,xU, symmetry:

2 _ '—(6050)(ab)

- L b_i
WLT]2= ( Eogéo())g?b _zé)gz 2) 20’
(4.7)
=€,§,)(1 +a)(1 +b)
m,,2=m,,,2=( 05002(1 +ab)2 + 20,
- -2)(b-2
mK2= ( €0§£Ozét(lb _z)gz ) =20,

Hence when €,£,<0, we get the domains labeled
I-V in Fig. 1, whilé domains V and VI result when
€,60>0.

In the particular model considered here, there
are three further conditions arising from m, N2 =0,
mee+my?20,and m,*m,2>0. The appropri-
ate positivity conditions are most easily found by
plotting the zero curves. For the scalar pion 7y
this yields the dashed curve of Fig. 1. The solid
curve corresponds to the vanishing of the second
equation of Eqs. (4.6). The other condition leads
to no new restrictions.

Spontaneously broken solutions are easily recog-
nized from the mass column in Table V. In order
for a mass to survive when we turn off the linear

driving terms, we must be near one of the zeros

in the denominator. That is, b must approach one
of the special values b (=-1, 0, 3, 2). The masses
that remain nonzero are just those of Table IV.

For the special case a=b, we can easily verify
that all masses go to zero when €,—~ 0; hence these
are normal solutions. Noting this we then can see
from Fig. 1 that b =3 has no stable spontaneously
broken solution, i.e., if -~ 3 the solution must go
normal. ‘

In Sec. III B we noted that for & =3 no stable so-
lution existed having m 2+ 0. The result of Fig. 1
shows clearly that only the “normal” solution
(@=b) can exist and for this case all masses vanish.

Finally, we mention the case in which a=b, i.e.,
the “response” ratio (v4)/(0,) is the same as the
“driving” ratio €g/€,. In this case all masses are
the same (m?=-¢,/£,) except for one mixed scalar
(mo 2= —3€o/£ o)~

C. 20-Meson Model With Linear
Scale-Invariance Breaking

The analogous 20-meson model can be solved in
the same way. The Lagrangian now becomes
Line= FL(TrITIN)? + £, Tr(IM'9M)?
+f4(S?+P2) Tr I + £ ,(S? + P2)?

—€40, — €405 — e;,S . (4.8)
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The extra terms in this model fail to split the
1n’-m degeneracy; hence we do not give the results
in detail.

All the masses in Table V for the 18-meson mod-
el remain unchanged except the o and ¢’. The 17’
mixing also remains the same. The P meson does
not mix with 1 and n’, and its mass has the simple
form

mpt=——=— (4.9)

The S meson does mix with the o and ¢’, further
complicating the mass formulas. These masses
were not calculated.

D. Nature of the Perturbation Expansion
About the Symmetry Limit

An example of a perturbation series with a finite
radius of convergence can be seen in the model
worked out in Sec. IVB. This model has the defect
of m-n’ degeneracy so we do not try to fit this mod-
el to experimental numbers. However, the general
feature emerges that if we expand about a spontane-
ously broken solution, then the radius of conver-
gence is determined by the closeness of other spon-
taneously broken solutions.

Let us look at two masses; for illustration, we

4
choose the following:
a_, 2__ € (a+1)
Wy —m,,, = go (b+1),
e _fa (4.10)
K Eo b *

A spontaneously broken solution is one in which
one or more masses survive when the driving
terms €,0, +€,40, are turned off. If we turn them

off in a fixed ratio then a is constant. If the k mass
survives in this limit, then & must be proportional
to €, for small ¢,

b =€ Me,), (4.11)
A(0) finite. Then the 7™ mass is of the form
my?=— S arl) (4.12)

T, (e +1)”

This mass now has a pole as a function of €, when
[€,A(e;) +1] vanishes. The vanishing of this denom-
inator is just the condition for a different spontane-
ously broken solution.

In the foregoing illustration, b was required to
depend on €,. However, if the system instead goes
normal in the symmetry limit, then b need not de-
pend on €,, and we cannot conclude that masses
must have singularities as functions of €,, although
the possibility is not ruled out.
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